Annali di Matematica 181, 247-282 (2002)

DOI (Digital Object Identifier) 10.1007/s102310100040

Grégoire Allaire - Yves Capdeboscq

Homogenization and localization for a 1-D eigenvalue
problem in a periodic medium with an interface

Received: January 10, 2001; in final form: July 9, 2001
Published online: June 11, 2002 — © Springer-Verlag 2002

Abstract. In one space dimension we address the homogenization of the spectral problem
for a singularly perturbed diffusion equation in a periodic medium. Denoting by € the
period, the diffusion coefficient is scaled as €2. The domain is made of two purely periodic
media separated by an interface. Depending on the connection between the two cell spectral
equations, three different situations arise when € goes to zero. First, there is a global
homogenized problem as in the case without an interface. Second, the limit is made of two
homogenized problems with a Dirichlet boundary condition on the interface. Third, there is
an exponential localization near the interface of the first eigenfunction.

Mathematics Subject Classification (2000). 35B27, 74Q15

1. Introduction

This paper is devoted to the homogenization of the eigenvalue problem for a singu-
larly perturbed diffusion equation in a periodic medium. Although this problem is
of interest in higher-space dimensions, we restrict ourselves to the one-dimensional
case because of the difficulty of the analysis. In particular, one of our key tools
is the theory of Hill’s ordinary differential equation [14] for which there is no
equivalent in higher dimensions. Denoting the period by €, the diffusion coefficient
is assumed to be of the order of €2. Thus, we consider the following model:

el (a(n D) L)+ 3 (n D)o =io (v D)orma
¢¢ = 0on 3L,

where A€, ¢€ is an eigenvalue and eigenfunction (throughout this paper, the eigen-
functions are normalized by [|¢|[,2(q) = 1). In (1.1) the coefficients are periodic
of period 1 with respect to the fast variable x/e. The general study of the homoge-
nization of (1.1) is far from being complete. When the coefficients are not rapidly
oscillating (i.e., they depend on the slow variable x but not on x/¢), it is a problem
of singular perturbation (without homogenization) which is quite well understood
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now in any space dimension (see, e.g., [23]). When the coefficients are purely
periodic functions (i.e., they depend solely on x/¢), the homogenization of (1.1)
(and similar models in higher dimension) has been achieved in [2], [3], [5]. In the
case of smooth coefficients with a concentration hypothesis, partial results have
recently been obtained in [6] (again in any space dimension). Here we focus on the
different case (of practical as well as theoretical importance) where the coefficients
are discontinuous. More precisely, we focus on the simplest possible model in this
context, assuming that the domain is composed of two periodical media separated
by an interface.

The domain 2 is of the form (—/, L), where [ and L are strictly positive
constants, and we introduce the two sub-domains 2; = (—/, 0) and 2, = (0, L)
separated by an interface located at the point 0. Denoting by yx; (x) the characteristic
function of €2; (satisfying x1 + x2 = 1 and x;x2 = 0 in 2), the coefficients are
assumed to be given as:

a(x,y) = x1(x)ai(y) + x2(x)az(y),
2(x,y) = x1(0)Z1(y) + x2(0) Z2(y), (1.2)
o(x,y) = x1(x)o1(y) + x2(x)o2(y).

All functions ay, a», ¥, ¥, 0} and o, are assumed to be measurable, 1-periodic,
bounded from above and below by positive constants. Under these assumptions,
it is well known that Equation (1.1) admits a countable infinite number of non-
trivial solutions (A5, , @5, )m>1. By standard regularity results, each eigenfunction ¢,
belongs to Hj (2)NC%*(£2), with s > 0, and by the Krein—Rutman theorem the first
eigenvalue is simple and the corresponding eigenfunction can be chosen positive.
Because of this property, the first eigenpair has a special physical signification, and
we are mostly interested in its behavior, although the case of higher-level eigenpairs
is also treated in some occasions.

The motivation for studying this model comes from several applications. First,
it can be seen as a semi-classical limit problem for a Schrodinger-type equation
with periodic potential, as well as a periodic metric (this is the so-called ground-
state asymptotic problem, see, e.g., [17], [23]). Second, it plays an important role
in the uniform controllability of the wave equation (see, e.g., [11]). Third, and this
is our main motivation, it is a simple model for computing the power distribution
in a nuclear reactor core. This is the so-called criticality problem for the one-group
neutron diffusion equation (for more details, we refer to [3], [9] and references
therein). In all these applications, the assumption of a purely periodic medium (i.e.,
no dependence on x of the coefficients) is much too strong. On the other hand the
coefficients are not smoothly varying but exhibit jumps at material interfaces. This
makes Model (1.1) with Assumptions (1.2) physically relevant.

The limit behavior of (1.1) is mainly governed by the first eigenpair (¥;, 1;) in
the unit cell of Q;, i = 1, 2, solution of

d d
—d—<ai(y)—1//i> + XY = wioi(MY; in [0, 1],
y dy

y — ¥i(y) 1-periodic and positive.

(1.3)
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Before we explain our main results, let us recall what was already proved in
[5] in the purely periodic case, namely when a; = a, £1 = X, and o1 = 07.
Asymptotically, the macroscopic trend of ¢¢ is given by an homogeneous eigen-
value problem, whereas its oscillatory behavior is governed by ¥ (%) (we call this
a factorization principle). More precisely, the result of [5] is:

Theorem 1.1. Assuming that a, = a, ¥, = X1, and 0y = 0, the mh eigenpair
A5 @, of (1.1) satisfies

X

€

¢, (x) = an(x)%( ) and 15, = w1 + €*v,, + o(€?),

where, up to a sub-sequence, the sequence u;, converges weakly in H& () to uy,
and (vy,, uy,) is the m™ eigenvalue and eigenvector for the homogenized problem

_d?
—D—u, = v, 0 ] Qv
dxzu , =V Ol N (1.4)
Uy =0 on 0L2.

The homogenized coefficients are given by

_ 1 d 1
D= /O ai(MYE(y) <1+d—i<y>>dyanda= /O o MYidy,  (1.5)

where the function & is the solution of

d L (de .
——<a1(y)1//1 (y)<d—+ 1)) =0 inl0,1],
y

dy (1.6)

pny — &(y) l-periodic.

Let us summarize our results in the case of equal first eigenvalue in the cells,
1 = po. In the following we choose to normalize the first periodic eigenfunctions
as follows:

Y1(0) = ¥2(0) = 1. (1.7)
We introduce a so-called discontinuity constant, «, defined by
d d
o« = a1 0) — 022 (0). (1.8)
dy dy

Note that a,-%" belongs to H'(K;) which is embedded in C(2;) (in 1-D) and
therefore o is well defined as the trace of a continuous function at the origin. Three
different situations are possible according to the sign of «.

If ¢ = 0, then the two periodic media are said to be well connected. In particular,
the function equal to a;(dy;)/(dx) in ; is continuous through the interface (as
well as 1/; because of the normalization Condition (1.7)). Therefore, Theorem 1.1
extends easily to this case, and the discontinuity at the interface is not seen in
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the limit. Introducing a function Y(x/€) = x1(xX)¥1(x/€) + x2(x)¥2(x/€), the

eigenpairs (A, , @5, ) =1 satisfy

€ 2 2 € € X
AE = 1 + v + 0(e?) and ¢, (x) = u, ()W (—) : (1.9)
€
where uj, converges weakly to u,,, and (A, ;)= are the eigenpairs of the
homogenized problem (see Theorem 3.1 and Figure 3.1)

d — — d
- ((mxwl + (0 D) —“) = v (W + pWeu  inQ,
x dx

u=~0 on 9L2.

If « > 0, the interface has a repelling effect, and each eigenfunction goes to 0
at the interface. The convergence result (1.9) still holds true, but the homogenized
problem has an additional Dirichlet boundary condition at x = 0. More precisely,
the limit homogenized problem is (see Theorem 3.1 and Figure 3.2):

__d?
—D]Euzva_lu in Q1,
__d?
—DZEM = VO’_QM in Qz,
u=>0 onBQIUBQZ.

If @« < 0, the situation is completely different since the first eigenfunction
concentrates exponentially fast at the interface. In this latter case, there is no
factorization principle as in Theorem 1.1, but rather a localization principle at the
discontinuity (see Theorem 3.5 and Figure 3.3). The first eigenvalue A{ converges
toalimit0 < Ay < g = pz, and 0 < A{ — A1 < Cexp(—1/¢), whereas the first
normalized eigenvector satisfies

0 i (VO] Hloo - ()

The limit function ¥ € H'(R) decreases exponentially away from the interface,
since it is given by

.

< Cexp (—S)

L2(Q) L2(Q)

) Y16, (x) forx <0,
V) = { 1//2,9; (x) for x > 0,

with A; = wu1(6;) = u2(62), and each of the eigenpairs (,u,i(é‘i), '(ﬁl'!gi) being the
first eigencouple of the following spectral cell problem:

dx dx
x = Yig (x)e

d dri g, )
- <ai () '> + X ()i, = wi(0)oi ()Y, in [0, 1], (1.10)

* 1-periodic.

The required properties of the #-parameterized family of spectral cell problems
(1.10) are given in Section 2.

We now turn to the case @; # o, and with no loss of generality we assume
1 > [o. Inthis case too, the spectral cell problems (1.10) govern the limit behavior
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of (1.1). We introduce a positive parameter 6y > 0, such that @;(6p) = w2, and
another discontinuity constant (see Lemma 3.9)

dyri 6, dir
“dy (0) —ax(0) n 0).

a(bo) = a1(0)
The sign of this new discontinuity constant determines the asymptotic behavior of
(1.1).

If (fp) > 0, the eigenfunctions ¢;, concentrate in the sub-domain 2, where the
first periodic eigenvalue is the smallest (see Theorem 3.8 in the simpler case when
a > 0,and Theorem 3.11 when a(6p) > 0). More precisely, the limit of ¢, vanishes
in the sub-domain €2;. Introducing the factorization ¢, (x) = uj, (x)¥2(x/€) in Q,
the homogenized problem for the limit of u, is simply (see Figure 3.4)

__d?
—Dgﬁu = UO'_ZM in 92,
u=~0 on 9$2,.

The case « (6p) = 0 corresponds to the limit between localization at the interface
and concentration in £2,. The limit of the eigenfunction ¢;, still vanishes in £21, but
in the homogenized problem the Dirichlet boundary condition at x = 0 is replaced
by a Neumann boundary condition (see Theorem 3.12)
)
—Dr—u = voru in »,
273 2 2

du
u(L) =0and —(0) = 0.
dx

Finally, when « (6y) < 0, a localization phenomenon appears, and the first eigen-
function concentrates exponentially fast at the interface. The result is then similar
to the one obtained when @1 = u, and @ < 0 (see Theorem 3.10).

Our main results are stated in Section 3, when w; is equal to and not equal
to u,. Before that, in Section 2, we give a few technical results on the spectral
cell problems that are crucial not only for the proof, but also for the statement of
our main results. Section 4 contains the proofs when the discontinuity constant is
positive, « > 0, while Section 5 focuses on the localization phenomena, namely
o < 0or a(fy) < 0. Section 6 contains the proofs in the special situation when
a < 0 but no localization occurs (x(6y) > 0), as it can happen when p; is not
equal to w,. Section 7 contains the proof of a crucial technical result about the Hill
equation in one dimension.

2. Cell problems

In order to state precisely our convergence results, the knowledge of the spectral
cell problem (1.3) is not enough. As in [8], we need to introduce a parameterized
family of spectral cell problems. They are reminiscent of the so-called Bloch wave
decomposition (see e.g. [13], [24]), but they involve real exponentials instead of
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complex ones. All the results in this section are proved under the assumption that
the periodic coefficients a;, ¥;, o; are positive, bounded, measurable functions,
except Proposition 2.2 which asks for more smoothness or piecewise constant
coefficients.

Lemma 2.1. For each 6 € R there exists a unique first eigencouple (V; g, i1; (6)),
of the problem

d dvri g :
- <ai(x) : > + Zi(0) V0 = ni(0)o;(x)¥ie in [0, 1],

dx dx 2.1)
x — Y o(x)e % 1-periodic and positive,
which is normalized by
Vio(0) = 1. (2.2)

The map 0 — ;(0) is strictly concave with a maximum at 0 = 0, and satisfies the
following inequalities:

0 < pi(0) — ni(6) < C6?,
where C and c are positive constants, independent of 0.

A further property of the first eigenfunction ; ¢, is given in the next proposition.
Its proof is quite delicate and relies on purely 1-D arguments (we postpone it until
Section 7). We give two different proofs: first, the case of C? coefficients, which
allows us to perform a Liouville transformation and to use classical results on
the 1-D Hill equation; second, the case of piecewise constant coefficients, which
permits us to do explicit computations.

Proposition 2.2. Assuming that the coefficients are C* or piecewise constant, for
each 6 € R the first eigenvector ;g of Problem (2.1) with the normalization
Yi0(0) = 1 satisfies

. dyrig . dyig
Okrzloo dx (0)——00 and QETOO dx

(0) = +oo.

Proof of Lemma 2.1. By introducing the change of variable

bi0(x) = Vi g(x)e™,

Equation (2.1) is equivalent to

d dpi g d dpi g
I e <00 NN ey S sl
dx <al dx ) (dx (al¢l’9)+al dx )

+ (Zi — ai6?) ¢io = i (0)oidpi o in [0, 1],

x — ¢ip(x) l-periodic and positive,

(2.3)
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with the same normalization condition
$ip(0) = 1.

The existence of a unique first positive eigencouple for Problem (2.3) is known,
see e.g. [15, Theorem 8.38], and we have ¢; ¢ € H#{([O, 1) N €%5([0, 1]), with
s > 0. In particular, this implies that C > ¢; 9(x) > ¢ > 01in [0, 1]. It is proved in
[8] that the function & — w;(#) is smooth, strictly concave on all R, and reaches
its maximum at 6 = 0.

To obtain the growth condition on p;(#), we perform the following change of
unknown:

_ Yio(x)
Yio(x)’

which is licit by virtue of Proposition 4.1. Then, uy is a solution of the following
problem:

ug(x)

d
dx

x — ugp(x)e

d
(b(@%) = w@®)s)up  in [0, 1], o

—0x  1-periodic ,
with b(x) = a; ()7 (), s(x) = 0i () Y7(x), and () = ;i (6) — i (0). These
coefficients are bounded, and we can therefore apply Lemma 2.3. O

Lemma 2.3. Let b and s be measurable functions on [0, 1], bounded above and
below by two positive constants M > m > 0. For each 0 € R the first eigenvalue
w(6) of Problem (2.4) satisfies

m M
—0% < —u®) < —6%
1l = M()_m

Proof. We already know that ;(0) < 0 for all & # 0. We can assume that 0 > 0
since changing the sign of 0 in (2.4) is equivalent to considering its adjoint equation
which has the same first eigenvalue. Because we are working in one space dimen-
sion, (2.4) can be written as a system of ordinary differential equations. Namely,
denoting by / the x-derivation,

Y'(x) = A(x)Y(x) and A L N 25
(x) = A(x)Y(x) an = _u®s 0 an = Ys = bu, . (2)5)

By enforcing the normalization uy(0) = Y;(0) = 1, the Krein—Rutman Theorem
implies that Y; is positive, and thus Y, is increasing. Since Y>(n) = ¢"¥,(0), and
6 > 0, this implies that Y>(0) > 0, and thus Y>(x) > O for x > 0. This in turn
gives, by the first equation, that Y; is increasing, thus ¥, > 1 for x > 0. Because
Y| and Y, are positive functions on R*, we can write

0 m! 0 M!
AY<Y' <A'Y with AT = ,and A” = .
—n@M 0
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Since the matrices AT and A~ have constant coefficients, it is straightforward to
obtain the solutions of the initial value problems

7 =—(A)T'Z, Z(0) = Zy, and X' = —(ANHTX, X(0) = X,.

In particular, the choice Zy = Xo = (1, (—,u(@)mM)_]/2) leads to the positive
solutions

Z(x) = Zyexp <—x\/@> and X(x) = Xpexp <—x\/@>,
M m

We can compute that (Y - Z2) =Y - Z+Y -Z' = (Y’ — A_Y) - Z > 0since Z is
positive. Thus Y - Z > Y(0) - Z(0) for all x > 0, and choosing x = n € N leads to

Y(n) - Z(n) = exp (n <9 - JW)) Y(0) - Z(0) > Y(0) - Z(0),

and therefore 6 > ,/WM@))'". Similarly, we have (Y - X)' = (Y’ — A*Y) - X <0
since X is positive, which in turn gives, for all n,

Y(n) - X(n) = exp (n <9 - ‘/W))Y(O) - X(0) < Y(0) - X(0),
and therefore 0 <,/ w. O

Remark 2.4. Lemma 2.3 can be generalized to higher space dimensions by using
the maximum principle. It is proved in [10] that, in general, & — w(6) is a strictly
concave function, i.e., that on any bounded subset K C R (with N the space
BZM

9000, ) 1<i,j<N
Hx-x < —C(K)x - x with C(K) > 0. The function 1£(0) achieves its maximum in
0 and lim|9‘_>oo ,LL(Q) = —0OQ.

dimension), the Hessian matrix H = ( is negative definite and

3. Main results

In the spirit of the method of proof of Theorem 1.1 (see [5]), we introduce in (1.1)
the change of unknown

¢ (x)
Vi)

u(x) =

with a function ¥(x, y) defined by
Y(x, y) = x1)Y1(y) + x2(0)¥2(y), (3.1)

where (¥, ;1) and (Y2, o) are the first eigencouples in each periodic cell of
(1.3). By our normalization condition (1.7), the function V¥ (x, x/€) is continuous
at the interface x = 0. On the contrary, the function a(x, x/€)(dy(x, x/€))/(dx)
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is not necessarily continuous and its jump at the interface is measured by the
discontinuity constant « introduced in (1.8).

The first result concerns the special case when the first cell eigenvalues of (1.3)
are equal, u; = u,, and the discontinuity constant is non-negative, @ > 0. Under
these assumptions, we obtain a generalization of Theorem 1.1.

Theorem 3.1. Let A5, and @5, be the m-th eigenvalue and normalized eigenvectors
of (1.1). Assume that the discontinuity constant defined in (1.8) is non-negative
o > 0, and that 1, = y. Then

o, (x) = ul, (x)y (x, §> and X\, = [+ v + 0(e?),

up to a sub-sequence, u;, converges weakly in Hé () towards u,,, and (v,,, uy,) is
the m-th eigencouple of the homogenized problem, which, if @ = 0, is

d B D du _ _ i Q
T ((Xl(x) 1+ x2(x) D) a) =v(x1(x)o1 + xo(x)o2)u  in €2,

(3.2)
u=>0 on 092,
and, ifa > 0, is

_d?
—DIEMIUO'_IM in Ql,

—d? 33
—Dzﬁu =voou in S, 3-3)
u=~0 on8S21U8S22.

In both cases, the homogenized coefficients are defined by Formula (1.5) for each
half domain.

As an illustration of Theorem 3.1, we present some direct computations of the
first eigenfunction ¢{ of Problem (1.1). The case p; = 1> and a = 0 is shown on
Figure 3.1. (The domain is composed of a homogeneous medium on the left and
an heterogeneous one on the right). The case u; = wuy and o > 0 is shown on
Figure 3.2 (the domain is composed of two heterogeneous media with the same
cell coefficients but with a constant phase shift between the right and the left). The
data used for the computation is presented in Remark 3.7.

Remark 3.2. Of course, since the homogenized coefficients are constant in each
sub-domain we can compute explicitly the eigenvalues of the homogenized prob-
lems in Theorem 3.1.

Remark 3.3. There is a simple sufficient condition for having well-connected me-
dia, i.e., = 0. If all coefficients satisfy a central symmetry condition, i.e., are
symmetric with respect to the center of the unit cell [0, 1], then it is easy to check
that ; satisfies a Neumann boundary condition at x = 0 and x = 1, and there-
fore « = 0. Actually, Theorem 3.1 was already proved by Malige [18] under this
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Fig. 3.1. First eigenfunction for Problem (1.1) in the case of two well-connected media, i.e.,
a=0

08 |

06

04 |

02 |

%5 4o % 2 -0 o 10 2 % 4 50
Fig. 3.2. First eigenfunction for Problem (1.1) in the case of non-well-connected media
with a positive discontinuity constant o > 0

assumption. The symmetry was used for the construction of the example shown in
Figure 3.1: in 2», the periodic coefficients are piecewise constant on (0.3, 0.7) and
(0.1,0.3) U (0.7, 1.0);in 21, a1 = 1,01 = 1 and X1 = uo.

Remark 3.4. When o > 0, the homogenized problem is posed on two disjoint
sub-domains 27 and €2,. In other words, there are two decoupled homogenized
problems. Therefore, there always exist two non-negative eigenfunctions with
disjoint supports, u;(x) = sin(—7x)x1(x) corresponding to the eigenvalue v =

2. Dy — din(ZX ; : _ 2D
S and us(x) = sin(Fx) x2(x) corresponding to the eigenvalue v, = 7 17

If the first eigenvalues in each sub-domain are distinct, e.g., L*3;D, > 1’51 D,,
the first factorized eigenfunction u{ will tend to u5, i.e., will concentrate in the
sub-domain that has the smallest first eigenvalue and converge to zero in the other
one. In the other case where the first eigenvalues in €2; and €2, are equal, the first

T
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eigen-subspace is of dimension 2, span by u; and u, and the uniqueness of the
limit of ¢f is lost (on Figure 3.2 the limit seems to be a linear combination of the
first eigenfunctions on each sub-domain).

Our second result completes the case ;| = p» when the discontinuity constant
is negative, o < 0. Under these assumptions, we obtain a localization phenomena.

Theorem 3.5. Let (A{, ¢7) be the first normalized eigencouple of (1.1). Assume
that 1 = o and a < 0. Then, there exists a unique .| > 0 and a unique positive
W(x) € H'(R) such that

0< A — A < Cexp (—z)
and
Lan L ], oo ()

where C and t are positive constants, independent of €. The limit eigenvalue
satisfies A\ < (1 = |42, and the limit eigenfunction is defined by

Y16, (x)  forx <0,
Y2.0,(x) forx >0,

+ ‘
L2(Q)

T
< Cexp (——),
L2(Q) €
W(x) =

with 01 > 0 and 6, < 0, and (Al, 1//,',91.) is the first eigencouple of the cell problem
(2.1), ie.,

d dvr; o.
o <ai (x) 1//,9,> + () Vig = rioi() e, in [0, 1],
x dx

x = Yig (x)e”*  1-periodic .

Remark 3.6. Theorem 3.5 is illustrated by Figure 3.3: the first eigenvector of
system (1.1) converges exponentially fast towards a localized eigenfunction near
the interface between the two domains. Furthermore, the corresponding eigenvalue
is smaller than ;| = o, which is the limit obtained in all the other cases. In contrast
with Theorem 3.1, no factorization, or limit homogenized problem appears in the
wording of Theorem 3.5. The limit eigenfunction W contains both the periodical
oscillations and the macroscopic trend.

Remark 3.7. The computations shown on Figure 3.2 and Figure 3.3 were performed
with the same two media, but their positions are switched with respect to the
interface when passing from one case to the other. We take —/ = L = 1 with 100
periodicity cells, which yields € = 0.02. All the more the periodic cell coefficients
for the two media are the same up to a phase shift in the unit cell. More precisely,
in Figure 3.2 the coefficients are a;(y) = a(y), ax(y) = a(y + ¢), L1 (y) = Z(y),
() = £(y + ), 61() = 0(3), 02(y) = o(y + ¢), while in Figure 3.3 they
are ai(y) = a(y + ¢), ax(y) = a(y), Li1(y) = Z(y +0), Za2(y) = E(y), 01(y) =
o(y + ¢), 02(y) = o(y), where ¢ = 0.6 is a constant phase shift, and a, ¥ and



258 G. Allaire, Y. Capdeboscq

08
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0—50 -40 -30 -20 -10 O 10 20 30 40 50
Fig. 3.3. First eigenfunction for Problem (1.1) in the case of non-well-connected media
with a negative discontinuity constant o < 0

o are periodic functions. Each periodicity cell is made of three different media or
constituents arranged in a specified order as follows:

(ar, Xy, 07) if0 <y<0.1
(@, X1, 01r) if0.1 <y<0.5
(@mr, Zpry o) 0.5 <y < 0.8
(ar, 1, 01) if0.8 <y<1,

(a, Z,0) =

with
Constituent / a; = 0.9666 Y =2.1080 o; = 2.8283
Constituent I a;; =2.0086 X, =2.3878 o =2.9451
Constituent I1I  a;;; =2.0444 X =2.9945 oy = 1.1493.

Note that, by construction, pu; = u, &~ 1.3863. The shape of the first eigenvector
¢{ on Figure 3.2 (with eigenvalue A &~ 1.3899), corresponds to what is announced
by Theorem 3.1: asymptotically, both media tend to separate when o > 0. There-
fore, by symmetry, Figure 3.3 corresponds to a situation where o < 0: the first
eigenvector concentrates exponentially at the interface between the two media. The
numerical calculation confirms that the corresponding eigenvalue (A] ~ 1.3720)
is below that of the periodicity cell. This phenomenon is explained by Lemma 5.4
which gives a necessary and sufficient condition for the existence of a localized
eigensolution.

We now turn to the general case () # wo. In the following, we shall assume,
without loss of generality, that

M1 > 2.

If the discontinuity constant is non-negative, i.e., « > 0, the eigenfunctions con-
centrate asymptotically in the sub-domain €2,, where the first periodic eigenvalue
is the smallest.
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Fig. 3.4. First eigenfunction of (1.1) in the case of two media with ;1 > w2 and ¢ =0

Theorem 3.8. Let A5, and ¢, be the m-th eigenvalue and normalized eigenfunction
of (1.1). Assume that « > 0 and (11 > (. Then,

¢ (x) = 1S, () (x, ;) and 25, = [y + €20y + 0(€D),

where, up to a sub-sequence, u\, converges weakly in Hé (RQ) to u,,, with u,, =0
in Q1 and (v, uy,) is the m-th eigenpair of the following homogenized problem:

__d?
—Dr—u,, = v, 00u,, in 2,
2 dx2 : : (3.4)
uy, =0 on 082,

and the homogenized coefficients are still given by (1.5).

Figure 3.4 illustrates Theorem 3.8. It displays the first eigenfunction ¢{ in
the case of two media with symmetric periodic structures (so that @ = 0), with
w1 =~ 1.58 and u, >~ 0.43, and 20 periodic cells on each side of the interface.

When @ > wo, alocalization phenomenon can also occur. Let us first remark
that, as an obvious consequence of Lemma 2.1, we have the following result:

Lemma 3.9. Forall iy > ; there exists a unique 6y > 0 such that j11(6p) = (2.

Indeed, Lemma 3.9 is obvious by remarking that 1 (), defined in Lemma 2.1,
is a concave function with quadratic growth at infinity and reaching its maximum
at 0 = 0, u1(0) = 1 > wo. The first eigenvectors corresponding to w, and
1(6o) are denoted by ¥, and vy ,. They are continuous at the interface, i.e.,
Y2(0) = 1,4,(0) = 1, and we introduce a new discontinuity constant that will
characterize the localization phenomenon

dyr1 6, dyr

a(fo) = a1(0) & ) - az(O)E(O)-
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Theorem 3.10. Let (A, ¢}) be the first normalized eigencouple of (1.1). Assume
that a(8) < 0. Then, there exists a unique ).; > 0and a unique positive W € H'(R)
such that

. T
0<A] =21 < Cexp(—z)
and (3.5

iz (VO] Lt oo - ()

where C and t are positive constants, independent of €. The limit eigenvalue
satisfies A < (2 < |41, and the limit eigenfunction is defined by

+ ‘
L2(Q)

< Cexp (—E),
LZ(Q) €

w2 | @ forx <o,
Yg,(x)  forx >0,

with 01 > 0 and 0, < 0, and (L1, V¥, ,) is the first eigencouple of the cell problem
(2.1), ie.,

dyii
dx

> + Zi(X) Vg = AoV in]0, 1],
x = Vg, (X)e % 1-periodic.

Finally, in the remaining case « < 0 and «(6p) > 0, there is no localization, and
the eigenfunctions still concentrate asymptotically in the sub-domain €2, where the
first periodic eigenvalue is the smallest. When «(6y) > 0, the limit problem has
Dirichlet boundary conditions. When «(6y) = 0, the limit problem has a Neumann
boundary condition at the interface.

Theorem 3.11. Let A, and ¢, be the m-th eigenvalue and normalized eigenfunc-
tion of (1.1). Assume that v > o, o < 0 and a(6y) > 0. Then,

A, = o + vy Fo(€), ¢5(x) = 0 in ()
and

X
€

9,0 = uf, v (2)

where, up to a sub-sequence, u;, converges weakly in Hl(Qz) to Uy, and (v, Uyy,)
is the m-th eigenpair of the following homogenized problem:

—d?
_DZ_um = V02U in QZa
dx? (3.6)
Uy =0 on 082,

and the homogenized coefficients are still given by (1.5).
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Theorem 3.12. Let A, and ¢, be the m-th eigenvalue and normalized eigenfunc-
tion of (1.1). Assume that 1 > o, o < 0 and a(6y) = 0. Then,

A = o+ vy Fo(€?), ¢S (x) = 0 in LX)
and

¢, (x) = uS, ()Y (E) ,

where, up to a sub-sequence, u;, converges weakly in HY(2)) 10 ttyy, and (v, tt,)
is the m-th eigenpair of the following homogenized problem:
_ d2
—Dy—u, = vyu0ou, in Qa,

P (3.7)

d
(L) =0, and = (0) = 0,
dx
and the homogenized coefficients are still given by (1.5).

Remark 3.13. Note that the homogenized problems of Theorems 3.11 and 3.12
(corresponding to «(6y) > 0 and «(6y) = 0, respectively) are similar except the
boundary condition at x = 0. Then a simple computation shows that the first
homogenized eigenvalue v; is four times smaller when «@(6y) = O than when
a(6y) > 0.

Remark 3.14. At the difference of Theorem 3.8, we do not prove in Theorems 3.11
and 3.12 that the factorized eigensolutions u;, have bounded gradients in all of €2,
but simply within €2,. It is, therefore, difficult (at least for us) to study the possible
occurrence of boundary layers in 1. In the limit case of Theorem 3.12, because of
the homogenized Neumann boundary condition at x = 0, we expect a non-trivial
boundary layer in €2;.

Remark 3.15. The generalization of the results of this section to higher space di-
mensions is not obvious for at least two reasons. First, Theorems 3.5 and 3.10
rely on Proposition 2.2 which is proved only in one dimension (by using o.d.e.
techniques). Second, even Theorems 3.1 and 3.8 (which do not depend on Proposi-
tion 2.2) are not straightforward in higher dimensions because we can not assume
a perfect transmission condition (1.7) at the interface. Of course, if it happens by
chance that, for a dimension N > 1, we have

V1,600, ¥) = 200, ") (3.8)
for almost every y’ € [0, 111, and

0 < a(y) =a0,y) ""y""(o y) — a0, y)ﬁ(o V)< M < 400, (3.9)

then Theorems 3.1 and 3.8 extend easily since, at the interface, the problem is
essentially one dimensional (see [9]). Of course, these conditions are very strict
and almost never satisfied in practice. In general, we believe that boundary layers
at the interface must be taken into account.
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Remark 3.16. Throughout this paper we assume that, after rescaling by e, the
periodicity on both sides of the interface is exactly one. The fact that the period is
the same in 2| and €2, is not important, and this is purely for convenience that we
made this choice. All our results apply if the two periods are different, provided
that the discontinuity constants « and «(6y) are properly defined.

4. Proofs in the case « > 0

In order to prove Theorems 3.1 and 3.8, we first need to justify the factorization
¢ (x) = u(x)¥ (x, £). This is the goal of the next Proposition which is a general-
ization of a previous result of [5] (see also [3]).

Proposition 4.1. Let (x, y) be the function defined by (3.1). Then, the linear
operator T defined by
T:Hy(Q) — HyQ)
$(x)

P(x)  — V()

is bounded, invertible and bicontinuous.

Proof. Thanks to the normalization condition (1.7) the function {(x, x/€) is con-
tinuous on R. By virtue of Lemma 2.1 we know that there exist two positive
constants C > ¢ > 0 such that C > 1 (y), ¥2(y) > c for all y € [0, 1], and these
bounds also hold for yr. Therefore, for all ¢ € Hol (2), if we define u = T (¢), we
have

-1 1
Cll2) = llull2) = ¢ dll2) 4.1)

and T is an homeomorphism on L?(£2). On the other hand,
dq) d¢ »du du >du du
aryy—— ay; ——
Q dx dx Q dx d Q) dx dx

+/ dyn d*y) +/ “ dyn d(uzwz)
Q Q

4.2)

dx dx dx dx

Equation (1.3) defining v/ (x/€) tested against u>(x) v (x/€) can be written

dir, d(u? 1
fg JQ (”dx"’“)—— 10— il S (O 2(0)——< f o1y iu —/ Elwl%ﬂ),
] “ 4.3)

and similarly we have

dir d
/ ;ff (L:b:”” +a0) I/’<0> <0>——< /Q o~ /Q 222w§u2>.
“4.4)
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When we replace (4.3) and (4.4) in (4.2) we obtain
x\ do d¢ 1 X\ o
) —— - | = - 4.
/gza(x’e)dxdxdx+ez Q (x,€>¢> dx “.5)
_ (E) g2 (E) dedu
B Z/;z, “ (6) vi (6) dx dxdx

53w 2 ()

1,
+ —au(0),
€
where « is the discontinuity constant given by (1.8). If « > 0, all the left-hand

side terms are non-negative in (4.5). Since ay, a», ¥ and Y, are bounded below
by positive constants, we can deduce that

Conversely, we have

2
0<au?0) < c/ (d—”> dx, 4.7)
Q dx

therefore we also obtain from (4.5) that

and this concludes the proof of the proposition for « > 0. If @ < 0, note that thanks
to the normalization condition (1.7), u*>(0) = ¢(0). Consequently, identity (4.5)
is also

[a(2) () ars & [ 5()par- Lo
“ 3 [ (29 () (S o 3 [ s (5) 02 (D)

We therefore obtain the same conclusion, reversing the positions of # and ¢ in
(4.6-4.8). O

2 2

du
dx

d¢

+ ||¢||iz(m> : (4.6)

L2(Q) L2(Q)

2

d¢

dx

2 /
+ ll¢ 2 < C(e) —
|| ||l2(Q) =

LZ(Q) dx

+ ||u||iz(9)) : (4.8)
L2(Q)

If we proceed to the change of unknown u¢ = T(¢°), Problem (1.1) is trans-
formed into a new eigenvalue problem, where the singular perturbation in front of
the divergence term has disappeared. Proposition 4.2 gives the form of this new
problem after some simple algebra.
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Proposition 4.2. Introducing u¢(x) = ¢<(x)/ ¥ (x, f) (1.1) is equivalent to the
following eigenvalue problem:

2 (0062 5) 5 rcon )

+ e lau (0)8(x) = v°B (x, f) "
€
u¢=0 onoQ,

in (4.9)

where §(x) is the Dirac function, the (positive) diffusion coefficient is defined by

(e 2) = o (D (2) i (e ).

the (positive) coefficient B by

3 2) = it (D)o (2) 02 (2 ().

and the new eigenvalue by

Remark 4.3. We proved Proposition 4.1 regardless of the sign of «, therefore
Proposition 4.2 is also valid when o < 0. We shall use this equivalent form of (1.1)
in Section 6.

Following a strategy already used in [3], [4], the asymptotic study of the
eigenvalue problem (4.9) relies on the detailed homogenization, as € tends to zero,
of the following problem:

d x\ du¢ 1 — 2 X\ .
Cdx <D (x, Z> dx ) * €2 a8 (x, Z) "
+ e lau(0)8(x) = f.

u¢® =0on o,

in Q (4.10)

with a right-hand side f., which is a bounded sequence of L?(£2), weakly converg-
ing to a limit f € L?(2). We first obtain a priori estimates:

Proposition 4.4. If « > 0O, the solution u¢ of Equation (4.10) satisfies

K1 — 2 o
] . a2, +/;qu(0)ll < Clfell2g) - (4.11)

where C is a constant independent of €. Therefore, up to a sub-sequence, u®
converges weakly to a limit u in H& (R2). Furthermore,
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e if 1 > Wo, the limit u vanishes in 21 and thus belongs to H& (R27);
e if w1 = pp and o > 0, the limit satisfies u(0) = 0 and thus can be written
U =uy~+ up withu, € Hé(Ql) and u, € Hol(Qz)

Proof. 1If we variationally test Equation (4.10) defining u€ against u¢, we obtain

X duc\? H1r — n2 X 2
Lp(7) (E) d"*T/QI B(x. o) Wi ds
+1a(u€)2(0)=/ feu€ dx.
€ Q

Since D and B are bounded below by a positive constant, and since we assume that
W1 > py and @ > 0, we obtain

which yields the desired result thanks to the Poincaré inequality.

duc ||?

dx

M1 — 2 2 o 2
+ 5 Ul + = IO = Cllfell2) 14l 2) -
LZ(Q) € €

Lemma 4.5. Let S, be the operator defined by

Se: L2(Q) — L*(Q)
f — u€ unique solution in H& (2) (4.12)
of Equation (4.10) with r:h.s. f.

For all fixed € > 0, S, is a linear compact operator in L*>(S2).

This result is a consequence of the a priori estimate (4.11) and of the compact
inclusion of H& (Q) in L?(£2). We shall show the following result:

Proposition 4.6. Let f. be a weakly converging sequence to a limit f in L*(2).
The sequence u® = Sc(fe) weakly converges in Hé(Q) towards u® defined by
u® = S(f).
1. Ifa =0and ) = oy, then S is the following compact operator:
S:LX(Q) — L*(Q)
f  — u unique solution of
d — d )
— <(X1(x)D1 + x2(x) D) au(x)> =f inQ,
u=0 onadQ,

where Dy and D, are given by (1.5).
2. Ifa > 0and | > W, then S is the following compact operator:

S:L*(Q) — LX(Q)
f — u unique solution of

2

—d
—Dzﬁu(x) =f inQy,

u=0 onQ\ Q.
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3. Ifa > 0 and n = [y, then S is the following compact operator:

S:LX(Q) — LX(Q)
f  — u unique solution of

2

—d
_Dlﬁu(x) =f inQ,

__d?
—Dzwu(x) =f in,

u=~0 on 392U392.

Proof. The proof is quite standard in homogenization theory. For example, using
the notion of two-scale convergence (see [1], [22]) it is an easy exercise that we
safely leave to the reader (the details can be found in [9] if necessary). Let us simply
remark that, if u; = u, and @ = 0, then the homogenization of (4.10) is completely
obvious. If 1 = u» and @ > 0, then the a priori estimates of Proposition 4.4 show
that ©#€(0) goes to zero, while, if 1 > o and o > 0, they imply that u€ goes to
zero in €24. O

We are now able to conclude the proofs of Theorems 3.1 and 3.8.

Proof of Theorems 3.1 and 3.8. Let us first remark that Proposition 4.6 implies that
the sequence of operators S, defined by (4.12), uniformly converges to the limit
operator S. The asymptotic analysis of the eigenvalue problem (4.9) is truly given
by that of T, given by,

T, : L2(Q) — L*(Q)
r =),

The eigenvalues of T, being the inverse of that of (4.9). Introducing o (x) =
fol B(x, y)dy, which is the weak limit of B(x, 7), we define the limit operator T by

T:LX(Q) — L*(Q)
f - S@f).

The sequence T, does not uniformly converge to 7', but the sequence T is never-
theless sequentially compact, in the sense that

VfeL*Q) limeo|T.(f) — T(/)ll 2@ =0,
the set {Tc(f), I fll 2@ =<1, € = 0} is sequentially compact.

Theorems 3.1 and 3.8 are then consequences of Theorem 4.7 (see also Chapter 11
in [16]). O

Theorem 4.7. (see e.g. [7], [12]) Let T,, be a sequence of compact operators that
converges to T. Assume that (T,,),~ is collectively compact and T is compact. Let
w € C be an eigenvalue of T, of multiplicity m. Let T be a smooth curve enclosing
W in the complex plane and leaving outside the rest of the spectrum of T. Then,
for sufficiently large values of n, I also encloses exactly m eigenvalues of T, and
leaves outside the rest of the spectrum of T,,.
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5. Proofs in the case «(6)) < 0

The goal of this section is to prove Theorems 3.5 and 3.10. To understand the
asymptotic behavior of problem (1.1) when the discontinuity constant «(6p) is
negative, we first rescale the equations by introducing the change of variables
y = %. Then, problem (1.1) is equivalent to

d do* .
——(a(y) )+ Z()¢ = 10(y)¢° in Q,
dy dy

5.1
¢ (—e ') = ¢°(e'L) =0,

with Q¢ =] — 7', e L[, ¢*(y) = ¢*(£), and

a1 (y) (21(y), o1(y), respectively) if y < 0,

a(y) (2(), o(y), respectively) = { ar(y) (22(y), o2(y), respectively) if y > 0.

As € goes to 0, the domain €2, converges to R, and formally the limit problem of
(5.1)is

dw .
_ (a(x)—) + 2x)¥ = ro(x)¥in R,
5.2)

We first recall some properties of the spectrum of (5.2). We introduce the Green
operator S acting in L?(R) defined by

S: L*R) - L*(R)
f — u unique solution in H'(R) of

d

du .
T <a(x)5> + Xx)u = o(x) finR.

(5.3)

The eigenvalues of S are precisely the inverse of those of (5.2). Nevertheless, to
simplify the discussion we shall say that A is an eigenvalue of S, or (5.2), if its
inverse belongs to the spectrum of S.

Proposition 5.1. The operator S is self-adjoint and non-compact. Its spectrum can
be decomposed in its discrete and essential part, 0(S) = 0gisc(S) U 0o55(S). The
lower bound of the essential spectrum is equal to the smallest cell first eigenvalue
in (1.3), namely

minaess(s) = min (/’Lla /’LZ) .

If (A, W) is an eigencouple in the discrete spectrum, then there exist 0; > 0 and
6, < 0 such that

Yi(x)  ifx <0,

“”Z{mu>zﬂ>a
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and (A, ;) is an eigencouple of

d < dl//i) .
——|ai®) + X ()Y = roi ()i in [0, 1],
dx dx (5.4)

X — Yi(x)e % 1-periodic.

Remark 5.2. By definition, the discrete spectrum of S is composed of isolated
eigenvalues of finite multiplicity, while its essential spectrum is characterized by
the Weyl criterion, i.e., VA € 0.5(S) there exists a sequence {u,} € L*>(R) such
that

lunll 2wy =1, un — 0in L?(R) weakly,
(S — Ald)u, — 0in L*(R) strongly.
Proposition 5.1 tells us in particular that o,4(S) is not empty and that any discrete

eigenvector decays exponentially at infinity. Remark that Equation (5.4) is similar
to (2.1).

Proof. The study of the spectrum of S is classical. The exponential decay of the
discrete eigenfunctions is obtained through Floquet Theory (see, e.g., [20], [24]).
The same tool yields the lower bound of the essential spectrum (see [4], [13]). Note
that these results are obtained under the mere assumption that the coefficients of
Equation (5.3) are positive measurable functions (no smoothness is required). 0O

In order to pass to the limit € — 0 in (5.1), we also introduce an operator S,
acting in L?(R) defined by

Se : L2(R) — L*(R)

f — u® unique solution in H}(S2¢) of

dx dx
u(x) = 0 on 9%2,.

_4 <a(x)ﬁ> T Eut = o(x) f, in Qe (5.5)

The operator S, is compact and its eigenvalues are the inverses of that of (5.1).
Unfortunately, the convergence of the sequence S, to S is not uniform, so that the
limit of the spectrum of S, is not the spectrum of S. Nevertheless, this limit can be
characterized explicitly and we recall the following result that may be found in [4]:

Proposition 5.3. For all f € L*(R), S.(f) converges strongly to S(f) in L*(R),
and we have

liI%(T (Se) =a(S)Uop.
€—

Furthermore, the first eigenvalue 1§ converges to a limit Ay which does belong to
the spectrum of S and is thus the smallest element of o(S). We also have

minop;, = min o, (S) = min (11, 42) . (5.6)
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That part of the limit spectrum, denoted by opy, is called the boundary layer
spectrum. It can be characterized completely in terms of an equation similar to
(5.2) but in the half-line (for details, see [4]). We do not dwell on this boundary
layer spectrum since we only need to know (5.6) in the following:

Lemma 5.4. Let 0y be defined as in Lemma 3.9, i.e., j11(80) = w2, and Yy g, the
corresponding eigenvector defined by (2.1). Let « (0y) be defined by

d
(@) = m(@%@ - 2<0)ﬂ<0)

If and only if
a (6y) <0, (5.7
the limit Ly of the first eigenvalue A of Problem (1.1) satisfies

Al < min(fLy, (l2).

Remark 5.5. In particular, this lemma applies when p; = o, and @ = «a(6p) < 0.
Itimplies that, when the discontinuity constant is negative, the limit first eigenvalue
cannot be predicted by the homogenized models obtained under a strict periodicity
assumption on each side of the interface. The proof of Lemma 5.4 relies on Propo-
sition 2.2, that we have not been able to prove in the general case, but under the
additional assumption that the coefficients are C? or piecewise constant.

Proof of Lemma 5.4. For all 6 € [0y, +oo[, where 0y is defined in Lemma 3.9,
because of the concavity of w(f) and w,(6), we can associate to each 6 a unique
6’ < 0 such that 111 (6) = u2(0’) and ¥, o is the first eigenvector defined by

d
(a (x) ‘/’2 a ) + S0 Vae = 12(0))02(X)Ye in [0, 1]

dx
X — 1//2,9(x)e’9 * 1-periodic (5.8)
Y200(0) = 1.
Note that for 6 = 6y, we have 6’ = 0. The pair (A, V) defined by
»= 11(6) = 126
W =1 4 forx > 0,
W =1 forx <O,
is an eigencouple for Problem (5.2) if and only if
@(® = 10 210) ~ a0 T2 0) = 0 (5.9)

Thanks to Proposition 2.2, we have

1ﬁ”(O) Jim_ax(0) er

lim «(f) = hm a(0) 0) =
60— 400
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Therefore, if we assume «(6y) < 0 then Equation (5.9) admits a solution, for some
0 < 6y, and 0’ > 0. We have thus obtained a value of 6 such that A < min(u1, wuy).
Finally, since A; < X, by virtue of Proposition 5.1, we have 1| € gy (S).
Conversely, if A; < min(u;, up) we know from Proposition 5.6 that on both
sides of the origin the corresponding eigenfunction W has an exponential decay.
Then Proposition 5.1 shows that it must of the form ¥ = ¢y g and W = ¢y, 4, for
some 6 and 6’ on each half line. Since Identity (5.9) is a necessary and sufficient
condition for the existence of such a W, and the proof is complete. O

Proof of Theorems 3.5 and 3.10. Thanks to Lemma 5.4 and Proposition 5.1, if
Condition (5.7) is satisfied then A; is in the discrete spectrum of Problem (5.2).
Theorems 3.5 and 3.10 are then a consequence of Proposition 5.6. Indeed the
eigenfunction ¢ (x) in Theorems 3.5 and 3.10 is equal to ﬁ(pf (%), where ¢f is
the first eigenfunction in Proposition 5.6. Inequality (5.10) then becomes

|- L ()], o)
€ || —of (x) — —— - xX)——=V¥ (-
dx ! \/de € LZ(Q) ! \/E € LZ(Q)
T
§Cexp(——),
€
which in turn implies
d . 1 d X 1 X
it " (w _) flx) — —w (2
de(pl(X) «/de( (5 ) LZ(Q)+‘¢1(X) Ve (6) LX)
! T/
< C exp <——>,
€
forany v’ < . O

Proposition 5.6. Assume that Problem (5.2), or equivalently operator S, admits
a first positive normalized eigencouple (A1, V) such that Ay < min (w1, 2). Then
the first positive normalized eigencouple ()»f, (pf) of (5.1), or of S, satisfies

T d d
0<X]—X < Cexp(—g) and Ha(pf—a\y

2o+ ”90? - \IIHLZ(QG)

T
f;Cexp(——), (5.10)
€

where C and t are strictly positive constant independent of €.

Proof. Since we assumed A} < min o,(S), we have

/a@)—¢
Al = min R dx

peH' (®) / o (x) ¢*dx
¢#0 R

2
w+/2m&w
R

)
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and this minimum is attained for ¢ = W, which belongs to the discrete spectrum
of S. We also have
2

d
/ a(x) ago dx—{—/ Z(x)(pzdx
A{ = min L L ,
wel;li(oﬂe) / o (x) ¢*dx

and this implies, by the inclusion of spaces that A; < A{. Let x be a smooth cut-off
function, vanishing outside Q, = ]—é, L[, equal to 1 on ]—é +1, £ —1[, such
that 0 < x < 1, and % does not depend on € (see Figure 5.1). We then have

xV e H& (R2¢), and
[ ato
Qe

2
dx + / ¥ (x) (x )% dx
Qe

d v)
E (x

5.11)

Al <

/ o (x) (x W) dx
Qe

By construction, Z—i has its support in [—é, —é +1]U [% -1, %] and Inequality

(5.11) becomes

d 12
/a(x) — dx+/ ¥ (x) Wldx + RS
)\46 < R dx R

1= ,

(1 - RS) / o (x) Wdx
R

(5.12)

with

szzf
[_’e

0 )| |2 Tyl 41wl y])a
Lax * dxX de dxX .

mI~
|
I~
+
—
C
—
ol
|
|
—

and

7é+l +o00
/ (T(JC)\IJ()C)2 + / (T(JC)\IJ()C)2
_ L_4

/ o(X)W(x)?
R
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Thanks to Proposition 5.1, we know that

l L
sup  |W(x)| < Cexp <—91—>, and sup |¥(x)] < Cexp (92—)
€ €

xe(foo,fé) XE(%,JrOO)

with 6 > 0 and 6, < 0. We can deduce that R < Cexp (—E) and R <
Cexp (—£) with = min(/|6], L|61|), and inserting these inequalities in (5.12)
we obtain

A< (1 + Cexp (—z)) (5.13)

Let us now show that ¢{ converges to W. In order to obtain an approximation
of W that vanishes on the boundaries of the domain 2., we add to ¥ an affine
function which compensates its values at both ends of the domain. We define
e (x) = W(x) + £°(x), where £¢ is the affine function such that

[ l L L
U(—)+£|(—-)=0 and ¥|—)+£(—)=0.
€ € € €
By construction, V¢ € H& (R2¢), and W€ is a solution of the same problem than
@] up to a perturbation r:
L

d dWe . l
——(a®) +E(x)\D€=)»fa(x)\ll€+r€1n]——,—
dx dx €

EORICE:

The perturbation is r* = (k= Ao W + ¢ — A0t — 4 (ad5c) € H71(Q0).
The coefficients being bounded, we obtain that for all ¢ € H(} (),

des
L
Qe

dx
where C is a constant which does not depend on €. From the exponential decay of
W we deduce that

(5.14)

de
dx

< C(M — Af| + sup |€€|> lollL20 +C ‘
Qe

L2(Re) ‘ L2(Re)

dec

X

SS121€p [€€] < Cexp (—E) and ‘ < C/eexp (—2), (5.15)

L2(Qe)

and with the help of Estimate (5.13) we obtain

: r dg
/Q o|=cen( )<||¢||Lz<ge>+H - Lzm)' (5.16)

e
The first eigenvalue A{ being simple, by a Fredholm alternative we can decompose
W€ into a component proportional to ¢} and a component orthogonal to ¢}. We
write W€ = B.g] + g€, where f is a constant, and

dg*
||g€||L2(Q€) + H -

€
dx <Celr ”H*I(QG) )

L2(Qe)
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where C, is the norm of (Sg_1 —Af Id)f1 , a bounded operator defined on the
orthogonal of the line generated by ¢}. We have C. < ﬁ , where C is a constant
1 2
independent of €, and 1S is the next eigenvalue of S.. If we obtain that [A{ — AS| >
¢ > 0, with c independent of €, we then deduce, with the help of Inequality (5.16),

dg¢

€
+
llg ||L2(Q€) dx

< S (—z) (5.17)

2o ¢

From the decomposition V¢ = B¢} + g€, we get
1Bl 05| 20y — N8N 200 < 19N 12000 < 1Bel 65 12, + 18 N2, -

We have ||g0f =l and ||W| 2y = 1, thus

||L2(Q€)
1W<l 20, — 1] = (1€ 2000 — 19l 20 | < 1€ L2, + 1V l2@000)

cclen (-3

thanks to Estimate (5.15) and the exponential decay of W. As a consequence,
[[Bel — 1] < Cé exp (—f) and W€ and ¢ being positives, we also have

1 T
e =11 = C—exp (_E)' (5.18)

Finally, if we write ¢f (x) — W(x) = (1 — Be)¢f (x) — g°(x) + £(x) on Q. and using
estimates (5.15), (5.17) and (5.18) we obtain
!

dgy _d¥ g ~ ! AP .
o=, = o (D) = cow (7).

dx dx

and this concludes the proof.

Let us now show that the spectral gap is uniformly bounded, i.e., 0 < ¢ <
A5 — Ay < C. We know that A5 converges to a limit A, which either belongs
to oL U 0,55 (S) or to oy (S). In the latter case, the eigenvalues of the discrete
spectrum are isolated so that 0 < ¢ < Ay — A} < C. In the former case, we know
from (5.6) that A, > min(u;, n2), which is strictly larger than A; by assumption,
so that again 0 < ¢ < A» — A1 < C. This yields the desired result for sufficiently
small €. O

L2(Qe

6. Proofs in the case « < 0 and «(6y) > 0

In this section we prove Theorems 3.11 and 3.12, following the strategy used in
Section 4 for the case ¢ > 0. According to Proposition 4.2 and Remark 4.3, the
original Problem (1.1) is equivalent to the factorized Problem (4.9) for any value
of the discontinuity constant «. Introducing, as in Lemma 4.5, an operator S, the
convergence of (4.9) is governed by the homogenization of Problem (4.10) with
a given right-hand side. The key element for the proof of Proposition 4.6, and in
turn Theorem 3.8, is the a priori estimate given by Proposition 4.4. It does not
hold for @ < 0. Nevertheless, the arguments of the proof of Proposition 4.4 yields
a similar result that we state in Proposition 6.1 below:
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Proposition 6.1. The solution u® of Equation (4.10) satisfies

M1 — M2
121 )+ ——— |

2 o 2
bl ull72q,) + - [ O)" = Cll fellp2) Il 22y, (6.1)

where C is a constant independent of €.

Since we assumed o < 0, (6.1) alone does not furnish sufficient a priori
estimates for concluding. Thus, for the proof of Theorems 3.11 and 3.12 we need
an additional lemma.

Lemma 6.2. Assume that ;1) > o, o < 0 and o(6y) > 0. Then, the solution u®
of Equation (4.10) satisfies
‘ du¢

I < CllfellL2gq) ||M€||L2(Ql) < Cellfel2g)

L2(Q)

and
u(0)] < CVell fell12q) -

Assume that (11 > [, o < 0 and a(6y) = 0. Then, the solution u of Equation
(4.10) satisfies

du
dx

< Cllfell2q) ||”€||L2(Ql) <Cye I fell2(q) »
L2(2)

and
€

dx

ehe

< Clfelli2)
L2(Q))

where v¢ = uyr1(x, x/€)/V1,6,(x, x/€) in Q1.

Proof of Theorem 3.11. Thanks to the a priori estimate of Lemma 6.2, the case
w1 > M2, @ < 0and a(fy) > 0 is completely similar to the case u; > wu, and
a > 0, which has already been solved in Section 4.

Proof of Theorem 3.12. Let u® be the solution of (4.10) with right-hand side f,
which is a bounded sequence in L?(£2). We introduce the function

Voo (X, ¥) = x1()¥1,6,(¥) + x2()¥2(y), (6.2)

and define a new factorization (or change of unknown which is licit by virtue of
Proposition 4.1),

v(x %)
I/f90 (x, f)

v (x) = u(x)
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Remark that v¢ = u€ in 5, and v¢(0) = u¢(0) (because of the normalization

condition (2.2)). Testing variationally Equation (4.10) against WZO()(CX’)_(Z)) ¢°(x), where

¢€ is a test function in H(} (2), we obtain

f,p G )wa<?éswﬁ“ (6.3)

M1 — W2 X € 1090 ()C, é) € 1 € €
+55 /Ql B(x, Z)u (W(ﬁ) dx + o (0)¢°(0)

ZLﬂ<?égﬁ)m.

€

Replacing u€ by v€ in its left-hand side, Identity (6.3) becomes
X 2 1//1 6o ( ) d € 1//1q90 (g)
z — d 6.4
RO 7 Gy ol s
x\ dv¢ do¢
+/S;2D<X,E>E dxdx
M1 — K2 € re
HSE [ o () () o

+ éozv6 0)uc(0)

Ve (%)
o Y1 ()

d { Ve X))\ d [, Ve (2)

ﬂ(” m(z))E(‘b w@)dx
()i (B) G e

) & (e () 2 (o (2)
() () (L)

and, by integration by parts and Definition (2.1) of ¥ y, we have

Je® dx.

Note that

I
5’\
)
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/Ql o (53 (i (2)) 3= (o (2))
Vi (2)
L@ RGOV (Seee)

1 C0Vg(0) 4 M2 1 X ) vege
=~ (@(@) — ) v ) (0) + 25 fmffl () via (2) e

As a consequence, Identity (6.4) becomes

R NG ey e o

1
a0 09 (0) = / Vit Le)

Since a(6y) = 0, we have

R
‘/fleo( )
a ¥1(0)

Note that for any bounded sequence ¢¢ in W' (Q),

[ ()i () &

since || e % ll.2(g,) s bounded, thanks to Lemma 6.2. Of course le Ve (2) fed©

v (%)

goes to 0 exponentially fast. For such bounded ¢¢, (6.3) therefore, is written as

duc gt
/92 D(x ) e f€¢ dx + o(1). (6.6)

— = fe ¢ dx.

€
HO%dU

X
<Cle Heeo?

dx

LZ(Q]) LZ(QI)

Since the test functions in the two-scale convergence method are of the type
¢ (x) = ¢°(x) + €' (x, x/€) with smooth functions ¢°, ¢', they are uniformly
bounded in W'*°(£2) and one can use (6.6) to pass to the limit. Classical arguments
of homogenization allow us to conclude the proof. O

Proof of Lemma 6.2. With the choice ¢¢ = v¢ in (6.5) we obtain

/Ql ( )‘/"90( )(%) dx+/921)( —)(f;;)zdx (6.7)

1 €\2
+ Ea(GO) () (0)

=/ feu dx.
Q
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If «(6y) > 0, this implies that

WO < Cell fell Loy Nl 2 - (6.8)

Because u€(0) = v¢(0), plugging (6.8) in (6.1) yields the desired results.
If «(6y) = 0, Identity (6.7) only implies that

€2
O
e — < Cllifellz 1l 2 » 6.9)
X lL2@
and
2
du
i < Clifell g 1412 -
X L2

We will next show that
11320y = € (€1 felagy + 161 20qy ) (6.10)

and, together with (6.9) and Poincaré inequality in €2,, this yields the desired
results.
Note that

€

d
u (0)% < | ( -
Q) dx

2
> =C ||f€||L2(Q) ||u€||L2(Q) .
Using this inequality in (6.1) gives

2 2 2
”MEHLZ(QI) S CE ||f€||L2(Q) ||M6||L2(Q) S CE (HfGHLZ(Q) + ||M€||L2(Q))

which in turn implies (6.10). O

7. Proof of Proposition 2.2
7.1. The case of C? coefficients

The first step is similar to the proof of Lemma 2.1, namely we transform (2.1) into
(2.4). If we assume that the coefficients a;, ¥; and o; are C? periodic functions
on [0, 1], then the first eigenfunction ; ¢ is actually differentiable two times, and
thus the coefficients b and s of (2.4) are also of class C?. Proposition 2.2 is then
a consequence of Lemma 7.1.

Lemma 7.1. Let b and s be periodic positive functions on [0, 1] such that their
second derivative b and s exist and are piecewise continuous. Denote by M >
m > 0 two positive constants which are the upper and lower bounds of b and s.
For each 0 € R the first eigenvector ug of Problem (2.4) with the normalization
ug(0) = 1 satisfies

Cy Cy
—C) — —2— 4 C3y/=11(0) < —uy(0) < C3/—pu(0) + € + —2—
1 —@ n(0) < |0|M9( ) < C3y/—u(6) 1 N=moh
7.1)

where the positive constants Cy, C and C3 depend only on b and s.
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Proof. The assumed smoothness of » and s enables us to perform a Liouville
transformation of Problem (2.4). Introducing

1 (s(2) 2 B 1/ s5(2) 2 _ 1
t= ;/o <%> dzy _/o <%> dz, and fy() = (s(x)b(x))* ug(x),
(7.2)

the transformed equation is, see [14],
d2f0 2
—(t 0 t =0in [0, 1],
—5L 0+ (21(0) + Q) fo = 0in [0, 1] 03
t = fy(He " 1-periodic,

with
00 =yp s <b(x)i (b(x)s(x»—l) .
dx dx

We can assume without loss of generality that y = 1. The boundary conditions
are preserved since this change of variable preserves periodicity. We shall use the
fact that Q is a bounded 1-periodic function. It is sufficient to prove (7.1) for
0 > 0, since in the other case the function gy (f) = fy(—7) is solution of (7.3), with
0 > 0,if Q is replaced by Q(—t), which is also a bounded 1-periodic function. By
adding a constant to Q (and subtracting it from w(0)), we can always assume that
—M < Q(t) < —1. On the other hand, thanks to Lemma 2.3, for sufficiently large
6 we can also assume that 1 (6) translated by the above constant is negative.
Next, we introduce g; and g; as the two fundamental solutions of the Cauchy

problem for the ordinary differential equation f;—zg + (@) + Q1) g = 0, satisfying

21(0) =1, g1(0) =0, andg>(0) =0, g5(0) = 1.

It is a classical result of Floquet theory that X| = ¢’ and X, = ¢~ 7 are the roots of
the characteristic equation

X*— (gD +gh(D)) X +1=0.

By linearity, we can write fy(r) = f3(0)g1(r) + f;(0)g2(r). Since 6 > 0, e =
1
A+ (A% = 1)? where 2A = (g(1) + g5(1)). Consequently, A > 1 and

gi()+gh(1) =2A > ¢°
and

1
& > 2A — x> 2A —2¢7% = g1 (1) + gh(1) —2¢7°. (7.4)

From the relation f;(1) = €’ f,(0) we deduce that %gz(l) = ¢’ — g1(1). Using
Relation (7.4) we have obtained '
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15(0)
fo(0)

Following Picard’s iteration method (see e.g. [19]), we recursively define a se-
quence (v, (t))nen by

gh(1) > g(1) > gh(1) —2¢7°. (7.5)

1
vo(f) = — sinh(wt)
w
and

v, (1) = —é /Ot sinh (w(t — &) Q&) v,—1(§)dé  foralln > 1.

For w = </—u(0), we find that g(x) = » 0 v, (x). Since — sinh (w(t — &)) Q (&)
> 0 forall 0 < & < t, and vy(¢) > O for all # > 0, by induction, we can conclude

that W, (x) > v,(x) > w,(x), forall n > 0 and x > 0, where W,, and w, are two
other sequences defined by Wy = vy = wy, and

w

M [ .
w, =2 /O sinh (@t — £) Wy_1 (E)dE,
t
w, = l/ sinh (w(t — &)) w,_1(£)dE forn > 1.
w Jo

Note that W(£) = Y ¢ W, (£) (w(?) = 3¢ w,(?), respectively) is a solution of

2

drr

2

d~w
+(u—MyW= O<

e +(u—-—1Hw=0, respect1vely>

and therefore is given by W(f) = sinh (t«/ M — /L) (w(f) = sinh (t 1- /L), re-
spectively) and consequently

sinh (,/M - u) — W(1) > g»(1) > w(l) = sinh (\/1 - u) . (16)

Similarly W, () > v, (t) > w),(t), and
VM = jicosh (,/M — u) —W'(1) = gy(1) = w'(1) = /I — rcosh (\/1 — M) .
7.7

Using Inequalities (7.6) and (7.7) in (7.5) yields,

Cer T M — i > j}ioi /T jie 2 — 260,

Using the change of variables (7.2), and using the result of Lemma 2.3 to bound
e~ in terms of () this inequality concludes the proof. O
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7.2. The case of piecewise constant coefficients

As in the previous subsection, it is sufficient to consider System (2.4), which is
equivalent to (2.1), and to study the case 6 going to +00. As in Lemma 2.3, we
rewrite (2.4) as a first-order system

Y'(x) = A(X)Y(x) [ o ! (Yi=u
{Y(1)=e9y(0) ’ A‘[—M(e)s 0 ] amy‘()@:bu;)‘

Here we assume that the coefficients b, s are piecewise constant functions. More
precisely, there exists a number N, a family of points (x;)o<i<y satisfying xo =
0<xi1 <x; <xiy1 <xy=1for2 <i <N —2,and positive values (b;)1<;<y
and (s;);<;<y such that

b(x) = b; and s(x) = s; forx € (x;_1,x;), 1 <i < N.

The goal is to prove that Y>(0) grows linearly as 6 goes to 400, which in turn
proves Proposition 2.2, since

dyrie
dx

dvr:
© = 5" 010 + 22 ).
dx
By Lemma 2.3 we already know that ;£(0) < 0 for & # 0 and has quadratic growth
at infinity. A straightforward computation yields, for any x € (x;_1, x;),

Y(x) = M; (0, x)Y(xi-1), (7.8)
M) = cosh ¢; (x) T sinh ¢; (x)
/= (0)b;s; sinh g; (x) cosh ; (x)
with ¢;(x) = %ﬁ)s"(x — x;_1). Thus

N
Y(1) = M(©)Y(0) = ¢’ Y(0), withM(0) = ]’[ M; (0, x;).
i=1

Each matrix M;(6, x) has its determinant equal to 1, as well as M(6). Thus the
two eigenvalues of M(6) are ¢’ and e~?. Let us compare these exact eigenvalues
with those of the leading order term of M(6) as 6 goes to +oo. Introducing

D(#) = diag («/—/,L(G), 1), we have

M; (0, x)) =e* " D©O) "M D®) (1+ O (™)),
1

N B

2 bisi 1

with M? =
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Ssim

ando = minj <<y (2 (x; —xi_1) b—M) > (. Therefore, noticing that ZlN:l i (x;)
= C+y/—n(60), where C > 0 does not depend on 0, we obtain

N
M(©) = O D) MOD©) (14 0 (7)) . with M° = [ | M7
i=1

Up to a small remainder, the eigenvalues of M(6) are thus equal to those of M°
times the multiplicative factor exp (C+/—u(6)). Since M° does not depend on 0,
this proves that () = —c6? + o(1) for some positive constant ¢ > 0. On the
other hand, the eigenvectors of M(6) are equal to D(9)~! times those of M° (up
to a small remainder). Choosing the normalization Y;(0) = 1, this yields that
Y2(0) = ¢’6 + o(1) for some constant ¢, which is positive as already remarked in
the proof of Lemma 2.3.

Note added in proof. After submission of this paper for publication, we found an
alternative proof of Lemma 5.4, which does not rely on Proposition 2.2. This
enables us to prove Theorem 3.5 and Theorem 3.10 assuming only that the peri-
odic coefficients are positive, bounded, measurable functions. This proof will be
presented in a future work in collaboration with A. Piatnitski.
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