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Abstract

We address the homogenization of an eigenvalue problem for the neutron transport
equation in a periodic heterogeneous domain, modeling the criticality study of nuclear
reactor cores. We prove that the neutron flux, corresponding to the first and unique
positive eigenvector, can be factorized in the product of two terms, up to a remainder
which goes strongly to zero with the period. One term is the first eigenvector of the
transport equation in the periodicity cell. The other term is the first eigenvector of a
diffusion equation in the homogenized domain. Furthermore, the corresponding eigen-
value gives a second order corrector for the eigenvalue of the heterogeneous transport
problem. This result justifies and improves the engineering procedure used in practice
for nuclear reactor cores computations.

1 Introduction

The power distribution in a nuclear reactor core is usually determined by solving a transport
equation for the neutron flux. In many practical situations in reactor analysis, only a steady-
state solution is required, and the time variable is eliminated. The steady equation is of
a non-standard type since the source term is itself a function of the solution (neutrons are
produced by fission which itself is triggered by other neutrons in a chain reaction). This time-
independent transport equation is a linear eigenvalue problem which is called the criticality
problem for the neutron transport equation. It expresses the balance between the production
of neutrons by fission and its absorption or scattering in the reactor core and leakage at the
boundary. The unknowns are not only the neutron flux ¢(z,v), which is the neutron density
at point  with velocity v, but also the positive ratio kers (the so-called multiplication factor)
which measures the balance between the production and removal of neutrons. More precisely,
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(¢(z,v),kesy) is a couple of eigenvector and eigenvalue for a transport equation. Since only
positive densities have a physical meaning, the only relevant solution turns out to be the first
positive eigenvector (positive and unique up to a multiplicative constant). Therefore, ¢(x,v)
is the first eigenvector and 1/k.sy is the smallest eigenvalue satisfying the following equation
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v-Vo+3(z,v)p = /V flx, v v)p(x, v )dv + /V o(z, v, v)é(x,v")dv’ (1)

with appropriate boundary conditions in a convex bounded open set © ¢ RY and with a
compact velocity space V' C RY. The coefficients in (1) are called cross sections: X is the
total (or absorbing) cross section, f is the scattering cross section, and o is the fission cross
section.

The interpretation of the multiplication factor kess is as follows (for details, see e.g.
[12, 15, 27]): if it is equal to 1, there is a perfect balance between production and removal of
neutrons and the reactor is said to be critical ; if it is larger than 1, then too many neutrons
are produced and the reactor is super-critical (it can operate only if absorbing control rods
are introduced in the core); if it is smaller than 1, then not enough neutrons are produced
and the reactor is sub-critical (the fission chain reaction dies out). On the other hand the
solution ¢(x,v) of (1) indicates the relative power distribution in the core. Remark that,
since it is an eigenvector, ¢(z,v) is defined up to a multiplicative constant, and therefore the
total power in the core is not given by the criticality problem (1).

Solving numerically the eigenvalue problem (1) in a whole nuclear core is still a challenge
with modern computers, even in two space dimensions. One striking reason is that nuclear
cores, defined through the cross section 3, f and o, are highly heterogeneous, asking for a very
fine mesh. However, the periodic structure of many usual cores allows for first homogenizing
the transport equation, and then solving numerically the homogenized problem. In practice
the homogenized problem is a diffusion equation with slowly varying coefficient, which is
much easier to solve numerically. This homogenization problem has been widely addressed
in the past forty years in physics (see e.g. [10, 12, 15]) as well as in mathematics (see e.g.
[11, 20, 21, 27, 29]). In the physical and mathematical literature the methodology is always
the same: the neutron flux ¢(z,v), solution of (1), is factorized as the product of two terms

¢($a U) = ¢($a U)u(:z:),

where (2, v) is the solution of the so-called infinite medium transport equation, and u(x) is
the solution of an homogenized diffusion equation. The infinite medium transport equation
is the same criticality spectral equation than (1), but posed in a single periodicity cell with
periodic boundary conditions. On the other hand, the homogenized diffusion equation is also
a spectral problem posed in the whole core (much simpler than (1) since it does not involve
a velocity variable). The macroscopic diffusion flux u(x) gives the rough shape of the true
flux ¢(x,v), while the microscopic transport flux ¢ (x, v) corresponds to the local oscillations
of the true flux. This factorization procedure is at the basis of most numerical computations
of reactor cores. Of course, a crucial problem for engineers is to know how to compute the
homogenized coefficients for the diffusion equation (there are many available formulas, see
for example the so-called Benoist formula in Remark 3.3).



In this paper we rigorously justify this factorization principle for a periodic domain. We
also furnish formulas for the homogenized diffusion coefficients and an asymptotic expansion
for the criticality eigenvalue 1/kess (see Theorem 3.1). Our homogenization formulas dif-
fer from those in the physical literature, but coincide with those found by Larsen [20, 21].
There are two main differences between the works of Larsen and ours. First, Larsen studied a
time-dependent transport equation instead of the spectral problem (1) with an assumption of
local criticality on the cross-sections. Second, following his previous work with Keller [22], he
uses formal two-scale asymptotic expansions to derive a homogenized limit, without rigorous
convergence theorem. Of course, the geometrical assumption of periodicity is hardly satisfied
by modern reactors. However, it is up to now essentially the only case where homogenization
can be rigorously justified either physically or mathematically. The treatment of heteroge-
neous cores with different types of assemblies (i.e. with a slowly varying periodicity cell) is
the subject of active current research. The factorization priciple is not so clear in this case
(see Remark 3.5) and boundary layers may appear between different cells. However, under
further assumptions, we expect that a suitable generalization of our approach will succeed
also for a piecewise periodic core.

We now discuss our scaling assumptions for homogenizing the spectral transport equation
(1). As usual, the unit periodicity cell is denoted by Y = (0,1)". The reactor core is a
bounded domain €. Assuming that 2 is periodic, we denote by € > 0 the periodicity of the
heterogeneities in €. Since the size of the domain is independent of ¢, {2 is composed of the
order of e~/ periodicity cells of the type ¢Y = (0,¢)¥. Homogenization is an asymptotic
analysis as the small parameter € goes to 0, or equivalently as the number of cells grows up
to infinity. Since € is the size of the periodicity cell and the physical unit of cross sections is
the inverse of a length, one must carefully scale the cross sections in terms of €. The mean
free path of the neutrons is physically independent of the number of unit cells in the core;
therefore it must remain of the same size as the unit cell. Accordingly, in order to perform
a consistent asymptotic analysis we have to scale all cross sections to be of the order of
1/e. Therefore, introducing A = ﬁ, equation (1) is replaced by the following sequence of
criticality problems

ev - Vo + X°(x,v)p. = / Fe(z, v, v)de(z,v")dv" + )\E/ o (x, v, 0) e (z, v )dv" in Q x V
v % (2)
¢pe =0 onT'_ = {(z,v) € 90 xV|v-n(z) <0},

where the cross sections are periodic functions given by
€ < € / z / € / z /
¥ (z,v) = E(E’U)’ fe(x, 0 0) = f(g,v ), 0% (x, v, v) = O‘(E,U V),

with ¥, f and o positive Y-periodic functions of the space variable, and independent of € (see
section 2 for more detailed assumptions). The absorbing boundary condition in (2) expresses
that no particles enter the core. This statement is physically valid as a first approximation.
It can be shown (at least formally) that the addition of a dissipative reflector around the
core merely modifies the neutron density by an amount of the order of €.



The paper is organized as follows. In the next section basic mathematical properties
of problem (2) are recalled, concerning the existence and regularity of its solutions when
¢ is fixed. It also encompasses the criticality eigenvalue problem with periodic boundary
conditions. Section 3 is devoted to a detailed presentation of our main results concerning the
homogenization of (2). It includes the factorization of the neutron flux and a second order
asymptotic expansion for the associated eigenvalue. The proofs of these results are given in
sections 4 and 5. More precisely, section 4 focuses on a priori estimates for a source problem
associated with (2), while section 5 is concerned with the proof of the homogenization process,
using the two-scale convergence method. Finally, section 6 contains some corrector results
and numerical computations for assessing our homogenization theorem. Our results have
been announced in [3]. Similar homogenization theorems have been proved for the criticality
spectral problem when using a diffusion model instead of our transport equation [4, 5, 24]. In
different contexts, various homogenization results have been obtained for transport equations
(see e.g. [1, 16, 17, 19]).

2 Existence and regularity results for eigenvalue prob-
lems in transport

The goal of this section is to establish some results concerning the existence and the regularity
of eigenvalues and eigenvectors for our model of neutron transport. Although the following
theorems are mostly variations of previously known results, to the best of our knowledge
they have not appeared elsewhere. Since they are the starting point of our analysis in the
next sections, we include them in this paper for the sake of completeness. Most of the proofs
below are merely sketched and we refer to the thesis of the second author [7] for complete
details. The reader who is willing to accept such results can safely skip this section in a first
pass.

We first give the detailed assumptions on the phase space and the coefficients of the
transport equation that are used throughout this paper.

(H1) The domain £ is a convex bounded open set.

(H2) The velocity space V' is a compact subset of R” which does not contain 0. Furthermore
V is assumed to be the closure of an open set, and its IN-dimensional measure is
normalized to have |V| = 1.

(H3) The cross-sections X (y, v), f(y,v’,v), o(y,v’,v) are measurable positive bounded func-
tions of their arguments and there exists a positive constant C' > 0 such that, for a.e.
(y’ v’ /UI),
o(y,v',v) > C

E(y,v)—/f(y,v',v)dv’ > C

(3)
E(y,’U) - /‘i f(ya v, U/)d’U/

%
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(H4) Denoting by Y = (0,1)¥ the unit cube, the cross-sections X(y, v), f(y,v’,v), o(y,v’,v)
are Y -periodic functions with respect to the space variable y.

Assumption (H1) is somehow classical: the convexity of 2 ensures that the boundary
condition is physically relevant, i.e. that the trajectory of an outgoing neutron does not
enter again in Q. The first part of (H2) implies that only finite non-zero velocities are con-
sidered. Physically, it means that all neutrons either interact with the media (by absorption
or scattering) or leave the domain in a finite non-zero time. The second part of (H2), namely
that it is the closure of its interior, is a mathematical convenience which allows to define
distributions and Sobolev spaces on V (see [14, chapter 21]). Actually all results presented
here can easily be extended to the multi-group case, i.e. when V is the union of a finite
number of spheres centered at the origin. Remark that in both cases V' is not reduced to a
subset of a hyper-plane of R, which ensures that a diffusion approximation of transport
makes sense.

The first part of assumption (H3) gives the natural functional framework for the coef-
ficients (i.e. they belong to L>(Y x V)). Indeed, nuclear reactor cores are heterogeneous
domains with merely bounded discontinuous cross sections. The second part of (H3) implies
that fission occurs everywhere in the phase space and that there is always a net absorption
(i.e. the difference between total absorption and scattering is positive).

Finally the periodicity assumption (H4) is crucial for the homogenization procedure. In
particular our results do not hold true any longer if the cross-sections are the product of
periodic functions with macroscopic modulations, for example (z, Z, v) with a Y-periodic
function (x,y,v). Let us mention however that small perturbations of order €2 of the cross
sections can be allowed (for example, X(£,v) + &%/ (z, £,v)). This yields a non essential
generalization of the results presented here (see [7]).

Remark 2.1 Assumption (H3) is not completely satisfactory since it implies that fission
occurs everywhere, which is certainly not the case in the moderator around the fuel rods.
Fortunately, one can replace the first inequality of (3) by the following one

O—(y7 Ul?’U) + f(y7 ’Ul’v) Z C? fO’r‘ a.e. (y’v’v/)’

with o > 0 and o # 0. This implies merely that fission plus scattering is positive every-
where. Up to some easy technicalities, all our results hold true also with this more physical
assumption.

Introducing the Hilbert space
W2(QxV)={uec L*(Q2xV)st. v-Vue L*(QxV)}, (4)
a first existence result is the following

Theorem 2.2 The spectral problem (2) has at most a countable number of eigenvalues and
of associated eigenvectors which belong to W?(Q x V). Furthermore, there exists a real and
positive eigenvalue, of smallest modulus, with multiplicity one, and such that its associated
eigenvector be the unique (up to a multiplicative constant) positive eigenvector of (2).



The proof of Theorem 2.2, which is in the spirit of other results in [14, chapter 21], can
be found in [7]. It uses two main arguments. First, the solutions of (2) are shown to be
the eigenvalues and eigenvectors of a positive compact operator in L?(£2 x V), which implies
that there are at most a countable number of them (possibly complex and finitely many of
them). The compactness is a consequence of assumption (H3) on the cross-sections and of the
velocity averaging lemma of [18] (or similar compactness result in [25]). Second, the Krein
Rutman theory of positive operators asserts that the spectral radius of this compact operator
is a simple eigenvalue and that the corresponding eigenvector is positive. As a consequence
of Theorem 2.2, only the first eigenvector of (2) has a physical meaning since, being positive,
it can indeed model a density of neutrons.

As we shall see in the sequel, the asymptotic behavior of the eigenvectors of (2) is partly
governed by the first eigenvector of another eigenvalue problem, similar to (2), the so-called
infinite medium criticality eigenvalue problem. It is defined by the same equation as (2) but
posed in the whole space R”, which after rescaling is reduced to an equation posed in the
unit cell Y with periodicity boundary conditions. Denoting by A, and ¥ its first eigenvalue
and eigenvector, the infinite medium problem is defined in Y x V' by

v-Vyth + B(y,v)0 =/ [y, v v)(y, v")dv’ +>\oo/va(y7v’,v)w(y,v')dv’ (5)

v
y — ¥(y,v) Y — periodic.

We shall also need an adjoint problem of (5) which has the same first eigenvalue A\, with a
different first eigenvector 1*. Introducing the adjoint cross-sections f*(y,v’,v) = f(y,v,v’)
and o*(y,v',v) = o(y,v,v’) this adjoint problem is defined by

0 V4 S0 = [ £ 00 ) e [ 00w ()
% %
y — ¥*(y,v) Y — periodic.
(6)

For problems (5) and (6), only the first eigenvalue and eigenvector are used in the sequel.
As usual they are defined up to a multiplicative constant, but as a corollary of Theorem 2.2
we can choose them positive (therefore they properly model the neutron flux in an infinite
periodic medium).

Theorem 2.3 There exists a common eigenvalue A for both problems (5) and (6) which is
real positive, of smallest modulus, with multiplicity one, and such that its associated eigen-
vectors 1 and 1* be positive elements of W2(Y x V).

Since the smallest eigenvalue A\, is simple, we easily deduce from the classical Fredholm
alternative for compact operators the following

Proposition 2.4 Let A\, and ¢ be the first eigenvalue and eigenvector of (5). Let S(y,v)
be a source term in L2(Y x V). There exists a solution o(y,v) € W2(Y x V) of

v-Vyp+E(y,0)p :/ [y, v, v)p(y,v")dv' + /\oo/ a(y, v, v)p(y,v")dv' + S(y,v)
14 %
y — o(y,v) Y — periodic



if and only if S is orthogonal to the first eigenvector * of (6), i.e. S satisfies the compatibility

condition
//S(y,v)i/f*(y,v)dydv = 0.
Yy Jv

Furthermore, if it exists, the solution ¢ is unique up to the addition of a multiple of ).

Finally, in the next section the first eigenvectors ¢ and ¥* are required to be bounded
from above and below by positive constants. This is the purpose of the next Proposition
which is based on averaging lemmas [18] and Sobolev inequalities.

Proposition 2.5 Let 1) and ¢* be the first positive eigenvectors of problems (5) and (6),
respectively. There exists two positive constants C' > C > 0 such that, for a.e. (y,v),

0<C<yP(y,v) <C" and 0<C <P*(y,v) <.

Proof. To simplify the notations, we recast both problems (5) and (6) as follows (this is
possible thanks to assumption (H3)). Let ¢(x,v) be a non-zero positive solution in W2(Y x V)
of

v-Vp+X(z,0)p = / Ooo(z,0",0) (2,0 )dv"  inY xV (7)
v
x — p(x,v) Y — periodic,
where Y and 04 are L™ functions which satisfy

¥ >0(x,0) > Y>>0, 01>0(z,0,v)>00>0 ae inY xVxV.

Let us define two functions g and @ by

owv) = [ ol vple, ), o) = [ pla)dn
\% \%
From these definitions, we easily deduce that

oop(x) < g(x,v) < o1p(x). (8)

Furthermore, integrating equation (7) along its characteristics leads to
o0 o0
/ g(x — sv,v)e >1%ds < p(z,v) < / g(x — sv,v)e”>0%ds. 9)
0 0

Here the functions defined on Y x V have been extended to R”™ x V by periodicity. If we
can prove that ¢(z) and 1/@(z) belong to L>°(Y), then we deduce from (8) that g(x,v) and
1/g(z,v) belong to L>(Y x V), and from (9) that ¢(x,v) and 1/¢(x,v) belong to L (Y x V),
which is the desired result.

We divide the proof that ¢(x) is bounded from below and above in two steps: first we
show that @(z) belongs to any LP(Y) with 2 < p < 400, and second we show that ¢(z) and
1/¢(x) belong to L>(Y).



The first step relies on the following averaging lemma [18]. If ¢ and v - V¢ belong to
LP(Y x V) for 2 < p < oo, then @(x) belongs to W*P(Y) for all 0 < s < % (W*P(Y) is
the Sobolev space of functions whose fractional s-derivative belongs to LP(Y")). By the well-
known Sobolev embedding theorem, W*?(Y) C L1(Y') with ¢ = Np/(N — sp), and therefore
P(x) € LYY). In other words, we have

Np
N-1

pandv-Vo e LP(Y x V)= ¢ e LYY) withp<g< (10)
As a consequence of inequality (8), ¢ € LY(Y") implies that ¢ € LY x V), and this is a
standard result in transport theory that, if the source term g belongs to LZ(Y x V'), then the
solution ¢ of equation (7) belongs to WY x V) ={u € LYY xV) s.t. v-Vu € LYY xV)}.
By assumption, we know that ¢ € W2(Y x V). Using the regularity result (10) and a
bootstrap argument, we therefore deduce that ¢ belongs to any LP(Y) with 2 < p < +o0.

The second step uses assumption (H2) which implies that V' is included in a corona C
defined by its radii 0 < Vpin < Umar < +00

Vclc={ve RY st. 0 < vpn < [v| < Vmaz }-

Integrating (9) over V and using (8) yields

o(z) < 01/ / e 2053 (z — sv)dsdv.
vJo

Since V' C C the change of variables y =  — sv from polar to Cartesian coordinates leads to

21}
€ Vmin ly—=]
—o(y)d

Ry Tg—a[F T o(y)dy
where C' is a positive constant which depends on v, and v,., but not on p. By Holder
inequality, for any 7 > 0 there exists a positive constant C;, such that

o(x) <C

5 o(y)dy . . .
QO(SC) < C </| <1 |y — .’L'|N_1 + |90|L2(Y)> < CT] (||SOHLN+"(Y) + ||50HL2(Y)) )
Yy—r=

since W belongs to LP(Y) for any 1 < p < 25. We already know that ¢ belongs to
LN*1(Y) for positive 7, therefore we deduce that @, and consequently ¢, is bounded. To
show that 1/ belongs to L>°(Y'), we use a symmetric argument. By assumption (H2) the
interior of V' is non-empty. In particular, there exists a velocity vg and a parameter § > 0
such that the following angular sector § is included in V

SZ{UG RY s.t. 1—6§M<1+6, 1.0—021—5}CV.

lvo| — | [vol

Integrating again (9) over V' and using (8) gives

00/ / e Z 1 p(x — sv)dsdv < @(x).
vJo



Since S C V the change of variables y = x — sv from polar to Cartesian coordinates leads to
o~ T lv—z]
C/ T PW)dy < &(),
cs ly—aN1
where Cs € R is the infinite cone of origin = defined by {z 4+ svs.t. s € RT,v € S}.
Clearly, at a possibly large, but finite, distance of x, this cone contains at least one periodicity
cell Y. Hence there exists a positive constant C' > 0 such that

c /Y S)dy < 3(a).

By hypothesis, ¢ is non-zero and positive in L?(Y x V). Therefore, [, ¢(y)dy > 0 which
provides us with a lower bound for ¢. O

3 Main results

This section is devoted to the statement of our main results on the asymptotic analysis of
the spectral problem (2). We proceed in somewhat reverse order. First we state our final
result in Theorem 3.1. The proof relies on an equivalent formulation of the spectral problem
(2), which is amenable to homogenization and given in Proposition 3.4. It also relies on the
homogenization of a source problem established in Theorem 3.6. Although the latter topic
is classical and has been addressed several times (see [11, 14, 20, 21, 29]), we perform our
analysis in a quite different way, using the theory of two-scale convergence and therefore
allowing for less regular physical data.

Let ¢ and ¥* be the first positive eigenvectors of (5) and (6) respectively. We define a
so-called drift flux by

J = /Y /V 0y, v) " (y, v)dy do, (1)

which is a constant vector in R”Y. We require an additional hypothesis on the coefficients
of (2), namely that the drift flux is zero

J =0.

This assumption on (11) is a kind of symmetry condition in phase space. It can be interpreted
as an energy flux, which must be locally null, and it implies that there is no neutron drift. In
most practical cases this assumption is satisfied. For example, when V' = —V (in the sense
that v € V = —v € V) and the cross sections do not depend on the velocity variable (this is
the so-called one-velocity isotropic case), J is clearly zero whatever the spatial variations of
the coefficients because

P (y,v) =y, —v) ae (y,v) €Y xV. (12)
There are other examples where equality (12) is satisfied. Of particular interest is the fol-
lowing case. If V = —V, the cross-sections are symmetric with respect to v, and the cell Y



has cubic symmetry, then the drift flux is again zero (this can be checked readily). In most
existing reactors, the cross sections do depend on the velocity variable. Nevertheless, the
symmetry condition is always satisfied (at least as a first approximation); therefore condition
(11) does not shrink the field of practical applications.

However, as it has been shown by Larsen and Williams in the setting of time-dependent
1-D problems with anisotropic scattering [23], there are cases for which J # 0. In such a case
J indicates a drift direction, along which neutrons propagate, and the asymptotic regime of
(2) is different (we suspect that the neutrons concentrate at the vicinity of the set of points
x € 0N satisfying J - n(x) < 0, where n(z) is the outward unit normal to 9Q at point x).

Let us introduce the €Y — periodic function 1. defined by

x
1/18(:1"3 U) = w(ga U)a
where 9 (y, v) is the positive first eigenvector of (5).

Theorem 3.1 Assume that the drift fluz defined by (11) is J = 0. Let A be the k' eigen-
value of (2) and let ¢& be a normalized associated eigenvector. Then

k
lim 7)\6 ~ A =k
e—0 52

)

where Ao is the first eigenvalue of (5) and v* is the k' eigenvalue of the homogenized

diffusion problem

{ —~V - DVuF () vhouk(z)  in Q

uF(z) = 0 on 0N

(13)

Furthermore, up to a subsequence,

k
gelo,v) — uk(z) strongly in L*(Q x V),
e (1', U)
where uF is an eigenvector associated with the eigenvalue v*. The homogenized fission cross

section is given by
G = / / / o(y, v, )" (y,v" )y, v)dy dv dv’, (14)
y JvJv
while the homogenized diffusion tensor D = (Dj;)1<ij<n in (13) is defined by
Dy = = [ [ vule. 00 018w 0)dody, (15)
v Jv

and the functions (0")1<i;<n are the solutions of the cell problems

v-VO0 + Q") = —v; inY xV
y — 0(y,v) Y — periodic,

10



where the local scattering operator Q is defined by

Q@zgxﬁﬁmmww%MMLi;f%@wmwmuw%ww

with the notation oo (y,v',v) = f(y,v',v) + Ao (y, v, v).

Remark 3.2 The labeling of the eigenvalues of (2) is made by increasing order of their real
part (they may be complex although, in the limit as € goes to 0, they are all real). As usual,
the eigenvalues of the homogenized diffusion problem (18) are real and labeled by increasing
order. Remark also that, for fixed €, the spectral theory asserts that (2) may have only a
finite number of eigenvalues, but, as € goes to 0, this number increases up to infinity.

In Theorem 3.1 the extraction of a subsequence for the convergence of eigenvectors is
only due to the possible multiplicity of the limit eigenvalue v*. However, in the physically
meaningful case of the first eigenvalue v', which is simple, we obtain that the whole sequence
of normalized positive eigenvectors ¢l /1. converges to the positive first eigenvector u' of the
homogenized problem.

Remark 3.3 Euxistence and uniqueness of the solutions (0%)1<i<n of the cell problems (16)
is a consequence of the zero drift-flux assumption J = 0. Indeed, upon defining x* = 0?, it
is easily seen that x* satisfies

v-VY +Ex = / fxtdv + )\oo/ oxdv' — v
, v v
y — X' (y,v) Y — periodic,

for which Proposition 2.4 applies: J = 0 is simply its compatibility condition (or Fredholm
alternative). With this new notation, the diffusion tensor D is given by the so-called Kubo
formula (see [11])

mj:fLAﬁwwmvwwmw

Formula (15) has first been derived by Larsen [20] using formal two-scale asymptotic ex-
pansions. As already said in the introduction there are several formulae for the diffusion
coefficient of a heterogeneous periodic network of cells in the physical literature (see e.g.
[15]). Formula (15) is the only one to be correct asymptotically but others (like the well-
known Benoist formula) are derived by using conservation or equivalence principle. For the
sake of comparison, we recall the uncorrected Benoist formula (see [10, 15]) in the limit of
small buckling and for symmetric cells (in which case D is diagonal)

D;; = —/Y/Vviwy,v)j (y,v)dv dy,

and the functions (j')1<i<n are the solutions of

v-Vit + Q@) = —v; omQxV
y — j'(y,v) Y — periodic,

11



while the cross sections are simply averaged with the weight 1

E:/Y/V/Va(y,v’,v)i/)(y,v)dydvdv’.

Remark that the difference between our formula and the Benoist one is the factor ¥*.

In order to prove Theorem 3.1, we first establish that the original spectral problem (2) is
equivalent to another problem (that will be amenable to homogenization) through a factor-
ization principle.

Proposition 3.4 Let ¢ (y,v) be the positive first eigenvector of (5). Then, the linear appli-
cation

o(z,v) = u(x,v) =

is continuous in L*(Q x V) and has a continuous inverse. Through this change of variables,
the original spectral problem (2) is equivalent to

1 1
v Vue + 5 Qc(ue) = veFe(ue) on QxV
g g (17)

ue =0 on I'_,

where we have defined

Quu) = (/V a;(x,v’,v)wg(x,v')dv') - wi (/V Uio(:n,v',v)we(x,vl)u(x,v')dv'> . (18)

- 1/% / o (2,0, o) (o (i, o) (19)
e JV

with the notation o< (z,v'v) = f(x,v",v) + oo (x, v, v).

F.(u)

Proof. By Proposition 2.5, we know that ¢(y,v) is bounded from below and from above

by two positive constants. Therefore, if ¢. € L?(Q x V), we can define u.(z,v) = % which

also belongs to L2(2 x V). Reciprocally, if u. € L?(Q x V), then ¢, (z,v) = u.1). belongs to
L?(Q x V). Using the infinite medium equation (5) satisfied by v, the equivalence between
(2) and (17) is just a matter of simple algebra that we leave to the reader. O

Remark 3.5 The idea of the factorization in Proposition 3.4 is familiar in nuclear physics.
Basically it amounts to remarking that both functions 1. and ¢. satisfy equation (2) on
Qx V. The only difference between these two solution is their boundary condition. Thus it is
expected that both functions behave similarly away from the boundary of Q). Indeed, this holds
true in the sense that ue is shown to vary smoothly with respect to the variable x away from
the boundary, and to be almost independent of the fast variable Z and the velocily variable v.

12



At first sight, problem (17) does not seem to be much simpler than (2), but it turns out
that optimal a priori estimates can be obtained with (17) rather than (2). We also emphasize
that the equivalence between (2) and (17) is a consequence of the strict periodicity assumption
(H4) and does not hold true any longer if the cross sections are not periodic functions.

The scattering operator Q. defined by (18) is the same as the local scattering operator Q
defined in Theorem 8.1 after the change of variables y = x/e. Its effect is to relax the angular
flux to its velocity average (see the energy estimates in section 4). It is a linear continuous
operator in any LP(Q x V), for 1 < p < 0o, which satisfies the following properties

Ker Q. — {u € LP(Q % VY u(z,v) = /Vu(x,v)dv} ,

Q- (p(o)u(e.v) = ¢la) Qulul,0) and Q) = Q- (= [ uwoptv).

The spectral analysis of equation (17) is obtained from the spectral properties of an
operator S defined as follows.

L*QxV) — L*(QxV)

where u, is the solution of the following source problem associated with (17)
! v ! =F, OxV
v Ve + gQg(us) =F.(q) onQx (21)
us =0 onl_.

The well-posedness of (21) in L*(Q x V) can easily be obtained from standard transport
theories by using the a priori estimates of section 4 (which imply that the scattering kernel
Q. has well-suited properties). Alternatively we can use the reverse change of variables of
Proposition 3.4 and prove that ¢. = ¥ u. is the solution of a source problem analogue to
(2) where we replace . [, 0°(z,v', v)¢c (2, v")dv’ by . Fe(q). Then, classical results (see e.g.
[14, chap.21]) yield the existence and uniqueness of ¢, and therefore u., in W?2(2 x V).

The eigenvalues of the operator S, are exactly the inverses of those of problem (17) with
the same associated eigenvectors. From the analysis of the convergence of the sequence of
operators S we shall obtain the asymptotic behavior of its spectrum. The following result,
which is proved in section 5, gives the homogenized limit operator.

Theorem 3.6 Assume that the drift fluz defined by (11) satisfies J = 0. Then the sequence
of solutions u.(z,v) of (21) converges strongly in L*(2 x V') to the unique solution u(z) €
HL(Q) of the following diffusion problem

{V~DVu(:c) = F(g(z) inQ (22)

13



where D = (D;;)1<i j<nN i the positive definite constant matriz defined by (15), and F(q) €
L2(Q) is given by

F(g)(x) = /Y /V /V oy, o) (9, o )y, ) (e, v)dv dy dv. (23)

When the drift flux is non zero (J # 0), the sequence uc(x,v) converges strongly to 0 in
L2(Q x V).

Remark 3.7 The homogenization of the source problem (21) fits into the framework of pre-
vious works in homogenization of transport equations [11, 14, 20, 21, 29]. Let us emphasize
however that Theorem 3.6 is new for two reasons. First, our proof uses the notion of two-scale
convergence instead of two-scale asymptotic expansions: this allows to remove all smoothness
assumptions on the coefficients that are simply asked to be measurable and bounded (this is
the natural setting for heterogeneous media). Second, the special structure of the scattering
kernel Q. allows us to homogenize (21) without adding extra absorption as is the case usu-
ally. Indeed, we establish in section 4 that the sequence of solutions of (21) is bounded using
a coercivity property of Q. combined with a Poincaré-type inequality. Of course, Theorem
3.6 is easily generalized if we add an extra absorption term au. in (21), with o > 0, which
yields an additional term au in (22).

Assuming for the moment that Theorem 3.6 holds true, we are in a position to complete the
Proof of Theorem 3.1. Let us define the homogenized limit operator S by

L2(QxV) — L*(QxV)

q(z,v) = u(z),

S :

where u is the solution of (22-23). Clearly S is a compact operator. We deduce from the
homogenization Theorem 3.6 that the sequence S, converges to S pointwise in the strong
topology of L2(2 x V), i.e.

Vge L2 (Qx V) S.q— Sq strongly in L*(Q x V).

Furthermore, as a consequence of Corollary 4.2, given in section 4, the sequence S, converges
compactly to S in the sense that for any bounded sequence g. in L?(2 x V), the sequence
Seq. is relatively compact in L2(£2 x V). Finally, Theorem 3.8 below allows to conclude the
proof of Theorem 3.1. Remark in passing that the convergence of S; to S cannot be uniform
in general because, if ¢. converges weakly to ¢ in L?(Q x V'), there is usually no reason for
F.(q.) to converge to F(q). O

We now recall a classical result in operator theory that can be found, for example, in [6]
or in [13] (see Theorem 5.5, Proposition 5.6, Theorem 5.10, Theorem 5.20, and Proposition
5.28 in [13]).

Theorem 3.8 Let X be a Banach space and L(X) be the set of bounded linear operators in
X. Let {Ty},. v be a sequence of operators in L(X) converging compactly to T in the sense
that:

14



o forallre X, Ty — Tx asn — oo,

e for any bounded sequence {xn}, . v with ||z,|| <1, the sequence {(T' —Ty)xn}, . N S
relatively compact in X.

Let o(T) and o(T),,) be the spectra of T and T, respectively. Let A be an isolated eigenvalue
of T of finite multiplicity and let T' be a closed Jordan curve in the complex plane around X
and isolating \ such that the domain A enclosed by I' contain no other point of the spectrum
o(T) than \. Then, o(T,,) N A contains a number of eigenvalues equal to the multiplicity of
A provided n is large enough.

Moreover, if A\, is a sequence of eigenvalues of T, converging to \, and u, is a sequence
of normalized associated eigenvectors, then, up to a subsequence, u, converges to a limit u
in X which is an eigenvector of T associated with \.

4 A priori estimates

The first step in the proof of Theorem 3.6 is to derive an a priori energy estimate for the
source problem (21). From this we shall derive two main results: first the solution of (21) is
bounded in W2(2 x V) independently of ¢, and second the rate of convergence of the angular
flux to its mean and of the boundary trace of the flux to 0 is characterized. More precisely,
the following a priori estimates hold true.

Lemma 4.1 Let u. be the unique solution of (21). There exists a positive constant C, which
does not depend on € and q, such that

1
luell L2oxvy + v - Vue| L2 (x vy + %HUEHLZ(F+,|U-n|)
1 (24)
2w [ uclzonry < Claliomnr,
174

where L*(T'y,|v - n|) is the trace space of functions u satisfying fr+ (v-n) u2dl < oo with
Iy ={(x,v) € 92 x V|v-n(zx) >0} and dT' = dvdo (do being the surface measure on ON2).

Proof. We multiply equation (21) by u-1.¢F and integrate to obtain

11—1—12:// F (@) ucdx dv.
QJv

The first term is

1 1
I, = —/ / v Vue(ugtpel)dedv = —/ |u€|27,/1€1/):v -ndvdo
i QJv i Ty
——/ / v+ Vue(uep )l )de dv  — —/ / [ue2v - V(¥erp?)da dv.
€JaJv €JalJv
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Multiplying the infinite medium equation (5) by * and subtracting the adjoint equation (6)
multiplied by v yields

Vo) = 0 [ 6o o)t 6 [ o o)
v v
where o (y,v",v) = 000 (y,v,v"). Denoting by =¥ (z,v',v) = 05 (z,v,v"), we deduce that

//mﬁvvm mm—//@ﬁ(ﬁ/% /waﬂmw

This yields the following expression for the first integral I

1 1 %
I = — |u€|2¢€w:v.ndvdof—2// | 1/):/ YeoS, 1/15/ YioZl | dzdv.
2e 2e oJv Y
The second term is given by

2 [ [ euwtwvanitzar = % [ [ oz ( [ o) asae

€
1
_ _2//u€1/): </ o Yeue | drdv.
e JaJv \%
Summing I; and I3 we have

L+ = 2% | e 2ot o - o do do + %// [|u€|2¢; (/‘/0;1/)5>
el ([ oxz0) = 2wz ( [ oievens) | s,
Vv

or equivalently
1 2 *
L+, = — [ue|“etbiv - ndvdo

252/// (v, 0)0% (V) (V) e (v) — ue (V)P dv dv” da.

From Proposition 2.5, we know that ¢} oS 1. is bounded from below by a positive constant.
On the other hand we easily check that

2
/ / / lue (v) — ue(v')|?da dvdv’ = —/ uedv'| dx dv.
oJv./v 1%
Therefore, we deduce the a priori estimate (recall that v-n > 0 on I'y)
1 2 1 2
EHUE||L2(F+,|U‘7}|) + §||Ua - VUEdU”L?(QxV) < Cllucllz2exv)llallL2@xv)- (25)
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On the other hand, equation (21) implies that

1
[v- VuellL2@oxv) < C |:5|Q|L2(Q><V) + EllQa(ua)HL?(QxV):| : (26)
From the properties of the scattering kernel @, we deduce that

Qe ey = Qe = [ wedo)laonvy < Cluc = [ wedolizonvy (20
v v
Finally the Poincaré inequality in Lemma 4.3 gives

luellL2oxvy < C [lucllLz@y jon)) + v - Vel L2iaxvy] - (28)
A combination of inequalities (25,26,27,28) yields the desired result. O

Corollary 4.2 Let q. be a bounded sequence in L*(Q x V). Let u. be the solution of (17)
with the source term qe instead of q. Then the sequence u. is relatively compact in L*(Qx V).

Proof. Remark that the energy estimate (24) holds true also for the source term ¢.. There-
fore, u. and v - Vu, are bounded in L*(Q x V). By virtue of the averaging lemma [18], we
deduce that [;, ucdv is relatively compact. But (24) implies that u. — [, u.dv goes to 0
strongly in L?(Q2 x V) which proves the relative compactness. O

We now state a trace embedding result which is the analogue in transport theory of the
Poincaré inequality for elliptic operators. Recall that, by assumptions (H1) and (H2), Q is a
bounded and convex open set in R, and that V is a compact set in R” such that 0 agV.
Let us define the following maximum travel time of a particle (in the absence of collisions)

inf{t >0,z —vt gV}, (x,v)el;
inf{t >0,z +vt gV}, (x,v)el_.

3
—~
&

<
~—

\

(29)

3
—~
&

<
~—

\

Remark that, since Q is bounded, 7(x,v) is bounded independently of (z,v) € 9Q x V. Let
us also introduce the following measure on 92 x V

d¢ = |v - n|r(z,v)dvdo,
where do is the surface measure on 9.

Lemma 4.3 Any function u(z,v) € W2(Q x V) has traces on I'y and T'_ which belong to
L?(Ty,d€) and L*(T_,d€) respectively. Furthermore, there exists a constant C, independent
of u, such that

[ull2xvy + llullczr, ae) < C (v Vallpz@xvy + lull 2w ae)) - (30)

Proof. The first part of the lemma is simply the usual trace theorem in transport theory (see
e.g. [14]). Thus it remains to prove inequality (30). For any smooth function u(z,v) € QxV,
we have

d(z,v)
u(z,v) = / v+ Vu(z — sv,v)ds + u(Z,v),
0
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where d(z,v) is the distance between z € Q and 99 in the direction —v and T the point in
09 uniquely defined by
T =1x—d(z,v)v. (31)

Since € is a bounded domain we deduce from the Cauchy-Schwartz inequality

d(z,v)
lu(z,v)|* < C (/0 (v - Vu)?(x — sv,v)ds + |u(T, v)|2> . (32)

Denoting by x(x) the characteristic function of Q (equal to 1 if €  and 0 otherwise), and
integrating with respect to « the first term in the right hand side of (32) leads to

d(z,v)
/ / |v - Vul?(z — sv,v)dsdz

Odiam((z)
x(x — sv)|v - Vu|*(z — sv,v)dsdx

Qdigum(ﬂ)
/ [ Xl VuP . vdyds
0 Q+sv

diam(o)
= / / lv - Vul?(y, v)dyds < diam(€) / v - Vul?(y, v)dy.
0 (24sv)NQ

(33)

Q

We now integrate with respect to = the second term in the right hand side of (32). For a
given velocity v we introduce an orthonormal basis (z1,...,2z,) = (2/,z,) such that z, is
parallel to v. The boundary point Z, defined by (31), is thus a function of 2’ only. Then

/Q |u(Z, v)|?dx = /]RN’I lu(Z, v)|? (/Rx(x)dxn) dz' = N |u(Z,v)|?7(Z, v)dx',

where €' is the projection of © on R™™!. Since Q is convex, there is a diffeomorphism
between ' and that part of the boundary defined by T';, = {& € 9Q, n(z)-v < 0}. Changing
the variable 2’ in T € T, yields dz’ = |v - n|do and

/Q|u(f,v)| dx = /FU [v-n|T(Z,v)|u(T,v)|*do. (34)

Integrating over V inequalities (33) and (34) gives an upper bound for the norm of w in
L?(Q x V). The same method can be applied to obtain an upper bound of the L?(I'y, d§)-
norm of u in terms of the L?(2 x V)-norm of u and v - Vu, which yields the desired result.
O

5 Convergence proof

This section is devoted to the proof of Theorem 3.6. We use the two-scale convergence
method [2, 26]. Let us remark that the more classical method of asymptotic expansions can
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also be used to prove this theorem [7, 8]. However this is at the price of more assumptions
on the smoothness of the physical data.

Let us introduce some notations that we shall use in the derivation of the two-scale
convergence properties. We denote by C%° (Y) the space of infinitely differentiable functions
in RY that are periodic of period Y, and L% (Y) (respectively, Hj(Y)) the completion of
C®(Y) for the norm of L*(Y) (respectively, H'(Y)). Generalizing the usual definition of

two-scale convergence to functions that depend on two variables z and v, we introduce the
following

Definition 5.1 A sequence of functions u. in L?(Q2 x V') is said to two-scale converge to a
limit u®(z,y,v) in L2(Q x Y x V) if, for any function 1 (x,y,v) in D[Q x V; Cr(Y)], we

have
. T 0
lim ue(x,v) (z, —,v) drdv = w (z,y,v)(x,y,v)dx dy dv. (35)
=0 Ja Jv 2 oJy Jv

This definition makes sense because of the following compactness theorem (the proof of
which is a straightforward adaptation of Lemma 1.3 and Theorem 1.2 in [2]).

Theorem 5.2 From each bounded sequence u. in L*(Q x V) we can extract a subsequence,
and there erists a limit u®(z,y,v) in L?(Q x Y x V) such that this subsequence two-scale
converges to u.

We now prove a result which is the analogue of [2, Proposition 1.14] for transport theory.

Proposition 5.3 Let u. be a sequence in L*(Q2 x V) such that there exists a constant C,
independent of €, satisfying

llucll L2oxvy + v - Vel r2(axvy < C, u:=0 onl_,
lluellL2(r, jon)) < CVE, [|ue */ uedvl| 12 (ox vy < Ce.
1%
Then, there exists u®(x) in Hg(Q) and u'(z,y,v) in L*(Q x V; Hy(Y)) such that, up to the

extraction of subsequences, us(x,v) converges strongly to u®(z) in L?*(Q x V), v - Vue(z,v)
two-scale converges to v - Vyu® + v - Vyu!, and ¢! (u8 — fv usdv) two-scale converges to

(u! = [, uldv).
Proof. Since u. is bounded in L?(2 x V), Theorem 5.2 implies the existence of u°(z,y,v) €

L?(Q x Y x V) such that, up to a subsequence, u. two-scale converges to u’. Since ||u. —
[y uedv|| < Ce we deduce that

u®(z,y,v) :/uo(ac,y,v)dv.
v

On the other hand, v - Vu, being bounded in L?( x V), for any smooth Y-periodic function
Y(x,y,v) we have

lims/ / U-Vugw(x,z,v)dxdv = 1im—/ / ugv-Vyz/J(x,E,v)d:Edv =0,
e—0 oJv 5 e—0 oJv €
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which implies in the limit as € goes to zero that

// / u®(z,y)v - Vyib(z,y,v)dr dy dv = 0.
oty Jv

Consequently we have v - V,u®(x,y) = 0. Since V contains at least a basis of R (this
is clearly true for a velocity space of unit measure and for an union of spheres), we easily
deduce that

u®(z,y) = ul(z). (36)
To prove the strong convergence of u., we use the compactness result of the averaging lemma
in [18] which states that, ue and v-Vu, being bounded in L2(Qx V'), [1, uc(z,v)dv is relatively
compact in L*(€2). By assumption |[uc — [, ue(x,v)dv||12(qxv) < Ce which implies that u.
converges strongly to u in L2(2 x V).

Next, we focus on the two scale convergence of v - Vu.. Since it is a bounded sequence in
L?(Q x V), by virtue of Theorem 5.2 there exists £(x,y,v) € L?(2 x Y x V) such that, up
to a subsequence, v - Vu. two-scale converges to £&. Denoting by Li(Q xY x V) the space of
Y-periodic functions in L?(Q x Y x V), let us define its subspace

H={peLy(QxY xV)st vV =0}

Clearly H is a closed subspace of L?# (Q xY x V) and, by Fourier analysis, its orthogonal is
easily seen to be

H+={¢p e Ly(QxY xV)st. WeLLOQAXY xV), ¢=v-Vy}.

For a smooth function ¢ € H, having compact support in €2, we have

//U~Vu€¢(z, E,v)dazdv = f/ / uev - Vo (x, E,v)dazdv.
QJv € QJv €

Passing to the two-scale limit and integrating by parts we get

/Sl/y/v[f(x,y,v)—v-vzuo(x)} é(z,y,v)dxdy dv = 0. (37)

By density (37) holds true for any ¢ € H. Choosing ¢ = ¢(x,v) implies that v - V,u® =
[y &€dy and therefore v - V,u®(x) belongs to L?(€2 x V'), which in turn implies u® € H'().
Eventually, (37) is equivalent to [¢(z,y,v) — v - V,u®(x)] € H+. Thus there exists a (non-
unique) function @' (z,y,v) € L3 (2 x Y x V) such that

E(z,y,0) = v-Vou'(z) + v- Vil (z,y,v).

Finally we show that u® vanishes on the boundary 9. Consider a smooth function ¢(z, v).
Since u. = 0 on I'_ an integrations by parts yields

//U~Vug¢d:cdv = f/ / usv~V¢dxdv+/ ue (s, v)o(s,v)v - ndvdo.
QJv aJv T
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Since |[ucl| 20+ jv-n)) < CV/E, passing to the limit leads to

///(U-Vmuo—kv-vyal)qﬁdxdydv = —///uov-vqudxdydv.
Qly Jv aly Jv

By periodicity [, v-Vya'dy =0, and therefore integrating by parts gives
o(z,v)u’ (z)v -ndvdo = 0,
Ly

for any smooth function ¢(x,v), which implies u°(x) = 0 on 9.

Next, we study the two-scale convergence of w. = ¢~ (ue — fv ue). Since, by assumption,
it is a bounded sequence in L?(Q x V), there exists a function w(z,y,v) € L2(Q x Y x V)
such that, up to a subsequence, w. two-scale converges to w(z,y,v). Let us introduce the
space

G={¢¢€ L?#(Q XY x V) s.t. / v - Vyo(z,y,v)dv = 0}.
%

It is a closed subspace of Liﬁ(Q x Y x V) and, by Fourier analysis, one can check that its
orthogonal is

L={peLL(QxY xV)st. I(x,y) € LLOQXY) ¢ =0v-V,0}

Let ¢(x,y,v) be a smooth function in G with compact support in 2. Then

//wsvv x—v) dasdvf—{—://gbz—vv Vw.dx dv,
Q

or equivalently

We(v - Vy@ +ev- Vyp)dr dv

fo e
/Q/% Vugdxdv—i—//qﬁv (/ uadv) do do

1
(bv Vuedz dv — / / udv (v Ve + —v- Vy(,b) dx dv
Q 1% €

QJv
—//qbv-Vugdxdv—// /ugdv v - Vzodr dv.
QJv QJv \Jv

Passing to the two-scale limit yields

///wv-quﬁdxdydv = —///qb(v-vzuo—i—v-vyﬁl)dxdydv
QJY JV Q
/]fu0v~vz¢dzdydv.
QJY JV

Integrating by parts, we deduce that, for any ¢ € G,

// /(—U-Vyw—l—v-vyﬂl)qbdxdydv = 0.
QJy Jv
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Therefore v -V, (@' —w) belongs to G+ and there exists a function f(x,y) € L% (2 x Y) such
that v - Vy(w —a' — ) = 0. In other words we have just proved that
w(z,y,v) = @' (z,y,v) + 0(z,y) + n(z,y,v) withn € LL(Q x Y x V), v-Vyn=0.

Recall that the function @', deduced from (37), is not unique. Consequently, introducing

u' = @' + 7, the sequence v - Vu. still two-scale converges to v - V,u® + v - Vyu!, and

furthermore we have
w(z,y,v) = u'(z,y,0) +0(z,y).
By definition [, we(z,v)dv = 0, so that [, w(z,y,v)dv = 0. This implies that

H(z,y) = 7/ ul(zayvv)dvv
\%

which concludes the proof. O

We turn to the homogenization of problem (21). From now on, u. denotes the unique
solution of (21) and u°,u' are the associated two-scale limits given by Proposition 5.3 (up
to a subsequence). Recall that ¢ and ¢* are the solutions of the infinite medium problems
(5) and (6) respectively.

Proposition 5.4 If the drift flux J = fy fv vpp*dudy is non-zero, then u®(x) = 0 and the
entire sequence ue converges strongly to 0 in L*(Q x V). If J =0, then u' and u° satisfy

Y oud ,
ut(z,y,v) = Z —— ()¢ (y,v),

where 07 is the unique solution of (16) up to an additive constant.

Proof. Let ¢(z,y,v) be a smooth Y-periodic function. Multiplying (21) by e¢(x, Z,v) yields

/Q/Vv.Vugqﬁdxdu+5*1/Q/chg(ug)¢d:cdv:/Q/nggpa(q),

Recalling that e 71Q.(u:) = Q- (w.) (see Remark 3.5), and introducing the adjoint scattering
kernel Q, we obtain

= /Q /V Q-(u)¢ dw dv = /Q /V weQE(6)da dv.

We easily check that Q% (o(x, Z,v)) two-scale converges to Q*(¢), and furthermore that

. * T *
lim [[Q(é(z, =, v)llL2@xv) = Q7 (6(x, y, V)l L2(@xy V),

which is precisely the condition for passing to the two-scale limit in a product of two weakly
converging sequences (see Theorem 1.8 in [2])

;iixg)/g/vwgcg;(@dzdv/Q/Y/V<u1/vu1dv’> Q*(p)dx dy dv.
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As a consequence we obtain

/gl/y/v(”'kuo"‘”'vyul)¢d$dydv+/g/y/vQ(ul—/Vuldv')qbdxdydvzo,

which implies that u! is a solution of
v Vyu' +Qut) = —v- V.

N oulpj

j .
j=1 o4, 0" where each 0 (y,v) is a

Since u° does not depend on y and v, we have u! = 3
solution of

{ vVl +Q(¢) = —v; InY xV (38)

y — 09(y,v) Y — periodic.

The existence theory for (38) can be addressed directly, but it is simpler to remark that the
product x/ = 67 is a solution of

vV + 3y = / v + /\OO/ ox’dv’ — vt
4 v 1%
y — x?(y,v) Y — periodic
for which Proposition 2.4 applies. It states that there exists a solution x’ if and only if the
j-th component of the drift-flux is J; = 0, and it is unique up to the addition of a multiple

of 1. Therefore, either J; = [, [i, v;41)* = 0 and there exists a unique solution 67 (up to an
additive constant) of (38), or J; # 0 and there is no solution except 0 if the right-hand-side

is 0, which implies that 27“: =0, i.e. u® =0 due to the boundary condition. O

Before deriving the main convergence result of this paper, we prove that the postulated
homogenized diffusion matrix is actually positive definite. This is the aim of the following
lemma.

Lemma 5.5 The diffusion tensor D = (D;j;)1<i j<n, defined by

Dl] = —/Y/vaw(yav)lﬁ (y7v)91(yav)dvdy7

18 positive definite.

Proof. Let ¢ € RY and O = Zf\il &0°. Multiplying the cell equation satisfied by ¢ by
O¢1p1p*, a computation similar to that of Lemma 4.1 yields

D¢ - ¢

/y /V(“ - Vybe + Q(0g))0g ™ dy dv
T [ oo - o Payava

This implies that D& - € > 0 for all € € RY. Assume now that D¢ - € = 0. It implies that O¢
does not depend on v, and thus Q(6¢) = 0. This yields

v-Vyle = v-¢§ inY x V.
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Since V' contains N independent directions and 6 does not depend on v, we conclude that
V08¢ = —& which is not possible for a Y-periodic function except if £ = 0. This proves that
there exists a positive constant C' such that D¢ - € > C€|?. O

Remark 5.6 The homogenized diffusion matriz D defined in Lemma 5.5 is not necessarily
symmetric. However only its symmetric part plays a role in the homogenized equation (22)
since it can easily be checked that adding to it a constant skew-symmetric matrixz does not
change the solution of the diffusion equation.

After these preliminaries we are in a position to prove Theorem 3.6. For the reader’s
convenience, we recall it here.

Theorem 5.7 If J = 0, then the entire sequence u. converges to u°(z) in L?(Q x V'), which
is the unique solution in Hg () of

{ -V -DVu(z) = F(g)(z) inQ
u(z) = 0 ondQ,

where the diffusion tensor D is defined as in Lemma 5.5, and F(q) € L?(2) is given by

= [ [ [ ot o it oo, o) ' ay

Proof. Let us first define, for 1 <4 < N, the adjoint equation of the cell problem (38)

{ —v - Vy(p*0F) + Q*(Yp*0f) = vipp* inY xV (30)
y — 0; (y, v) Y — periodic,

which admits a unique solution, up to an additive constant, since fy fv v dy dv = 0. Let
¢(x) be a smooth function with compact support in Q. We define

N

.CCy, Z

)07 (y,v)

and

0 (2,0) = 9(x) + e0* (@, 2, v).

Remark that the test function ¢° has the same structure as the two-scale limit of w. but
adjoint (this is an usual rule of thumb for constructing test functions in homogenization).
Multiplying equation (21) by ¢4 and integrating by parts yields

*—//usv V(¢ pep: +—//U€Q (et //sb%g W Fo(g (40)
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The first term in (40) becomes
K, = /Q/ f—ugv V (k) — uEU.V(fbli/Jgi/J:)]
1 1
/ / —gugqsv V(ed?) — Suettiv - Vad (41)
- i V600N D) - wevato - Va5,

since 1 and ¥* depend only on y, while ¢ depends only on x. On the other hand, the second
term in (40) becomes

K= [ [ weoqiwan+2 [ [ wqiwzet (42)

because, for T = Q. or QF, T(¢(x)u(z,v)) = ¢(x)T(u(z,v)) (see Remark 3.5 on the proper-
ties of the scattering kernel @.). Recalling that 1.1} satisfies the adjoint equation

20 V(e) + 5 Qi) = 0

we deduce that, when adding K; and K», the first terms in the right hand sides of (41) and
(42) cancel out. Furthermore, in view of the definition of ¢! and of equation (39) satisfied
by 0}, we have

v Vy (o) + Q" (Y0 ¢h) = v - V0.
Therefore, when adding K; and K,, the second and third terms in the right hand side of
(41) cancel out with the second term in the right hand side of (42). Eventually, we get

Z //ugwazﬁavjaf?x (z )9*(%,0).

1,7=1

K,y +K2:_//uawew:7}'vm¢l
QJV

Since u.(x,v) converges strongly to u’(z) in L?(Q x V) we can pass to the limit as ¢ goes to

0
- Z/ azzaxj (/ / VY0 v)dydv) d:c=/QF(q)dx-

i,j=1

Multiplying (39) by 67 and integrating by parts, we easily obtain that

|, [ vwwviayao=— [ [ vowo:0dyae = -p,

This yields, for any smooth function ¢(z),

N 2
_/Quo(:c) Z Duaa; (2)dz = /qu(ac)F

which is nothing but the homogenized equation. Since it admits a unique solution u® in

HL(Q), all converging subsequences of u. have the same limit, which proves that the entire
sequence u. converges to u’. O
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6 Correctors and numerical result

In the previous sections, we gave the asymptotic limit of the spectral problem under very
mild smoothness hypothesis for both the cross sections and the solutions. Basically we have
only assumed that the criticality problem was well posed for any € and that the solution of
the infinite medium problem was bounded. With more smoothness available, one can expect
some stronger convergence properties, namely so-called corrector results. This is a classical
matter in homogenization theory for diffusion equations (see e.g.[28]) where correctors for the
eigenvalues and eigenvectors can be obtained under additional assumptions. The question
of correctors is more delicate in transport theory because it is intimately linked with the
emergence of boundary layers. We shall not dwell on such problems here and we refer to
[8, 7] for more details (a few comments on this issue are given in our discussion on the
numerical application of homogenization at the end of this section). However, staying in the
framework of the two-scale convergence method, we can obtain a partial corrector result for
the eigenvectors. It gives a rate of convergence of the neutron flux at the boundary as well
as a corrector for the deviation of the neutron flux from its velocity average. Unfortunately,
it does not imply any corrector for the eigenvalues.

Theorem 6.1 Assume that the drift flur satisfies J = 0. Let ue be the unique solution of
(21). Let u® be the unique solution of the homogenized equation (22), and define u* by

ou’ -
ul(:c,y, 1)) = Z —(z)oj (yvv)v

ox;
j=1

where 67 is the unique solution of the cell problem (16). Assume that u°(x) is smooth (say
continuous in 2). Then

1
lim — |uc|?|v - n|dl = 0,
e—0¢ I,

and )
EHE%EH (u8 —/Vuadv) — ewe| L2axv) =0,
with we (x,v) = (u!(z,2,v) — [, u' (2, £,v)dv).

Remark 6.2 Theorem 6.1 applies for the solutions of the source problem (21). However,
since the eigenvectors of the spectral problem (17) converge strongly in L*(2 x V') (up to a
subsequence), it is easily seen that Theorem 6.1 holds true also for these eigenvectors.

Proof. In the course of the proof of Lemma 4.1 we obtained the following energy equality

1
//aniFa(Q)dwdv = 7= |Ua|2¢g¢:v-ndvdo
le 2e Jr,
t55 / / / V() (V)0 (V) |ue (v) — ue (V') do dv' da.
2¢? Jo Jv Jv
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Since u.(x,v) converges strongly to u®(z) in L2(Q x V) we have

lim//ugz/};‘Fa(q)dxdv = /uOF(q)d:I: = /DVUO-VUOd:E.
e=0JaJv Q Q

On the other hand, taking ¢ = Vu® in Lemma 5.5 and using the definition of u! yields

/Dvu -Vuldr = = /Q/ / //0001/1 (v)|ut (v) — u (V") |*dz dy dv dv’.

By the lower semi-continuity of two-scale convergence applied to e 1 (uz(v) — us(v')), which
two-scale converges to (u!(v) — ul(v')), we obtain that

hggglfg////o 02 () (0o (v) — e () P do

2/9///‘7007/’ Plut(v) —u' (V)Pda dy dv dv'.

Therefore, the energy balance implies that

1
lim = [ |uel?v-nyp*dl =0
e—0 ¢ I,

and

H)Eg/// O Ze |ue (v) — ue( /)|2Z/Q/}//V//Uooz/}*wul(v)—ul(v')|2. (43)

Equation (43) is nothing but the strong two-scale convergence of e~ (uc(v) — uc(v')) to
(u'(v) — ut(v')) (see [2, Theorem 1.8]). Since u!(v) is independent of v" and u'(v’) of v, it
implies the strong two-scale convergence of e ™1 (u. — fv ue) to ul — fv ul. Since u? is smooth,
u'(x,2,v) is a well-defined function in L*(2 x V), and as a result of [2, Theorem 1.8] we
obtain the desired convergence. O

A complete numerical analysis of the homogenization procedure in a realistic setting goes
beyond the scope of this paper; we refer to [9] for such a presentation. Nevertheless we
would like to discuss briefly some numerical examples that illustrate interesting features of
the asymptotic behavior of the eigen-elements of (2). We consider here the two-dimensional
approximation of an idealized nuclear reactor, which is a periodic square composed of n x n
periodicity cells. Such cells, called assemblies, are themselves made of many fuel pins and
control rods immersed in water. More precisely, each cell is a MOX assembly (MOX stands for
a mixture of uranium and plutonium oxides) which is a very heterogeneous type of assembly
(we shall not described them here, and we refer to [9] for more details). Two quantities have
been of interest so far: the first eigenvalue A\l and the corresponding positive eigenvector ¢,
of (2). Following the usual engineering notation, we define ks = 1/Al. Table 1 gives the
exact multiplication factor k.y; for different values of the number n of assemblies, and their
associated diffusion approximation given by (As +&2v!) 7. The error between these values,
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Number of assemblies | Reference kess | Reconstructed kefs | error (107°)
5 XD 1.28495 1.28416 79
10 x 10 1.29525 1.29513 12
20 x 20 1.29791 1.29790 1
00 1.29883

Table 1: Reference and reconstructed k.¢s for a MOX assembly.

as seen in the last column of Table 1, has been given in the usual p.c.m. unit for nuclear
reactors computations (1 p.c.m. is equal to 1075). As a consequence of our analysis, the rate
of convergence to the diffusion approximation of the exact eigenvalue is expected to be at
least of order 2. A numerical estimate is given by

€10

v=—5 ~271,

10
1n5

which is fairly well comparable to the theoretical value of 3 (obtained in [8] for symmetric
cells), all the more since the number of assemblies is small in order not to heavily depend on
the accuracy of the numerical computations (of the order of 1075 for the eigenvalue).

In Figure 1 are plotted one-dimensional cross sections of the velocity-average of the exact
first eigenvector [, ¢.(z,v)dv and of its diffusion approximation given by

([ vm(E i) e

where u' is the first eigenvector of the homogenized diffusion equation (13). Let us empha-
size that the shape of the reconstructed flux is extremely close to that of the exact transport
solution (of course, since eigenvectors are defined up to a multiplicative constant, their nor-
malization has been performed so that the difference between both flux is identical at the
boundary of the cross section and at the point of maximal value).

However, whatever the choice of normalization, the error at the boundary of the domain
remains of the order of 5% of the maximal value. This error can not be corrected by adding
a periodic corrector term of order e, but rather is due to a boundary layer effect. This is
demonstrated by Figure 2 where the periodic corrector term, given by

EZ (/ 0 (=, v dv) g—i(x),

is plotted. Since its contribution is of the order of 0.004 of the flux, whereas the error is of
the order of 0.05, this periodic corrector term is of no help, all the more since it vanishes at
the boundary (using symmetry arguments, one can prove that at the boundary 9 either gi

28



11

09

0.8

0.7 |

0.6

05

04

03 |

0.2 |

01,/

T

'Reconstructed Flux’
"Reference Flux’

Figure 1: Reference flux and reconstructed flux in a core composed of 5 x 5 assemblies.
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vanishes owing to the Dirichlet boundary conditions, or 67 is skew-symmetric in the sense
that [i, 67(£,v)dv = 0).

The error between the exact and reconstructed flux is of order . It is due to a boundary
layer effect that we now explain. In the homogenization process, the absorbing boundary
condition for the neutron flux is replaced by a boundary Dirichlet condition for the diffusion
equation (vanishing flux on 99). This amounts to saying that no neutrons either enter or exit
the core asymptotically. However, for a fixed positive ¢, this is not the case for the transport
equation (2). Indeed, the absorbing boundary conditions in (2) implies that the incoming
flux vanishes, while the outgoing flux is an unknown, and has no reason to cancel out. This
phenomenon is the so-called leakage at the boundary of the core. Theorem 6.1 indicates that
this leakage is of order smaller than /2, but a finer analysis shows that it is of order ¢ [8].
In practice, for most of the usual reactors (with about 150 assemblies), the neutron density
at the boundary of the core (i.e. between the core and the reflector) is about 5% to 10% of
the maximal density. Therefore quantitative numerical simulations have to account for this
effect.

The highly heterogeneous structure of the transport density with respect to the velocity
v at the boundary of the core (no neutrons enter, whereas some exit) makes it very difficult
to approximate by diffusion (in essence independent of the velocity). Surprisingly enough,
this difficulty can be overcame in a very satisfactory way. In order to study this leakage, a
boundary layer analysis is performed which allows to understand the anisotropic behavior of
the neutron density at the boundary of the core. Such techniques have already been applied
in the case of homogeneous media (or slowly varying media) [11, 29]. In our situation, the
neutron mean free path is of the same order than the medium heterogeneities. Therefore,
the reactor can not be assumed to be locally homogeneous and a genuine multidimensional
boundary layer analysis has to be done (see [8] in the simplified setting of the even par-
ity transport formulation). This boundary layer can be replaced by a modification of the
Dirichlet boundary condition which becomes a Robin boundary condition for the homoge-
nized diffusion limit (featuring a so-called extrapolation length of order e, characteristic of
the boundary layer). Introducing this refinement in the homogenized model gives extremely
satisfactory numerical results for the reconstructed flux, as well as for the leading eigenvalue
(for details, see [9]).

Acknowledgments The authors wish to thank B. Perthame for helpful discussions con-
cerning the regularity theory of transport equations and X. Warin for his contribution to the
numerical analysis presented here.
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