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ABSTRACT. We consider the homogenization of a spectral prob-
lem for a diffusion equation posed in a singularly perturbed pe-
riodic medium. Denoting by ¢ the period, the diffusion coefh-
cients are scaled as €2. The domain is composed of two periodic
medium separated by a planar interface, aligned with the periods.
Three different situations arise when € goes to zero. First, there
is a global homogenized problem as if there were no interface.
Second, the limit is made of two homogenized problems with a
Dirichlet boundary condition on the interface. Third, there is an
exponential localization near the interface of the first eigenfunc-
tion.

1. INTRODUCTION

This paper is devoted to the homogenization of the eigenvalue problem for a
singularly perturbed diffusion equation in a periodic medium with an interface.
Denoting by ¢ the period, the diffusion coefficient is assumed to be of the or-
der of €. For simplicity we suppose the domains to be cylindrical of the form
Q = T 1 x [—4,L] where T""! is the unit torus R"~!1/Z"~1. We consider the

following model

—e2div (a (%,xn> Vq5$> +3 (%Jn) oM
=Afa(§,xn) b inQ,
¢i(-,—) =0 and ¢4(-,L) =0,

(X1,..,Xn-1) = P=(x), T" !-periodic,
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where A%, ¢¢ are an eigenvalue and an eigenfunction (throughout this paper, the
eigenfunctions are normalized by [[¢¢ll;2(q) = 1). In (1.1) the coefficients are
periodic of period [0, 11" with respect to the fast variable y = x/&. We introduce
the two sub-domains Q; = T""! x (-=£,0) and Q, = T""! x (0,L) separated by
an interface located at x, = 0, the hyperplane I = T""! x {0}. Denoting by
X;(xn) the characteristic function of Q; (satisfying x; + X, = 1 and x,;x, = 0 in
Q), the coeflicients are assumed to be given as

a(y,xn) = X;(xn)ai(y) + x,(xp)az(y),
(1.2) (v, xn) = X (xn)Z1(y) + X, (xn)22(),
o(y,xn) = X (xn)o1(y) + X, (xn)02(y).

The periodic boundary conditions with respect to the variables (x1,...,xn-1)
(tangential to the interface) is not crucial but simplifies the exposition (all our re-
sults would hold for Dirichlet or Neumann boundary conditions). Problem (1.1)
is supposed to be uniformly elliptic and self-adjoint so that it admits a countable
infinite number of non-trivial solutions (A%,, p%,)m=1. The precise assumptions
on the coeflicients of (1.1) are given in Section 2. In any case, by standard reg-
ularity results, each eigenfunction ¢3, is continuous, and by virtue of the Krein-
Rutman theorem the first eigenvalue A{ is simple and the corresponding eigen-
function ¢{ can be chosen positive. Because of this property, the first eigenpair
has a special physical signification, and we are mostly interested in its behavior as
€ goes to zero, although the case of higher level eigenpairs is also treated in some
occasions.

The motivation for studying this model comes from several applications. First,
it can be seen as a semi-classical limit problem for a Schrédinger-type equation
with periodic potential, as well as periodic metric. As is well known, the long time
behavior (for times of order £72) of the corresponding parabolic equation is gov-
erned by the first eigenpair of (1.1): this is the so-called ground-state asymptotic
problem (see, e.g. [21], [29]). Second, it plays an important role in the uniform
controllability of the corresponding wave equation (see, e.g. [16]). Third, (1.1) is
a model of a reaction-diffusion equation which is used for determining the power
distribution in a nuclear reactor core. This is the so-called criticality problem for
the one-group neutron diffusion equation (for more details, we refer to [2] and ref-
erences therein). In this last application the homogenization results for (1.1) are at
the basis of many multiscale-type numerical methods for computing its solutions
(see, e.g. [14] and references therein). There are other works in the literature con-
cerned with the effect of interfaces in homogenization theory (see e.g. [8], [9-11],
Chapter 9 in [12]). However, these previous works focus on a different scaling of
(1.1), namely without the & factor in front of the diffusion operator.

The homogenization of (1.1) is classical in the case of purely periodic coef-
ficients, i.e., depending only on the fast variable x /& [5], [2]. When the coefhi-
cients depend smoothly on the slow variable x (which is not the case here), the
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asymptotic of (1.1) is also partly understood [6] (see also [4], [29] for related re-
sults). However, in most applications, the coefficients actually depend on the slow
variable x in a non-smooth manner, since they usually exhibit jumps at material
interfaces. This makes model (1.1) with assumptions (1.2) physically relevant.
Such an “interface” model has already been studied by two of the authors [3] in
one space dimension.

The limit behavior of (1.1) is mainly governed by the first eigenpair (g1, p1)
in the unit cell of Q1, and (W, 4y) in the unit cell of Q5, solutions of

(1.3) —div(ai(¥)Vyi) + (V)@ = pioi(y)Y; inT",
' y - yily), T"-periodic and positive

i = 1,2. Before we explain our results, let us recall the result of [5] in the purely
periodic case, namely when a; = a,, 2| = X,, and 07 = 03. Asymprotically,
each eigenfunction ¢¢ is the product of the oscillatory term y;(x/¢) and of an
eigenfunction for an homogenized spectral problem (we call this a factorization

principle).

Theorem 1.1 ([5]). Assuming that a, = ai, 2 = 2y, and 0y = 01, the m?
eigenpair (A%, d%,) of (1.1) satisfies

i, (x) =y, (%) ui, (x) and A5, = pp + vy + 0(&2),

where, up to a subsequence, the sequence U, converges weakly in H'(Q) to Wy, and
(Vin, Um) is the m" eigenvalue and eigenvector for the homogenized problem
um(', _8) = um(;L) = Ol

(X1, s Xn-1) = Um(x), T" l-periodic.

The homogenized coefficients are given by

Dij = |, w301a1 () (VE + e - (VEj + ) dy,
(1.4) U

G = [ o (W) dy,
'U'n

where the function §;, for 1 < i <n, is the solution of

(1.5) {—div(w%(yml(y)(va+ei)) =0 inT",

y =&y, T"-periodic.
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In the case of smooth coefficients with respect to the slow variable x, we now
recall the results of [6]. The unit cell problem (1.3) is now parametrized by the
point x € Q and we denote by (u(x), @(y,x)) its first positive eigenpair.

Theorem 1.2 ([0]). Assume that a(y,x), 2(y,x), and o(y,x) are of class
C?, and that the cell eigenvalue p(x) admits a unique non-degenerate minimum
Xo € Q. Then, the m™ eigenpair (A%, d%,) of (1.1) satisfies

Pi(x) =y <§,x> us, <%) and Af, = p(xp) + v + 0(é),

where, up to a subsequence and a multiplicative factor (for renormalization), the se-
quence U%,(2) converges weakly in H' (R™) to Um(2), and (Vim,Um) is the m”
eigenvalue and eigenvector for the homogenized problem

. - 1 _ _ .
—divz(DVuu,) + (EVV[J(X())Z - Z+ c) Um = VmO Uy 1n R™.

The homogenized coefficients are given by formula (1.4) and (1.5) evaluated ar x.

It is worth pointing out the main differences between Theorems 1.1 and 1.2.
First, the corrector term in the ansatz for the eigenvalue is not of the same order in
both cases. Second, there is a localization phenomenon at the scale /€ in Theorem
1.2.

The situation considered in the present paper is intermediate between those
of Theorems 1.1 and 1.2. It turns out that several different limit behaviors of the
eigensolutions, as € tends to zero, can occur depending on a criterion, defined
by (2.18) and (3.1). We omit momentarily to define precisely this selection cri-
terion since it requires the introduction of additional variational problems as it
will be shown in the next section. There are four different limit behaviors of the
eigensolutions, some of them being very close to that of Theorem 1.1 (i.e., the
interface is “transparent”), and some others featuring a localization phenomenon
at the interface in the spirit of Theorem 1.2.

The first limiting case, which can occur only when u; = p, can be inter-
preted as a “transparent” interface. Indeed, the second part of Theorem 3.1 shows
that there is still a factorization principle, namely there exists a function @ (y)
converging away from the interface to the cell eigensolutions ¢/; and , of (1.3)
such that

(1.6) b (x) =y (%) ué,(x) and A5 =+ v +0(€2),
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where uf, converges weakly to Uy, in H'(Q), and (A, Um)m=1 are the eigenpairs
of the homogenized problem

—div((x, (x)D; + X, (x)D2)Vu) = v(x,(x)F1 + X,(x)02)u in Q,
u(-,—€) =0 and u(-,L)=0,

(X1, Xn-1) — ux), T"!-periodic,

where the homogenized coeflicients are computed by formulas similar to (1.4) and
(1.5). This case is a simple extension of the purely periodic case since the interface
does not affect the type of limit problem.

The second limiting case, which can occur only when p; # p, (without loss
of generality, we always assume p1 > ), is when the eigenfunctions concentrate
on one half domain and vanish in the other half. The same factorization (1.6)
(with a slightly different function ) takes place, but the homogenized problem is
limited to Q5 (see Theorem 3.4)

—div(D,Vu) = voru in Q,,
u=0inQ; and {u(-,00 =0 and u(-,L) =0,
(X150 ey Xn-1) — u(x), T 1 periodic.

The third limiting case, which can occur only when p; = p,, corresponds to
a “repulsive” interface. Asymptotically each half domain tends to separate, and
the homogenized problem is posed on the two disconnected subdomains, with a
Dirichlet condition on the interface. The same factorization (1.6) takes place but
the homogenized problem is (see Theorem 3.4)

—div(D;Vu) = vau in Q,

u(-,—€)=0 and u(-,0) =0,

(x1,..., xn-1) = ulx), T !-periodic,
and

—div(D,Vu) = véru in Q,,

u(-,00=0 and u(-,L) =0,

(X155 Xn-1) — u(x), T !-periodic.

Finally, the interface can induce a drastic change in the type of limit problem,
since the first eigenfunction concentrates exponentially fast at the interface. In the
fourth limiting case, there is no factorization principle as above, but rather a local-
ization principle at the discontinuity (see Theorem 3.5). The first eigenvalue A}
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converges to a limit A; which is below the cell eigenvalues, 0 < A; < min (p1, t2),
and the convergence is exponential in the sense that there exists T > 0 such that

IAS —Ay| < Cexp (—%)

whereas the first normalized eigenvector satisfies
X

|7t - 727 (* ()], * #5001 - 2 (F)

The limit function ¥ () decreases exponentially away from the interface, and
(A1,Y) is the first eigenpair of an equation posed in an infinite strip

< Cexp (—I) .
[2(Q) €

—divia(y, ya)VY) + Z(v, v)¥Y = A10(y, )Y in T ! X (=00, 00).

This paper is organized as follows. Our main results and the precise definition of
the situations described above are given in Section 3. Previously, in Section 2 we
introduce our notation and the auxiliary variational problems that are crucial to
the statement of our main results. Section 4 contains the proofs corresponding
to the situations when homogenization takes place without localization. Section
5 is devoted to the proof of our results when a localization phenomenon occurs.
Eventually Section 6 is concerned with an auxiliary interface variational problem
which is at the basis of the proposed selection criterion between the different cases.

2. NOTATION AND AUXILIARY VARIATIONAL PROBLEMS

We first introduce the notation and assumptions used throughout this paper. Our
assumptions on the coeflicients of problem (1.1) are as follows.

All functions (a1,ij)1<i,j<n> (@2,ij)1<i,j<n> 21, 22, 01, and 0, are assumed to
be measurable, [0, 1]™ periodic, and bounded. The coefhicients X1, 25, 01, 0 are
also bounded from below by positive constants. The diffusion matrices a; and a,
are symmetric 1 X N matrices, assumed to be coercive, i.e., there exists a constant
C > 0 such that for any § € R",

ar(ME-E=CIE)? and ar(V)E-E=C|E)?, forae ye[0,1]

Moreover, we assume that all coefficients of (1.1) have a minimal regularity in
order that all the solutions involved possess W1 regularity. For instance, if all the
coeflicients are of Hélder class CY, y > 0, then this condition is satisfied, see [19].
In particular, this assumption is crucial to state that the discontinuity function «,
defined by (2.18), is bounded in L*.

The domain Q under consideration is Q = T""! x [—¥, L]. The right-hand-
side and left-hand-side sub-domains are Q; = T"! x (=¥,0) and Q, = T""1 x
(0,L). The interface is T = Q N {x, = 0}. We also define the infinite strip
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G = T" ! X (=00, +), which has an interface T = G N {x = 0} (we give the
same name to the interface in G and Q). The two left and right semi-infinite
strips are noted G; = G N {x,, < 0} and G2 = G N {x, > 0}. Forall x =
(X1,X2,...,Xn) € Q, we note X’ = (X1,...,Xn_1) the first n — 1 coordinates of
x, living in T" 1. We therefore write x = (x’,x,). We use the same notation
for y = (¥',¥n) € G. The solutions of problem (1.1) belongs to the space
Hio(Q) = {u € HY(Q) s.t. x” — u(x’,xp) is T ! periodic and u(x’, —¢) =
u(x’,L) = 0}. Also, to make the micro and macro periods consistent, we assume
that € = 1/k with an integer k, k — oco.

Let us now introduce the cell problems which will govern the limit behavior
of (1.1). At the difference of the one dimensional case (see [3]), it is not possible to
choose a normalization condition of the cell eigenfunctions @ and 5, solutions
of (1.3), such that /1 = @3 on the interface I'. To connect continuously y in Q;
and @ in Oy, we need to introduce boundary layers Nj o and N, given by

—div ((J/%al(_’)/)VNl,o) =0 1in G,
(2.1a) Ni1o(-,n), T !-periodic,
Yo
N ',0 = '10 )
1,0(+,0) llll( )

and
—div(p3a2(¥)VN20) =0 in Gy,
(2.1b) Noo(-,vn), T !-periodic,
Y
Nyo(-,0) = —(-,0).
2,0(+,0) lllz( )

Then, Corollary 2.5 states that the function ¢ defined by

Y1(¥)(1+Nip(y)) foryn <0,

(2.2) Yo(y) = {wz(y)(l +Nyo(y))  for yu >0,

belongs to H!(G), is continuous through the interface I', and is an eigenfunction
in G and in G;. In the generic case when p; # py (without loss of generality
we assume that {1 > ;) the function o would correspond to two different
eigenvalues on each side of the interface I'. Clearly, only the smallest one has a
chance to appear in the limiting process. For this reason we use an alternative cell
eigensolution, described in the following lemma (for a proof, see [15]).

Lemma 2.1. Forany 0 € R, there exists a first normalized eigenpair (11 (0), Y1,0)
of the eigenvalue problem

—divia1 () V1,0) + 1)W1 = ()01 (¥)Pre  in [0, 1]7,
(2.3) o
Yro(y)e 0, T"-periodic,
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where vy is the W coordinate of v (normal to the interface). The first eigenvalue
U1 (0) is simple and the first eigenfunction W0 can be chosen positive. Furthermore,
the map 0 — 1(0) is a strictly concave function reaching its maximum at € = 0.
Thus, if i = p1(0) > py = p2(0), there exists a unique 0 > 0 such that u, (0) = py.

Remark that 1,9, extended to Gy, is the product of a periodic function and
of an exponentially decreasing function exp(6yy). As before, it is not possible in
general to connect continuously @10 in G and @, in G,. To ensure continuity
onI', we also introduce boundary layers defined by

—div(gigai1(y)VN)) =0 in Gy,
(2.4a) Ni(+,vn), T !periodic,
Yo
N ("0) = —('10)1
: Y10

and
—div(y3as(¥)VN,y) =0 in Ga,
(2.4b) Na (-, vn), T 1-periodic,
Yi,0
Ny (-,0) = —=(-,0).
2(+,0) e (-,0)

Proposition 2.2. The function P defined by

(2.5) w(y) = {WI,@(J’)U +Ni(y)) fory, <0,

() + Na(y)  for v > 0,

belongs to H'(G), is continuous through the interface T, and satisfies, for i = 1, 2
(with the same eigenvalue p5),

(2.6) —div(a; V) + 3@ = o in G;.
Furthermore, there exist three positive constants T > 0, ¢1 > 1 and c3 > 1 such that

lim e e 9 () — ey o ()] = 0,
2.7 .
27 Jim_ e (@) - ()] = 0.

As a consequence, there exists a positive constant C > 0 such that
<e 9ny(y) <Cfory, <0 and

(2.8) < y(y) < C for yy, > 0.

=
=
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The mapping
T:Ho(Q) — Hiy(Q)

£ = feow (3)

is bounded, invertible and bicontinuous.

Remark 2.3. Recall that @1 ¢ is exponentially decreasing as (exp(0yy)) when
Yn goes to —co. The first part of (2.7) tells us that ¢ has the same behavior and
that the difference between ¢ and a multiple of 1, is decreasing with a faster
exponential decay. Another way of writing (2.7) is to state that

v ( W () ) ‘ o

Yi1,0(y)

Remark 2.4. The constants ¢; and ¢, appearing in (2.7) depend on the nor-
malization of the cell eigenfunctions 1,9 and ;. We can choose this normaliza-
tion such that ¢; = ¢; = 1. Indeed, denoting by n; > 0 and n, > 0 the positive
constants to which N and N; stabilize at infinity, multiplying /1,0 by a constant
K changes the constants ¢; = 1+n and ¢; = 1+7; in new constants (1+K~'n;)
and (1 + Kny). Taking K = n;/n, gives (1 + K~1n;) = (1 + Kny) and this
unique constant can be eliminated by multiplying it to the resulting .

lim e ™n
yn—-—o

Similar results can be obtained for g, which is defined with the two periodic
eigensolutions ¢/; and 5.

Corollary 2.5. The function Y defined by (2.2) belongs to H'(G), is continuous
through the interface T, and satisfies, for i = 1, 2 (with different eigenvalues y;),

—div(a; Vo) + Zi@o = pioio  in Gy,
and there exist three positive constants T > 0, ¢ > 1 and ¢ > 1 such that

lim e ™"V (yo(y) — clyi(»)] =0,

yn—-—

Jim €™V (o () = cdy2(0))] = 0.

As a consequence, there exists a positive constant C > 0 such that C™! < o(y) < C
in G. The mapping

To: Hjo(Q) — H}o(Q)

f(x) = f(xX)po (%)

is also a homeomorphism.
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Remark 2.6. Note that we can always multiply ¢ by an appropriate constant
so that @/ converges strongly to 1 in LP (Q,) forany 1 < p < co. In the sequel,
we will always assume that such choice was made.

The proof of Corollary 2.5 is quite standard and much easier than that of
Proposition 2.2. Actually, the boundary layers N and Ny, defined by (2.1),
are solutions of self-adjoint problems with periodic coefficients. In such a case,
the exponential stabilization to a constant of Ny, N2 o, as well as the exponential
decay of their gradients in the direction normal to the interface is a well known
result (see e.g. [22], [23], [24]). However, the proof of Proposition 2.2 is delicate
because the coeflicients of problem (2.4) are exponentially decreasing in G;. The
main trick of the proof is to show that (2.4) is equivalent to a problem with pe-
riodic coeflicients which is no longer self-adjoint. Therefore, we need to replace
the classical results of [22], [23], [24] by a more general result of [27, 28] (see
Theorem 2.7 below).

Proof of Proposition 2.2. First of all, equation (2.6) is just a matter of simple
algebra. If ¢ exists, by our smoothness assumption on the coeflicients it belongs
to W (G), so the mapping T is a homeomorphism. Therefore, the only point
to check carefully is the well-posedness of the boundary layer problems (2.4). The
existence, uniqueness, and behavior at infinity of N is classical (see e.g. [22], [23],
[24]). Indeed, because of our smoothness assumption on the coefficients, the cell
eigenfunction (5 is continuous, so there exists a positive constant C > 0 such that
C > () = C ! forall ¥ € G. The boundary layer N, is thus uniquely defined
in a Deny-Lions space as the solution of an uniformly elliptic boundary value
problem posed on a semi-infinite strip. Furthermore, there exist two constants 1,
and T > 0 such that

lim e™"(IN2(y) = na| + [VN2(¥)]) = 0.

yn—+

By the maximum principle, the constant n, must be positive since Y10/ is
positive on I'. Finally we have ¢; = 1 + n,.
Let us now turn to the case of N;. We introduce a periodic function ¢,9

defined by
P1,0(») = Wio(y)e 0rn,

Because of our smoothness assumption on the coefficients, this function is contin-
uous and there exists a positive constant C > 0 such that C > ¢;,9(y) = C~! for
all y € G. We then rewrite equation (2.4) in G as

—div($7 ga1 (¥) VN1) = 2097 pal' (¥) - VN1 =0 in Gy,
(2.9) N1(-, n), T !periodic,
Y
N '!0 = '10 ’
1(0) = /= (,0)
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where al! is the nh column of the matrix a;. The point is that (2.9) has purely
periodic coefficients. By application of Theorem 2.7 below, there exists a unique
solution of (2.9) with the required asymptotic behavior at infinity if we can show
that

b= (- div(@igan) ~ 2043 al)p* dy
satisfies b - ey, < 0, with p* the first eigenfunction of the adjoint cell problem
satisfying
(2.10) —div(¢] pa1 (¥)Vp*) +20div($] gal (y)p*) =0 inT".
Let us show that

i

(2.11) bzﬁ

(0),

which is non-positive since 0 > 0 and 0 — p;(0), is strictly concave by Lemma
2.1. To obtain (2.11) we rewrite (2.3) as

(2.12) —div(a1Vei,0) —20at - Vi

+ (2 — 0div(al) - 0*al™) P10 = u1(0) 011 inT",
where al™ is the n™ component of the vector al!, or equivalently the (1, n)-entry
of the matrix a;. We introduce the adjoint equation of (2.12), which admits the
same first eigenvalue ; (0),

(2.13)  —div(a1 Vi, + 20 divialtdty)
+ (3 — lev((/l?) - 92(1711”)(]5?(’9 = [.11(9)0'1(#?19 in T™,

We normalize the first eigenfunction ¢ 4 by

| ordrodiody = 1.

As a matter of simple algebra we have ¢7y = ¢p19p™* with p* the solution of
(2.10). Since the first eigenvalue of (2.12) is simple, we can differentiate (2.12)
with respect to 0. We write (2.12) in abstract form as A(0) 1,9 = 0, where A(0)
is an operator acting in T". We obtain

dpre  dA(0)
6 0
—2a" - Vo + (div(a’f) L 20am + ‘L(e)m) bro inT",

A(0)

b0
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where the right hand side must satisfy the Fredholm compatibility condition,
namely must be orthogonal to ¢7 y. This condition implies that

d .
GO = | aT - Tpro + (diviat) + 20t bro) by d,
which is precisely the definition of b. O

We now recall a result of [27, 28] concerning the existence and uniqueness of
solutions of
—div(avVv) +b-Vv =0 in Gy,

(2.14)

v(y',0) =1 onT,

where a is a T"-periodic uniformly coercive tensor, b is a T"-periodic vector field,
and vy is a given boundary data. As usual, we assume that these data have enough
smoothness in order that the solutions of (2.14) are, at least locally, in W1 (Gy).
We consider here the semi-infinite strip G1, but a similar result holds for G,. We
shall need the cell eigenvalue problem

(2.15) —div(aVp) +b-Vp=Ap inT",
and its adjoint
(2.16) —div(aVp*) —div(bp™) = Ap* inT".

Clearly, the first eigenvalue of (2.15) is A = 0 with the corresponding eigenfunc-
tion p = 1, and thus, there exists a positive first eigenfunction p* of (2.16) which
satisfies —div(aVp*) — div(bp*) = 0. From now on p* denotes this positive
first eigenfunction.

Theorem 2.7 ([27,28]). Define
(2.17) B:J (—diva+b)p*dy.
‘[[n

Ifb - ey < 0, problem (2.14) has a unique bounded solution. Moreover, there
exist three constants K € R, C > 0 and T > 0 such that

lu(y) — K| < Ce™n,

Ifb - ey > 0, for any K € R there exist a bounded solution of (2.14) and two
positive constant C > 0 and T > 0 such that

lu(y) — K| < Ce™n,

For each K, such a solution is unique, and there are no other bounded solutions.
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Even though we are able to build a continuous function ¢ in the infinite band
G that stabilizes at infinity to ¢;@1,9 and c22, €1, €2 > 1, we cannot enforce the
continuity of the flow (aVy)n normal to the interface I. In other words, ¢ is
not the solution of equation (2.6) in the whole strip G. We introduce a so-called
discontinuity function « defined by

(2.18)  «(y")

= > aini (v, 0)W1e(y',0)(1 + N (y’,O))W(y’,O)
Jj=1 J
s (Y 02y, 0) (1 + Na (', 0)) 22 L EN2) () )

0y
forall y" €T.

Due to our smoothness assumptions on the coeflicients, &(»") is a function in
L>(T'). We also introduce

(2.19) @ (")

o(@1(1+ Niyp))

(»',0)
0y; Y

= Z aini(y, 0@ (»y',0)(1+Nio(y',0))
j=1

o(2(1+ Nayp))

(»',0)
0y; Y

—axni(¥,0)@2(y’,0)(1 + Nao(y',0))

forall y" €T.
Clearly, & = o if uy = 2

3. MAIN RESULTS

The different situations referred to in Section 1 will depend on the discontinuity
function «, defined by (2.18), through the following variational problem (when
it admits a solution)

(3.1) J D(y)Vu - Vudy)

A= ( inf
ueDI2(G), [; o<(y yu(y’,00dy’'=-1

where D(y) = a(y, yn)@?(y) forall y € G, and DV%(G) is a weighted Deny-
Lions (or Beppo-Levi) space [18] defined by

(3.2) D" (G) = {d) € Hi.(G) | ¥ — $(y', yn) T" -periodic,

J |V b2 dy +J IVp2dy < +oo}.
G1 GZ
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This problem is studied in detail in Section 6 below. At this point, remark simply
that there is no admissible test functions in (3.1) if ® > 0 on I, and in such a case
we set A = +oo as is usual in optimization.

The first result concerns the special case when the discontinuity function «
defined by (2.18) is identically zero. We then obtain a generalization of Theorem
1.1.

Theorem 3.1. Let N5, and s, be the m” eigenvalue and normalized eigen-
Sfunction of (1.1), and assume that & defined by (2.18) is such that x = 0 onT. Let
W be the function defined by (2.5). Then

bE, (x) = us, (x)y@ (%) and A%, = o + vy +0(&2),

where
o if Uy > Lo, then, up to a subsequence, Wy, converges strongly in L2(Q) to Uy, with
Um = 0 in Q1 and (Vin, Um) is the m" eigenpair of the following homogenized
problem
—div(D,Vu) = voou  in Qo,

(3.3) ]
Dz,nj%<-,0) —u(-,L) = 0;
J

o if Uy = Uy, then, up to a sub-sequence, U, converges weakly in Hj(Q) to Um,
and (Vo Um) is the m” eigenpair of the following homogenized problem

—div((x; (x)D1 + x,(x)D2) Vu),
(3.4) =V(X,(x)01 + X,(x)02)u  inQ,
u(-,—¥) =0 and u(-,L)=0.

In both cases, the homogenized coefficients are given, fork = 1, 2, by

GBS0 D= | GURDIaO)(TE + e - (VE; +e))d,

(3.5b) o= |, v v,

where Cy is the positive constant such that the function  is asymptotically equal ro

CkWy at infinity in Gy (see Proposition 2.2) and the function &;, for 1 < i <n, is the
solution of

(3.6 {—diV(wi(y)ak(y)(VEi +e))=0 inT"

y = &iy), T"-periodic.
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Remark 3.2. In truth Proposition 2.2 claims that ¢ is asymptotically equal to
c1W1,0 at infinity in G;. Nevertheless, the homogenized coefficient D; is required
only in the case p; = py which corresponds to € = 0, and thus @19 = Y.
Therefore, in such a case it is true that  is asymptotically equal to c; ¢ at infinity
in G].

If the discontinuity function is not zero almost everywhere but A = 1, then
the discontinuity is removable, and we obtain the following result.

Theorem 3.3. Let N5, and b, be the m” eigenvalue and normalized eigen-
Sfunction of (1.1). Assume that the minimal value of problem (3.1) is precisely A = 1.
Then the conclusions of Theorem 3.1 are also valid provided that @ is replaced by
W* = (u*yY), where u* is given by Theorem 6.2. (Here the homogenized coeffi-
cients are still defined by (3.5), but with constants cx > 0 being such thar Y* is
asymptotically equal to cx Py at infinity.)

Let us now turn to the cases where the discontinuity is not removable. Our
first result concerns the case when no localization occurs and a Dirichlet boundary
condition appears at the interface.

Theorem 3.4. Let N5, and s, be the m" eigenvalue and normalized eigen-
Sunction of (1.1). Assume that either A > 1, or

«(y’) =0ae onT and J oxdy’ > 0.
r
Then,
bE, (x) = us, (x)y@ <§) and A%, = o + vy +0(&2),

where
o if Uy = [, then, up to a sub-sequence, U%, converges weakly in Hj o (Q) to Um,
and (Vyn, W) is the m™ eigencouple of the homogenized problem

—div(D,Vu) = vou in Q,

(37) — diV(DzV'I/L) = V(j'zu in Qz,
u(')_ﬂ):u('so):u(lsL)zo;

o if i1 > U, then U, converges strongly to 0 in L*(Q1), and, up to a subsequence,

ué, converges weakly in H;‘O(Qz) 0 U, and (Vp, Um) is the m™ eigenpair of
the homogenized problem

(3.8) { —div(D,Vu) = voou in Qo,

u(-,0) =u(-,L)=0.
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In both cases, the homogenized coefficients are defined by formula (3.5) for each half

domain.
Finally, in all other cases we obtain a localization phenomena.

Theorem 3.5. Assume that the minimal value of problem (3.1) satisfies A < 1.
The first eigenvalue A7 of (1.1) converges to a limit 0 < Ay < min (Uy, U2), and, for
some T > 0,

IA£— A1| < Cexp (—%)

whereas the first normalized eigenvector satisfies

v 9100 ¥ (5)

[veico - o (v (3)) 7

L2(Q)

<Cexp <—£> ,

and (A1,Y () is the first eigenpair of the eigenvalue problem
—div(a(y, yn)VY) + (¥, yn)¥ = Mo (¥, yn)¥ inG.

Furthermore, Ay is simple, while Y can be chosen positive and is exponentially decreas-
ing away from the interface.

Remark 3.6. The criterion which selects the different limit cases is mainly
the minimal value A of the auxiliary variational problem (3.1). In one dimension
this criterion can be further explicited in terms of the value of « (a constant)
at the interface (see [3]). The reason is that one can use ordinary differential
techniques and Floquet theory in one dimension to build explicit solutions of
(3.1). This is, of course, not possible in higher dimension. In particular, the
refined one-dimensional analysis of [3] shows that any positive value of A > 0 can
be achieved, and thus all limit behaviors described above are attainable. This is
indeed confirmed by numerical simulations [3].

4. PROOFS IN ABSENCE OF LOCALIZATION

This section is devoted to the proofs of Theorems 3.1, 3.3 and 3.4. The strategy
is to perform a change of unknowns (the so-called factorization principle) and
then to prove the convergence of the spectrum by studying the convergence of
the Green operator of a source problem. With the help of the particular solution
@ defined by (2.5), the eigenvalue problem (1.1) can be transformed into the
following one, where the singular perturbation in front of the divergence term has
disappeared. Proposition 4.1 gives the form of this new problem after some simple
algebra.
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Proposition 4.1. Introducing u®(x) = ¢&(x) /Y (x/€), the eigenvalue prob-
lem (1.1) is equivalent to

1) —div(DfVu?) + é(x <x?> uf(x’,0)0x,-0 = VeBu® in Q,
u® € Hiy(Q).

where &X(") is the periodic function on T defined by (2.18), and with the notation

- (Sox) o ().

A _

Note that the coeflicients D¢ and B¢ are no longer periodic, but rather the
superposition of periodic and exponential functions. Following a strategy already
used in [4], [3], the asymptotic study of the eigenvalue problem (4.1) relies on the
detailed homogenization, as € tends to zero, of the following source problem (i.e.,

with given right hand side)

. 1 ! , .
4.2) —div(DfVe) + Ea (X?) Ve(x',0)0xp=0 = PEfe inQ,
Ve € Hiy(Q),

with P¢(x) = @(x/€)/Po(x/¢€), and with a right hand side f¢ which is a bounded
sequence of L2 (Q), weakly converging to a limit f € L?(Q2). We first obtain a pri-
ori estimates.

Proposition 4.2. Suppose that either & = 0 or A > 1. Then the solution v¢ of
equation (4.2) satisfies

M1 — M2
(4.3) IVVelrziay + 1€ eV veli2ia, + 4 | TIIPEUEIILZ(QI)

< Clifelliz@)
]. X/ 14 2 2
(4.4) E‘ ch(?)vs(x ,0) dx‘ < CllfellF2as

where C is a constant independent of €.
As a consequence, if A > 1, or if « = 0 and [ «(y") dy' > 0, then
o if L = U, up to a subsequence, V¢ converges weakly to a limit v in H&(Q).
The limit satisfies v(x',0) = 0 and thus can be written as v = vy + vy with
v € HY(Q) and vy € HY (Qy).
o if y > Ua, PEV tends to zero in L*(Qy), and up to a subsequence, V¢ converges
weakly in H' () to a limit v € H{(Qy).
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Alternatively, if x(y") = 0 almost everywhere on T,

o if 1 = Ua, up to a subsequence, Ve converges weakly in H& (Q);
o if ly > Wa, PEV, tends to zero in L*(Qy), and up to a subsequence, V¢ converges
weakly in H' (Q3).

Admitting momentarily this proposition, let us turn to the proofs of our main
results. We introduce a Green operator S¢ defined by

(4.5) S¢:L*(Q) — L*(Q)
f — we = Pfve,  with v being

the unique solution in H& (Q) of equation (4.2) with r.h.s. f.

For all fixed € > 0, S is clearly a linear compact operator in L?(Q2). We shall show
the following result.

Proposition 4.3. Let f: be a sequence weakly converging to a limit f in L2 (Q).
The sequence we = Pve = Se(fe) converges strongly in L*(Q) to w defined by
w=S(f).

(A1) Ifx =0 and i = o, then S is the following compact operator

S:L2(Q) — L2(Q)
—div((x;(x)D; + x,(x)D)Vw) = f inQ,

f — w, unique solution of {w(:,—¥) =0 and w(-,L) =0,

¥y —w(y) T" !-periodic.
(A2) If o =0 and py > o, then S is the following compact operator

S:L*(Q) - L*(Q)
—div(D,Vw) = f in Qo,
f — w =0inQ, and unique solution in Q of Dang—w(-,O) =w(-,L)=0,
" 3

¥y —w(y) T" !-periodic.
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(B.1) Ifx = 0and [rxdy’ >0, or A > 1, and iy = [, then S is the following
compact operator

S: L2 Q) — L*(Q)

—div(D;Vw) = f inQy,
—div(D,Vw) = f  in Q,
w(-,—f)=w(,0 =w(,L) =0,
¥ —w(y) T" l-periodic.

f — w unique solution of

(B.2) Ifx =0 ;mdj xdy’ >0, 0r A > 1, and py > Ha, then S is the following
mmpaa‘ 0])57&”'07

S:L%(Q) - L*(Q)
—diV(DzVW) =f in Qo,
f —w =0inQ, and unique solution in Q; of {w(-,0) =w(-,L) =0,

¥y —w(y) T" l-periodic.

In all cases, Dy and D5 are given by (3.5).

Proof. In the cases (A.1) and (B.1) we have p1 = pa, so that ¢ = ¢, ie.,
P¢ =1, and thus we = v¢. In these cases the diffusion coefficient of (4.2) stabilizes
at infinity to coercive periodic coefficients (indeed, they are the superposition of
periodic and exponentially decreasing functions of the type exp(—&~!|xy|) which
converges strongly to zero in any LP (Q) with 1 < p < +). The proof in Cases
(A.1) and (B.1) are quite standard in homogenization theory, with the a priori
estimates of Proposition 4.2. For example, using the method of the oscillating test
function [13], [25], or that of two-scale convergence [1], [26], it is an easy exercise
that we safely leave to the reader. Let us simply remark that the homogenization
of (4.2) is completely obvious in Case (A.1), while in Case (B.1), Proposition 4.2
shows that v¢(-,0) converges to zero in L2(T). Let us now turn to the other two
cases for which we # ve.

Case (A.2). From Proposition 4.2 we know that w, converges strongly to 0 in
L?(Q1). On the other hand, see Remark 2.6, P¢ converges strongly to 1 in L? (Q;)
forany 1 < p < +oco. Therefore, it is enough to prove the weak convergence of v
in H'(Q,) to obtain the desired result. Testing variationally equation (4.2) against
a test function ¢, € Hé‘O(Q), we obtain

(4.6) an (%,xn> P2 <§> Vve - Ve dx = L) PE fepe dx.
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Note that for any bounded sequence ¢ € WH*(Q),

[Jo, oG () vve - voax

C ||exp (9%) Vv, exp (ex—:> Ve =0,

L2 ()

L2 ()

since || exp(0x5,/€) VUell12(q,) is bounded, thanks to Proposition 4.2. Of course,
Ja, PEfecpe dx goes to zero. Consequently, for such sequences ¢¢ uniformly
bounded in W (Q), identity (4.6) writes

4.7) Lz D®Vuv, - Ve dx = JQ Péfepe +0(1).

Since the test functions in the homogenization method are of the type ¢ (x) =
$o(x) + e1(x,x/e) with smooth functions ¢pg and ¢, they are uniformly
bounded in W!*(Q) and one can use (4.7) to pass to the limit. Classical argu-
ments of homogenization theory allow us to conclude.

Case B.2. As in case (A.2), it is enough to study the weak convergence of
Ve in H'(Q3) to obtain the desired result. Proposition 4.2 shows that v¢(y’,0)
converges to zero in L2(T). Testing variationally equation (4.2) against ¢¢, where
¢ is a test function in W (Q) N Hé,#(Qz), we obtain again equation (4.7), and
conclude using similar arguments to that of Case A.2. O

We are now able to conclude the proof of Theorem 3.1 and Theorem 3.4.

Proof of Theorem 3.1 and Theorem 3.4. Let us first remark that, since S is
compact, Proposition 4.3 implies that the sequence of operators S, defined by
(4.5), uniformly converges to the limit operator S. The asymptotic analysis of the
eigenvalue problem (4.1) is truly governed by the convergence of T¢ defined by

Te : L2(Q) — L*(Q)
I ((Pf)zf )
since the eigenvalues of T¢ are the inverse of that of (4.1). Remark that
Bf(x) - { { 2
Pe(x))? 7 ( s’x"> <"’° ( s>> !

which is a superposition of periodic functions and exponentially decreasing ones.
Thus, in Q;, for i = 1, 2, it converges to a positive constant which is the average
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on the unit torus of the periodic function O'i(l/%. Denoting by ¢ (xy) the weak
limit of B¢/ (P¢)?, we define the limit operator T by

T:L%2(Q) — L2(Q)
f—S(Gf).

The sequence T¢ does not uniformly converge to T, but the sequence T is never-
theless collectively compact, in the sense that

Vf € L2(Q) such that lims_o [| Te (f) — T(f)l12¢q) = 0,

the set {Te(f): I fll2@) < 1, € = 0} is sequentially compact.

Theorems 3.1 and 3.4 are then consequences of a classical result in operator theory
(see e.g. [7], [17], or Chapter 11 in [20]). O

Proof of Theorem 3.3. Let u* () be the unique positive minimizer to prob-
lem (3.1). Since A = 1, it is a positive solution of

—div(DVu™*) + 6y,—ox(¥)u* =0 inG.
Therefore, the function Y* () = u* ()Y () is positive and satisfies
—div(avVy™*) + g™

1 . , .
= w(— div(DVU™) + 0y, -0x(¥)uU*) + tpou*yp = eoyw™  inG.
The difference between @* and  is that ¢* is a solution in the entire strip G. In
other words, there is no discontinuity function for ¢*, i.e., «* = 0 on the inter-

face T. Consequently, by the new change of variables u*¢(x) = p*(x)/p*(x/¢),
the eigenvalue problem (1.1) is equivalent to

—div(D*¢Vu*é) = v.B**u*¢ inQ,
u*é € Hy(Q),

with the notation

ot -a(5o0) (0 ()

o (L) o ()] g

£ g2

This eigenvalue problem is equivalent to (4.1) with & = 0, and its homogenization
is easy according to Proposition 4.3. O
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Proof of Proposition 4.2. Multiplying equation (4.2) by v¢ and integrating by
parts, we obtain

(4.8) J DV, - Vuedx + lj o< (X—) Ve(x,0)2dx’ = J Pt fevedx.
Q EJr & QO

Introducing we = Pfvg, the right-hand-side of equation (4.8) is bounded by
| fellzz o lwellz2(q). Thus, we deduce from (4.8) that

e if @ = 0, both left hand side terms are positive, and a being coercive and because
of the bounds (2.8) for ¢ we obtain

(4.9) HVUsHiZ(Qz) + ||39X"/£Vve!|iz(gl) < Cllfellzo) lwellz2o)s

e if A > 1, then from Lemma 6.4 we deduce that
uj D&Vv, - Vvedx
A Jao
& 1 X/ 2 / /
< | D*Vve-Vvedx + - | ax|— |vi(x',0)dx’,
Q EJr &

and therefore inequality (4.9) is also satisfied.

To conclude we also need to estimate we. For this aim, we write the equation
satisfied by we = Pfv. A computation similar to that of Proposition 2.2 shows
that problem (4.2) is equivalent to

H1 — H2
82

(4.10) N %0(0 (x?) We(x',0)8x,—0 = fe  inQ,

We € H;%,()(Q),

BiXq, (X)we

with
X b X X
Di(x)=a (E,Xﬁ) Yk <;) , Bj(x)=0 (?Xn> Wi (E) .
By an integration by parts of (4.10) tested against w¢ we obtain

(4.11) L)DSVwE-VdeX+% BEw? dx

O

+ lj o (x_) we(x’,0)%dx’ = J fewe dx.
EJr & Q

Let us next show that

VVeliz,) < Cllfell2q) »

(4.12)
Vi = 2 lwelliz,) < CeV2 fellz-
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Note that since C™'ve(x’,0) < we(x’,0) < Cve(x’,0), where C is a positive
constant which does not depend on &, we have the following bound

L we(x',0)2dx’ < C||Vve||iz(92) < Cllfelliz) lwellr2o).
Consequently, the identity (4.11) yields

2
(1 = p)||we [[12(q,) = Cell felliz) lwellrz o)
< Cellfellz (lwellz)) + lwellzzy)),

and the r.h.s. in (4.9) can be estimated as follows

I fellzz) lwellrz) < Cllfellz) lwellzzq,) < Clifellzz) 1vellrz,),

which implies (4.12). Finally, combining (4.9) and (4.12) we obtain (4.3). Esti-
mate (4.4) is then a consequence of (4.8).

Let us now turn to the consequences of these estimates.

If uy = po, then 0 = 0, we = v, and estimate (4.3) shows that w, is bounded
in H} (Q). This yields that, up to a subsequence, v, converges strongly to a limit
v in L2(T). Thus

lim | « <X—> Ve(x',0)?dx = J x(y") dy’J v(x',0)2dx.
ro\e€ r r

=0

Note that J x(y')dy’ + 0, either by assumption, or because A # 0 implies
r

x(y")dy’ + 0 according to Theorem 6.2. Passing to the limit in estimate

(4r.4) then proves that v (x’,0) = 0.

If iy + o, then estimate (4.3) shows that w, converges to zero in L2(Q).
Furthermore, || VV¢ll12(q,) is bounded. Thus, up to a subsequence, v¢ converges
to a limit in H!(€)), and therefore strongly in L?(T'). The argument with (4.4),
already used in the case ;1 = pa, proves here also that v(x’,0) = 0. O

5. PROOFS FOR THE LOCALIZATION PHENOMENON
This section is devoted to the proof of Theorem 3.5.

Proposition 5.1. If the minimal value A of problem (3.1) is smaller than 1, i.e.,
A < 1, then the first eigenvalue AL of problem (1.1) is decreasing as € goes to zero, and
satisfies
129%?\; < M2 = min(uy, H2),

where Uy and iy are the periodic cell eigenvalues defined in (1.3).
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Proof. Problem (1.1) is self-adjoint: its first eigenvalue is given by

EZJ a<§,xn> Ve - V(l)dx+J z(f,xn> B2 dx
Al = min Q £ & €
E b
BEHL(Q), p+0 J o (f,xn) P2 dx
Q &

which, thanks to Proposition 4.1, is equivalent to

(5.1)

62J DiV - Vpdx + SJ (x (x_) P(x’,0)2dx’
A=y + min Q r V¢ ,

PEH}((Q), p=0 J de)Z dx
Q

Since the first eigenvalue of (1.1) is simple, the minimization problem in the right
hand side of (5.1) admits a minimizer @, unique up to a multiplicative constant
(chosen in such a way that @ is positive and normalized). Furthermore, @ must
be periodic of period € in all coordinate directions tangential to the interface.
Indeed, because of the periodicity of the coefficients, the function @ (x’, xy) =
@ (x’ + ig,xy) is also a positive and normalized minimizer, for all i € N"~!. By
uniqueness of the minimizer, it must be equal to @ (x’, x,). Thus, by periodicity
the integrals in (5.1) reduce to a single band (¢T""!) x |—¢, L[. By the change of
variables y = £€7!x, (5.1) is thus equivalent to

(5.2) Al=

L D(y)V(y) - V(y)dy + L a(y) (', 02 dy’

Uy + min
$etly(Ge), b+0 jG B(»b(y)2dy
&

where G = T" ! x |-le !,Le7 [, and D(y) = a(y,yn)@ ()% B(y) =
0 (3, ¥n)W(y)?. By virtue of Theorem 6.2, there exist u € D'>(G) such that

J D(y)Vu -Vudy < 1A <1 and J x(yHu(y',00dy = -1
G r

(if A > 0, we take u as the unique positive minimizer of the auxiliary problem
(3.1), while, if A = 0, u is chosen as one element of the minimizing sequence
built in the proof of Theorem 6.2). Furthermore, away from the interface I', Vu
decays exponentially to zero while u stabilizes exponentially to a constant. Let us
consider the function z:(v) = u(y)Ce: (1), where C: () is a cut-off function
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defined by
0 for y, < —e7 14,
nNyn+e ) for —e W<y, <nt-¢eld,
Ce(yn) =141 for )’[—1 —e Y < Vi < _r]—l + E_IL,
n(e'L—vyy) fore'L-n"'<y,<elL,
0 for e71L < .

The value of the (small) constant n > 0 will be chosen later. Then, z, € H ;;’O(Gg),
and

D(y)Vze-Vz:dy < L+A
Ge 2

+J D(y)Vze-Vzedy,
Bg

where By = Gen ([—e7 M, n7 ! —e Wlu[e ' L-n~1, e 1L]). Using the Cauchy-
Schwarz inequality we obtain

 DO)Vze - Vzedy < CUIVullF2 gy + M2l 2 ,))-
&

Since u is uniformly bounded in G, we have IIMII%Z( By = C n~!, uniformly with
respect to €. Thus, for sufficiently small n we can make n2||u||%2( Be) S small as

we want. Now, for a fixed n we can choose € small enough such that [|Vull12)
is small. Consequently, for some 1 and some &y we have

1-A

D(y)ngo " VZSO dy <
Bg,

This implies that

’ ’ ’ A -
. D(y)Vze - Vzg, dy + Jrfx(y )zg, (', 002 dy" <
&0

Consequently, plugging the test function z¢, in (5.2) yields
Aéo < Up.

To conclude, remark that, by inclusion of spaces, identity (5.2) implies that A} is
non increasing as & goes to zero. O

We perform a change of unknowns for the first eigenvector of (1.1)

HED)

ue(x) = Wolx/e)
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The new unknown is a solution of an equation similar to (4.10)

. - 1 x’
—div (D§Vue) + Hi EzuzBéle (X)ue + £ %0 (?> UeOxp =0
(5.3) _ A
62

Bius inQ,

Us € Hpo(Q).

By the same argument as in the proof of Proposition 5.1, u, is periodic in the
tangential coordinate directions, so we can reduce (5.3) to a single strip. Then,
performing the change of variables ¥ = x/¢&, we obtain that %1 (y) = u(x)
satisfies

—divy (Do (¥)Vytte) + (U1 — H2)Bo (V) Xy, <0 () Ue

(5.4) + (V) e(Y',0)8yp-0 = (Af = H2)Bo() T in Ge,
e € Hi o (Ge).

Lemma 5.2. Assume that A < 1. Then, the function s (and its gradient) decays
exponentially to zero away from the interface, uniformly with respect to €.

Proof We rewrite (5.4) in G2 = G¢ N {yn > 0} as

(5.5) {—diVy(DO(y)VyiLs) + (U2 — A};)Bo(y)ilg =0 in G%,

aE(X/,LE_l) :O and ﬁf(xlio) :gé"

for some trace condition g¢. Since tr — Al > C > 0 by virtue of Proposition
5.1, we can prove that 1i¢ decays exponentially away from the interface ¥, = 0
uniformly in €. Indeed, for k € N, defining Gg‘k = Ge N {yn > k} and ng’k =
Ge N {vy = k}, Ui¢ is also a solution of

{— divy (Do(¥)Vyile) + (12 — ADBy(1)ite = 0 in G,

Te(x',Le ) =0 and i = G (x, k) on I2¥,

and thus it satisfies the a priori estimate

2

- 2 -
el ot < Ul ok

H (G2

where the constant C > 0 depends on Dy, By, (12 — lime—g A}) but not on & nor
on k. Clearly, we also have

2

Niell? ok, < Welll, okt ok < el ket = lell?, k-
\GEY) H(GERT H'(GE™)

HY2(Ig™) H'(Gg
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Combining these two inequalities implies

_ 2 C - 2
(56) ||uf||H1(G§vk) = m”ufHHl(G?k*l)'
It is then a classical matter to deduce from (5.6) that there exist T > 0 and C > 0
(independent of €) such that

[ CXP(TJ’n)ﬁs”Hl(Gé) < C.

A similar argument works for G! = G¢ N {y, < 0}. O

As a consequence of Lemma 5.2, the sequence ¢ (extended by zero at infinity) is
precompact in H}(G). Therefore, up to a subsequence, it converges to a limit i
which satisfies

—divy (Do(¥)Vy ) + (U1 = H2)Bo(V) Xy, <o
(5.7) + 00 (V) Uy -0 = (Ligg?\é —M2)Bo(¥)ui inG,
i € H(G).

Lemma 5.3. The solution W is the first eigenfunction of problem (5.7) which
has a simple first eigenvalue. In particular, this implies that the entire sequence U
converges to U.

Proof. Let us denote by (A=) and D a generic eige_nvalue and eigenfunction
of (5.7). The usual factorization argument tells us that ¢ = @ is an eigenfunc-

tion for

59 { —div, (a(y)VyP) +=(¥)Pp =Ad(¥)$ inG,

¢ € HI(G).

It is well known that the spectrum of equation (5.8) can be decomposed as the
union of an essential spectrum and of a discrete spectrum, and that eigenfunctions
corresponding to eigenvalues in the discrete spectrum are exponentially decaying
to 0 at infinity. We also know that the minimum value of the essential spectrum is
precisely equal to 1, = min (1, tz). Therefore, limg—.o A} is an eigenvalue of (5.8)
which belongs to its discrete spectrum. Thus, the first eigenvalue A; of (5.8) is
also in the discrete spectrum and its corresponding eigenvectors are exponentially
decaying to 0 at infinity: it is then a classical matter to prove that A; is simple
and that its eigenvector can be chosen positive. Since it is a positive, exponentially
decaying, solution of (5.7), we deduce that A; = lime—o Al and @yt is the first
eigenfunction of (5.8). O
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Proof of Theorem 3.5. Let us denote by ¥ the first normalized eigenfunction
and by A; the first eigenvalue of (5.8). From Lemma 5.3 we know that ¥ = gy it.
Let us consider the function

Ve(x) =Y (%) C(xn),
where C(xy,) is a smooth cut-off function such that C(x;) = 1 in a neighborhood

of 0, and it has compact support in |-, +L[. Because of the exponential decay
of 11, we have

[7 (¢ () = 7wt ¥ (2) - v = 0w (-5).

Thus, it remains to prove that

(5.92) [[Vi(x) = VU:(xX) 120 + 19T (x) = De(x) ll12(0) < Cexp (—E) ,

(5.9b) IAp - Af| < Cexp(—%),

with D¢ = ve/llVelliz(q) and [[Velliz(q) = €. The variational formulations of
(5.8) and (1.1) read respectively

. 2
JG Ay - Voddy + LZ(J’W’ dy

(5.10) Al = min

pEHL(G)\ {0} JGa(y)qb2 dy
J a(y)Vy - vy¢dy+J S(y)prdy
(5.11)  Aj=  min e N
BEH}(G)\ {0} L; o(y)p*dy
&

We obviously have A; < A{. On the other hand, by substituting the test func-
tion ¢p(y) = ve(ey) in (5.11) we get A < A; + Cexp(—T/¢) and the second
inequality (5.9) follows. The first one can now be justified by standard spectral
gap arguments. O

6. AUXILIARY VARIATIONAL PROBLEM

This section deals with the variational problem (3.1), namely

A= ( inf J D(y)Vu-Vudy),
ueD2(G), fr a(y ) u(y’,0)dy’'=-1JG

where D(y) = a(y, ¥n)@?*(y) and D*(G) is the weighted Deny-Lions space
defined by (3.2). One of the difficulties of this problem is that, when p1 = pa,
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the tensor D () is exponentially decreasing as ¥y, tends to —co (it is uniformly
coercive for 7, > 0). Nevertheless, we show that this problem is well-posed if the
discontinuity function « is not non-negative and has a non-zero average.

Remark 6.1. If « = 0, there is clearly no admissible test function for (3.1)
and, as is usual in optimization, we set A = +co. In such a case, either Theorem
3.1 or Theorem 3.4 apply. If [y &« < 0, then A = 0 and the minimum is realized
by the constant function (— [ &) ~1/2.

Theorem 6.2. Assume that the set M = {y' € T | «(y") < 0} is of non zero
measure. Then, if [ &(y') Ay’ + 0, there exists a unique positive minimizer u* to
problem (3.1). If [y x(y") Ay’ = 0, then A = 0 and the minimum is not attained.
When it exists, the minimizer W* stabilizes to a constant at infinity, while its gradient
decays exponentially to zero.

Proof. Let us first consider the case [r x(y’)dy’ = 0. Consider a smooth
function v with compact support in G such that B = [, «v dy’ is not zero, and
define A = [fov?dy’ and 0 < C = [; DVv - Vv dy < o. Then for all k > 0,
the function vx = (1/k)v — (k% + A)/(2kB) satisfies

J (Y vE(y',00dy’ = -1, and J DVvy - Vugdy = %,
r G

so that 0 < A < C/k? for all k. This implies that the minimum is zero and is not
attained.

Let us now turn to the case [ «(y') dy’ # 0 and prove that the infimum of
(3.1) is attained in the space D'?(G) defined by (3.2). Define a compact subset
of G by Go = T" ! x (=1,1). Remark that, in Gy, the tensor D(y) is uni-
formly coercive. Consider a minimizing sequence ux. It satisfies [, D () Vg -
Vurdy < C for some constant C. Because of the coercivity of D on Gy, this
implies [[Vugllz2(g,) < C. The Poincaré-Wirtinger inequality

< cllVukllzzgy),

6.1) Huk - j we(y,0)dy’
T L2(Gy)

shows the boundedness of the sequence 1y — J, ur(y',0)dy’ in L>(Gy). Remark
r
that

Jljauk - J:jra(uk_jruk)z
* riL“{(uk - Joe)(fe) + (fwe) T

(04
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Since J; (v )ui(y’,0)dy’ = —1, this implies

(L uk(y’,O)dy’)2 < C(l + ‘ Luk(y’,O) ay’

).

and consequently | [ ux(y’,0) dy’| and in turn [[ukll2(c,) are bounded. Thus,
the sequence uy is bounded in H!(Go) and, up to a subsequence, Uy converges to
a limit u weakly in H!(Gy) and strongly in L2(T). In particular this implies that
the limit still satisfies the constraint [ (¥ )u?(y’,0)dy’ = —1. Actually, the
sequence Uy converges weakly to u in D 12(G), and the weak lower semicontinuity
of the quadratic functional [; DVu - Vu dyy yields that u is a minimizer. Remark
that, if u is a minimizer, then |u| is also a minimizer, so we can assume from
now on that u is non-negative. Let us show that there exists a unique positive
minimizer u*. The Euler-Lagrange equation for a non-negative minimizer u* of
(3.1) is
—div(DVu™*) + Aa(y")0y,-ou™ =0 inG.

Applying Lemma 6.3 shows that u* is indeed positive in G. On the same token,
u* is also bounded by a posivite constant K in a neighbourhood Gy of the interface
I. Define the truncation uX = min(u*, K) which is well defined in D2(G),
and satisfies uX = u* on I'. Furthermore, VuX = Vu* where uX = u*, and
VuK = 0 where u* > K. Thus, we have

A=J DVu* - vVu*dy zj DvuX . vufdy
G G

and the inequality is strict if uX # u*, which contradicts the fact that u* is
a minimizer. Therefore, u* is uniformly bounded in G. Eventually, arguing
as in the proof of Proposition 2.2, we may invoke Theorem 2.7 to obtain the
uniqueness of the bounded positive solution of the Euler-Lagrange equation (as
well as its desired behavior at infinity) and thus of the positive minimizer u* of

(3.1). O
Lemma 6.3. There is a strong maximum principle for the equation
—div(DVu) + &(¥")6y,—ou =0 inG,

i.e., if a nonnegative solution W is strictly positive at least at one point of G, then this
solution is strictly positive everywhere in G.

Proof. We assume for definiteness that 1 () > 0 for some ¥y € G;. Then,
by the standard strong maximum principle, u(y) > 0 for any ¥ € G;. The same
holds true for G,. It remains to prove that u is also positive on the interface I'. Let
v and v; be the unique solutions of the following problems:

_dIV(val) = Oln '[l'?’l—l X (_110)! Vl(y,,_l) = 1 +Bi vl(yllo) = Bi
—div(DVvy) =0in T" ! x (0,1), v1(»',0) = B, v1(»',1) = 0.
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with B > 0. By the maximum principle, we have

U4 a 7
-Dii(y’, 0) Ul()’ 0) =-Dn(y ,O)a—vl(y ,00>0
Yj Vi

for any " € T. By uniform continuity arguments this implies
0
_D ’ _ - 4 > .
1 (y ’0)6y1v1(y ,0)=2¢c>0
It is easy to see that the gradient of v1 does not depend on B. It is also clear that
0< D, 050 1:0/,0) < &1
1y, 05502y, 0) < a1

The function

vy, —-1=<y,<=<0,
Vv =
v21 053’7151;

is continuous and satisfies the equation
. , 0
(6.2) —div(DVv) =Dy (y 10)6—3}101(',0) D (y', 0) Uz( ,0)6(n).

Denoting

kK(y')=-p7" (Dn(y 0)=> (y 0) — Dy (', 0) (y 0))

since v(»’,0) = B onT, equation (6.2) can be rewritten as follows
—div(DVv) + k(")dyp=ov = 0.

For sufficiently small B we get
K(y') = i

which gives in turn k(") = «(y»"). Multiplying, if necessary, v by an appropriate
positive constant y, we obtain u(y’,—1) — yv(y’,—-1) > 0 forall ' € T""1.
Substituting in the equation gives
—div(DV (1 — yV)) + &S yp-0(u —yv) = y(k —c)v  in T" 1 x (=1,+1),
(u-yv)(',-1)=0, (u-yv)(»',1) =0,

and, by the maximum principle, u(y’,0) = yv(y’,0) = yB. The positivity of u
in G, now follows from the standard strong maximum principle. O
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Lemma 6.4. If the minimal value of problem (3.1) is such that A > 1, then there
exists a constant Cs > 0 such that, for all b € H}(Q),

o) owiorax s L[ pvs vpaxz | gtax

Proof. Consider @ a function which realizes the minimum of

- 1 x 2. L J (E ) .
¢eH;,0(rsr21)l,an¢>2=1 : r()(( : )(I)(X ,0)7 + A QD S,xn Vo - V.
Clearly |@] is also a minimizer so we can assume that @ is non negative. Thanks
to the strong maximum principle introduced in Lemma 6.3, @ is positive and
uniquely determined. Remark that ¢ must be €T~ !-periodic. Indeed, because
of the periodicity of the coefficients & and D, the function @ (x’, x,) = @(x’ +
i€, xp) is also a positive minimizer, for all i € N1, Because of the uniqueness of
such a minimizer, they must be equal. Consequently, after the change of variable
v = x /& we obtain

1 xil " 0)2 r lJ £ .
EL(X(g)(p(x,O) dx +A QD Vo - Vedx
57’1—2 Iy < ’ 2 ’ 1 ~ ~
= H(J x(y )Py, 0 dy +fJ D(y)V(p-chdy>,
& r A Jge

where @ () = @(ey) for all y. If we extend @ by 0 on G \ G¢, we obtain

1 x' 1
2 = 1,0)% dx’ —J DV -Vopd
Ejra(f)(p(x ) TN P Veax

1 14 = 14 14 1 ~ o
= —(J x(¥Y)P (', 07 dy +—J D(y)ch-chdy> >Ce >0,
e\Jr A Jc

because @, being equal to zero in G \ G, is not the minimizer of problem (3.1) -
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