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Abstract. This work proposes a new multiscale finite element method to solve convection-
diffusion problems where both velocity and diffusion coefficient exhibit strong variations at a
much smaller scale than the domain of resolution. In that case, classical discretization meth-
ods, used at the scale of the heterogeneities, turn out to be too costly or useless. The method,
introduced in this paper, aims at solving this kind of problems on coarser grids with respect
to the size of the heterogeneities by means of particular basis functions. These basis functions
are solutions to cell problems and are designed to reproduce the variations of the solution on
an underlying fine grid. Since all cell problems are independent from each other, these prob-
lems can be solved in parallel, which makes the method very efficient when used on parallel
architectures. The convergence proof of our method is still in progress. But, on the basis of
results of periodic homogenization, an a priori error estimate, that represents a first step in
the proof, is established in this paper. Numerical results are also presented to illustrate some
homogenization results.
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1 Introduction

A first multiscale finite element method was introduced by T.Y. Hou and X.H. Wu in [1]
to efficiently solve elliptic problems with diffusion coefficients containing small-scale features.
The novelty of this method consisted in computing basis functions associated to a grid with a
coarser resolution than the fine scale and which contain the small-scale variations. This method
was based on results of the periodic homogenization theory shown, for example, in [2], [3]
and [4]. Other multiscale methods which also stem from homogenization results, were proposed
in S]], [6], [7] and [8].

In [9], a multiscale method was first applied for the resolution of a convection-diffusion
problem with high Péclet numbers. The problem we address in this paper is however different.
Convection is still dominating but the scaling is not the same. For this second problem, a method
called the Heterogeneous Multiscale Method (HMM) was proposed in [10]. This method can be
used to compute more accurately a solution at the coarse scale but it is not designed to reproduce
the variations of the solution at a finer scale. Moreover, this method assumes that the diffusion
and velocity field only have a small scale behavior and that they are constant on the macro scale.

The problem considered in this paper is introduced in Section 2] Known homogenization
results for the periodic case are then summarized and an a priori error estimate between the
exact solution and the first two terms of its two-scale expansion is established in Section [3]
Having proved that the two-scale expansion can be a good approximation of the solution, we
introduce in Section 4{ our new multiscale method to compute numerically this approximation.
Section [3| presents our first numerical results.

2 Statement of the problem

We consider, in this work, the following advection-diffusion equation, defined on an open
set (0,7) x Q, Q2 C RYand 7 > 0:

{ p* (%) 9 (t*, %) 4+ b* (2%) - Ve (t*,2%) — div (A" (z*) Ve (t*,2%)) = 0in (0,7) x Q
c* (0, x*) = (z%) in Q.
(1
In (1)), p* represents the porosity, b* the velocity, A* the diffusion tensor, ¢* a concentration and
we assume that

div (b*) = 0.
Problem (I)) can be rescaled following the same ideas as in [[11], [12] and [13]. Let [ be a
characteristic length of the variations of the properties, Lz a characteristic length of the size
of the domain €2 and let T represent our time scale. We set ¢ = LLR, we denote by pg, bg,

cr, Ar characteristic values for the porosity, velocity, concentration and diffusion and define
adimensionalized variables which are

_ z* _ e )
T = LR’b*(t*)_ ’]t“_R7 P (x)Aj( i)pR ’ -
b la) = S A% () = S () = SE,
The dimensionless equation thus reads
Ou:.  bRT; ART, .
priie Ry gy, — PR R iy, (AV,u) = 0 in (0,T) x Q. )
ot Lp Ly

with €2, = {S—R | z* € Q} For this problem, depending on the scale, two Péclet numbers can
be defined:
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e alocal one defined by

lbr
P oc =™ i
(S7) AR
e and a macroscopic one defined by
Lrbr
Pe = .
e 1
Using these definitions, we have Pe = %Peloc. Furthermore, we set Tp = i—% and rewrite (2))
in
aauf e : € :
P o +Peb® - Vyu, —div, (A°V,u.) =0 in (0,7) x Q..
Assuming that our local Péclet number is equal to 1, Pe = %, and our initial problem
becomes:
pe(x) % + 107 (z) - Vo — div (A° (z) V) = 0 in (0,7") x Q. 3)
u. (0, ) = u’(z) in Q..

In the following, our study will only deal with this dimensionless problem. We assume in the
next section that the parameters p°, b°, A° are periodic functions, which will allow us to state
some homogenization results.

Remark 1: In [9], T.Y. Hou and D. Liang are concerned with the following equation:

% + 6% (z) - Vu, — e™div (A% (£) Vu,) = 0 in Ry x €, (4)
u. (0, z) = u’(z) in 2.,

where m € [2,+oo[. Our case corresponds to m = 1. Moreover, a time of order 1 in () is
equivalent to a time of order ¢ in (3).

3 The periodic case

From now on, () is the entire space R?. Let us consider the following problem defined on
R? x (0,T): Find u. such that

p(2) e + 10 (2) - Vuo — div (A (2) Vu) =0 in (0,7) x RY, 5
u(0, x) =u’(z) inR% )

p(y), b(y) and A(y) are assumed to be Y -periodic functions where Y = (0, 1)¢ is the unit cube.
We also assume that:

o Yy €Y, p(y) = pmin > 0and p is bounded,
o div(b) = 0,b € L®(Y),
e A is bounded and coercive:
Ve €R?, Cua ll€” < AE-€ < Cha €7,
|||l being the Euclidean norm, C;, and Cy,,4 positive constants.

In the following, p stands for the mean value of p:

p= /Y p(y)dy.
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3.1 Asymptotic expansion with drift

As in [14], [12] or [15], we assume that the solution u. can be expressed by means of an
asymptotic expansion with drift:

<= i b*'t x
ue(t,x):Z&tui tx ——,— |, (6)

where,
o fori=0,...,d, w;(t,x,y) are Y-periodic functions with respect to y,

e b is a constant vector which represents the homogenized velocity. Its expression will be
given later.

We insert this expansion into equation (5). The identification of the terms corresponding to each
power of ¢ leads to the following set of equations:

b(y) - Vyuo — divy (A(y)Vyue) =0, (7

—p(y)b* - Vyug + b(y) - (Vaug + Vyuy) — divy, (A(y) (Veue + Vyur)) =0, (8)

b(y) - Vyus — divy, (A(y)Vyus) = —p(y)Owug + p(y)b* - Vaur — b(y) - Vi
+ divy (A(y)Veur) + div, (A(y) (Vyur + Viug)) . (9)
From equation (7)), we deduce that u(t, z,y) does not depend on the third variable y € Y so

that we can set
Yy ey, wu(t,z,y) =u(t,z).

From the compatibility condition of equation (), we deduce that the homogenized velocity b*

is given by
b(y)d
b = Jy bw)dy (_y) 3 (10)
P
Morevoer, for each 7 = 1, ..., d, we introduce the function w;, solution to the cell problem
b(y) - (Vyw; + e;) — divy, (A(y) (Vyw; +€;)) = p(y)b* - e;, on'Y. (11)
Using equation (8], u; can be computed, up to a function of z, using the formula
d
b*t 0 b*t
Uy (t,x — —,y) = al (t,x — —) w;(y). (12)
€ — ox; €
From the compatibility condition of (9) we deduce that the homogenized problem for w is
poyu — div (A*Vu) = 0, (13)
where
A= [ AW (Tt e (T + ) . (14
Y

The results presented here are deduced from a formal analysis. In [16]], the following con-
vergence theorem is proved:
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Theorem 1. Let u. be the sequence of solutions to (5)). Then

/OT/Rd ug(t,x)—u(t,x—?>

where b* and u are given by equations (10)-(T4).

2
dxdt p— 0,

The proof of this theorem results from the theory of the two-scale convergence with drift.
This result, which states that u is a good approximation of u. with respect to the L? norm, is
not sufficient for higher order approximations and will be improved in the next section.

3.2 A priori error estimate

The aim of this section is to prove the following a priori error estimate.

Theorem 2. Let u. be the sequence of solutions to (3) and u and u, be given by equations (10)-

(12). Then
b*t b*t x
us(t,z) —u(t,x —— ) —euy | t,o — —, =
5 e’ e

where C' depends on the final time T and not on ¢.

< Ck, (15)
L2((0,7),H (R4))

Inequality (13)) allows us to justify the approximation

b*t 4 ou b*t x
us(t,z) = u (t,x - ?> + 6; oz, (t,x - ?) w; (g) (16)

which will be the starting point of our new multiscale method.
To prove Theorem [2] we use the same method as the one used in [17] for the elliptic case. A
first intermediate result is given by the following Lemma.

Lemma 3. Let u. be the sequence of solutions to (5)) and u and u, be given by equations (10)-

(12). Then

Il o 22()) V7l iy mnys < €

re(t,z) =t (ug(t,x) — g <t,x — ﬂ) — euy <t,m — ﬂ, E)) )
€ e e

Theorem [2|is then a consequence of Lemma |3} Indeed, using the Cauchy-Schwarz inequality,
we can notice that

where

2 2 2
elzaonyms ety < Pullellim oy o may) 1Vl 0y

Proof. First, let us notice that, since b*, u and u; are defined by equations (I0)-(12), equa-
tions (7)-(9) are also verified with a function u, that can be defined as the solution of equation
(©). In fact, replacing 0;u with /ljdiv (A*Vu) in equation (9), uy can be defined up to a function
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of zby us(t,z,y) = Zf =1 X (y) -2 Fuid; (t, ), where each function y; ; is the periodic solution
of the second-order cell problem:

b(y) - Vyxi;(y) — divy (A(y)vai,j (y) = —@A;} + (p(y)b; = bi(y)) w;(y)

aw]

It is important to notice that, using the De Giorgi-Nash-Moser theorem, the functions w; and
Xi,; are bounded in L> (Y'). Consequently, the space norms of u; and u, can be bounded, up to
a multiplicative constant, respectively by the derivatives and by the second-order derivatives of

u:
Jou (+-2)] ()]
e/ L) £
Let B (r.) be defined by

B(r.(t,z))=p (g) Oyre + éb (g) -Vr, —div (A (g) Vrg) .

The expression of r. is inserted in B (r.(t, z)) and we use the fact that

< C||VPul(t

< CVult, Mgy |

12(0) ) ')HLQ(Q)dxd :

1
V=V.+_V,

Developing all terms and using equation (3)) as well as equations (7)-(9), we have:

B(r.(t,z)) =¢! (b (g) - Vyug — div, (A (g) Vyu2)>

I ( ) Bour + div, (A (g) V:Eul) .

Using the fact that div(b) = 0, this can be rewritten as:
B (r.(t,z)) = div (b g) )
~aiv (4 (2) Tya) — b (2) - Fus + v (4(2) V)
_p ( ) By + div, (A (g) qu1> .

Multiplying this equation by r. and integrating with respect to ¢ and x, for any t; € [0,T], we
get:

b*t x
B (r.(t,x rgt,a:dtda::—// <b£u<tm———> Vr(t,
//(O,tl)de (relts 2)) el ) (0,t1) x R4 (€> ? g€ € (t,2)
x
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If u is sufficiently regular, we have:

’ / / B (ro(t, ) ra(t, 2)dtda
(0,t1)><Rd

where the constant C' depends on 7', ||b|| . Cinas ||u||L2((0’T)7H3(Rd)) and ||8t“HL2((0,T),H2(Rd))'

< C (||T€||Loo((07t1)7L2(Rd)) + “erHLQ((O,tl)XRd)d) )

Furthermore, using equation (I3)), d;u is equivalent to V?u. Therefore, C' depends on T, ||b]| .,
Chyna and [|ul| 12((0,1), 11 (R4))- Besides, the definition of B gives:

B (r-(t,x))r.(t,z) = %p (g) O (r2) + 2_1€b (g) -V (r2) — div (A (g) VT5> Te

Integrating with respect to x and ¢ and integrating by parts with respect to z, we have, since
divd® = 0:

1 z 2 1 x )
B (r:(t, (¢, x)dtde = - Vo (b, ) de — = Y (0, 2)2d
//ctxtl)xw et ) relty pdide 2/de(5>r (h,2)" do 2/]1@’)(5)7’(0 z)de
// V?‘E Vre(t, z)dtdz.

2
2 Csta ||VT8||L2((O,t1)XRd) ’

Since A is coercive, we have

’// Vrg (t,z) - Vr.(t, z)dtdz

Moreover, as p is bounded and positive, there exist p,in, Pmaz POSitive constants such that:

1 T 2 2
3 [ (5) re 0 o > o e (1)

and .
x 2
3 |0 (5) 007 e < e 170,
Thus,
Cuta 1972 gyt + i 17 (1) 3y = P 1 (02

< // B(re (t,z))re (t,z) dtdz
(0,t1) xR
s¢ (||T£||L°°<(°’t1)’L2(Rd)) + “VT&||L2((0¢1)XR‘1)¢> '

Let us prove that ||7 (0, -) H;(Rd) is bounded.
First of all, using the definition of r., we have

re(02) = = (e (0,2) = o (0,2) 2wy (0,2, %))

= —u <0,:1:, f)
€
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Since the gradient of the initial value u° is assumed to be bounded in L? (]Rd) ¢ and the functions
w; are bounded in L* (Y), we get

HTS (07 ')HL?(]Rd) <C.
Hence:

2 2
Csta ||VT€HL2((O,t1)><]Rd)d + Pmin HTE (th .>HL2(R‘1) — C/

<¢ (”“”Lw<<ow<w>> + “W'Lz«o,mxw)d) 19
with C’, C' > 0. The function r. is in C° ((0,T), L? (R%)) so there exists Ty < T such that

|7 (To, ')HL?(Rd) = HraHLoo((o,T),LZ(Rd))
and in this case:
‘|T€"LOO((O7TO)7L2<Rd)) - ||TE||L°°((07T)7L2(]Rd)) .
Applying inequality with t; = Ty gives:

2 2
Csta ||VTE||L2((O,TO)><Rd)d + Pmin ||T5||L°°((O,T),L2(Rd)) - C,

< 0 (197 oyt + Il o) )

Let us now use the following result.
Lemma 4. If X. is a sequence of positive real numbers, verifying:
X2 —C) < CoX,, withC1,Cy >0 (19)
then, there exists a constant C' such that
X. <C.

Thus, using Lemmawith X = ||Vr|| 4+ HTEHLOO((O,T),LQ (ra))> We have:

L2((0,T0) xR4)
IV7ell a0y cay? T W7ellioe 00,00y <
which implies
||T5||Loo((O7T),L2(Rd)) < O (20)

Using inequality (T8]) with ¢; = T" and the fact that ||r.|| Lo=((07), 2 (R4)) is bounded, we deduce
from (18] that:

Coa 197 1yeaye +0 = €< C (||VT6||L2((O,T)XRd)d - C) '

A new application of Lemma with X, = || Vr.|| a gives:

L2((0,T)xR?)

IV, <cC. 1)

((0,1)xr)*

Gathering equations (20) and (21)), we finally obtain

V7l o omyemay ¥ Irellim(omna(enyy < &
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4 A new multiscale finite element method

In this section, we again consider problem (3]) defined on 2. The domain is assumed to be
a rectangular cuboid: €2 = H?Zl (0,1;), so that periodic boundary conditions can be set on the
boundary of the domain 0f). Our problem consists in finding a solution u, to

{ o7 (x) Opue + 207 (2) - Vue — div (A% (2) Vi) =0 in Q2 x (0,7)

u:(0, ) =u’(z) inQ, (22)

where € > 0 and p°, b5, A° and u° are Q-periodic functions. Here A and b° are not assumed
to be e-periodic functions. However, A¢ is assumed to be bounded and coercive, b° is assumed
to be bounded and div (b°) = 0. We denote by H} () the set of the Q-periodic functions of
H'(Q).

4.1 Idea of the method

As suggested in [18]], we introduce oscillating test functions w; which stand for x; +cw; (f) ,
each w; (f) being the solution of equation (IT)). With this definition, we have

V@i (z) = e + (Vyuw;) <§) .
Since div, = ediv, equation becomes:
b <E> - Vg (z) — ediv <A (g) V@f(m)) =p (g) b - e

€
Thus, each @ is the e-periodic solution to:
1 N , . 1 :
-b (E) -Vw; — div (A (£> wa) =—p (f) b*-e; ingY. (23)
e \g €
Using approximation (16)), u. verifies

bt SN du b*t
us(t,z) ~ u (t,a: — ?) + Z (w5 (x) — ;) . (t,x — ?> :

i=1

Here, one important point is to notice that the right hand side of this approximation is a first
order Taylor expansion with respect to the space variable. Thus, equivalently, we have:

u(t, ) ~ u (t,@e () — ﬂ) .

5

If we set
- b*t

u(t,r) =u (t,x—l— ?) ,
we have

. b*t o

ul(t, o (x) — — ) =at,w(z))
5

and the previous approximation can be rewritten as:
us(t,x) = u(t,-) ow (z). (24)

The multiscale method presented in this paper is based on this approximation and a set of mul-
tiscale basis functions is built following this idea of composition. We detail this new numerical
scheme in the next section.
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4.2 Discretization

Let Ky be a mesh of resolution H with Q = J xerc, I In the following, Ky will be
referred to as the coarse mesh. On each coarse cell K € Ky, we define the functions sz’K by:

105 (z) - var "t — div (Aa (x) V?I)f’K> =1p°(x)by - e; InK, 25)
s = zr; ondK,
where
bje = T
Sy 07 (@)da

In practice, equation is solved, on each cell K, using a finite element method on a local
fine mesh of resolution i < H. A function wf’H is then defined on 2 by gathering all functions
W™ of each cell K. Defining the operator D;, = 9,+1b*(x)-V, Problem (22) can be rewritten
in the form: Yo € Hy (),

/st(x)Df’x (@(t,-) ow™ ™ (z)) (vows ™) (x)dx

+ /Q(AE(;E)V (a(t,) ow ™ (z)) -V (vow ™) (z)
+ é (b°(z) — p°(2)b*(2)) - V (@ (t,-) o w™ " (z)) (vow™") (x)) dr = 0.
4.2.1 Time discretization

We now use the characteristic-Galerkin method, presented in [19], to compute the time
derivative. This method introduces, for each time ¢"*!, a function y which satisfies the ordinary

differential equation:

d 1
—x(t) = =b* (x(t "t = .
() =0 (X)), x () ==

This definition implies

0 H n+1 5 ~ e, H n+1
5% (@ (t,w" o x(t))) (t"*) = Dy, (@ (t,w"(2))) (", ).

Then, we compute a function X" defined by
X" (z) =x (" —ot).

Having introduced this time discretization, the problem now consists in finding a solution
u"tt € Hy(Q) such that for all v € H(Q):

n+1 e, H _n e, H n
/Pa(f)u our () 57: cwroX (x)vowa’H(:v)d:v
Q

+ /Q <AE(CL’)V (u" o w™™) (z) - V (vow™") ()

+ % (b°(z) — p*(2)b*(2)) - V (u" T o w™) (z) (v o w™") (a:)) de =0. (26)

10
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This method is unconditionally stable, which means that there is no restriction on the value of
the time step 6¢. However, when  (t"™! — §t) does not belong to the domain §2, its value cannot
be properly defined. In the general case, one often assigns the boundary value to y (t"*! — §t).
Here, since periodic boundary conditions are imposed, we use, for one side of the domain, the
value available on the opposite one. There is therefore no constraint on the value of d¢.

4.2.2 Definition of the multiscale finite element space

Let Vy be a linear subspace of H 7L(Q) associated to the coarse mesh Cx, Dy the dimension
of this space i.e. the number of degrees of freedom, (CDlH )z the set of basis functions of the space
Vi. We define a new space V. y generated by the multiscale basis functions:

eH — x~H e, H -
o = 0w, |=1,... Dy

where we will compute our approximation of u.. The variational formulation then amounts
to finding u"J{{ € V. g suchthat Vv, g € V, g:

/Qpa(@ug’gl (z) - ng 2 Xn(x)va,H(x)dx + /Q (AE(:U)VUQ;} (x) - Ve g(x)

+ é (b°(z) — p°(2)b*(2)) - Vu?}ll(x)vgﬁ(x)) dr =0. (27)

4.3 Building the global system

Since

Dy
= urei(x), (28)

testing equation (27]) with each basis function (ID?H leads to a system of Dy equations, with, for
eachi=1,..., Dy:

Z / (@) @857 (0) - 2701857 0 X" ()05 o)

n 5 e,H e, H n 5 * e,H e, H
+u T A (2) VST (2)- VO () + j+16 (b°(x) — p*(2)b"(2))- VO (2)P; (x))dx = 0.
As shown previously, u is a good zero-order approximation of u, in the L?-norm but not in
the H'-norm. Similarly, ®; is a good zero-order approximation of (IDfH(:v) in the L?-norm.
Therefore, when its gradient is not involved, the function CIJ‘;’H (x) is replaced by ;.

As aresult, forall: = 1, ..., Dy, the system to solve is:
Dy
Zu?“ (/Q (pa(as)@i(gj)@j(az) + 0t A% (z) VO () - V(I)j’H(x)
j=1
5t

O 2 (2) — ()" (a) - vcbj’H(x)@?H(x))dx)

3

= u?/gpa(x)q)j o X"(x)®;(z)dz.

=1

11
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This system can be rewritten in matrix form as
RU™ = F™, (29)
with
Urtt e RPH Uttt =t

1 )

ReRPuxPu R, . = / <p5(x)q>i(x)®j(a:) + 0tA*(2) VO (2) - VT ()
Q

o (4 (2) — ()b (a)) W?H(x)cbfﬂ(x))dx,
F" e RPH, F' = Zu?/Qpe(:r:)fbjoX"(x)q)i(x)dx.

The computation of the basis functions and the resolution of system (29) was implemented
using the finite-element platform FreeFem++ [20]. This implementation is presented in the
next section.

Remark 2: In [10], P. Henning and M. Ohlberger apply a Heterogeneous Multiscale Method
to the case presented in this paper. This method computes %, an approximation of u (", x)
solution to equation (13)) at time ¢", whereas our method computes an approximation of the

reconstructed solution:
b " b*t" x
u(t”,m— )—l—sul <t”,x— ,—).
€ € €

According to theorems |1|and [2} this second approximation is more precise than the first one.
Note also that u%; is computed using moving coordinates.
In [10], u% is defined as the solution of

(unH7 ¢H)L2 (Rd) = (u1}j—l[+17 q)H)LQ(Rd) + Atlélf‘[ (uz+17 q)H) )

where (-, -) 12(Rd) is the usual scalar product in L? (Rd) and Ay represents the homogenized

operator. In the non-periodic case, Ay is not uniform and needs to be computed on each coarse
cell by solving local problems. Nevertheless, a change of variable is required to be in the same
coordinates system as u%,. To avoid this change of variable, the properties A°, b° and p° are
assumed to only depend on the micro-scale.

In our approach, the multiscale solution is in the same coordinates system as the solution ..
As a result, no change of variable is necessary and the coarse scale variations of the properties
can be taken into account.

5 Application case

Let us consider the domain © = (0, 1)2. The initial condition u° is depicted in figure It
is a piecewise linear function which is equal to 1 on the central node of the coarse mesh and to
0 on the other nodes. As mentioned before, periodic boundary conditions are imposed on 0f).
The parameters of the problem were chosen in the following way:

1

® <= 00
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(a) Initial condition (b) %

Figure 1: On the left, the initial condition over the whole domain. On the right, two periods of the x-component

of the velocity field b°.
.061e+30
4e+30
T 4e+30
Se+30
-8.25e+30

Figure 2: Cell problem solution obtained using a P;-Lagrange method.

‘() = 0sin Q_)COS 5)+b2 cp s 0 _ 10 _
o b°(r) = <5cos(2L)s ( )+b2 ),w1th(5—100andbw_by_1,

o A=1.

Intentionally, we chose a high value for ¢ in order to highlight the effective diffusion created by
the velocity field. Two periods of the horizontal component of the velocity are represented in
figure [I(b)}
The coarse mesh is composed of 800 trlangles of size H = 55 = 10¢. Each coarse cell is com-
posed of 5000 fine triangles of size h = W = £. Note that our method can avoid generating
the whole fine mesh. In this case, this mesh would contain 4 000 000 triangles.

Figures and|§| show the solutions obtained at time ¢ = 1.8 x 1073,

5.1 Cell problem resolution

The cell problem (23) features a large convection term which requires a special numerical
treatment. Indeed, if simple P;-Lagrange finite elements are used, then numerical instabilities
appear (figure [2)). In order to avoid these instabilities, we introduce the following non-stationary

13
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Figure 3: Solution of the cell problem (23] obtained using a transient approach.

problem:
{ Q™™ + 1b7(z) - Vel — div (AE (z) wa’a’K) = 1p°(2)bj - €; in K, 30)
whek = z; on OK.
Using a fixed time step 0ty satisfying the CFL condition:
where b5,,, = [|b°]|... Equation (30) is solved until a stationary solution is obtained. More

precisely, we iterate until a time ¢, is reached for which

to,e, K to+dto,e, K
i - w;

|
12(0)

to,e, K
5t0 le

L)

where 7 is a threshold equal to 0.01 in our case. The solution wa’E’K is then taken as solution

to cell problem (23). Figure [3|shows the solution computed with this algorithm with = 0.01.
We can observe that we obtain a more stable solution.

This algorithm still requires a high number of iterations. For the case introduced in the previous
paragraph, the solution is reached after 2000 iterations with 7 = 0.01 on each coarse cell.
However, the basis functions being time-invariant, these resolutions only need to be done once.

5.2 Visualization of the solution

The matrix R and the right hand side F™™ in equation (29)) are completed after each resolution
of cell problem (25)). Once this system is solved on the coarse mesh, the multiscale solution is
computed using (28).

Since the basis functions <I>f’H are defined on local fine meshes, plotting u ;; would require to
build the whole fine mesh. To avoid that, a reconstruction of the solution at the fine scale is only
done on a particular area of the domain, involving a limited number of basis functions. Outside
this area, and only for visualization purposes, we replace CDf’H by ®X. For example, figure EI
shows the difference between a classical basis function and a multiscale basis function. These
functions are plotted on a local fine mesh corresponding to the support of the basis functions.

Figure MShows the coarse multiscale solution for which all basis functions (If’H are re-
placed by ®7. In ﬁgure a few basis functions @f’H are used. This solution will be referred
to as the partially refined multiscale solution.

14
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Figure 4: A coarse basis function (®//) and the corresponding multiscale basis function (<I>1§’H ) represented on
their support.

5.3 Analysis of the results in the periodic case

In the following, the coarse solution will stand for the solution to the convection-diffusion
problem with constant velocity %b* and diffusivity A.

Since this practical case features e-periodic coefficients, the multiscale solution can be di-
rectly compared to the homogenized solution 1", defined by

where " is the solution of the homogenized equation (T3)) at time ¢” = ndt. This function is
represented in figure The matrix A* obtained in this case is:

A* — 4.30702  0.0132418
~\ 0.0132418  4.30702

In fact, the homogenized coefficient A* includes an additional diffusion induced by the velocity
through the functions w (see equations (14) and (T1))). This phenomenon, known as Taylor
dispersion, can be observed in figure the solution of the homogenized problem is more
diffusive than in figure where the transport problem was simulated with the velocity %b*
and the diffusivity A. We notice that the coarse multiscale solution, depicted in figure
is also able to reproduce this coarse scale diffusion. The multiscale method does not compute
explicitly the homogenized coefficient A* but the use of the basis functions @f’H allows us to
reproduce the Taylor dispersion at the macro scale.

Moreover, using equation (24)), we saw that a better approximation of the exact solution is
given by

nm ( b " x
Up=u | T — +ew (—) .
€ €

This function is used to improve locally the approximation u™ and will be called the partially
refined homogenized solution (figure [6(a)). In order to see the refinements more clearly, fig-
ures[6(a)|and [6(b)|only feature a part of the mesh (12 coarse cells in the direction = and 9 coarse
cells in the direction y). Figure [6(c)| shows the fine scale oscillations of the multiscale solution.
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(a) Coarse solution (b) Coarse multiscale solution (c) Homogenized solution

Figure 5: Comparison over the whole domain between the coarse solution, the coarse multiscale solution and the
homogenized solution u".

006562 o 0045184
0044
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0032
i Fome
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(a) Partially refined homogenized so- (b) Partially refined multiscale solu- (¢) Zoom on the multiscale so-
lution tion lution

Figure 6: Comparison over a part of the domain between the partially refined multiscale solution and the partially
refined homogenized solution. On the right, a zoom is made on the pink area represented in[6(b)]
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