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Homeogenization of the Navier-Stokes Equations
in Open Sets Perforated with Tiny Holes
I1: Non-Critical Sizes of the Holes

for a Volume Distribution and
a Surface Distribution of Holes

GREGOIRE ALLAIRE

Communicated by J. BALL

Abstract

This paper is devoted to the homogenization of the Stokes or Navier-Stokes
equations with a Dirichlet boundary condition in a domain containing many
tiny solid obstacles, periodically distributed in each direction of the axes. For
obstacles of critical size it was established in Part I that the limit problem is
described by a law of Brinkman type. Here we prove that for smaller obstacles,
the limit problem reduces to the Stokes or Navier-Stokes equations, and for larger
obstacles, to Darcy’s law. We also apply the abstract framework of Part I to the
case of a domain containing tiny obstacles, periodically distributed on a
surface. (For example, in three dimensions, consider obstacles of size £2, located
at the nodes of a regular plane mesh of period ¢.) This provides a mathematical
model for fluid flows through mixing grids, based on a special form of the Brink-
man law in which the additional term is concentrated on the plane of the grid.
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Introduction

This two-part paper is devoted to the homogenization of the Stokes or Navier-
Stokes equations, with a Dirichlet boundary condition, in open sets perforated
with tiny holes. The ultimate purpose is to derive effective equations for the study
of viscous fluid flows in a domain containing many tiny obstacles (mathematically
represented by holes perforating a given open set). Throughout this paper we
consider the Stokes equations (S,) in an open set £2, obtained by removing from
a given open set £2 a collection of holes (T7); <;< o

[ Find (u, p.) € [HIQ)Y x [L*(2,)/R] such that
(Se) i vpe - Aue :f in ‘Qs:

Veu,=0 in Q..

In the first section of PartI an abstract framework of hypotheses on the
holes (T7), was introduced following an idea of D. CiorRaNESCU & F. MURAT [9].
Under those hypotheses we established that the homogenized problem is described
by a Brinkman-type law, and we proved the convergence of the homogenization
process, as well as some other results related to the correctors. The second sec-
tion of Part I dealt with the verification of those hypotheses in the case of a volume
distribution of holes having a so-called critical size. This verification led to the proof
that in this case the homogenization of the Stokes equations yields a Brinkman-
type law.

Part II includes the third and the fourth sections of this paper. In the third,
we investigate all the other possible sizes of the holes, and we prove that for smaller
sizes the homogenized problem is a Stokes system, and for larger sizes, Darcy’s
law. Moreover, our study illuminates the name “critical” given to the size
introduced in the second section. More precisely, we consider identical holes
T¢ periodically distributed in each direction of the axes with period 2e, each hole
being similar to the same model hole 7, rescaled to the size a,. We define a ratio
o, between the current size of the holes and the critical one.

log (=
og |-
Let (u,, p.) be the unique solution of the Stokes system (S,). Let #, be the extension

of the velocity by 0in 2 — £2,. Let P, be the extension of the pressure p, defined
by

12
for N = 2.

N-—2

N o\12
0, = (—) for N = 3, g, =¢
aE

1
P.=p,in £, and PS:W [p. in each hole T§
J'C:_s

where C? is a ““control” volume around the hole 77 defined as the part outside 77
of the ball of radius & with same center as 7;. Then we prove the

Theorem. According to the scaling of the hole size there are three different limit
Jlow regimes:
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o If lin% 0, = 400 (so that the holes are small, see Theorem 3.3.1), then (u, P,)

converges strongly to (u, p) in [HY(QW X [L*(Q)/R], where (u, p) is the unique
solution of the Stokes problem

Vp—Du=fin 2, V-u=0inf, u=0ondQ.
(i) If lir% 6, = 0> 0 (s0 that the holes have critical size, see Part I), then (u., P,)

converges weakly to (u, p) in [HY DWW X[L*(Q)/R], where (u, p) is the unique
solution of the Brinkman-type law

1
Vp—Au—{—c—;;Mou:fin Q, V.u=0in 2 u=0ond
(iii) If 1irré o, =10 (so that the holes are large, see Theorem 3.4.4 and Proposi-

U,
tions 3.4.8, 3.4.11, and 3.4.12), then (;3, PE) converges strongly to (u, p) in

&

[L2(DF x [LX(QD)/R), where (u, p) is the unique solution of Darcy’s law
u=Mf—Vp)in 2, V-u=0inQ, u-n=0 on 8.
Moreover, if N =2, then My = nId, whatever the shape of the model hole T,

1
and if N=3, then 'eMye, = » [ Vwy:Vw, where, for 1=k=N,
RN-T
e, is the k'™ unit basis vector in RY, and wy is the solution of the following Stokes
system
Vgp —Awe=0in BRY —T, V-w,=0inRBRY—T,

wy =0 on 8T, w, = ¢, at infinity.

In the fourth section we consider a different geometric situation, namely a
surface distribution of the holes. For simplicity, we assume that this surface is
a hyperplane H that intersects the open set . More precisely, we consider iden-
tical holes 77, the centers of which are periodically distributed in each direction
of the axes of H with period 2¢, each hole being similar to the same model hole T,
rescaled at size a, (see Figure 4). Note that it is the centers of the holes that are
located on the hyperplane H; the holes themselves are closed subsets of £2 that
are not necessarily included in H. Typically, the appropriate size a, of the holes
ise? for N =3, and e ! for N = 2. Itis worth noticing that this size a,, critical
for a surface distribution, is larger than the critical size for a volume distribution,
because the number of the holes is smaller, roughly 1/e¥~! instead of 1/¢¥. The
abstract framework introduced in Part T must be modified slightly to reflect the
weaker estimate satisfied by the extension of the pressure in this case. We shall
prove (see Theorem 4.1.3) the following

Theorem. Let the holes be distributed in a hyperplane H and have a size a, such
that

- a .
gﬂmzco Jor N=3 or lir)%—elog(as =Cy for N=2

where C, is a strictly positive constant (0 << Cy << + o0).
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Let (u,, p,) be the unique solution of the Stokes system (S,). Let u, be the exten-
sion of the velocity by 0 in £ — Q,. Let P, be the extension of the pressure p,
defined by

P.=p in £, and P,= D. in each hole T,

1
I

’(;l?

where C; is the same control volume around T as defined in the previous theorem.
Then (i,, P,) converges weakly to (u,p) in [HY QDX [LY(Q)MR], where 1<
¢ < N/(N — 1)< 2, and (u, p) is the unique solution of the following Brinkman
law:

Find (u, p) € [H{DTY X [L2(Q)/R] such that
Vp—Du+ Mu=f in 2,
Vouy= in Q.

Moreover, the matrix M is concentrated on the hyperplane H (i.e., equal to 0 in
2 — H). More precisely, let O, denote the measure defined as the unit mass con-

27

centrated on H. I[f N =2, then M = E—Id 8y, whatever the shape of the model
cy2

hole T, and if N =3, then ‘e;Me, = T f Vw: Vw; 8y, where wy, is the

RN-T
solution of the same Stokes problemin R~ — T as described in the previous theorem.

This theorem provides an effective model for computing viscous fluid flows
through porous walls, or mixing grids. For example, consider a mixing grid made
of small vanes fixed at the nodes of a thin plane lattice (which is neglected). The
matrix M (which may be non-diagonal in the three-dimensional case) models
the mixing and slowing effect of the vanes. For works related to flows through
grids, sieves, or porous walls, we refer to C. Conca [10] and E. SANCHEZ-PA-
LENCIA [26], [27].

Notation. Throughout this paper, C denotes various real positive constants
independent of &. The duality products between H{(£2) and H—*(£2), and between
[HY{DT and [H-(2)]", are each denoted by (, > LAl (€)1 <k<y 18 the

canonical basis of RY,

3. Non-Critical Sizes of the Holes for a Volume Distribution
3.1. Setting of the problem
As in Part I of this paper, we consider a volume distribution of the holes in

a domain £2, but the size of the holes will be specified in each subsection. Let £
be a bounded connected open set in RY (N = 2), with Lipschitz boundary 62, 2
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being locally located on one side of its boundary. The set £2 is covered with
a regular mesh of size 2¢, each cell being a cubs Pf, identical to (—s +&)". At
the center of each cube Pf included in £ we make a hole T7, each hole being simi-
lar to the same closed set T rescaled at size a,. We assume that 7 contains a small
open ball B, (with radius « > 0), and is strictly included in the open ball B, of
unit radius. We also assume that B, — T is a connected open set, locally located
on one side of its Lipschitz boundary. The open set £2, is obtained by removing
from £ all the holes (77),<;<n( (Where the number of holes N(e¢) is equal to
[21/(2e)™[1 + o(1)]). Because only the cells entirely included in £ are per-
forated, it follows that no hole meets the boundary 6£2. Thus £, is also a bounded
connected open set, locally located on one side of its Lipschitz boundary 00,

(see Figure 1 in Part1). Thus
N(e)

2,=0-\JT;. 3.1.D
i=1
The flow of an incompressible viscous fluid in the domain £2, under the action
of an exterior force f€ [L*(2)]", with a no-slip (Dirichlet) boundary condition,
is described by the following Stokes problem, where u, is the velocity, and p,
the pressure of the fluid (the viscosity and density of the fluid have been set equal
to 1).

Find (u,, p.,) € [H} Q)1 X [L*(2,)/R] such that
Vp, — du, = in £, (3.1.2)
V-u=0 in Q..
Throughout this paper, the size of the holes is smaller than the size of the mesh,
ie.,

li_% ﬁ;— =0 or equivalently 0=a, <c¢. (3.1.3)

The case of the hole size exactly of order ¢ (so that hil(l) a./e > 0) has been ex-

tensively studied by the two-scale method (see [16], [20], [25], and [28]). Here, the
situation is completely different because the holes are much smaller than the period,
as expressed by assumption (3.1.3). In particular, the celebrated two-scale method
is useless.

In the first part of this paper we introduced a so-called critical size of the holes
(2.1.1). Now, we define a ratio o, between the actual size of the holes and the critical

size:
log 6)
&

To be precise, if the limit of o,, as ¢ tends to zero, is strictly positive and finite,
then the hole size is called critical. In that case we already know from Part I that
the homogenized system is a Brinkman law. The goal of this section is to in-
vestigate all the other sizes. For smaller sizes (for which £1_1)13 o, = + co0) we show

N\ 12 1/2
GE:(aT_—E) for N=3 0, = ¢

(3

for N=2. (3.1.4)

that the limit problem is a Stokes system, while for larger sizes (for which ling g, = 0)
it 1s a Darcy law.
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Remark 3.1 1. For the same geometry, the homogenization of the Laplace equa-
tion involves the same critical size (see [9]). The investigation of all other sizes, for
the Laplace equation, has been addressed by H. Kacivi in her thesis [14].

3.2. Critical size: Brinkman’s law

Let us give a very brief summary of Part I. First, we establish the main results
of convergence for the homogenization process using an abstract framework of
hypotheses on the holes. Second, we verify these hypotheses in the case of a volume
distribution of the holes, for holes of critical size. Let us recall

Hypotheses (H1)-(H6). We assume that the holes T7 are such that there exist
functions (Wi, g%, 4 )1 <k<n and a linear map R, such that

(HID) wpe [H'(Q, gieL*(Q).
H2) V-w,=0 in £ and w,=0 on the holes T7.
(H3) wi— ¢, in [H{(Q)] weakly, g; — 0 in LX(Q2)/R weakly.
(H4) € [0
(H5) For each sequence »,, for each » such that

v,—» in [H(Q)]Y weakly, »,= 0 on the holes 77,
and for each ¢ ¢ D(2) we have

Vai — DWeo 9 =1 oy = e P51 ploy-

[ R.€L(H SV [Hy(L91M),
| u€ [HYQ2)IY implies that Ru = u in 2,
{ V:.u=0in 2 implies that V- (Ru) =0 in 2,

llRSulng)(Q y= C][uHH(x)(Q) and C does not depend on &.

(H6)

Combining Theorem 1.1.8 and Propositions 2.1.2, 2.1.4, and 2.1.6, we obtain

Theorem 3.2.1. Let the hole size be critical, i.e., let

lin& 6,=0>0 and o<+ oo (3.2.1)
Let (u,, p,.) be the unique solution of (3.1.2). Let u, be the extension by 0 in the holes
(T9) of the velocity u,. Let PJp,) be the extension of the pressure p, defined by

1

P(p)=p, in 2, and Pfp)= W f p. in each hole T},
i C;“

where C¢ is a “control” volume around the hole T} defined as the part outside T}
of the ball of radius ¢ with same center as T;. Then (u,, Pp.)) converges weakly to



Homogenization of the Navier-Stokes Equations I1 267

(u, p) in [HY DX [L*(D)|R], where (u, p) is the unique solution of the following
Brinkman equations:

Find (u, p) € [H{DV X [L2 ()R] such that
1
Vp — Ay + g—ZMou =f in £, 3.2.2)

Vou=0 in L.
If N=2, then M, = nld, whatever the shape of the model hole T; if N = 3,

then 'e;Mye, = | Vwy: Vw; where wy is the solution of the following problem
N_r

9N
2%y
Stokes equations:

Vge — Aw, =0  in RN — T,

Vew,=0 inRY—T,
(3.2.3)
w, =0 on 0T,

w, = e, at infinity.

Remark 3.2.2. We point out a slight change in our notation. In the first part of
this paper we defined the critical size of the holes by (2.1.1), i.e.,

a. .
lin(l) N3 = C, for N =3, lm% —&*log(a,) = C, for N =2,
where C, is a strictly positive constant (0 << Cy << - o0). Actually (2.1.1) is
exactly equivalent to definition (3.2.1) if the constants C, and ¢ are related by

—2
Co=0N-2 for N=3, C,=0¢*"for N=2. (3.2.9)

Furthermore, we change the name of the matrix appearing in Brinkman’s law.
In order to make explicit how this matrix depends on the rescaled size of the holes
(namely C, or ¢) we use a new notation M,. The matrix M, does not depend on
C, or o, and is related to notation M used in the first part by

1
M= — M,. (3.2.5)

That allows us to greatly simplify the presentation of this section, and to emphasize
the continuous transition from one limit regime to another.

Remark 3.2.3. Other results, including correctors and error estimates, are proved
in Part I. Let us mention that, when the space dimensionis N = 2 or 3, Theorem
3.2.1 can be easily generalized to the Navier-Stokese quations (see Remark 1.1.10).
In our framework the non-linear convective term in the Navier-Stokes equations
turns out to be a compact perturbation of the Stokes equations, so the correspond-
ing homogenized system is simply a Brinkman-type problem including a non-linear
convective term, without any change in the matrix M,.
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3.3. Smaller holes: Stokes equations
We now assume that the size of the holes is smaller than the critical size, i.c.,
li_{r(}ae = + oo. (3.3.1)

In other words,

N ~1
a, < eN=2 for N=3, a,=eC and C, <é&* for N=2.

Then, using the abstract framework of Part I, we prove

Theorem 3.3.1. Let the hole size satisfy (3.3.1). Let (u,, p,) be the unique solution
of the Stokes problem (3.1.2). Let u, be the extension by 0 in the holes (T%) of the
velocity u,. Let Pp,) be the extension of the pressure p, defined by

1
P(p)=mp.in 2, and PJlp,)= W p. in each hole T3,
i C?

where C; is a “control” volume around the hole T; defined as the part outside T7
of the ball of radius ¢ with same center as T;. Then (u,, P(p.)) converges strongly
to (u, p) in [HYQ)N < [LX(2)/R], where (u, p) is the unique solution of the follow-
ing Stokes problem

Find (u, p) € [HYD X [L2(Q)/R] such that
Vp—DLu=f in Q, (3.3.2)
V.u=0 inQ,

Remark 3.3.2. Theorem 3.3.1 expresses the fact that obstacles that are too small
cannot significantly slow down the fluid flow. Thus, nothing happens in the
limit: the Stokes flow is unperturbed. When the space dimensionis N =2 or 3,
Theorem 3.3.1 can be generalized to the Navier-Stokes equations, as previously
done in Remark 3.2.3.

Proof. This proof follows the pattern of Part I of this paper. In particular, we
use the abstract framework introduced in the first section. For this purpose, we
first have to check Hypotheses (H1)-(H6). Next we show that, in the present
situation, the matrix M is equal to zero. (In light of (3.2.5), this result is not
surprising because ¢ = -+ c0.) Finally we show that the weak convergence of
the solutions (u,, P{p.)), ensured by Theorem 1.1.8, is indeed strong.

We construct a linear map R, and functions (W, 4;); <, <y €xactly as we did in
subsections 2.2 and 2.3, replacing everywhere the critical hole size by the current
smaller one. Then, it easy to see that they fulfill Hypotheses (H1)-(H6). More-
over, an easy but tedious computation accounting for (3.3.1) yields

wi— 0 in [HY()]" strongly, ¢;— 0 in L*(Q)/R strongly. (3.3.3)
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Because Hypotheses (H1)-(H6) are satisfied, all the results of the abstract frame-

work hold. But from (3.3.3) and Remark 1.1.3 we deduce that M == 0 in the pre-

sent situation. Thus the homogenized equations are Stokes equations.
Furthermore, Theorem 1.1.8 yields the convergence of the energy

Qf[VZleP = fo'ljle—*%[)ff'uz Qf]Vulz + {Mu, ”>H““,H(1)(9)' (3.3.4)

Because M is identically equal to zero, (3.3.4) is equivalent to
[IVaE = [[Tup.
Q 2

This means that u, converges strongly to u in [H§(£2)]". Now it remains to prove

the strong convergence of the pressure. For any sequence », that converges weakly
to v in [HY()I¥ we recall Definition (1.1.8) of the extension P/(p,):

<V[P8(Ps)] Ve >H“1’H(1)(Q) = {Vp,, Rev6>H—1,H(1)(-Qg) )

Introducing Stokes equations (3.1.2) into this equation and integrating the result
by parts give

VPN, -t iy = [ f R — [V TV(Ra).  (33.5)
a2, a,

According to the explicit construction of the operator R, (see Section 2.2) it turns
out that both the sequences », and Ry, converge weakly to the same limit » in
[HI(DTY. Then, because of the strong convergence of z, in [HY{()]Y, we deduce
from (3.3.5) that ‘

%1_{% <V[Ps(pe)]7 ve>H_1,H(1)(Q) = ff Y= f vu ) V’V. (336)
Q Q2

Introducing the homogenized Stokes equation (3.3.2) into (3.3.6) leads to
VIP(p)1—>Vp in [HY(D]".

Thanks to Lemma 1.1.5, we obtain the desired result, i.e., P,(p,) converges strong-
ly to p in L2(2)/R. Q.E.D.

3.4. Larger holes: Darcy’s law

We now assume that the size of the holes exceeds the critical size, i.e.,
1irr01 g, = 0. (3.4.1)

In other words,

N -1
eN-2q, for N=3, a =¢€C and &<« C for N=2.

However, the size a, is still smaller than the inter-hole distance e, so that (3.4.1)
yields ’

e <o, < 1. (3.4.2)
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This case is somewhat more complicated than the former one, and some modifi-
cations of Hypotheses (H1)~(H6) are required in order to carry out the pattern
of Part I. The structure of this subsection is the following. First we establish a
Poincaré inequality in £2, with a sharp constant (Lemma 3.4.1). Second, we
introduce the modified Hypotheses (H1*¥)-(H6*). Third, in this abstract frame-
work of hypotheses we establish the convergence of the homogenization process
(Theorem 3.4.4, Propositions 3.4.3 and 3.4.6). Fourth, we check that Hypotheses
(H1*)-(H6%*) hold in the present geometrical situation (Propositions 3.4.8, 3.4.9,
3.4.10). The reader should be aware that the present subsection includes both the
abstract framework, and its verification. Two distinct sections were used for this
purpose in Part I.

Lemma 3.4.1. There exists a constant C that does not depend on ¢ such that
lullL20, = Co. ”vu“LZ(Q )

for any uc HYNR,), where o, is defined in (3.1.4).

Proof. (This lemma has also been proved by H. Kacmr [14].) Let u€ D(Q,).
We extend u continuously by 0 in each hole 77. Denoting by B/ the ball circum-
scribed in the cube P;, we have

N(e)

I ””Lz(ga) = Z ”u“Lz(B £y == =@N+ 1 HUILZ(Q)

Let r be the distance between the center of B;* and a point x € B;°. As the model
hole T contains a small ball B, (see Section 3.1), each hole 77 also contains a small
ball B;“ of radius xa,. Thus u(r = xa,) = 0, and

r

u(x) = j g—l;—(x +(t —1r)e,)dt.

X

Then

[uHLZ(B)~C f [f (x+ (@ —nre)dt] N ldr.

But the Schwarz inequality gives

" ou P 2< r&u( b (-1 1
afg(x—k(t—r)e,) = af [—87)6 e,)

& de -

Thus

1T 2 1] 7 a
W= [ | [ [ o—ne|ral| [4]ea

Xag Qg

2e

~ dt
< CM|Vul, [ | w——} < Co? [Vull.gn, -

€
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Summing the above estimates from i=1 to N(g) leads to the desired result.
Q.E.D.

Modified hypotheses (H1*)-(H6*) We assume that the holes 77 are such that there
exist functions (Wi, gz, M) <k<ny and a linear map R, such that

(HI*) wie [H'(Q], qre L.

(H2%¥) V-wp;=0in 2 and w{ = 0 on the holes T;.

(H3%) wi— ¢ in Lz(Q)]N weakly, o, ”vwlec”Lz(Q) =C, o, IIq;{”Lz(Q) =C

where the constant C does not depend on e.
(H4%) g € [L=(QT".
(H5*) For each sequence v € [HY(2)]", for each »¢ [L*(2)]Y such that
vo—~v in [L2(D)]Y weakly,
V¥l () = Clo,  where C does not depend on e,
. =0 on the holes T3,
and for each ¢ € D(£2) the following limit helds
07 Vg — DWoo $9d =1 g1 o) —> Qf¢,uk ‘v,
R. € L([H)(L)1; [Hy(LQ1Y),
uc [HY(2)IY implies that Rt = u in 2,
(H6%) V:ru=0in 2 implies that V- (Ru) =0 in Q,,

1
HV(REu)”L2(Q€) =C HVUHU(Q) + ‘;”ullum) and

C does not depend on &.

Remark 3.4.2. The modified hypotheses (H1¥)-(H6*) are very close to those in-
troduced in Part I, and have the same physical and mathematical meaning (i.e.,
as viscous layers in the vicinity of the holes, and test functions in the energy
method). Moreover, for a given family of holes (77);<;<n¢) the functions (wj,
T Wi)1<e<n that satisfy Hypotheses (H1¥*)-(H5%) are “quasi-unique” (see
Section 1V.1 in [1] for more details).

Proposition 3.4.3. Let (W, q;, )1 <x<n be functions that satisfy the modified
hypotheses (H1*)-(H5*). Let M, be the matrix with columns ()<, <y and
entries (), <r.i<n defined by pi = p, - e, Then for each ¢¢€ D(£),

s D1 ey = lim o [&Vwi:Vwi. (3.4.3)
o

In particular, M, is a symmetric and positive-definite matrix in the following
sense:

<MQ¢, ¢>D”D(Q) 2 C_l ”@”LZ(Q) 2 0 for each @ € [D(Q)]N (344)

where C is the constant in Poincaré’s inequality (see Lemma 3.4.1).
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Proof. Taking », = w{ and » = ¢; in Hypothesis (H5%), and integrating the
limit by parts gives

o2 (Vgp — Dw, WD L alca) = —o? [qiwi Vo + ol [VwiiwiVe
Q Q2
+ol (bW Vwi—> [du e (3.45)
2 Q

From (H3*) it follows that
llma wak wi V¢ = 0, leg%afgfq,iwf-v¢:0.

Thus (3.4.3) is deduced from (3.4.5). Moreover M, is a symmetric maftrix, since
it is the limit of a sequence of symmetric matrices (Vwy: Vw;); <;r<n- On the other
N

hand, for each @ ¢ [D()IY one has Y, ¢.wi € [HYL)]". The Poincaré inequa-
=1

lity implies that
2 2
< C%? [ Wi ] (3.4.6)
L2(2,)

N
2
k=1

oy

LZ(Q A
From (H3*) we deduce that

2

Z Ve w

lim we = D)2 lim ¢?
lim AL — IPlza)  lim LZ(QE)

Then, using (3.4.3) we obtain

2
: 2
lirgo: J

N
Z b VW
k=1

= (M9, ¢>D',D(9)~
We pass to the limit in (3.4.6) and obtain (3.4.4). Q.E.D.

Now, we are able to prove the main theorem of this section, which corresponds
to Proposition 1.1.4 and Theorem 1.1.8, established in the case of a critical size
of the holes.

Theorem 3.4.4. Let the hole size satisfy (3.4.1), and let Hypotheses (H1*)-(H6%)
hold. Denote by M, the matrix defined in Proposition 3.4.3. Let (u,, p,) be the unique
solution of the Stokes system (3.1.2). Let u, be the extension of the velocity by 0
in Q— Q,. Let P(p,) be a function defined by

(pe) W>H—1 ] o2 <vpes R’V>H H o(2) fO}’ each v € [H(I)(‘Q)]N

Then P,(p,) is an extension of the the pressure (i.e., P(p.) = p, in Q,) such that

—u in [Lz(.Q)]N weakly, P(p)->p in L*(Q)/R strongly

e&)l =
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where (u, p) is the unique solution of Darcy’s law:

Find (u, p) € [LXA(Q)N X [HY(2)/R] such that
u=Mi'(f—Vp) in Q,
Veu=0 in Q,
u-n=0 on Q.

3.4.7

Remark 3.4.5. Note the that matrix My !, which appears in Darcy’s law
(3.4.7), is the same for all values of the hole size. On the other hand, it is totally
different from that usually obtained by the two-scale method (see, e.g., [25]),
when the holes have a size ¢ of the same order of magnitude as the period.

Proof. This proof is divided into two steps. First, we obtain a priori estimates for
the solution of the Stokes equations (3.1.2). Then, we pass to the limit in those
equations with the help of the energy method introduced by L. TArTAR [29].
Step 1. Multiplying the momentum equation in (3.1.2) by u, and integrating
the product by parts give

[VuP= [f-u.
2 Qe
The Poincaré inequality furnished by Lemma 3.4.1 yields
Vil oy = Coollflliany > Ml = Co? [ flic o).
There exist~s some u€ [L2(]Y and a subsequence of #, still denoted by #,,

uE . . .
such that 52 converges weakly to u in [L*(2)]V. Now, using Hypothesis (H6%),

we construct an extension of the pressure (following an idea of L. TARTAR [28]).
Let F, € [H ()] be defined by

(F,, v>H_1,H$(9) = {Vp,, R£v>H—1’H(1)(QE) for each v [HYQV (3.4.8)

where R, is the linear operator involved in Hypothesis (H6*). Replacing Vp,
by f+ Au, in (3.4.8) leads to

{F,, v>H~11H(1)(Q) = Q{f~ Ry — [ Vu, V(R ). (3.4.9

Thanks to the estimate of R, in (H6*), and to the Poincaré inequality, we deduce
from (3.4.9) that

1 Fellz-1oy = Cllflizace- (3.4.10)

Then, arguing as in Proposition 1.1.4, we conclude that F, is the gradient of a

function P,(p,) € L*(£2) that is equal to p, in £,. Moreover, from estimate (3.4.10)
we obtain

”Ps(Pe)“Lz(Q)/R =C ”f“LZ(Q)-
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Let v, be a sequence that converges weakly to 0 in [H({)]". In order to prove the
strong convergence of P,p,) in L*(Q)/R, we take » =, in formula (3.4.9),
and we obtain the estimate

I<VPa(ps)a v€>H_l’H(1)(Q) ! g C ”f“L2(!2) [Ue ”v(Rsva)”Lz(_Qe) + ”‘RS’VEHLZ(QE)]
=C “f”um) [o: |V, “LZ(Q) + v ”LZ(Q)] (3.4.11)

because of (H6*) and the Poincaré incquality. According to the Rellich Theorem
we have

A |]L2(Q) — 0.

On the other hand, the scaling (3.4.2) of the holes implies that o, converges to 0.
Thus (3.4.11) leads to

R
There exists p € L>(2) such that a subsequence P,(p.) converges strongly to p
in L*(2)/R.
Step 2. Now we apply the energy method: For any ¢ € D(£2), we introduce in

the variational formulation (1.1.2) the test functions (¢wf) ¢ [HYL2)]Y and
(¢q;) € L*(Q2,)/R. We obtain

[Vu V@) — [p.V-(w)) = [/~ (wh),

[($g) V- u, = 0. (3.4.12)

The proof is very similar to that of Theorem 1.1.8. From (3.4.12) we arrive at

ae &= ~ ]
o2 <Vq,i A, A a—f> a—ake + Qf giu, -V — Qf u, Vo : Vwi
+ [Vu:wiVé — [Plp)wi-Vé = [¢f - wi. (3.4.13)
2 2 kol

uS . .
Because P fulfills the assumptions of Hypothesis (H5*), we have

&
af/

NI AN :
\vqk — Dwp, ¢ &2 /= Lake - Qf by - u.

Using (H3*) and the a priori estimates of the solution (i, p,), we pass to the
limit in the other terms of (3.4.13):

f‘/’ﬂk'u“ fPek'v¢: ff'elc
Q Q 2
From Proposition 3.4.3 we know that ths matrix M, is invertible, so that

u= M7 (f—Vp) in Q. (3.4.14)
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On the other hand,

£

u, € [HI(DT, —u in LM weakly, V-u,=0in Q. (3.4.15)

als

We deduce from (3.4.15) (see, e.g., [25) that
V-u=0 in 2, wu-n=0 on (3.4.16)

A regrouping of (3.4.14) and (3.4.16) leads to Darcy’s law, which has a unique
solution because of (H4*). More precisely,

(H4*) implies that M,€ [L™(2)]"’, which implies that "EMy '€ = || M| 0ocq) |E 2.

Because of uniqueness, all the subsequences of (u., P.(u.)) converge to the same
limit. Thus the entire sequence converges. Q.E.D.

Now, we give some corrector results which improve the convergence of the
velocity in Theorem 3.3.4.

Proposition 3.4.6. Let the hole size satisfy (3.4.1) and let Hypotheses (H1%)~(H5%)
be satisfied. For each sequence z, such that
z, — z in [V weakly, (0,Vz,) is bounded in [LX(Q)}, (3.4.17)
o,V + z, converges strongly in L*(2), z,=0 on the holes T;
it follows that
liralli(}lfgz [IVz. P = Qf 'zMz. (3.4.18)

Q

The proof is identical to that of Proposition 1.2.1, and is therefore omitted.

Proposition 3.4.7. Let the hole size satisfy (3.4.1) and let Hypotheses (H1%)-(H5%)
be satisfied. Let the sequence wi be bounded in [L™()]~ and converge strongly
to e, in [L*(DV. Then, for each sequence z, such that

2y —z in [L{QVW weakly, (o,Vz,) is bounded in [LX()]Y",
o,V * z, converges strongly in L*(£2), z, =0 on the holes T},
lim inf a? [IVz]? = [‘zM,z
e>0 0 2
it follows that
z,—>z in [LX(Q strongly.

Proof. We follow the lines of the proof of Proposition 1.2.2. For any @®¢
[D(DY, we obtain

liminf [ o2 |V(z, — WB)P = [z — D) Moz — D). (3419)
> o Q
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Then, the Poincaré inequality yields
lifgionf f‘Ze - I’VS‘DJZ =Cj Myl Lo Iz — QH%}(Q)- (3.4.20)
Q2
Without any further assumptions, we can merely deduce from (3.4.20) that

(z. — W.z) converges strongly to 0 in [L'(£2)]Y. If we assume that the sequence
w;, is bounded in [L®(Q)]", then we get

(ze. — W.2) >0 in [LA(D]V. (3.4.21)

Moreover, the strong convergence of wi in [L*(2)]Y and the Lebesgue Domi-
nated Convergence Theorem yield the strong convergence of W,z to z in [L*(Q)]".
Thus, from (3.4.21) we obtain

z.—>z strongly in [L3(Q)]". Q.E.D.
Proposition 3.4.8. Let the hole size satisfy (3.4.1) and let Hypotheses (H1*)-(H6*)
be satisfied. Let the sequence wj be bounded in [L¥(S)" and converge strongly
to e in [L2(DI. Then the convergence of the velocity given by Theorem 3.4.4

can be improved:

U,
= u in [LXDN strongly.

Proof. We easily check assumptions (3.4.17) for the sequence u,/0?, and we remark

that
2 fv I}s ¥
0‘8/ O_—%
0

Hence the result follows from Proposition 3.4.7. Q.E.D.

_ /le%—> /f-uz /(Mou—}-Vp)-u:/’uMou.
& @ &

s %

Remark 3.4.9. Theorem 3.4.4 and Proposition 3.4.8 can be generalized to the
Navier-Stokes equations, when the space dimension N is equal to 2 or 3. In this
case we obtain the same homogenized system (3.4.7), because the non-linear

term disappears when ¢ tends to zero <i.e., [ @@, - Vu,) - pwj — 0).
2

Now it remains to verify Hypotheses (H1*)-(H6*). Roughly speaking, we
proceed as in the first part of this paper.

Proposition 3.4.10. Let the hole size satisfy (3.4.1) so that it is larger than the criti-
cal size. Then there exists a linear map R, that satisfies Hypothesis (H6%) such that
the associated extension of the pressure is constant inside each hole, specifically

1
P(p)=p,. in 8, and P(p) = W f p. in each hole T},
i Cfi_

where C; is a control volume defined as the part outside T; of the ball of radius ¢
and same center as Tj.
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Proof. We construct R, as in Section 2.2. First, we recall the following decomposi-
tion of each cube P; entirely included in £

PP=T:UCIVK: with K =P — B (3.4.22)

where T is the hole, C; is the control volume, and X is the remainder, i.e., the
corners of Pf (see Figure 2). Let u€ [H)()]V. For each cube P; entirely included
in Q, we know (¢f. Lemma 2.2.1) that the following Stokes problem has a unique
solution, which depends linearly on u:

Find (v}, ¢?) € [H'(CH]Y < [LXC;)/R] such that
Vg — v = —Du  in Ci,

Vv =V -u+

[Veu inC,

i
tTl
v; =wu on ¢C; — o073,
;=0 on oT;.

Then we define R,u by:
For each cube P§ entirely included in £,

Ru=uin Ki = P{ — Bj, Ru=v;in C;, Ru=0in T;.
For each cube P; that meets 842,
Ru=u in P;N Q.

As in Proposition 2.2.2 we easily check that Hypothesis (H6*) holds for such an
operator R,. The only difficulty is to obtain the estimate of R,u. Lemmas 2.2.3 and
2.2.4 lead to the following estimate of »;:

KZ
HV'V ”LZ(C ) = [”vu”LZ(CEUTS ;Zzlluni2(cf\/Tf)] s (3'4'23)

2

a oo Kol . .
with 7 = - which implies 8—2" = Then, summing estimates (3.4.23) for all

the cubes P;, we obtain the desired result:
]]V(Reu)”u(ge) =C [”quLZ(Q) +— “u”Ll(Q):l Q.E.D.
Proposition 3.4.11. For N = 2. Let the hole size exceed the critical size, so that

log
Og?

Then there exist functions (Wi, gy, )1 <k<2 that satisfy Hypotheses (H1*)-(H5%)
(and also the assumptions of Proposition 3.4.8, so that wi is bounded in [L=(2)|¥

12

lime = 0.

&0
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and compact in [L*(Q)]Y). Furthermore, for any shape or size of the model hole T,
the matrix M, defined in Proposition 3.4.3 is given by My, = = Id.

Before stating an equivalent proposition for N = 3, we recall the so-called
local problem (2.1.5), introduced in the first part of th1s paper. Let N = 3. For
ke{l,..., N}, the local problem is

Find (g;, w,) such that
laellz@N-—r < +oo and  [[Vwllagiv_p < + oo,
Vg — Dwg =0 in RNV —T, (3.2.3)
Vewe=0 inRYN-—T,
w, =0 on d7T,
w, = ¢, at infinity.

We proved in the appendix of Part I that system (3.2.3) is well posed. We still
denote by F, the drag force applied on T by the above Stokes flow, i.e., F, =

ow
f (515 — qkn>. It turns out that the system (3.2.3) is also the local problem for the
or

present case of holes having a size larger than the critical size.

Proposition 3.4.12. For N = 3, let the hole size be larger than the critical size,
so that
&
lim 72 a¥ 2 =0.

Then there are functions (Wi, qi. )i <i<n> constructed from the solutions (wy,
9)1<i<n 0f the local problem (3.2.3) that satisfy Hypotheses (H1*)-(H5*)) and
also the assumptions of Propositions 3.4.8, i.e., Wi is bounded in [L°(Q)Y and
compact in [LH(DT).

Furthermore, the matrix M, defined in Proposition 3.4.3 is given by the following
Sformulae

i
Moy = e = 55 Fe  for each ke{l,2,...,N}

or, equivalently
1.
EMoE = Eﬁggg‘ 1VwlZa@y_r)
with
E={we[HLB)Yw=0in T, V-w=0 in RN~ T, w=¢§& ar infinity}.

Remark 3.4.13. We emphasize that the matrix M is the same for all the sizes of
the holes that satisfy (3.4.1), and is equal to the one appearing in Brinkman’s
law (3.2.2). From Propositions 3.4.10-3.4.12, we now know that Hypotheses
(H1*)-(H6*) are satisfied by some functions (Wi, g¢, #2)1 <x <y and some map R,
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for any value N = 2. Of course, because of that, the Convergence Theorem 3.3.4,
and the Corrector Theorem 3.4.8 hold true.

As in Part I, we give error estimates for the velocity and the pressure. The
main difference with Theorem 2.1.9 is the absence of correctors (recall that the
velocity and the pressure converges strongly without correctors).

Theorem 3.4.14. Let the hole size be larger than the critical size, so that (3.4.2)
holds. Then, the following bounds hold for the errors

U,
— —u
P

&

&
R L

L)

(3.4.32)
&
lpe — Plioyr = C("Q_— + O‘e) llullp2.0000).

Proof of Proposition 3.4.11 (N = 2). As in Subsection 2.3, for k= 1,2 we
define functions (w, 47) € [H'(PPFXL*(P}), with [gf =0, by
7
For each cube P; which meets 02:
wip=-¢e, q.=0 in P;N Q.
For each cube P} entirely included in Q:
Wy =¢, ¢qr=10 in K,
Vg — Mwp =0, V-wp,=0in C}, (3.4.24)
wi =0, ¢gy=0 in T7}.
We compare these functions with the same ones obtained when the model hole T
is the unit ball. As T C B,, let us define for each cube P; a ball Bfs of radius a,
that strictly contains the hole 77 (see Figure 2). Now, for k = 1,2 we define
functions (Wg, gox) by (3.4.24) in which 77 is replaced by Bfe. Denoting by r;
and ¢! the radial co-ordinate and unit vector in each C{ — B, we can compute
(Wok> o1 <k<2 DY
Wor = X1 f(ri) e + &(r) e, qor = xih(ry)  for ;€ [a.; ]
with

1 B
oy = (4+5)+ c.

B 3 2
g(rl): _Alogri_'ﬁ—_fcrt +Da
24
h(r,)—r—2—4C,

&2 242

s
1 g2 loge
C= ;5[1 + o(D)], D=1-— =2 [1+ o(1)].

€
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An easy but tedious computation gives

C C
N g6x Loy = PR IVWollpacey = PR
’ (3.4.25)
& W e i\ sa 2e? .
Iwor — exlliay = C_z" or, — qore, ) 0f* = 4,02 [1 + o(1)] e, 07

where §f¢ is the measure defined as the unit mass concentrated on the sphere
0Bfe, ie.,

O, ooty = [ #s)ds  for any $€ DRY).

oBfe
Then, for k= 1,2 we define the ““difference” functions (w;5, ¢°) by
wie = wi — wor € [HY(DY, 4’ = 4 — 8. € LH(9Q).
They satisfy
ow
[vq;cs — Awy = <—3 % qoxe r) 5%1 )
Fy { in each control volume Ci. (3.4.26)
Vews =0, J
e 0 N(e)
{w’fs } elsewhere in 2 — \/ Cj.
% =0 i=1

Now, arguing as in Lemma 2.3.1, we show that the difference functions (w;, ;")
are “negligible”. Thus, as far as the verification of Hypotheses (H1*)-(H5%)
is concerned, there are almost no differences between the case of spherical holes
and the general case of arbitrary holes.

From (3.4.26) we deduce that

owg . , 262 e
[ivwep= [ (—87"5— qgke;)-w,:: =1+ o(D)] [ e wi Ga2n

I3 a, a
C; 6Bie aBje

in each C;. Recall the trace estimate (2.3.11) obtained in Lemma 2.3.1:

f er - we| = Ca, ”vwl/cS”LZ(B;la ~78
(21

Thus from (3.4.27) we deduce that

”vw ”LZ(CE) = C_"

With the help of Lemma 2.2.4 we obtain an equivalent inequality for ¢;°. Hence
l 2

0
10 B = g 1 + o011 oy = C o

12

(VWi oy = gy [+ o(DIIVWE P = C o 2

(3.4.28)
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Moreover, because w;° € [Hy(CPY, the Poincaré inequality in C¢ leads to
”w’,‘s”Lz(C?) é Ce HVWILEHU(C;?)-

Thus
2
Wil = €

Q,O‘)
® N

(3.4.29)

Finally, as the functions (wf, q;) are equal to the sums of (W, g¢) and (w;5, g;5),
we check that Hypotheses (H1*)-(H3*) are satisfied, by regrouping (3.4.25),
(3.4.28), and (3.4.29).

In order to verify that (H4*) and (H5*) also hold, we decompose (Vg — Aws)
thus:

Vi — Dwy = poy + p — Vi

with
NG [ Dwh, . NG (pwle .
[ — JE - S | 5.§ ‘e — ) . ‘e 6§
Mok ;;( or, quer) i Mk 1_; ("““ari qx €r> is
NG [owg,
e — — g%n.} 6T
1473 i:ZI <8n, qk”l) is

where J; and 6T1§ are the unit masses concentrated on the sphere 08¢ and on the

hole boundary 77, and where »; is the unit exterior normal to T%. Now, for any
¢ € D(2), any sequence v, € [H'(2)]¥, and any function » € [L3(2)]" such that

v, —~v in [LX(Q)]Y weakly,
C
o,

IVyellrae = where C does not depend on e, (3.4.30)

v.=10 on the holes 77,

we seek the limitof 62 {Vgi — Aw, ¢v.> 4 ~Lul ase tends to zero. First, because
v is equal to 0 on the holes, we have

o’ s dws>H—_l,Hé(9) = 0.
Second, arguing as in Lemma 2.3.3, we introduce the map R,, defined in Proposi-
N(®
tion 3.4.7, which satisfies (H6*), not in £2,, but in Q2 — \/ B%; using it we
obtain i=1

2,7 2
05k ¢Vs>H“.1,H(1)(Q) = o ¢Rsve>H’_l,Hé(Q)

- fq,'j V- (¢R,) -+ wa,'f -V(Ry,) — 0.
o o

Third, in each cell P;, we compute
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where o(1) is a sequence of real numbers (not depending on x) that tends to zero
as & does. To verify (H5%), we must prove that

02 g ¢V8>H“1,H(1)(9) - f¢,uk v, (3.4.32)
2

By Lemma 2.3.4 we know that

N(e)

o2uly, = O, 2e[—ey + 4ey - el) €] [1 4 o(1)] 8¢ — me, in [H-'(Q)]? strongly.
i=1

But this result is inadequate here, since the sequence v, satisfying (3.4.30) does not
converge weakly in [H(£2)}>. Nevertheless, we are still able to pass to the limit in
(3.4.32) by using the full power of the proof of Lemma 2.3.4.

Let us define a P{-periodic function z,€ [H'(2)]N by

Z, = —(r} — &) e, + 8xr; (—% — 1) el in each ball B, z, = 0 elsewhere.
Then
b, = — Dz, +m, (3.4.33)

where m, is a P{-periodic function such that
. r; . .
m, = 4(4 % — 5) e + 40—8-'—(ek -e,) e, in each ball B;, m, =0 elsewhere.

An easy computation shows that

”vzaHLoo(Q) é CF, ”me”Loo(.Q) g Ca fma = 47[82€k.
Py

Thus, m, converges to its average me, in [L¥(Q)]" in the weak star topology.
From (3.4.33) we get

. 2 & 1
l]—{% 05 </10k’ ¢ve>H‘1,H(1)(_Q) = ll_?% <m5, ¢v€>H_1,Hé(!)) .

By applying Lemma 3.4.15 below we complete the verification of (H5%). By the
way, we obtain u, = me,, so that (H4*) also holds true. Q.E.D.

Lemma 3.4.15. Let m, be a P{-periodic sequence in L™(£2) that converges to its
average m in L>(L) in the weak star topology. Then

<msa ¢S>H_I!H(])(_Q) - fm¢ =m fd)
2 Q

for each sequence ¢,¢ HW(Q) and for each ¢ ¢ L*(82) such that
¢ — ¢ in L*(Q) weakly,

C
IV, ll2o) = - where C does not depend on ¢.

£

The proof of this lemma requires only elementary arguments, and is left to
the reader (see Lemma 1V.2.3 in [1] if necessary).
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Proof of Proposition 3.4.12 (N = 3). As in Part I we use a decomposition of P¢
into smaller subdomains which differs from the one used in the two-dimensional
case. We set

Pi=T:\JCEUDIVK: (3.4.34)

where C;* is the open ball of radius /2 centered in P; and perforated by T?, D:
is equal to B¢ perforated by C;°\V T, and Kj is the remainder, i.e., the corners

of P; (see Figure 3). As in Section 2.3, we define functions (wk, )1 <k<n €
[HY(PHY < LX(Pf) with [4q:=0 by
we=1¢e, 4g,=0 inPiNQ

for each cube P{ which meets 20, and by

we=e) o, (Vai—Dbw=0) .
{qﬁzO} in K7, { 7wt =0 in Dj,

I Wie=0p ..
m C7°, 620} m T7,

for each cube P} entirely included in £2, where (w, g,) are the solutions of the local
problem (3.2.3). Then, with the help of Lemma 2.3.5 (which furnishes asymptotic
expansions of w, and ¢,), we readily obtain

C C
”VWZHLZ(Q) = G_s’ HQIECHLZ(Q) = ;;‘,

e \2

(— for N =3,
GS

1/2
“Wk - ekHLz(Q) < C log— (;‘) for N — 4, (3435)

e\ _

<G—)N*2 for N = 5.

Obviously Hypotheses (H1*)-(H3*) are satisfied. In order to verify that (H4%)
and (H5%) also hold, we decompose (Vg; — Awf) thus:

e 3 & 6wk £/2
Vi — Owp = :S:{ . — qie ) 8* + V- (xe(qi 1d — Vwp))
N(s) P
- L( i qu) bzt (3.4.36)
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where 022 and d7¢ are the unit masses concentrated on the sphere oCFN oD
and on the hole boundary 77, and where y, is the characteristic function of
N(g)
\/ D} (which equals to 1 on this set, and O elsewhere).
i=1

Now, for any ¢ € D(2), and any sequence » ¢ [H'(2)]V and function
vC [LH)]V satisfying (3.4.30), we seek the limit of 62(Vgqj — Aw;, v >pu-1 Hlco

as ¢ tends to zero. First, because v, is equal to zero on the holes, we have

NE) (ow
<L‘ ( - q;inz) 53“;?, ¢’Vs\

Ja=uk@ -

Second, it is easy to compute

1V - (xgi 1d — VwQ)) -0y = er(Qk)z + fxs |Vwi * = C—~

Using this estimate yields
02V - (xeqic 1d — Vwi)), v p—1mley > 0.

Third, we also compute

owy, .
o? (—8—% - qze;) (ri=#/2) =

N—2

< [Fe+ N el) ef] e -+ 0(a),
N

where O(a,) is a function of x. Consequently, as in the proof of Lemma 2.3.7,
we have to use the Comparison Lemma 2.3.8 (due to D. C1oRANESCU & F. MURAT
[9]). Moreover, as for N = 2, we also need Lemma 3.4.12, because the sequence
v, is not bounded in [H'(£2)]". Combining these two ingredients is a little technical,
although not difficult. Finally we can still pass to the limit, and from (3.4.36) we
obtain

NG/ Bw
hm or(Vgy — Dwp, dv g1 gl o = O <Z (__k — dier ) 0, ¢a’6\/\H~1H‘(9>
Ho

£
:[}[¢1}'2—N

which is a constant vector, so that

F
Hypothesis (H5*) is verified with u, = i%

(H4*) also holds. Q.E.D.
Proof of Theorem 3.4.14. We only give a very brief sketch of the proof, which

follows the pattern of Proposition 1.2.5 and Theorem 2.1.9. The same arguments
give inequalities similar to (1.2.38) and (1.2.42), namely

lo?M, — M”H—l(!))]

lp — pelirxagm = Co. [IVr 2oy + Cliullw2oog) [0‘ + p

2

(3.4.37)
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20Vr, |2 NV M, — Mg
o IVr L @~ ~° IVr il (9)[ s+l|<7 llgr @ | g WEHLZ(Q):]

”””2W2-°°(Q) - ”u”WZs“’(.Q) O

HUEME - MHH*(.@)] (3.4.38)

g

+ 11d — Wl [Ue +

&

with the usual notations of Part1: r, = /02 — W, and M.e, = u. From
(3.4.25) and (3.4.29) for N =2, and (3.4.35) for N =3, we obtain

€

Furthermore, using Lemma 2.4.3 for oZu (instead of u}) leads to
lo2M, — M| g-1g) = Ce. (3.4.40)

Using these estimates and the Poincaré inequality for r,, we deduce from (3.4.38)
that

) & )
“rs“L2(9) = C(G_ + Ue) “u“Wz"x‘(.Q)-

Again using (3.4.39) leads to the desired result for #,/0? — u, which we substitute
into (3.4.37) to complete the argument. Q.E.D.

4. Periodically Distributed Holes on a Surface

This fourth section is devoted to the verification of Hypotheses (H1)-(H6)
(introduced in the first section) for a domain containing many tiny holes that are
periodically distributed on a surface (repesented mathematically by a smooth
(N — 1)-dimensional manifold). For the sake of simplicity we assume that this
surface is an hyperplane. More precisely, let 2 be a bounded connected open set
in RY (N = 2), with Lipschitz boundary 802, Q being locally located on one side
of its boundary. We assume that £ has a non-empty intersection with the hyper-
plane H = {x ¢ R"/xy = 0}. We define the open set H, to be a slice of 2 of
thickness 2& near H by H, = {x¢€ 2/|xy| < e}. The set H, is covered with a
regular mesh of size 2¢, each cell being a cube P¢, identical to (—e, +¢)V. At the
center of each cube P; included in H, there is a hole T3, each of which is similar
to the same closed set 7 rescaled to size a,. We assume that T is strictly included
in the unit open ball B, and that B, — T is a connected open set, locally located
on one side of its Lipschitz boundary. Moreover, we assume that the size of the
holes a, is critical for the surface distribution, i.e.,

aS .
lin(l)—N—_l— =C, for N=3, 11_1)1(1) —e¢elog(a,)=C, for N=2 “.1.1
N2 )

where C, is a strictly positive constant (0 << Co << + o0). Assumption (4.1.1)
gives a unique and explicit scaling of the holes size for N = 3, but not for the two-
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dimensional case. Actually, when N = 2, many different sizes of the holes satisfy
(4.1.1) with the same constant C, (e.g., ¢, = &” exp (—Cy/e) for any peR).
In any case, assumption (4.1.1) is enough for the sequel, so we do not make more
precise the scaling of the holes in two dimensions.

Elementary geometrical considerations give the number of holes N(g) =
|HN Q|
(2e)V 1
case of a volume distribution, the critical size is larger, but the number of holes

is smaller.

In each cell P{ we define B: as the open ball of radius ¢ included in P;. We also
define a control volume C;= Bf — T; around each hole (see Figure 2). The

N(e)
open set 2, = Q — \/ T¢is obtained by removing from £2 all the holes (T7); <i< n)»
i=1
and because we perforate only the cells entirely included in £, we are sure that
no hole meets the boundary Q. Then £, is also a bounded connected open set,
locally located on one side of its Lipschitz boundary 642, (see Figure 4). Note
that the centers of the holes are located on the hyperplane H although the holes

T; are closed subsets of H,, not necessarily included in H.

[1 + o()], where |H N\ 2] is a measure in RV ', Compared with the

Fig. 4

As usual we consider the Stokes problem in £,:
Find (u, p.) € [H{(Q)I¥ < [L*(2,)/R] such that
Vp, — Au,=f in Q,, (4.1.2)
Vou,=0 1in £2,.

Because the distribution of holes is not uniform in the domain £, we expect a
singular behavior of the solutions (u,, p,) near the hyperplane H as ¢ tends to zero.
In other words, in each part of 2 away from H, the sequence of solutions should
converge “nicely”’, but in the vicinity of H the convergence should get worse.
Actually, it turns out that because of this effect, the overall convergence of the
pressure is weaker than previously. To reflect this fact, Hypothesis (H6), and con-
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sequently (H3), need slight changes. Thus, in the first subsection we give the modi-
fications of the abstract framework, together with the main results. The second
subsection is devoted to the verification of Hypotheses (H1) and (H6).

4.1. Modified abstract framework and main results

We assume that the holes 77 are such that there exist functions (Wz, g, g1 <k <n
and a linear map R, such that

(H) wic [H'(DT, qicLX(Q),
(H2) V-wi=0in 2 and w;=0 on the holes T3,
(H3) wj, — e, in [HY(Q)]" weakly, g; — 0 in L*(Q)/R weakly,
wi — e, in [LAQ)]Y strongly, for some g > N,
(H4) pe W2,
(HS) (Vg% — Do 0 =1 ylcy = <tto P91 i
for each sequence v, for each v such that
v, —v in [HY(Q)]V weakly, »,= 0 on the holes T}
and for each ¢ ¢ D(Q),
R. € L(IH{(2) N LX(DT; [Hy(L2)]Y),
If uc [HYLQ)]", then Ru = u in Q,,
IfV-u=0in Q, then V-(Ru) =0 in £,
llReuHHé(Qs) = C[Ilui]H(l)(g) 4 llull] ooy and C does not depend on e.

(H6)

Remark 4.1.1. This Hypothesis (H6) is somewhat weaker than that for a volume
distribution of the holes, because R, operates in [HQ) N L*(2)]Y, which
contains smoother functions than [H(£2)]". Hypothesis (H3) is stronger than
that for a volume distribution, because the functions (w;);<; < should converge
strongly to (ey);<x<y in [LYA(2)]Y for some ¢ > N. Combining these two modifi-
cations permits us still to prove the convergence of the homogenization process,
with some slight changes in the proof of the convergence of the pressure, due to
the weaker form of (H6). Roughly speaking, all the results of the abstract frame-
work (introduced in Part I) hold, provided we change the L*({2)-estimate of the
pressure by a L7(f)-estimate, with g’ < N/(N — 1) (see Chapter III in [1] for
details).

Preposition4.1.2, Let g > N and 1 << g’ <

i b h that ! ! 1
N1 e SUc a q—i—q,—.
If there exists a linear map R, satisfying (H6), then the operator P, defined by
<V[Pe(qa)]= H>Wf1,q”Wé,q(Q) = <qu, Reu>H"1,Hé(_QS) fOI‘ each u¢ [W(l)’q('Q)]N

(4.1.3)
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is a linear continuous extension map from L*(Q,)/R into LY ()R such that
() Pfg.) =q. in L*(2)R,

(i) ”Ps(‘]e)HLq'(Q)/R =C qu“U(.QS)/R’

(ii)) [VIPg) w192 = C|Vellm-1ca,

Jor each q.€ L*(2,)/R where C is a constant which does not depend on g, or e.

Proof. This proof is similar to that of Proposition 1.1.4; we only point out that
W3(£) is continuously embedded in H}(£2) N\ L¥(2) because g > N. Thus for-
mula (4.1.3) is meaningful since » belongs to the domain of R,. Note that the ex-
tension operator P,, defined here, is weaker than that in Proposition 1.1.4, be-
cause 1< ¢’ <2 implies that L2(2) is strictly included in L7(£2). Q.E.D.

Theorem 4.1.3. Let Hypotheses (H1)-(H6) be satisfied, and let (u., p.) be the
unique solution of the Stokes equations (4.1.2). Let u, be the extension of the velocity
u, by 0 in the holes T;. Let P, be the extension operator defined in Proposition 4.1.2.
Then, for any value of q" such that 1< q' < N/(N — 1), (u,, P{u.)) converges
weakly to (u, p) in [H{Q x [LY(Q)/R], where (u, p) is the unique solution of the
Jfollowing Brinkman law:

Find (u, p) € [HY(D X [L2 ()R] such that
Vp—DutMu=f inQ, 4.1.9)
Veu=0 in Q

where M is the matrix defined by its columns Me, = .

Proof. This proof is similar to that of Theorem 1.1.8: The only change comes from
the weaker estimate on the pressure. Indeed, Proposition 4.1.2 yields

’ - N
P(p)—p in L7(Q)/R weakly, with 1 < ¢’ < o1

In order to pass to the limit in the variational formulation (1.1.15) under Hypo-
theses (H1)-(H6), we point out that (H3) implies that w; converges strongly to

1 1
e, in [LA()]N. Because we can choose ¢ and ¢’ such that 7 + 7 =1, we have
[Pp) W, Vo — [ pe, V9.
2 2
Therefore the proof can proceed exactly as for Theorem 1.1.8. Q.E.D.

Now we give some results which make explicit the extension of the pressure
and the matrix M. Their proofs may be found in Section 4.2.

Proposition 4.1.4. Let the hole size satisfy (4.1.1). Then there exists a linear map
R, that satisfies Hypothesis (H6), such that the associated extension of the pressure
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is a constant inside each hole:

1
|CE

P(p)=p,in Q, and Pfp)= [ p. in each hole T;, 4.1.5)

13
<

where C; is a control volume defined as the part outside T; of the ball of radius e
and same center as Tj.

Proposition 4.1.5. For N =2, let the hole size satisfy (4.1.1), i.e.,
li_1>1(1) —elog(a,) = Cy > 0.

Then there exist functions (Wy, q;); < <2 that satisfy Hypotheses (H1)-(HS). More-
over,
27
M = —1Id dg, (4.1.6)
Co
whatever the shape and size of the model hole, where 8 denotes the measure defined
as the unit mass concentrated on the hyperplane H, i.e.,

O, &b .p@M = fd)(s) ds  for any ¢ € D(RY).
H

Before stating an equivalent proposition for N = 3, we recall that (w,, q.); <r <n
are the solutions of the so-called local problem (3.2.3).

Proposition 4.1.6. For N =3, let the hole size satisfy (4.1.1):

Then there are functions (Wi, qi)i<p<n> constructed from solution (w, q,) of the
local problem, that satisfy Hypotheses (H1)—(H5). Moreover, the matrix M is
given by

cy-2
‘eiMe, = -5 (
2 R

[ Vw,: vw,.) Oy 4.1.7)

N_rt

where 0y denotes the measure defined as the unit mass concentrated on the hyper-
plane H.

Remark 4.1.7. Up to a factor of 2, the value of the matrix M is the same for a
volume or a surface distribution of the holes, but in the latter case we emphasize
that the matrix M is concentrated on the hyperplane H, i.e., M = 0 elsewhere in
2 — H. When N = 2 or 3, Theorem 4.1.3 and Propositions 4.1.4-4.1.6 can be
generalized to the case of the Navier-Stokes equations, as previously done for
Theorem 3.2.1 (the nonlinear term is still a compact perturbation, see Remark
3.2.3), with the same functions satisfying Hypotheses (H1)~(HS5), and therefore,
with the same matrix M as for the Stokes equations.
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Theorem 4.1.8. Let Hypotheses (H1)-(H6) hold and let the solution (u, p) of the
homogenized system (4.1.4) be smooth, say

uc [WENT N for > 0. (4.1.8)
Then the solution (u,, p,) of the Stokes system (4.1.2) satisfies

u, — Wau)—0 in [HNDQ] strongly,
( ) [Hy()] gly 419

, N
P(p.—p—u-Q)—>0 in LT(D/R strongly, with 1 < q' < N_1’

where W, is the matrix defined by its columns W.e, = wi, and Q, is the vector
defined by its entries Q.- e, = qi.

The proof is exactly the same as that of Theorems 1.2.3 and 1.2.4, provided
we take into account the weaker estimate of the pressure. Note that (4.1.9) holds
in the entire domain £2. It turns out that on each part of £, below and above H
(let-us call them 2" and £27), the convergence of (i, p.) to its limit (%, p) is strong
in [HY(Q)N x L2(Q2+-)/R. This means that in 2+ and 2~ the correctors are
equal to zero (i.e., W, = Id and Q, = 0), and that the weak convergence of the
solutions is concentrated on H, as is the matrix M.

Theorem 4.1.9. Let the solution (u, p) of I'rinkman’s law (4.1.4) be smooth, say

N
uc [Wh=(DIV. Let q' be a real number such that 1 < q' < TSR Then there

exists a positive constant C that depends only on 2, T, and q’ such that

(e — Weu”H(l)(g) = Ce' |lully, ()
2 (4.1.10)
lpe — p — u- Qellrcoym = Ce* ullptiog).

Remark 4.1.10. It is worth noticing that the error estimates (4.1.10) are weaker
than those (2.1.9) obtained for a volume distribution of the holes. This is partly
due to the weaker assumption on the smoothness of the homogenized solution u.
Actually we can prove with standard regularity theorems that # belongs to
[WLo()]Y if the boundary &£ is smooth enough. But, because the term Mu in
Brinkman’s law is a measure concentrated in the hyperplane H (see (4.1.6)
and (4.1.7)), the first derivatives of u are discontinuous across H if the force fis
smooth. Therefore u cannot be smoother, and the present estimates (4.1.10),
although weaker than (2.1.9), are optimal.

Remark 4.1.11. We assume that the holes 77 are identical, but this condition can
be weakened, as previously observed in Remark 2.1.10. In two dimensions, the
holes may be entirely different from one another; provided that they have the
required size, we still have the same results (in particular M = 2n/C, Id dy).
In other dimensions, the hole shape may vary smoothly without interfering with
the convergence of the homogenization process (of course the matrix M is no longer
constant in H). - '
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4.2. Verification of Hypotheses (H1)—(H6)

This subsection is devoted to the proofs of the results stated in the previous
subsection. Basically, we proceed exactly as in the case of a volume distribution
of the holes, giving details only for the differences between the two cases.

Proof of Proposition 4.1.4. Let u¢ [HI(Q)]". For each cube P; entirely included
in H,, we know (cf. Lemma 2.2.1) that the following Stokes problem has a unique
solution which depends linearly on u.

Find (%, g7) € [HY(CHIY X [L*(C5)/R] such that
Vg — v = —Au  in Cj,

Vay;=V- u—l—lce fV u in C,

¥i=u on 8C§ — 077,
vi=0 on &T;.
Then we define R,u by
Ru=uin K{ = P; — B}, Ru==vin C;, Ru=190in T;.
for each cube P; entirely included in H,,

N(&)
Ru=u elsewhere in 2 U P;.

As in the proof of Proposition 2.2.2 we easily check that Hypothesis (H6) holds

for such an operator R,. The only difference comes from the estimate of R,u.
Recall estimate (3.4.23):

K2
N1 e = € [“Vullmcm) + ;zilluﬂizw;wf)}- (4.2.1)

Using the definition of K, and recalling that 5 = a./e, where the size a, is given
by (4.1.1), we get

En
I

C
.

2

o

Then, summing the estimates (4.2.1) for all the cubes P{, and recalling that R.u = u
in 2 — H, we obtain

1
IV Rcap = € 1900+ - Iy |
But ||u)7:z,y = Ce ljulfoocn). Thus we obtain the desired result

IV(R, “)”Lﬂ(gs) [“quLZ(Q) + HUHLW(Q)]

For the proof of (4.1.5), we refer to Proposition 2.1.1. Q.E.D.
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Proof of Proposition 4.1.5. in order to verify Hypotheses (H1)-(HS5), we construct
functions (wg, gi)1<i<2 €Xxactly as we did in the case of a volume distribution.
See (3.4.22) for the definitions of C; and K. For k= 1,2 we define functions
(Wi» g7) € [HN(PDY X L*(P), with [q; =0, by -

€
P;

Wi = ¢} . qu——Aw;:O} . {wi:o} '
i ; T: 2.
{q/i:O}m & {va;i:o in G g —of 2T @22

for each cube P; entirely included in H,, and by

& __ N(e)
{wf B ek} elsewhere in 2 — \/ P;.
9 =0 i=1
We compare these functions with the same ones obtained when the model hole
T is the unit ball. As T B, let us define for each cube P; a ball B of radius a,
that strictly contains the hole 77 (see Figure2 in Part I). Now, we define func-
tlons (Wi o)1 <ie<2 by (4.2.2) in which T7 is replaced by Bf=. Denoting by r; and
¢ the radial coordinate and unit vector in each C; — Bfs, we can compute

(Wors o) 1=k=2’
wox = Xerif () e + g(r) e, qo = Xih(r;)  for r,€ [a,, ; €],

with

1 B
f(r):—z(A—}— )+C g(r) = —Alogr, — = — 5Cri + D,

l

— 4cC,

24
h(r) =5

€ &
Az—c—0[1+0(1)], B=C—0e

“”n+m

HN Q)|

Taking into account the smaller number of holes N(g) = @)W?T [1 + o(1)],

I
C=E—CO-[1+0(1)]9 D=1-—

we carry out a computation similar to that which gives (3.4.25) to obtain

o llz2eoy = =G, ”vwgkuum) =C,

Wi — exliLacey = Ce'9elloge| for 1 =g <<+ oo, 4.2.3)
owg, )
(G — diset) o5 = o

where 8% is the measure defined as the unit mass concentrated on the sphere 0B,
Then we define the “difference” functions (W, ¢;)1<r<2 by

we = wi — wer € [HYDP, 48 = g — 96 € LH(D)
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which satisfy

ot [
Fi ) in each control volume Cj, 4.2.49)

wre — 0 N(s)
: IZ } elsewhere in Q — \/ C}.
g =0 i=1

From (4.2.3) and (4.2.4), as in Lemma 2.3.1, we obtain

”qIIcEHLz(_Q) = Ce, ”vw;ceHI}(.Q) = Ce, ”W;:HLCI(Q)é Ce for | £ q << +oo.
4.2.5)
Regrouping (4.2.3) and (4.2.5) we check that Hypotheses (H1)—(H3) are satisfied

by the functions (Wi, g7); <, <2 defined in (4.2.2).
In order to verify (H4) and (HS), we decompose (Vg — OAwj) thus:

Vi — Dwp = g + wd — vis
with
e & 6W5k & i & e @ 3W;f ‘e i
Pox = Z (—8;,_ - quer) o, w = Z (“6;:'—‘ I er) 03,

i=1 i=1

N& rows
Vi = (

T, QZ’%) oT;,

where 67 and d,. are the unit masses concentrated on the sphere ¢B; and on the

i=1

hole boundary ¢7;, and where #; is the unit exterior normal to T7. It is easy to see

that »; =0 in [H-1(2,))? and that g;° converges strongly to 0 in [H-'(2)]%.

On the other hand, we have

(&wf,k
or;

. 2 o
. qske;) O = G len + dlew ) 1 [+ o] 8.

Then arguing as in Lemma 2.3.3 and using Lemma 4.2.1 below, we prove that
2n

1o converges strongly to g, = Yo Oy in [H~'(£)]?. Finally, as is well known,
0

the measure d5 belongs to W~1-°(£2), so that Hypotheses (H4) and (H5) hold.
Q.E.D.

Lemma 4.2.1. Let d be a fixed real number in(0; 1]. Let 6% be the unit mass con-
centrated on the sphere OB{*. Let Sy denote the area of the unit sphere inR". (Recall
that the centers of the cubes P; are periodically distributed only on the hyperplane
H)) For N =2 the following convergences hold:

NG Sy d¥-1
> o _'2'N_~1_6H in H(£) strongly,
i—1

Ne) o . aN-1
> (e, - el) el 6% — N VT O in [H WYV strongly.
i—1
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The proof of Lemma 4.2.1 is very similar to that of Lemma 2.3.4 and is left
to the reader (see [1], if necessary).

Proof of Proposition 4.1.6. As in the case of a volume distribution we use the
decomposition (3.4.34) of each cube P} included in H,, and we define functions
Wi @1 <iesn € [H'(POYY X LA(P)) with  [g; =0 by

£
Dj;

hosl Vai — Bwi =0

—0 n K;, VW;:O
. X

Wk:th—

. 1 X
Ik —a—s%c a,

for each cube P; entirely included in H,,

WG = e N(e)
{ p k} clsewhere in £ — \/ P;.
gr =0 i=1

} in Dj,

o wp=0] .
¢ in Cf, { ——O} in TF (4.2.6)

where (w,, q,) are the solutions of the local Stokes problem (3.2.3). Then, with the
help of Lemma 2.3.5 (which furnishes asymptotic expansions of w; and ¢q,), we
readily obtain

Ilvwli”%}(c'?) < a2 | Vwlfowh oy = GV,

— 2 —
HCIZ”%Z(C',? Za)? lgeli@h-r = CeN Tl

Wi — exlifacsy = CeV (%)Q(N K < CeMte for g > %, (427
wi =0() and Vwi =0() on éC;°NéD;.
Then
”VWIEc”LZ(Q) =G il =G,
[Wh — exlraco) = C:‘;((x:lz)) for Q'>N_]‘j_- (4.28)

Obviously Hypotheses (H1)—(H3) are satisfied, and for the remaining (H4) and
(H5) we decompose (Vq; — Awp) by

N(e) awe
Vi — bwp = Z(ar"

i=1

- q;iei) 07 + V- (.gi 1d — Vwp))

i

N i=Zl on;

where 65 and dr; are the unit masses concentrated on the sphere oCEN eD;

N 8 £
( Tk q,in,-) Bt (4.2.9)

and on the hole boundary 7;, and where y, is the characteristic function of
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N(&)
\J D:. Itis easy to see that 9§ = 0 in [H~(2,)]" and that V - (x.(q} Id — Vw}))
i=1

converges strongly to 0 in [H—'(£)]". On the other hand,

owe _ IN-20N-2 o 1
(arl‘c - qlscd) 5,5/2 — SNO - [F, -+ N(F, - e}) e;] -+ 0<8N—2>, (4‘2_10)
where O(¢"/™~?) is a function of x. Consequently, as in Lemma 2.3.7, we have to

use the Comparison Lemma 2.3.8 (of D. CioraNEscU & F. MURAT [9]). Neverthe-
less, with the help of Lemma 4.2.1, we deduce from (4.2.10) that

N() owy, ) ) C(J)V*Z . N
,;( or, q,ﬁeﬁ) 02 — gy = N1 F,6g in [HY(Q]" strongly.

Thus Hypothesis (H5) holds. So does (H4), because the measure d, belongs to
W-12(Q). Q.E.D.

Proof of Theorem 4.1.9. Because we assume that u ¢ [WH2(Q)]Y, instead of
u€ [W2>(D)1N, we cannot use the results of Proposition 1.2.5. However, recall
equalities (1.2.34) and (1.2.41), which are established in the proof of Proposition
1.2.5. Define &, =p, — p—u-Q, and r, = u, — W.u. Let », be any bounded
sequence in [W9(Q)1Y, with ¢> N. Then

<V[Pa(0‘s)]a vs>H_1,H6(.Q) = f ([d - Ws) vu . V(Reve) - fvre H V(Rava)
0o Q2
+ [Vu: Ry VW) — [ Q. Vu- Ry, + (M — M) u, Ry p—1 alay, (42.11)
2 02

<'_Ars’ rﬁ>H~I,H6(.Q) = <(M - Ms) u, r5>H41,H6(.Q) - <vu Qe> rs>H*1’H(1)(_Q)

—2f(W£—Id)Vu:VrS— f(We—Id)Au-r8+ focev-rs. (4.2.12)
2] Q2 2

On the one hand, taking into account the weaker smoothness of u, and the fact that
Q. and VW, are equal to zero in 2 — H,, we bound (4.2.11):

VTP > | = 1Hd — W, s Voo IV (R 2D xcen
1V oy NV RS [
1Vl 19 W, ey IRz 42.13)
1 Vulloogay 1Qullirny | Rl
- .o 1M — M, =100 [ R, alen.

But, adapting Lemma 3.4.1, which furnishes an optimal Poincaré inequality,
we easily prove that for each ¢, € H'(H,), which is equal to zero on the boundaries
of the holes T7, we have

Ibellaa,y = Ce'? IV, Iz (4.2.14)



296 G. ALLAIRE

where the constant C does not depend on ¢. Then, recalling that ¢’ is defined by

1 1
~q— -+ 7 == 1, and applying (4.2.14) for R,»,, we convert (4.2.13) to

“{xe”LKI'(.QS)/R =C ”v"s”Lz(g) +C ||u“WL°°(Q) MM, — M”H—l(.o) + |lHd — W, “LZ(Q)

+ gl vVw, ”LZ(Q) + g'? |[¢A ”LZ(S?)]- (4.2.15)

On the other hand, recalling that V - r, = —W,: Vu = (Id — W,): Vu is equal
to 0 in the holes 77, we can bound the last term of (4.2.12) by

Qflxe Voer, = CVull, o000 Hd — Wellzaa,y lloce e’ ym

f(xSV-rs
QE

) 1 1
q9 4
An integration by parts yields
[ (W, —1d) bur, = — [ (W, — Id) VuVr, — [re VW, Vu.
£Q [o} 2

Then, recalling that VW* =0 in Q2 — H,, we bound (4.2.12) by
1Vr By < Nlulytogy 1Vr ooy 1M, — M gesca

+ Voo 17 loscery 1Qelrny
+ ClIVullpooo) 1 Vreliaay 1Hd — W, |2
+ ClIVullpeocoy 7e iz IV Well 2,
+ Cllullwt.oo) 11d — WellLaca, o ll9' o, m - (4.2.16)

Applying that Poincaré inequality (4.2.14) for r,, we obtain

IVrellize = Clullytowm 1Vrellae) 1M — Mlg-yay + 11d — W,|| 120
+ &2 IVW, 2oy + &7 1Qellacy] 4 Cllullproo 11d — W llzacay 1ol e ca s -
4.2.17)

Adding (4.2.3) and (4.2.5) for N =2, and adding the estimates (4.2.7) for
N = 3 (note that these estimates holds in 2, and are different from (4.2.8), which
hold in £), we obtain

at1
”Id— WE”Lq(.QS) é Ce 4 for q >N 2 3,
(4.2.18)
[[1d — W |pe0) = Ce for g=1 and N = 2.
Previous computations in this subsection give
l1d — We”[}(g) = Ce, ”vWe”H—l(Q) = Ce,
(4.2.19)

IIVWB ”Lz(g) g_ C, ”Qs”L’(Q) g C.
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In order to bound M, — M|g-10), We apply Lemma 2.4.2 in the set Q = H,
and take A, = yj — p; to obtain

He 1/2
”hs“H—l(HE) =e ( |2N I) HV?’”U(P) . (4-2-20)

Here » is the unique solution of the problem
Find v € HX(P) such that
—Mw="h in P=(—1; 1N
with £ formally defined by h(%) = h(x), ie., for ye P,
172 [ =
H0) =+ [ (e e~ e) @) [+ o184 — o eid, | for N =2,
e | Co Co

1T N-2 6\7—2 CéV—Z
M) = [ U+ N ) e 087 — S0mr Fi b, + o(1) 337

for N=3
and with d defined by

Op, o =& <—i— S ¢(x)> for each ¢ € D(RY).

C
Then we easily check that |[|Vo||,zp) = - Because |H,| < Ce, we merely de-
duce from (4.2.20) that [uf — pelg-1a,) < Ce'. Recalling that uf — g = 0
in £ — H,, we obtain
”Me — M“H—J(Q) é C81/2. (42.21)
Now, introducing the estimates (4.2.18), (4.2.19), and (4.2.21) in both inequalities
(4.2.15) and (4.2.17) yields the desired result (4.1.10):

Irellglcey = Ce" Jullptoay,

. , N
[lo, ”Lq'(!ze)/R. < Cg'? ”u“W1=°°(Q) with 1 < ¢’ < ]_V——_I_

Q.E.D.
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