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Résumé : L’objet de cette thèse est de construire et d’étudier un algorithme stochastique pour la résolution
de jeux à somme nulle avec paiement ergodique et espace d’états infini. On s’intéresse plus particulièrement
aux jeux qui apparaissent dans l’étude des jeux en information partielle, ou celle de problèmes de croissance
en dynamique des populations, ou celle de problèmes de jeux de multiplication matricielle. L’algorithme à
construire devrait être une extension de la méthode numérique probabiliste max-plus (tropicale) introduite
initiallement pour résoudre les équations d’Hamilton-Jacobi-Bellman. Pour étudier sa convergence et sa
complexité, on étudiera d’abord les algorithmes déterministes de type itération sur les valeurs ou sur les
politiques. On pourra aussi considérer, et comparer à, des extensions, au cas de jeux à 2 joueurs, des
algorithmes concentrés en un point utilisés pour résoudre les POMDP, ou de l’apprentissage par renforcement.
Pour ces travaux, on fera appel en particulier à des techniques de théorie de Perron-Frobenius non linéaire
appliquées aux opérateurs de la programmation dynamique.

Abstract : The aim of this thesis is mainly to construct and study a stochastic algorithm allowing to solve
zero-sum two-player games with an infinite state space. We shall consider particularly games arising when
studying partial observation zero-sum games, or growth of population dynamics, or matrix multiplication
games. The algorithm to be constructed should be an extension of the numerical max-plus probabilistic
method developped initially for solving Hamilton-Jacobi-Bellman PDE. In order to study its convergence
and complexity, one shall first study deterministic algorithms such as relative value iteration and policy
iteration algorithms. One can also consider or compare with any extension to the two-player case of the
point based methods used for solving POMDP, or of reinforcement learning. For this studies, one shall use
in particular nonlinear Perron-Frobenius theory techniques applied to dynamic programming operators.

Context: Stochastic (zero-sum) repeated games were introduced by Shapley [33], where two players with
conflicting objectives dynamically interact in a stochastic environment. Shapley originally considered games
with infinite horizon discounted payoff. Then, Gillette [18] studied games in which each player optimizes a
mean payoff (average reward per time unit).

These games depend on the information structure. In turn-based games, two players play sequentially,
alternating moves, or choices of an action, being aware of the previous decision of the other player. In
concurrent games, at each stage, the two players choose simultaneously one action, being unaware of the
choice of the other player at the same stage. Turn-based games are equivalent to a subclass of concurrent
games (in which in each state, one of the two players is a dummy). The existence of the value for concurrent
stochastic mean-payoff games is a celebrated result of Mertens and Neyman [26].



The one-player case is part of Markov Decision Processes, stochastic control or multi-stage stochastic
optimization, and was extensively studied after the development of dynamic programming by Bellman [13].

A remarkable subclass of stochastic mean-payoff games arises when imposing ergodicity or irreducibility
conditions. Such conditions entail that the value of the game is independent of the initial state. In the finite
state and action setting, this implies the existence of a solution to the nonlinear eigenproblem T (u) = λ+u,
in which u ∈ Rn is a non-linear eigenvector, λ ∈ R is a non-linear eigenvalue, and T is the Shapley/dynamic
programming operator of the game, which is a self-map of Rn, where n is the number of states of the game.
Then λ provides the constant value of the mean-payoff game. This equation is called the ergodic equation.

In the one-player case, White [38] introduced relative value iteration, which consist in fixed point iterations
for the oprator T up to additive constants: xk+1 = T (xk)−λk, λk ∈ R. This solves the ergodic equation under
a primitivity assumption. In [8], this assumption was relaxed by combining the relative value iteration with
Krasnoselkii–Mann damping [21, 23]. The resulting algorithm solves turn-based and concurrent mean-payoff
games and converges under general ergodicity conditions.

Another usual algorithm to solve one-player or turn-based perfect information games is the policy iteration
algorithm, which goes back to Howard, Hoffman and Karp, and was later shown to be similar to the simplex
algorithm for an associated linear program. Ye [39] showed that the policy iteration algorithm for one-player
games with a fixed discount factor is strongly polynomial. This was also extended to two-player turn based
zero-sum games [19]. However, turn-based games with mean-payoff and finite state and action spaces belong
to the complexity class NP ∩ coNP [15, 41] but are not known to be polynomial-time solvable (see also [10]).

The above results and algorithms concern problems with a finite state space. When the state space is
infinite, for instance the finite dimensonal space Rd, 1) the ergodic equation may not have a solution even
under ergodic conditions; 2) if the ergodic equation has a solution, one may apply the above algorithms
to a space discretization of the ergodic equation, but the resulting algorithm will suffer from the curse of
dimensionality. For discounted or finite horizon one-player problems, several techniques have been introduced
to bypass this curse of dimensionality, among them are

• Optimization only along an “optimal trajectory”: Stochastic Dual Dynamic Programming for convex
problems [27, 28]; Point based methods for POMDP (Partially Observable Markov Decision Processes)
[32, 22]. See a comparison in [3].

• Max-plus or tropical numerical methods developped initially in the case of time continuous deterministic
one-player problems [24, 29], and then in the stochastic case [25, 5], and in the discrete time context
[17, 4]. Some of them are also stochastic.

Problems with an infinite state space arise for instance when considering Partially Observable Markov
Decision Processes (POMDP). Indeed, when the state space is finite, a discounted POMDP can be solved by
computing the solution of the dynamic programming equation of a one-player game with perfect information
on the space of beliefs [12, 36]. Similarly, for mean-payoff problems, the existence of a solution to the ergodic
dynamic programming equation of the MDP on the space of beliefs allows one to compute the value and the
policies/strategies of the POMDP (see for instance [16]). One may also consider zero-sum games in which
the players have only partial observations on the state, but share the same observations (signals). Then,
their beliefs will coincide and the problem also reduces to a zero-sum game with mean-payoff on the space
of beliefs.

A particular class of POMDP is obtained when the parameters of the MDP (that is the transition
probabilities and the rewards) are not known, but the state can be observed. This is the framework of
reinforment learning [37]. In this context, if the state process can be simulated, one can use stochastic value
iteration algorithms like in [34, 14].

Problems with an infinite state space arise also when solving the general matrix multiplication games
introduced by Asarin et al in [11] in which the mean-payoff is the growth of a product of matrices:
lim supk→∞ ∥A1 . . . Ak∥1/k. When the matrices have nonnegative entries and the rows of matrices can be
selected independently, this is the entropy games introduced also in [11]. Entropy games capture a variety
of applications, arising in risk sensitive control [20, 9], portfolio optimization [2], growth maximization and
population dynamics [35, 31, 30, 40]. In [1], it is shown that entropy games are actually special cases of



stochastic mean-payoff games, in which action spaces are infinite sets (simplices), and payments are given
by Kullback-Leibler divergences. In the general case, matrix multiplication games can be solved using an
infinite state space, such as the positive cone or the cone of positive definite matrices. This is what is done in
[6, 7], while considering more general games involving nonlinear nonexpansive dynamics instead of matrices.
Note however, that in this case, the existence of a solution to the ergodic equation only hold in some special
situations. In [7], relative value iterations with a Krasnoselkii-Mann damping are used to compute the value
in some particular situations.

Proposed work : Several questions arise in the study of mean-payoff games with infinite state space:

1. Is there a solution to the ergodic equation ? We already said that this is not always possible.

2. Can we characterize the value of the game with a weaker condition than the ergodic equation, such as
the supremum of the subeigenvalues (the solutions of ρ+ u ≤ T (u))

3. Is the value continuous in the parameters ? Counter example exist, see [7].

4. Is the value approximable ?

5. What is the complexity of this approximation ?

6. Construct a deterministic algorithm approximating the value, and study the convergence. By deter-
ministic, we mean with a bound on the error valid for all instances.

7. Construct a stochastic algorithm approximating the value, and determine the relation between a bound
on the error and the probability for such a bound to hold.

The first questions have been solved in some particular cases. This thesis will focus on the last question,
assuming existence of a solution to the ergodic equation and continuity of the value, and keeping in mind the
exemples of games with infinite state space already described above, that is the ones arising when studying
partial observation zero-sum games, or growth of population dynamics, or matrix multiplication games.

For the stochastic algorithm, we think to consider any extension of the probabilistic max-plus methods
used for solving Hamilton-Jacobi-Bellman Partial differential equations, see [5, 4]. In the probabilistic max-
plus method, the value function is approximated by a supremum of quadratic forms and this approximation is
computed inductively by combining sampling and regressions over the sets of quadratic forms approximating
the application of the dynamic programming operator on the supremum of quadratic forms. Although
the method may be compared to a specialized neural network approximation, the method does not use any
nonlinear regression. There are several directions of extensions of the method to the two-player case : keeping
the supremum representation of the value function or replace it by a mix between suprema and infima.

As a first step of the thesis, one can study the convergence and complexity of deterministic algorithms
that have already been considered in the literature or are simple adaptations of classical algorithms: relative
value iteration and policy iteration algorithms. One can also study how to adapt deterministic and stochastic
point based methods from 1-player to 2-player games, and reinforcement learning techniques like Q-learning,
and compare them with the extended probabilistic max-plus method.

From a theoretical point of view, one shall build on the works on competitive spectral radii [6, 7], and
the techniques developped there.

Prerequisites : A Master in Applied mathematics, in particular in optimization or games or stochastic
processes.
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