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Abstract

This paper is concerned with the homogenization of an eigenvalue problem in a periodic heterogeneous domain for the multigroup
neutron diffusion system. Such a model is used for studying the criticality of nuclear reactor cores. We prove that the first eigenvector
of the multigroup system in the periodicity cell controls the oscillatory behaviour of the solutions, whereas the global trend is as-
ymptotically given by a homogenized diffusion eigenvalue problem. The neutron flux, corresponding to the first eigenvector of the
multigroup system, tends to the product of the first periodic and homogenized eigenvectors. This result justifies and improves the
engineering procedure used in practice for nuclear reactor core computation. © 2000 Elsevier Science S.A. All rights reserved.

1. Introduction

The power distribution in a nuclear reactor core is often obtained by solving an eigenvalue problem for a
system of neutron diffusion equations. In a steady-state regime, such a system expresses the balance be-
tween neutrons produced by fission and neutrons absorbed or diffused by the medium. The unknown is a
vector of neutron fluxes where each component corresponds to a given energy group, i.e. to neutrons with a
given speed or kinetic energy. For a given bounded domain €, this model reads

—div(4A(x)Ve) + Z(x)p = kiffa(x)(p in Q, ¢=0 ondQ, (1)

where A4 is the diffusion coefficient, X the total cross section, ¢ the fission cross section, and the Dirichlet
boundary condition implies that no neutrons enter or leave the domain. In truth, the unknown is the couple
(kgi, @) of the first eigenvalue and eigenvector for Eq. (1). The eigenvalue ke is a measure of the balance
between production and removal of neutrons in a quasistatic limit. If k. < 1, too many neutrons are
diffused or absorbed in the core compared to their production by fission; the nuclear chain reaction dies
out, and the reactor is said to be sub-critical. If k. > 1, too many neutrons are created by fission, and the
reactor is said to be super-critical. In such a case, absorbing media (the so-called control rods) should be
added to control the reaction. Eventually, when k. = 1, the reactor is said to be critical; a perfect balance
between fission and absorption—diffusion is obtained. Remark that Eq. (1) gives the spatial distribution of
the neutron flux (which in turn yields the total power) but not its intensity since an eigenvector is defined up
to a multiplicative constant. In Section 2 it is checked that, under suitable assumptions, the first eigenvector
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of (1) is simple and positive which means that Eq. (1) makes physical sense (a neutron flux, as a density
function, should be positive).

The diffusion model (1) is routinely used in many industrial codes for studying and optimizing nuclear
reactor cores. Unfortunately, such domains are very heterogeneous, composed of more than 40 000 dif-
ferent fuel rods immersed in a moderator (usually water), not to mention control rods, grids, and so on.
Since a fine mesh is required, the direct computation of the solution is therefore long and expensive.
Engineering procedures have been set up to obtain quick approximations of solutions. It amounts to
homogenize Eq. (1) according to the following rule. The exact flux ¢ is decomposed in the product of two
terms

P(x) = Y(xX)u(x),

where V is a rapidly varying flux computed in sub-domains seen as periodic cells, and u is a slowly varying
flux computed in the whole domain with homogeneous averaged coefficients. More precisely (see, e.g., Refs.
[10,15,27,28]), the microscopic flux i is computed in each sub-domain Q, (typically a fuel assembly) as the
solution , = Yo of the so-called infinite medium equation

oy

—2=0 on 0Q,.

—div(4(x)Vy,) + Z(x)Y, = wo(x)y, in Q, >

Then, averaged coeflicients are evaluated by using some kinds of physically heuristic formulas as, for
example in the one-energy-group case (other choices may be found in the above references and [23]),

_ 0de S0, df (0w, () dx
Ap—m, ZP_W7 UP_W. (2)

The macroscopic flux u(x) is then computed as a solution of Eq. (1) with the averaged coefficients (2),
which are constant on each subdomain €,. This homogenization procedure works fine in many practical
numerical computations. Recently, there has been a renewed interest in finding precise homogenization
formulas, since the usual ones are not completely satisfactory in very heterogeneous cores (for example
when mixing UO2 and new MOX assemblies, see, e.g., Ref. [23]). The goal of this paper is to deliver precise
homogenization formulas and to mathematically justify this entire homogenization procedure.

Although the homogenization method (using asymptotic expansions) is well established in neutron
transport since the pioneering work of Larsen [22], it is only recently that its mathematical justification has
been rigorously obtained for criticality problems. Indeed Malige [4,23,24] proved a complete convergence
theorem for the homogenization of Eq. (1) in the one-energy-group case (the same problem was addressed
by Dorning et al. [16] using formal asymptotic expansions). Homogenization of criticality problems has
also been rigorously justified in the context of neutron transport in Refs. [2,3,7-9].

In order to state precisely our main result, we introduce some notations. Let 2 be a bounded open set in
RY (the nuclear reactor core), and ¥ = [0; I]N the unit periodicity cell (a typical fuel assembly). Let € be a
small positive parameter which is intended to tend to zero. The domain £ is assumed to be periodic of
period €Y. Since the period is decreasing, for physical reasons (namely, the mean free path of a neutron
must stay of the order of the cell size) the diffusion is scaled to be of the order of €?. Therefore, we shall
study the homogenization of the following eigenvalue problem

—ezdiv(A(’é)Vqsf)+z(§)¢‘:wa(i§)¢‘ in Q¢ =0 on 0 (3)

where A(y), Z(y) and o(y) are Y-periodic functions. Let K denote the number of energy groups, i.e. the
number of equations in the system (3). The unknown flux ¢° is a vector-valued function with K compo-
nents. The cross sections 2 and ¢ are K x K matrices, and the diffusion 4 is a fourth-order tensor acting in
the space of K x N matrices. We make a fundamental assumption about 4 which is assumed to be a block-
diagonal tensor, i.e. the components of system (3) are coupled only by zero-order terms. We emphasize that
this assumption is physically not restrictive (see, e.g., Refs. [12,28]) and implies that the first eigenvector is
positive as it should be since it is a density function. More details can be found in Section 2.
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A particular case (and frequently used in practice) of Eq. (3) is the two-energy-group model (K = 2)
which reads

- (2] ) 5 5o = o 5o s 2)
(o)) 5 (205~ 2 (2 "

¢ =¢5=0 on 0Q,

where all coefficients are positive Y-periodic functions. The first component ¢ is the fast neutrons flux, and
the second one ¢; is the slow (or thermal) neutrons flux. System (4) can be physically interpreted as follows:
only fast neutrons are created by fission, while slow neutrons are generated by the slackening of fast
neutrons, but both groups contribute to the fission source term.

Our main result is the following homogenization theorem that we state in a loose way in order to avoid
technicalities (for a rigorous statement, see Theorem 3.2 below).

Theorem 1.1. Let u™ be the smallest eigenvalue and W(y) a matching normalized eigenvector for the cell
problem

—div(A(y)V) + Z() = o)y inY,  y—y(y) Y-periodic. (5)

Let p™ be the mth eigenvalue of Eq. (3) and ¢ an associated normalized eigenvector. Then, under a mild
symmetry assumption for the coefficients (see Eq. (18)),

x
¢ (x) = um(x)lﬁ<2> +o(l) and p"=pc + A" +o(E),
where V" is the mth eigenvalue of the following homogenized one-group diffusion equation and u™ is an
associated scalar eigenvector

—div(DVu) = vou in Q, u=0 on0Q, (6)

where D is a constant positive definite N x N matrix, and G is a strictly positive constant, depending only on the
coefficients A, X and o (their precise values may be found in Section 3).

This result justifies, in the case of a periodic medium, the aforementioned engineering procedure of flux
factorization and averaging and it delivers new homogenized formulas (at least to our knowledge). Remark
that the microscopic flux  is still the solution of a multi-group diffusion problem, but the macroscopic flux
u is indeed a scalar flux, solution of a one-group diffusion equation. As already mentioned, in the one-group
case K = 1, Theorem 1.1 has first been proved by Malige and his co-workers [4,23,24]. He also obtained
formally the correct result in the two-group case K = 2 by using two-scale asymptotic expansions. Even-
tually, Refs. [23,24] contain many numerical computations demonstrating the efficiency of such an
homogenization rule.

The paper is organized as follows. In Section 2 we give detailed assumptions on the coefficients and we
recall regularity and existence results for systems (3) and (4). Such regularity results are needed to justify the
factorization in the product of two terms. Section 3 is devoted to a precise statement of Theorem 1.1 and to
its proof upon admitting the homogenization results of Section 5. Section 4 delivers energy-type formulas
and a priori estimates, which implies the existence of two-scale limits. Then, Section 5 focus on the ho-
mogenization of a simpler associated source problem. Here, we use the two-scale convergence introduced in
Refs. [1,26]. Finally, in Section 6 we obtain further corrector results.
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2. Existence and regularity results

The goal of this section is to give precise assumptions on the coefficients of the multi-group diffusion
system and to establish some results concerning the existence and the regularity of its eigenvalues and
eigenvectors. Most of the following theorems are variations of known results, and their proof is skipped or
merely sketched.

Recall that N is the space dimension, and K is the number of energy groups. We adopt the convention
that latin indices i, j belong to {1,...,N}, i.e. they refer to spatial coordinates, while greek indices «, ff vary
in {1,...,K}, i.e. they refer to the group label.

Throughout this paper we shall use the following assumptions without mentioning them again. The first
one is concerned with the diffusion tensor 4. Denoting by (¢,), ., the components of the vector-valued
flux ¢, its gradient is the K x N matrix V¢ defined by its entries

ve- (3

x; )1@@(, 1<i<N

The current AV ¢ is also a K x N matrix (its divergence has to be taken line by line as usual). We assume
that 4 is block diagonal, and we write 4 = diag(4,,...,4k), in the sense that

AV = (A Vy,..., Ak Vy)", (7)

where each (4,), ., is a symmetric N x N matrix. Taking into account Eq. (7) the spectral problem (3) is
rewritten, for each 1 <a <K,

_ezdiV(Au(E)VqS;)+ﬁi2arﬁ(§)q’>;:u*ﬁiaw(z)qb; in Q,  ¢=0 on 30, (8)

which makes it a system of K equations coupled only through zero-order terms. This is a classical as-
sumption which is physically not restrictive (see, e.g., Refs. [12,28]).

Our second assumption is that all coefficients in Eq. (8) are measurable and bounded, i.e.
Auii(), Zop(v), 0,p5(y) € L(Y) for 1<i,j<N and 1 <a, f<K. This is the natural functional framework
since we want to model heterogeneous media having discontinuous properties. Furthermore, the diffusion
matrices are assumed to be coercive, i.e. there exists a positive constant C > 0 such that, for any
a€{l,...,K} and for any ¢ € R",

A,(y)E-E=ClEP for ae. yeY. (9)

For physical reasons, all fission cross-sections are non-negative o, 3 > 0 (fission is a production process),
while the matrix 2 of the total (or scattering) cross-sections is diagonal dominant, i.e. ~,, >0, 2,5 <0 if
o # f, and Z;f:l 2,5 = 0 (this means that there is a net absorption in each group). For mathematical
reasons (mainly for Theorem 2.3 below), we need slightly stronger assumptions, namely that there exists a
positive constant C > 0 such that, a.e. in Y,

5,,2C>0, -%,,>C>0, 2,,;,<0 1<o,p<K, a#p,
ax=C>0, 0,320 1< p<K,

K

K
Zza,[i = Czamﬂ I<a<K.
= =

Finally, our third assumption is that the nuclear reactor core is periodic, i.e. all coefficients A(y), X(v),
and o(y) are Y-periodic functions. This hypothesis is crucial for the homogenization procedure. In par-
ticular our results do not hold true any longer if the coefficients are the product of periodic functions with
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macroscopic modulations, as for example X(x,x/¢) with a Y-periodic function X(x,y). Let us mention
however that some small perturbations of order € of the cross sections can be allowed (see Remark 4.3).

Remark 2.1. The second line of Eq. (10) implies that fission occurs everywhere in the nuclear reactor core.
This is not completely satisfactory since a core is a mixture of fissile materials and moderators where no fission
occurs (for example, in pressurized water reactors, fission occurs in the fuel rods but not in the water
surrounding the rods). However, as is shown in Ref. [28], if Yy is a non-empty open subset of Y, one can replace
Eq. (10) by

21,1>C>07 Zo(,/igo 1<a7ﬁ<K7a7éﬁ a.e.in Y’

o520 1<, <K ae. in?,

(11)
K K
Y25 =Cy 0,5 1<a<K ae.in?,
p=1 p=1
and
2,01 2C>0 1<a<K ae iny, o1x=C ae inlp, (12)

where the only change is in Eq. (12) which holds only in Y,. In Ref. [28] Egs. (11, 12) is shown to yield the same
results than Eq. (10) only for the two-group diffusion system, but it is clear that all results in this section hold
true also with this weaker assumption for any K = 2.

In the one-energy group case K = 1, since the diffusion matrix 4 is symmetric, Eq. (3) defines a compact
self-adjoint operator acting in L?*(Q). Therefore, for any fixed € > 0, a well-known result asserts the exis-
tence of solutions to Eq. (8) and its regularity.

Theorem 2.2. Let the number of group be K= 1. Under assumptions Egs. (7), (9), and (10), problem (8) has a
countable number of real positive eigenvalues. The first (smallest) eigenvalue is simple and has an associated
positive eigenfunction in Q. Furthermore, all eigenfunctions belong to H} () N C**(Q) for some s > 0.

Theorem 2.2 is classical. The fact that the spectrum is a countable discrete set is due to the compactness
of the operator. The regularity result may be found for e.g. in Ref. [17]. The fact that the minimum ei-
genvalue is simple and has a positive eigenfunction is a consequence of the Krein—-Rutman Theorem [21].
The same result holds also for the periodic problem (5).

The generalization of Theorem 2.2 to the multi-group case K > 2 is less obvious. In particular, system (8)
is not self-adjoint. We first address the existence of solutions, and then turn to the regularity question.

Theorem 2.3. Under assumptions Egs. (7), (9), and (10), problem (8) admits at least one, and at most a
countable number of eigenvalues (possibly complex) with associated eigenvectors in H, (Q)K Furthermore, the
first eigenvalue of Eq. (8) (i.e. the smallest in modulus) is real and simple, and its corresponding eigenvector can
be chosen to be positive in Q (i.e. each component is positive).

Remark 2.4. Throughout the paper, we label the eigenvalues by increasing order of their modulus, and we
normalize the eigenvectors such that their L*-norm is equal to 1.

Theorem 2.3 has first been proved by Habetler and Martino [18], with the help of Green functions in-
equalities given by Stampacchia and of the Krein—-Rutman Theorem (see Refs. [30,21,5]). A modern ex-
position of this result may be found in the book of Planchard [28]. In this later reference, Theorem 2.3 is
shown to hold true also if assumption Eq. (10) is replaced by Egs. (11) and (12) which is weaker but more
realistic (a complete proof is only given in the 2-energy-groups case).

The factorization principle described in the introduction is based on the following eigenvalue problem in
the unit cell Y (the so-called infinite medium equation)
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—div(A()VY) + 20y = p=e(y)y, ¥y —¥(y) Y-periodic, (13)

where p> is the first eigenvalue. In order to compute the homogenized coefficients, we also need to in-
troduce the adjoint cell problem of Eq. (13)

—div(A(y)Vy") + 2" = o (¥, vy — ¢ (y)  Y-periodic, (14)

where 2* and ¢* are the adjoint or transposed matrices of X~ and o, respectively, and p™ is the first ei-
genvalue (the same as for Eq. (13)). Throughout this paper we denote by (i,), ., (respectively
(V) <4< ) the components of the eigenvector ¥ of Eq. (13) (respectively /" of Eq. (14)) associated to the
first eigenvalue u>. Of course, for these two cell problems an obvious generalization of Theorem 2.3 holds.

Corollary 2.5. Under assumptions (7), (9), and (10), the cell problems (13) and (14) admit at least one, and at
most a countable number of eigenvalues with associated eigenvectors in HY(Y). Furthermore, they have a
common first eigenvalue u> which is real and simple, and its corresponding eigenvectors Wy and " can be
chosen to be positive in Y.

We recall that HL(Y) is the subspace of H. (R") made of Y-periodic functions. We now turn to the
regularity of the eigenfunctions. Since this extra smoothness is required in the sequel only for the first
eigenfunctions of Egs. (13) and (14), we state this result only for these cell problems.

Proposition 2.6. KThe eigenfunctions of the cell problems (13) and (14) are Holder continuous, i.e. belong to
[HA(Y) N Cy*(Y)] for some s > 0.

The proof of Proposition 2.6 is based on regularity results due to Stampacchia [30] and a boot-strap
argument (starting from L*(Y) the regularity of the right hand side is iteratively increased up to L/(Y) with
g > N /2 which implies that the solution is continuous). The argument is quite standard so we omit it. Of
course, assumption (7) on the diagonal character of the diffusion tensor is crucial here.

3. Main results

This section is devoted to a presentation of our main results of homogenization. We begin by recalling
the homogenization theorem proved by Malige [4,23] in the one-group case K = 1. It is simpler to state in
this case, and its proof is both simple and enlighting (see below).

Theorem 3.1. Assume that the number of energy group is K = 1. Let \y and u*> be the first eigenvector and
eigenvalue of the cell problem (13). For m =1, let u*™ and ¢ be the mth eigenvalue and normalized
eigenvector of Eq. (8). Then,

d)e,m(x) _ us.moow(%) and 'ue,m _ 'uoo 4 €2Vm + 0(62),

where, up to a subsequence, the sequence u“™ converges weakly in H}(Q) to u™, and (v",u™) is the mth
eigenvalue and eigenvector for the homogenized problem

—div(DVu) = vou in Q, u=0 ondQ. (15)
The homogenized coefficients are given by

_ 1 2 oy _ 1 2

Dy =i [ AW (W) 0y —5-(0) |dy and &=~ | o(y)¥(v)dy, (16)

Y| Jy i Y| Jy

where the functions (Gf )1 <oy are defined by

—diV(A(y)lﬁz(y) (VO +¢))=0 inY, y— 0/(y) Y-periodic. (17)
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In Theorem 3.1 the convergence of the eigenvectors hold up to the extraction of a subsequence because
of a possible multiplicity of the limit eigenvalue. However, if the limit eigenvalue is simple (which is the case
for the first one), then there is no need to extract a subsequence. The simplicity of the one-group case K = 1
comes from the fact that it is a scalar self-adjoint problem.

In the multi-group case K > 2, system (8) is not self-adjoint. A simple generalization of Theorem 3.1
would be that the first direct and adjoint eigenvectors of the periodic cell problem control the oscillatory
behavior of the eigenvector flux ¢°. It turns out that this intuition is valid if the following symmetry
condition is satisfied

Z/ )W,V — WV,) dy =0, (18)

where (), ., (respectively (), ., x) are the components of the first eigenvector y of Eq. (13) (re-
spectively " of Eq. (14)). Condition (18) is obviously fulfilled if system (8) were self-adjoint. As observed by
Malige in [23], it is also verified if all cross sections and diffusion coefficients are symmetric functions in the
unit cell ¥ = [0, l]N (more precisely, every coefficient should have a cubic symmetry, i.e. be symmetric with
respect to all hyperplanes parallel to the axes and passing through the middle of the cell). Indeed, in such a
case , and ¥ have also cubic symmetry and each integral in Eq. (18) vanishes. However, it is not difficult
to build, at least numerically, examples for which Eq. (18) does not hold (and Theorem 3.2 is clearly
wrong).

Theorem 3.2. Assume that the symmetry condition (18) is satisfied. Let (), ., (respectively (V) <, x)
be the components of the eigenvector \ of Eq. (13) (respectively Y™ of Eq (14)) associated to the first
eigenvalue pu>. Let (¢", us™) be the mth eigenpair of system (8). Then,

= (3) Vae{l LK) e = AV o(d),

where, up to a subsequence, each component uS™ converges weakly in H}(Q) to the same limit u™ which is an
eigenvector associated to the mth eigenvalue v of the scalar homogenized problem

—div(DVu(x)) = vou(x) in Q, u=0 on0Q. (19)

The homogenized coefficients are

-y / Gup W W) d, (20)
a,p=1

and D is a N x N positive definite matrix defined by its entries
K
-3 /A W01+ 0,9 (3 +0,,) dy

/Y Y000 — 2op) (0ia — 0i) (0, — 0;) ., (21)

131

where, for each 1 <i< N, the components (0, ,) ¢ are defined by

1<a<

Qa
Hi.a - ;,
CY,
and {; = (Cin) | <, 18 the solution of
—div(AV()VE) + Z0)G = X e+ 2 in Y,  y—{(y) Y-periodic, (22)

where the right hand side Z; has components Z;, = (1/y,(»))div(4,()W.(»)Vy) for 1 <a<K.
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Remark 3.3. The homogenized problem (19) has been formally found by Malige [23] using the heuristic
method of two-scale asymptotic expansions. Theorem 3.2 justifies rigorously this result by furnishing a con-
vergence proof.

It is interesting to notice that in the multigroup model, as long as a symmetry condition is fulfilled, the
macroscopic behavior is described by a single diffusion equation. This explain why one-energy-group models
are still popular in reactor physics, where the symmetry condition is usually observed; the global trend of the
power distribution in the reactor is indeed given by a homogenized one-energy-group model. The cost of such a
simplification is merely a less accurate local description of the fluxes.

Remark 3.4. The convergence of the eigenvectors holds up to a subsequence because the corresponding ho-
mogenized eigenvalue may be multiple. However, for the first eigenvalue which is simple, a suitable normal-
ization of the eigenvector shows that the entire sequence of eigenvectors converges.

Observe also that it was not proved that the original system (8) has an infinite number of eigenvalues.
However, since the homogenized diffusion equation (19) does so, Theorem 3.2 proves that, as € goes to 0, the
number of eigenvalues for Eq. (8), at least, converges to infinity.

The homogenized diffusion matrix D, given in Eq. (21), may be defined by several different formulae (see
Proposition 5.6 and 5.7) which are all equivalent, at least for the symmetric part of D, which is the only
relevant information in the diffusion equation (19).

Remark also that Eq. (22) is of the same type as the cell eigenvalue problem (13), but with a source term.
Therefore, it admits a solution provided that the Fredholm alternative holds, i.e. the source term must be
orthogonal to the adjoint first eigenvector \y*. This is precisely the symmetry condition (18).

Without the symmetry condition (18), we cannot hope to obtain a similar result as is shown by the next
Proposition. However, a recent note [13] solves completely the case when Eq. (18) is not satisfied.

Proposition 3.5. Assume that the symmetry condition (18) is not fulfilled. Let us' be the first eigenvalue of
system (8), and p> the first one of the cell problem (13). Then,

, 00
ey
lim — s =
e—0 €

+00.

We now turn to the proof of the above results. As already said, we begin with the one-group case which
is much simpler.

Proof of Theorem 3.1. In the one-energy group case, Eq. (8) being self-adjoint, its eigenvalues are char-
acterized by the min-max formula

2 x 2 x\ 42
"= min  max € JoA() IVl dr + [, Z(%)¢ dx'

WuCHY Q) dEM, Joo(3)ddx
dim W,=m  ¢#0

For any function ¢ € H}(Q), we may define
u(x) = .
v(2)
since the first eigenvector i of the cell problem (13) is bounded from below by a positive constant (by virtue

of Proposition 2.6 it is a continuous function on Y and it is positive). A priori, u defined by Eq. (23) belongs
merely to L?(€2), but a simple computation shows that

S AV det [oZ()7dx o 2 JpAC)V () IVuf dr
Joo(2)¢" dr Joo ()" (2)wdx

which proves that u is indeed a function of H| (). Furthermore, this change of variables yields that if
(ue™, @) is the mth eigenpair of Eq.(8), then (v*,u“™), defined by

(23)




G. Allaire, Y. Capdeboscq | Comput. Methods Appl. Mech. Engrg. 187 (2000) 91-117 99

VC‘VH — 'Ll ’ ; M and ue‘m (x) — ¢ ' Y(:X) ,
¢ v(%)
is also the mth eigenpair of
: X € L€ )_C € : € __
—dlv(D(g>Vu (x)) —vs(e)u (x) inQ, u°=0 ondQ, (24)

where D(x/e) = y*(x/€)A(x/e), and s(x/€) = a(x/e)y*(x/e). Because ¥ is bounded and strictly positive, D
and s satisfy the same hypothesis as 4 and ¢. The homogenization of problem (24) is classical (see, for
example, Ref. [20]). Its eigenvalues v, labeled by increasing order, and the associated normalized
eigenvectors u“" satisfy

(v, u") = (V' u") in R x (H,y(Q)weak),
where (v",u™) are the mth eigenpair of the homogenized problem (15). The convergence of the eigenvectors

hold up to a subsequence because of the possible multiplicity of the limit eigenvalue. [

We now focus on the proof of the homogenization process in the multi-group case K > 1. Our strategy is
the following: we reduce the homogenization of the spectral problem to that of an equivalent system with a
fixed source term. Then, upon admitting the homogenization results of Section 5 concerning the homog-
enization of this source problem, we prove all the above theorems. In order to simplify the notations, it is
understood that we focus on a given (sub)sequence of eigenvalues with the same ordering m. Hence, indices
m will be dropped in the sequel.

Proposition 3.6. For 1 <a< K, let T, and T, be the following linear operators

T,: HX Q) — HXQ) and T': HN(Q) — H(Q)
Px) — (d(x)/(¥.(2)) Plx) — (d(x))/(¥3(%))

then, T, and T are bounded, bicontinuous operators.

Proof. By virtue of Corollary 2.5 and Proposition 2.6, we know that there exist positive constants C > ¢ > 0
such that C > ,(y) > ¢ for all y € Y. Consequently, for all ¢ € H}(Q), defining u = T,(¢), we have

C||¢||L2(g) < ||”HL2(Q) < C||¢HL2(Q)

Hence 7, is an homeorphism in L?(2). On the other hand,

[ 4v6-96 = [ 45w V)
= /Q Ay ()’ Vu - Vu + /Q AN, -V (2. (25)

Using Eq. (13), defining v, yields

1
a2

C
[ avu. v < Sl (26)

/ Supt U 0,p) ‘ﬁﬁ‘%”z

Hence, by coercivity and boundedness of 4,, we deduce from Eqgs. (25) and (26) that there exists a constant
C > 0 such that

1 1
= (|¢||§{é(9) -5 ||T1(¢)||§2<9)) <T@

2
L2(Q) |

which concludes the proof for T,. The proof for 7 is similar. [

1
2 2
I < (I8l + 21740)
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Proposition 3.7. The multigroup eigenvalue problem (8) is equivalent to the following eigenvalue problem
: X € 1 € (4,€ € X € . € 1 K
—le(D(f)Vu)+—2Q(u):v3(7>u in Q, u- € Hy(Q)", (27)
€ € €
where the components (uy), ., of u are defined by

i) = D) 28
(%) (5 (28)

the eigenvalue v¢ is defined by

€ o]
!
Vo=,

€

D(y) is a Y-periodic fourth-order tensor which is block diagonal, i.e. D = diag(D;,...,Dg) with
Dy(y) = ¥, (0 4u(y) Vael,... K, (29)

B is a K x K Y-periodic matrix with entries

B, s(v) = aus 00, (),

and O is a continuous linear operator from H} (Q)Kinto H ’I(Q)K, defined by Eq. (36). Furthermore, there
exists two positive constants C > ¢ > 0 (independent of €) such that, for any u € H} (Q)F,

K K
O s — gl / oW ude>e S - uglso (30)

a,f=1 o, f=1

Remark 3.8. If we take into account Remark 2.1, and allow cross-sections to be positive merely on Yy €Y, then
Proposition 3.7 is true if Eq. (30) is replaced by

K K
€3l =wlia, > [ QW ude>e D =l G1)
%=1 %=1
where Q. is a periodic domain defined by
N(e) A
o=J¥v. ne (32)

i=1

with

Yi )
( 0/ i1, N (o)

the collection of homothetics of Y, corresponding to a cubic mesh of size € covering Q, where cross-sections are
positive.

Proof. Let us first prove that u¢ defined by Eq. (28) is a solution of Eq. (27). We write the variational
formulation of Eq. (8), factorizing its solution ¢ in u (x)y, (%) and the test function in v,(x)y; (%),

€ o \e

22/ V(o) +Z/ (D)t = Zl/gax,ﬂ(g)u;mvaw:-

Remark that this factorization is licit by virtue of Proposition 3.6. Developing the above equation yields
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/QD(E)Vu‘-Vv—i—:—zq(u‘,Vu‘,v,VU) = v‘/gB(E)u‘-v,

where v is a function in H| (2)* of components (,), <»<x»> and g is defined by

K K
q(u, Vu,v,Vv) = € Z /A“l//lvavwz -Vu, + Z X, g v,
a=1 Q

o,f=1 Q

K K
+eEY / A0,V - VY, + € / Ay, N, - Vo,
=1 Y@ a=1 Y@

K

_ Z uoo/gawljjﬁlp;u;vm. (33)

o, =1

The last four terms in Eq. (33) also arise in the variational formulation of the periodic eigenvalue
problem (13), defining y, rescaled to size e with the test function (v,uSy;). Using this variational formu-
lation we obtain, after some algebra, a simplified formula for ¢

q(uf,Vuf,v,Vv):ezK: /QU“J“(E) -Vu;—&—/QQ(E)ue.v,
=1

with
J(v) = 4,0) (V. 0) VL) = () Vi, (), (34)
and Q is the Y-periodic K x K matrix defined by its entries

0,40) = (Zup(0) = 10usWW 000 <O if a#B, 0,00 == 0,00 >0. (39)

Therefore, ¢ can be rewritten
q(u, Vu‘,v, Vo) = /QQe(u) - vdx,
where, upon defining a second order tensor J with lines J,, the operator Q¢ is defined by
0w =es(2) - Vu+ 0% u. (36)

The matrix Q is clearly bounded, but it is not clear whether J belongs or not to L>(). Thus, in order to
prove that Q¢ is continuous, we have to rely on Proposition 3.6. Introducing homomorphisms P and P*
defined by,

P: (H(Q)" = (H}(Q)" and P i (HI(Q)" — (H)(Q)"
u, — T, 'u, Uy, — (T*)_lua

the above computation in reverse order shows that

/QQE(u)~vdx:ez/QA()£)V(Pu)~V(P*v)fez/QD()£>Vu~Vv

+/QZ(E)H/I~P*U—,UOO/QB(%C)M-U

< Cllll @ ol @y
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which proves that O is bounded and continuous from H_ (Q)"* into H~'(2)*. Finally, to obtain inequalities
(30), we remark that the cell eigenvalue problems (13) and (14) implies, for any 1 <a <K,

—divy () + Y Opa) = Y 0,s0). (37)
=1

p=1

Multiplying Eq. (37) by #?, we deduce

K
Z}/ﬂua-]xvuaz / x/iu Qlfoc ac)

Therefore, using Eqgs. (35) and (36), we obtain

fiot-un= 32 [ (@) v 32) -0 ()4
=52 [ 0.5(7) (wa — )’ (38)

Remark that, in view of Eq. (10), for all o # §, Q%,J <0 and, since |« — §| = 1 implies —QM >q >0,

K— K
€ q q 2
[ ow-uas EZnua et P+ Sl =l > 55 3 s =gl >0
=1 af=1

which is the desired result. O

o, =1

Unlike in the one-group case (see Theorem 3.1), the multi-group problem (27) is not self-adjoint.
Therefore, we can not use the min-max principle to characterize the eigenvalues. Rather, we associate to
this equation a linear operator S.. Studying the convergence of S, will allow us to deduce a convergence
result for the spectrum of Eq. (27). Let us define a linear operator S, by

S, ( — L2(Q)F

)
(f)KKK — u= (”a)lng unique solution of

—div(D(f)Vu) +}2Q‘(u) =f in Q,
u=0 on 0Q.

(39)

Remark that the eigenvalue problem (27) can be rewritten

(S) u = v€B<§)u€.

Lemma 3.9. For any fixed ¢ > 0, S, is a linear compact operator in Lz(Q)K.

Proof. We proved in Proposition 3.7 that O is a continuous operator from H}(2)* into H~'(Q)%, such that
Jo O (u) - udx = 0. On the other hand, the diffusion tensor D satisfies the same type of assumptions than 4.
Hence the left hand side of Eq. (39) defines a continuous and coercive bi-linear form in its variational
formulation. Then, the Lax—Milgram lemma shows that Eq. (39) has a unique solution, i.e. S, is well de-
fined. The compact embedding of H}(Q) in L*(Q) gives the compactness of S.. O

In Section 5 we shall prove the following

Proposition 3.10. Let [ be a sequence which converges weakly in LZ(Q)K to f = (fu)<y<k- Then, the se-
quence u* = S,(f) converges weakly in H, (@) to(u®, ... ,u%) which is defined by u® = S(3°5_, £).
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If the symmetry condition (18) is not satisfied, then S=0. If the symmetry condition (18) is satisfied, S is
the following compact operator
S LHQ) — L*(Q)
f — u unique solution of
{—diV(DVu(x)) =f in Q,
u=0 on 0Q,

where D is the constant positive definite matrix defined by Eq. (21) (see also Proposition 5.6).
Upon admitting, for the moment, Proposition 3.10, we are in a position to prove our main results.

Proof of Theorem 3.2 and Proposition 3.5. Remark that Proposition 3.10 implies that the sequence of op-
erators S,, defined by Eq. (39), uniformly converges to the limit operator defined in LZ(Q)K by

f: (f;()léoch_) <S<Zfa>v7S<qu>>

The asymptotic analysis of the eigenvalue problem (27) is truely controled by the convergence of the
sequence of operators 7, defined by

o @~ @5 f= e —S(B(2)),

namely, the eigenvalues of 7, are inverse of those of Eq. (27). Introducing the averages
B.s = [, B,s(v)dy which are the weak limits of the entries of the matrix B(x/e), we define a limit operator T

by
T: LX(QF - rrQf

)

f=Uicock — <S<Z§a«ﬁfﬁ)v---vS<Z§a,ﬁfﬁ>)-
o, =1

o, f=1

The sequence T, converges punctually to 7, but usually not uniformly. However, Proposition 3.10 im-
plies that the sequence of operators 7, is collectively compact (see, e.g., Refs. [6,14]) in the sense that

W/ € @ ml|T() ~ (/) e =0
the set {T.(f) : |[f[l,2x < 1, =0} is sequentially compact.

Then, as a consequence of Theorem 3.11 below, the mth eigenvalue of 7, converges to the mth eigenvalue
of T (counted with their multiplicity). This is precisely the content of Theorem 3.2. In the particular case
when S = 0, 7, converges to 0, and so does all its eigenvalues, which yields Theorem 3.5. O

Theorem 3.11 (see, e.g., Refs. [6,14]). Let T, be a sequence of compact operators that converges to T. Assume
that (T,), . , is collectively compact and T is compact. Let u € C be an eigenvalue of T, of multiplicity m. Let T
be a smooth curve enclosing u in the complex plane and leaving outside the rest of the spectrum of T. Then, for
sufficiently large values of n, I' encloses also exactly m eigenvalues of T, and leaves outside the rest of the
spectrum of T,.

4. A priori estimates
This section is devoted to establishing a priori estimates and recalling two-scale convergence results (see

Refs. [1,26]). In the sequel f© = (f;), ., denotes a bounded sequence in LX(Q)F, and uf = S.(f*) is the
unique solution in H}(2)* of
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—div(D@)vu*) +61—2Q‘(u‘) =/ in Q  u'=0 ondQ, (40)

where O is a bounded linear operator from H, (Q)K into H~! (Q)K, defined by Eq. (36), satisfying estimate
(30).

Lemma 4.1. The solution u° of Eq. (40) satisfies the following estimate:
K L K
Z ||“§||H(;(g) + . ;1 s, — u;iHLZ(Q) < CZ ||f;||L2(Q)7 (41)
o= o,f= o=

where C > 0 is a positive constant independent of e.

Proof. Multiplying Eq. (40) by ¢, integrating by parts and using the Poincaré inequality yields

S x 12 12 K
D, - €. € _ € (1€ . 1/ < P
S ([o(B)vevir) i [ow) ) <eX Wl

Estimate (30) satisfied by Q¢ show that there exists a positive constant ¢ > 0 such that

K
2
3 Nt — gl < / O (u) - ud,
o,p=1 Q

and the coercivity of the matrices (D,) « allows us to conclude. 0O

I1<a<
Remark 4.2. The a priori estimates (41) are still valid when the cross-sections are not assumed
positive everywhere in Y, but only on a sub-domain Y,. Introducing the periodic domain ., defined by Eq. (32),
we have

K K K
€ 1 € € €
Zl: ||uoc||HJ(Q) + . ;1 [y, — u[)’HLZ(Qé) < CZI: I ||L2(Q)- (42)
A classical inequality in the theory of porous media homogenization (see, e.g., Ref. [19]) states that

o, = w5l ) < € (I, = 200, + €l ¥ 0t = 05 20 )- (43)

where C is a positive constant independent of €. Then, a combination of Eqs. (42) and (43) is equivalent to
Eq. (41).

Remark 4.3. If we allow a small perturbation of size €* to the absorption section, that is, if X(x/€) is replaced
by Z(x/€) + €X' (x,x/€), these a priori estimates are valid if and only if, for any u € L*(Q)*,

> [z ( 2 (2 (5 aeyn(a) a0,

o,f=1

Obviously, this condition is fulfilled if X' a positive diagonal matrix. In the general case, one needs to compute
the first eigenvectors W and " of the cell eigenvalue problems (13) and (14) to know which perturbations are
admissible.

Let us introduce some notations that we shall use in the definition of the two-scale convergence. We
denote by Cyx(Y) the space of continuous functions in R" that are periodic of period Y, and L%(Y) (re-
spectively, H}(Y)) the subspace of L? (R") (respectively, H (R")) made of Y-periodic functions. We recall
the main result of two-scale convergence (see Refs. [1,26]).
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Proposition 4.4.
(1) Let u. be a bounded sequence in L*(Q). There exists a subsequence, still denoted by e, and a limit
ug(x,y) € L*(Q;L%(Y)) such that u. two-scale converges to uy in the sense that

i [ w0 (n )= [ [ unlr)btrr) s

Sor all functions ¢(x,y) € L*(Q; Cu(Y)).

(2) Let u, be a bounded sequence in H}(RQ). There exists a subsequence, still denoted by €, and limits
u(x) € HH(Q), uy(x,y) € L*(Q; HL(Y)/R) such that u, converges weakly to u(x) in H}(RQ), and Vu, two-scale
converges to Vu(x) + V,u (x, ).

We also need a new lemma on two-scale convergence.

Lemma 4.5. Let u, be a bounded sequence in H) (Q), which converges weakly to u(x) in H)(Q), and such that
€ u —u) is uniformly bounded in L*(Q). Then there exists u(x,y) € L*(Q;HY(Y)) such that, up to a
subsequence,

v(uf - Ll) - vyul(xvy)a
1
(- w) — (o)
in the sense of two-scale convergence.

Proof. Since ¢ !(u, — u) is bounded in L*(Q), up to a subsequence, it two-scale converges to a limit u*(x, y).
On the other hand, up to a subsequence, Vi, two-scale converges to V,u(x)+ V,u(x,y) with
uy(x,y) € L2(Q; HL(Y)). Therefore, for any test function y/(x, y) € Z(Q x ¥)", an integration by parts leads
to

iy [ (V.= Vg (v 5 ) as = [ [ Vn(eppen) dedy
= 7/9 /Yu*(x,y)divylﬁ(x,y)dxdy.

We deduce that V,(u; — u*) = 0, which implies that #; and »* differs by a function of x only. Since the
limit u; is defined up to a function of x (only its gradient with respect to y plays a role in Proposition 4.4), we
can choose it to be equal to v*. O

In what follows, we shall use the notation 1 = {1,...,1} € RX. Then, if u is a scalar function, 41 denotes
the vector-valued function with K components equal to u, and 1 ® Vu denotes the K x N matrix with
entries (Qu/0x;), ., x| <;<y- Similarly, if v is a vector in R¥, we denote by 1(v) € R* its projection on the
vector 1, i.e., '

Finally, we define a Hilbert space #°(Y) by
H(Y) = Hy(Y)" /(R x 1), (44)
which is the quotient space of HL(Y)" by the subspace of constant vectors parallel to 1.
Proposition 4.6. Let u be a sequence satisfying the a priori estimates (41) of Lemma 4.1. There exist a

subsequence and limits u°(x) € H} (Q), u' (x,y) € L*(Q; #(Y)) such that, for this subsequence, u‘(x) converges
weakly to u®(x)1 in HL(Q)* and
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Vu' — 1@ V' (x) + V,u'(x,),
=) = u'(x,y) = 1) (x, )

in the sense of two-scale convergence.

(45)

Proof. Estimate (41) in Lemma 4.1 shows that u* is bounded in H](Q)". Therefore, there exists a limit
(u), -, < x such that, up to a subsequence, for all « € {1,...,K}, uf converges weakly to u) in H; (). From
Proposition 4.4 we also know that there exists . (x,y) € L*(2; HL(Y)/R) such that, up to a subsequence,
Vu;, two-scale converges to V.u)(x) + V,ii}(x,y). Since Eq. (41) implies that e '||u;, — ugl|;2( is also
bounded for any o, € {I,...,K}, we deduce that all limit components coincide, i.e. u)=u’ for any
a € {1,...,K}, namely u° converges weakly to u°(x)1 in H} (2).

Furthermore, Eq. (41) implies that ¢ '||jul — K~! Zlﬁil Ul 2 is also bounded. Then, arguing as in
Lemma 4.5, one can show that, for each o € {1,...,K}, there exists a function ¢,(x) in L?(Q) such that

1 1 & 8 1 &
- <u; e ;M;J — @ (x,y) — I ;u}j(x,y) + ¢, (x), (46)

in the sense of two-scale convergence. Remark that, since the sum over « of the left hand sides of Eq. (46) is
zero, the functions c, satisfy

z cy(x) = 0.

Eventually, defining u!(x,y) € L*(Q; #(Y)) by its components
ul(x,y) = al(x,y) + cu(x) Vee{l,...,K},

we easily check that Eq. (46) implies the desired convergences (45). O

5. Homogenization

This section is devoted to the proof of the homogenization Theorem 3.10. As in the previous section,
u¢ = S.(f°) denotes the unique solution of Eq. (40) with /“ a bounded sequence in LZ(Q)K. We consider the
subsequence for which Proposition 4.6 has established the existence of two-scale limits «°(x)1 and u!(x,y).
Our goal is to characterize these limits as the solutions of some homogenized problems. If these solutions
are unique, we shall conclude that the whole sequence u¢ converges, and not merely a subsequence. Let us
first show that u' is uniquely determined by u°.

Proposition 5.1. Let u be the unique solution of system (40), and let u°(x)1 and u' (x,y) be its two-scale limits
for a converging subsequence (see Proposition 4.6). Then u'(x,y) is a solution in L*(Q; #(Y)) of the following
system

— div, (D) V' (x,9)) + Ou' (x,3)) = div, (DG © Vol (x) —J () @ Vi (x) in ¥,

47
y — u'(x,y) Y-periodic,a.e. x € Q, “7)

where Q is defined by Q(u) = J(y)V,u + O(y)u, J and Q being introduced in Egs. (35) and (34).

Proof. For a smooth Y-periodic test function ¢(x, y) (a vector with K components), multiplying Eq. (40) by
ep(x,x/e) and integrating by parts yields

LD(E)VM . (evxqﬁ(x,z) +V},¢<x,§))dx—|—é /QQ‘(u‘)-qﬁ(x,)—é)dx:e/Qf‘(x) . ¢(x,§)dx
(48)
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Since /© and Vu¢ are uniformly bounded in L?(€2), the right hand side and the first term of the left hand

side in Eq. (48) vanishes as e goes to zero. By application of Proposition 4.6 we can pass to the two-scale
limit in the second term of the left hand side in Eq. (48)

e—0

lim QD(E)VL{‘ . Vﬁb(x,%) dx = /Q /YD(y) (1] ® V. (x) + Vyul (x,y)) -V,é(x,y) dxdy.

The last term in Eq. (48) involves O (u) = eJ (x/€)Vu‘ + O(x/e)u’. Clearly, by its definition (34), J(y) is a
Y-periodic function and we have

e—0

lim ( )vu / / )(1 @ Vel (x) + V! (x,9)) - $(x, ) dxdy.
Q
On the other hand, by its definition (35), the matrix Q satisfies O(y)1 = 0. Thus

Lo o(sE)a= [o(¥) () o (xE)ax

By the Y-periodicity of O and the convergence result (45) of Proposition 4.6, we obtain

lim QQ(E)(%W)) -¢(x7§>dX=/Q/YQ(y)(ul(x,y)—ﬂ(ul)(xvy))‘¢(x,y)dxdy

:A[@@wmw¢mwww

because Q(y)1 = 0. Summing up the above limits, we obtain the weak form of Eq. (47). O
From Proposition 5.1 we know that u!(x, y) is a solution of Eq. (47). However, at this point, it is not clear
whether Eq. (47) admits a unique solution for any right hand side. In other words, depending on its

solvability, Eq. (47) will either deliver the value of u! in terms of V,u°, or force V,u° to take some precise
values. It is the purpose of the following Lemma to give a Fredholm alternative for Eq. (47).

Lemma 5.2. Let F € L3(Y)" with components (F,), << Let H(Y) be the Hilbert space defined by Eq. (44),
ie. #(Y)=HYY)" /(R x 1). There exists a unique solution in #(Y) of

—div(D(y)Vw) + O(w) = F, y—w(y) Y-periodic (49)

if and only if Y5, [, Fy(y)dy = 0.

Proof. Let us first check that, if Zle [y Fx # 0, there exists no solution of Eq. (49) in H,(Y ). Integrating
the left hand side of Eq. (49), by periodicity we obtain that

/ div(D(y)Vw)dy = 0.

Furthermore, Eq. (37) implies that

/J1Vwa dy = i / (Q“‘/;Waz - Qﬁrawa)v
Y =1 Y

and hence, taking into account 21;21 Qa-,lf =0,

K K B K K
Z /y <J1Vwa + Z Q%ﬁWﬁ> dy = Z Z / 0, w.dy = 0.

a1 =1 a=1 p=1
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Therefore, Zle [, F. = 01is a necessary condition of existence of solution. Assuming it is now satisfied,
we check the assumptions of the Lax—Milgram theorem for the variational formulation of Eq. (49) in
A (Y). The bilinear form is coercive since

K K
/D(y)Vw -Vwdy + / Ow) -wdy = CZ / [Vw,|*dy + Z (wy — wp) dy,
Y Y a=1 Y a,f=1 Y

where the right hand side defines a norm on #(Y) (its kernel in H}(Y)" is the one dimensional subspace
span by 1). On the other hand, the compatibility condition on F implies that F is orthogonal to 1 which
clearly implies that the linear form ¢ — [, F - ¢ dy is continuous on #'(Y). We now check the continuity of
the bilinear form where the only difficulty is to estimate the term [, O(w) - vdy. Let us first remark that the
preceding computation has shown that

/YQ(W)-ﬂdy:O.

Therefore, together with the fact that Q(w + A1) = Q(w) for any 4 € R, it leads to the identity

fa = fofo( ) ()

for any w,v in #(Y). Recall that in Proposition 3.7 we proved that the operator Q¢ is continuous from
HL(Q)" into H'(Q)". Since O and Q are identical, up to a scaling of order ¢, a similar argument shows the
existence of a constant C such that, for any w,v € #(Y),

[ 000 vy < Clwlgo ol
Using Eq. (50) leads to

[ ot0)-oas| <o =1 ([ gello =1 ([ o)y

where |lw —1(f, w)|| Hi(r) is just the norm in #°(Y). Finally, application of the the Lax-Milgram theorem in
A (Y) yields the existence and uniqueness of a solution for Eq. (49). O

Proposition 5.3. Let u°(x) € H}(Q) and u' (x,y) € L*(Q; #'(Y)) be the limits satisfying system (47). Then, if

J,(y)d 0,
Z/ ) dy #

necessarily u°(x) = 0 in Q. Conversely, if

> /YJa(y)dy =0, (51)

then u'(x,y) is explicitly given by its components
N ou’
1 —
) = D200 5 (9
where, for L <i<N, 0; = (0.), <, x is the unique solution in #(Y) of
—div(D)V(0:;(y) +»1)) + Q(0:(y) +»1) =0y — 0:(y) Y-periodic. (52)

Remark 5.4. Condition (51) is nothing but our previous symmetry condition (18). Here, it appears as a
Fredholm alternative for the cell problem (49).



G. Allaire, Y. Capdeboscq | Comput. Methods Appl. Mech. Engrg. 187 (2000) 91-117 109

Proof. According to Lemma 5.2, the Fredholm alternative for Eq. (47) is

<XK: /Jx(J’) d)’> Vu'(x) =0 ae xcQ.

If Eq. (51) is not satisfied, it implies that, at least, one component of Vu’ vanishes throughout Q. Because of
the homogeneous Dirichlet boundary condition, it yields that «°(x) = 0 in Q. If Eq. (51) is satisfied, then
Lemma 5.2 states that Eq. (47) admits a unique solution »'. By linearity it is easily seen to coincide with the
prescribed combination of the functions 6;,. [

Remark 5.5. The adjoint of Q, noted Q" is given by

0'(u) = —J(»)Vu —divJ (y) - u+ 0" (v)u,

where Q" is the transposed matrix of Q. Using identity (37) we rewrite O under the following form
0'(u) = ~J(»)Vu + O (y)u,

where O° has the same off-diagonal entries than Q°, and has diagonal entries such that, for all 1 <o <K,

Both operators Q and Q* have the same kernel, span by 1. Thus the existence and uniqueness result of Lemma
5.2 extends easily to the same equation with Q replaced by Q*. We therefore introduce adjoint functions 07 (y),
1 <i< N, defined as the unique solution in #(Y) of

—div(DW)V(0;(v) + 1)) + 0" (0;(») +31) =0, ¥y —0;(y) Y-periodic. (53)
Proof of Proposition 3.10. The principle of this proof is in the spirit of the so-called energy method, in-
troduced by Tartar (see, e.g., Refs. [11,25]). We use an oscillating test function that has the same structure

than the two-scale limit of u¢. Let ¢(x) be a smooth scalar function with compact support in Q. Define the
vector-valued function ¢(x) = ¢(x)1 and ¢'(x,y) by its K components

Z 0; ax, (54)

By rescaling Eq. (53), 0;,(x/¢) satisfies in R" the following equation:

~ediv(p(0)v (i (D) +x)) 7 (0) (0 () +0) + () () =0 )

Multiplying Eq. (40), satisfied by u°, by ¢(x) + e¢' (x, (x/€)) and integrating by parts leads to

/()w<>v(¢<x>+e¢l( Jar+ s [ 000w (960 + e’ (v7) )
- (s )

The right hand side converges to

[RCREESY) (iﬁ(ﬂ)w(ﬂdx
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as e goes to zero, and

: X € . 1 )_C _

1{%6/{2D<2>V1/{ (x) - Vi (x, 6)dx =0.

Therefore the above equation writes
1 'E l € WG 1 'E
/ (2 )w (x) - (V¢<x> + V0! (05)) de / (@) 0" ($0x) + e (x5 ) ) dx
/ £(x) - ) dx + (o), (56)

where r(e) is a bounded quantity going to zero with e. Using the definition of QOF, ie.
0" (u) = —J(y)Vu + Q°(y)u and definition (54) of ¢', the left hand side of Eq. (56) becomes

S5 [0(2)w 2 (vt (v () a1 3 [ (%)

+€1—2/9Qa(%‘)1] .(puedx+éiz]v:/ga(§)9:(z) 'g—zuedx (57)

Remark that fg “(x/€)1 - u‘ dx = 0, since 01 = 0. On the other hand, multiplying Eq. (55), satisfied
by 67, by (0¢p/0x;)u, we obtain

o Da<z><w+<vyeza><z>> (Sovu+u(52)) e
S () e (7))

e [ () Fua=o (58)

Thus, using Eq. (57) in Eq. (56) and subtracting to it Eq. (58) yields

23 () (e (7 (2)) v (52
-3y /Qa(z‘) V(5 )0 (e [ (325 oo

All terms in the left hand side of this last expression are products of u¢, which converges strongly in L2(Q)
towards uy(x)1, against periodically oscillating functions that converge weakly in L?(). Taking the limit as
€ goes to zero, and after an integration by parts, it yields

690
Z/ 6x, Z/ VyjdyderZ/ 0x; 6xl

ij=1 ij=1

X ZI: /YD[X()’)V(%' + Hja(y)) . Vyjdydx = /Q ;fd(x)(p(x) dx. (59)

Introducing a matrix D defined by its entries

:EK:/Y(Da(y)V(yI-JrH;(y)) Yy, + 0,0 (0) - vy]> dy, (60)
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Eq. (59) is just a variational formulation of
~div(DVi(x)) = Z L) in Qe H(Q). (61)

In Proposition 5.6 we shall assert that the constant matrix D has a positive definite symmetrical part.
Therefore, there exists a unique solution «°, which finishes the proof of Proposition 3.10. [

The homogenized matrix D, introduced in the above proof, is not, at first look, the one given in the
statement of Theorem 3.2 and denoted by D. In | particular, the matrix D is not symmetric as is D. This is not
a problem since only the symmetric part of D plays a role in the homogenized diffusion Eq. (61). The
purpose of the next Proposition is to show that the symmetric part of D is positive definite, which implies
that the homogenized diffusion Eq. (61) is well-posed. Then, Proposition 5.7 shows that this symmetric part
of D coincides with D.

Proposition 5.6. Let D* denote the symmetric part of D, defined by Eq. (60). An equivalent formula for

D" is
S | P09 (5 +0.00) - ¥ (34 0,00) dy
% ) / W (0,0) = 0,,00) - (0,0) = 0,0) d. (62)

In particular, D* is positive definite.

Proof. Multiplying definition (53) of 0; by H;T and integrating by parts leads to

K
Z/}IDXV(y;—FOZa) V0, dy — Z/JV yl+0* O_;ddy+/yé"0f-0jdy:0.

Therefore, Eq. (60) is equivalent to

Z/DVy,—FF)* V(y+0;,)dy

+ / o (07) - G;derZ / (J“Vyj b — SV 0 )dy,
Y a=1 Y

and its symmetrical part is
* * 1 * * *
/Dv W+ 0.) -y 0.) dves [ @+ 0)0) 0y
Y
We proved in Proposition 3.7 that
1 K
/)/Q(W)'Wdy:_EZ/Qaﬁ dy.

Thus, taking the corresponding symmetric bilinear form we obtain

s @) ga=-13 [o,(0,-0,) (0.-0,).

ap=1
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and formula (62) follows. Regarding the coercivity of D¥, we have, for all ¢ € RY,

N K N
>0y 300 [ 0.5 (5 0,) V0 + 0,088 d
i1 a1 i1
1 LE * * * *
3222 ), Qeal0 = ) (0~ 1) 5,
o, f=1i,j=

2
dy

sey [

a=1 Y i=1
1 S A S * * ’
- E Z A Qa,ﬂ (Zl (0121 - 91'4/;) él) dy7

a.p=1

where C > 0 is the coercivity constant of D,, for all o. Since Qa 5 <0 for all o # B, the second term is also
positive, which proves that D° is positive definite. [

Proposition 5.7. The symmetrical part of D coincide with D, i.e.

1 Z / 0,00 (0,0) — 05)) - (0,00) — 0,507) . (63)

Proof. From Eq. (60) we get
5 K K i
D[,j = Z fYDaVy, . V(ejy +yj) dy -+ Zl fYJaVyj . 0[«7“ dy
Tk
+Z Iy D0,V Ot ) dy = 3 [, D9 (07,4 31) - V0.

The definitions (53) of 0; and (52) of 0; gives that

K
Z/DQVHZ“-V( 2+ ) dy — Z/DV 0* —l—y, -V0,;,dy
a=1 Y
——/Q<ej+yj>-erdy+/Q*<9f+yf>-ejdy
Y Y
K K
DS AL SURTED S AL TN
a=1 YY a=1 JY

Thus, the homogenized matrix D is also given by

K K
= Z /YD“VyI . V(@NX +yj) dy — Z /Y QNJQ . Vyl dy (64)
—1 a=1

Now, formula (64) for D, expressed in terms of 6;, can be compared with formula (60), and arguing as in
the proof of Proposition 5.6 leads to the desired formula (63). O

Remark 5.8. The functions (0;), ., have been defined in two different ways. In Theorem 3.2 they are defined
as the solutions of system (22), whereas in Proposition 5.3 they are solutions of system (52). Our notations are
consistent in the sense that Eq. (52) is just Eq. (22), each line being multiplied by .



G. Allaire, Y. Capdeboscq | Comput. Methods Appl. Mech. Engrg. 187 (2000) 91-117 113

Remark 5.9. As shown above, the homogenized diffusion matrix D can be defined, as in Eq. (21), in terms of
corrector functions (0;), ;. » or, as in Eq. (62), in terms of adjoint correctors (0;), ;. y. In fact, the intro-
duction of adjoint correctors is not compulsory for obtaining the homogenized limit: the proof of Proposition
3.10 can also be done with test functions defined through direct correctors 0;,, even though the limit formula
appears in a more complicated form.

The fact that we can characterize the homogenized matrix D with either direct or adjoint correctors en-
lightens the meaning of the symmetry condition (18) we have assumed. Indeed, had we addressed the adjoint
problem of Eq. (8), we would have obtained that, once factorized by the periodic eigenvector *, it converged to
the very same eigenvalue problem. Therefore, the macroscopic behaviour of the direct and adjoint eigenvectors
of problem (8) are asymptotically equal. The symmetry condition (18) implies that e-scale oscillations capture
the non-adjointness of the problem.

6. A corrector result

In this section we show that, under the symmetry assumption (18), the so-called correctors u'(x,y) can
actually improve the convergence result. In other words this justifies the ¢ order terms of the asymptotic
expansion of u°. To obtain this result we follow the approach in [1].

Theorem 6.1. Let [ be a sequence which converges weakly in L*(Q)* to f with components (f,), <qcx- Letu
be defined as the unique solution in H.(Q)* of Eq. (40). Let u’(x) be the unique solution in H(Q) of Eq. (61)
and u'(x,y) be the unique solution in L*(Q; #(Y)) of Eq. (47). Suppose that the symmetry condition (18) is
observed, and u® € H}(Q). Then
u —u’(x)1 — eu! (x,)f) — 0 strongly in Hy(Q).
€
Remark 6.2. This corrector result can be applied to the original eigenvalue problem (8). Indeed, Theorem 3.2
insures the convergence of € 2(u — p) in R, and of u¢ in L*(Q) strong. Thus the right hand side of Eq. (27)
satisfies the same hypothesis as f< does. In that particular case, u° is smooth, as a solution of a constant

coefficient elliptic eigenvalue problem.

Proof. Let us first remark that Vu!(x, (x/€)) belongs to L2(Q)" for all 1 < 2 < K, because of the regularity of
u°. It is sufficient to prove that

13332/ vg V{dx =0

with {§ = u¢ — u°(x) — eul(x, (x/€)). Multiplying Eq. (40) by u‘, integrating by parts and using identity (38)
yields

Z/D )V, - Vudx—ﬁz:/ u—uﬂdx Z/f

Using the above identity in the expansion of D(x/e)V{" - V{° we obtain

Z/ vc -V dx
2262 Z /QM u —uﬁ dx—i—Z/ O(x)+6u (x;c)) -V(uo(x)—l-eu;(x,f))dx

o,fi=1

-22/QDac‘)wz-v<u°<x>+wz<xz>>dx+zl [ s o
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The last three terms of the right hand side converges as € goes to zero to their two-scale limits. The only
difficulty lies in the first term of the right hand side, which is a product of two-scale weakly converging terms.
We know from Proposition 1.6 of [1], that if vy(x, y) is the two scale limit of a sequence v, in L?(£2) we have

llf(} 1vell 20y = lvoll 2 (@ury -

In Proposition 4.6 we established that the two-scale limit of (1/ Y(ut —1(u)) was u'(x,y) — 1(u'). Tt
implies that Q, ;(v)(ul(x,y) — uj(x,y)) is the two scale limit of 10, ;(¥)(ug — uj), for all 1< o, f<K.
Keeping in mind that O, , <0 if « # f, the above inequality 1mphes that

63362/Qaﬂ u, — uy dX<//Qo«ﬁ xy)—uﬁ(xy)>2dydx.

Thus, taking the limit of all quantities in Eq. (65) as € goes to zero,

limz / D, vg VL, dx

e—0

23 [0 (uhte) —i5)) axay
1/f 1

,Z / / D) (Vi (x) — Yyl (x,9)) - (Va(x) — F,l(x,) dxdy+2 [ ente

We now replace u!(x,y) by its value -V | 0;,(»)(0u’/dx,)(x) and obtain that the right hand side of this
inequality is equal to

_ /Q DVuy(x) - Vue(x) + ZKI: /Q So(x)uo(x) dx

which is clearly zero because of the variational formulation of Eq. (61). O

7. Numerical results

In this section we shall present some numerical results describing the asymptotical behaviour of the two-
energy-group model (4) (K = 2). The goal is to test the accuracy of the homogenization procedure com-
pared to a direct (expensive) approach. We have performed a simple one-dimensional simulation of an
idealized reactor of length /, composed of » identical cells. The periodicity cell, has a structure as sketched
in Fig. 1. In a nuclear context, material A would correspond to water, surrounding fuel rods B (typically,
uranium). However such a choice of materials would not create large e-scale oscillations, and the graphical
output would simply display its smooth macroscopical trend (in real nuclear reactors large small-scale
fluctuations are observed but with a more complicated pattern than that of Fig. 1; for example with mixed
uranium oxides assemblies). Therefore, we chose to present a numerical simulation with fancy materials
such that the two regions A and B correspond to high contrast materials. The numerical values of the
different coefficients are presented in Table 1.

In the two-energy-group model (4) three quantities are of interest. The first eigenvalue ¢, and its cor-
responding normalized eigenvector (¢, ¢5), where ¢; is the fast neutrons flux and ¢5 is the slow (or
thermal) neutrons flux. We first computed directly these solutions (which, for small ¢, is an expensive task),
and then compared them with the reconstructed homogenized solutions.

Fig. 1. Periodicity cell structure.
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Table 1
Numerical values used for the simulation

Medium A A, 21 2 25 011 g2
A 1.200 0.100 2.500 1.500 0.001 0.000 0.001
B 1.370 0.400 0.100 0.070 1.060 2.070 0.160

All computations are done with piecewise linear finite elements. In practice, we discretize the coefficients
on a cell with n.y = 50 degrees of freedom, and then construct the domain as a juxtaposition of N dis-
cretized cells. Using a power method, we compute the first eigenvalue and eigenvector of the direct problem
with Dirichlet boundary conditions for ¢ = N~! (corresponding to N X ney — 1 degrees of freedom). Al-
ternatively, we compute the first eigenvalue u> and eigenvector (1, ,) on the discretized cell with periodic
boundary conditions (the so-called infinite medium problem), and also the adjoint first eigenvector (Y7, ;)
and the correctors ({;,{,) that allow to compute the homogenized coefficients. Since the homogenized
problem has constant coefficients, we know its exact first eigenvalue and eigenvector (a sine function). Then
we re-construct the fluxes by the following homogenized approximation

e = sin(y, (2) +ecosi (3)

€

5 Sin(x)‘/h(z) +€COS(X)C2(E>,

#H,E_'uoo_i_e .
[

The constants D and @ are given by formulas (21) and (22), whereas corrector { is given by Eq. (22).

In Table 2 the reference eigenvalue . and its reconstructed counterpart < for various number of cells
are displayed. The last column shows the absolute error between the two, in p.c.m. unit (one p.c.m. is 1073).
The numerical estimate of the rate of convergence is

()
€10
= O 3.20

as expected from Theorem 3.2. This numerical estimate u¢ — p’< = O(¢*) is of course much better than the
convergence rate of u to its limit x*>°. In the one-energy group case, Malige [23] (building upon results in
[29]) proved that the third-order term of the asymptotic expansion of u° is indeed zero if the periodicity cell
is symmetric. We do not know if such a result would hold in the two-energy-group case. Our numerical
results suggest at least that, if it were the case, the next non-zero term in the asymptotic expansion is larger
than €.

In Fig. 2 the exact fast neutron flux ¢ and the reconstructed flux ¢! with the same normalization are
plotted. In Fig. 3 the corresponding thermal fluxes ¢5 and ¢>§ “ are plotted. In our example, the addition of
correctors ecos(x)(, (’;‘) does not improve significantly the reconstructed flux. However, the correctors
0, = {,/¥, play a fundamental role in the computation of the homogenized diffusion coefficient. Indirectly,

Table 2
Reference and reconstructed first eigenvalue for a high contrast cell
Number of cells Reference u Reconstructed p/7 Error (x107°%)
5 2.29630 2.24501 5129
10 1.75285 1.74068 1217
15 1.65208 1.64729 479
20 1.61681 1.61460 221
25 1.60048 1.59947 101
30 1.59161 1.59125 36

00 1.57257
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Direct Computation
+ Reconstructed Flux
1 -
05 +
o 1 1 1
0 5 10 15 20

Fig. 2. Fast neutrons flux, directly computed and reconstructed for 20 periodicity cells.

0.15 T T T

0.05 - E

O 1 1 1
0 5 10 15 20

Fig. 3. Thermal neutrons flux, directly computed and reconstructed for 20 periodicity cells.

their influence on the homogenized eigenvalue is, here, about 1%, and grows rapidly if the contrast between
the two media is increased.
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