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Continuity of the Darcy’s Law
in the Low-Volume Fraction Limit

GREGOIRE ALLAIRE *

0. - Introduction

The derivation of Darcy’s law through the homogenization of the Stokes
equations in a porous medium is now well understood. Some ten years ago, J.B.
Keller [10], J.L. Lions [14], and E. Sanchez-Palencia [19] showed that Darcy’s
law is the limit of the Stokes equations in a periodic porous medium, when the
period goes to zero. Note that the assumption on the periodicity of the porous
medium implies that in each period the fluid and the solid part have a size
of the same order of magnitude. Their main tool was the celebrated two-scale
method (see also [5]), which yields heuristic results. Almost at the same time,
L. Tartar [22] proved the rigorous convergence of this limit process using his
energy method introduced in {23] (see also [16]). Later on, T. Levy [12] and E.
Sanchez-Palencia [18] showed that, for some porous media in which the solid
part is smaller than the fluid part, the homogenization of the Stokes equations
leads again to Darcy’s law, but, with a permeability different from the first
one. The rigorous convergence in this case was proved by the author [2], [3].
The purpose of this paper is to study the two permeability tensors associated
to those two Darcy’s laws, and to actually prove that there is a continuous
transition between them.

Let us describe more precisely the setting and the main results of the
present paper. The fluid part Q. of a porous medium is obtained by removing,
from a bounded domain Q, a collection of periodically distributed and identical
obstacles. We denote by ¢ the period, and by a, the obstacle size; each obstacle
lies in a cubic cell (—¢,+e)", and is similar to the same model obstacle T
rescaled to size a..

We consider a Stokes flow in Q. under the action of an exterior force f,

* Part of this research was performed while the author was a visiting member of the Courant
Institute of Mathematical Sciences, supported by a DARPA grant # F49620-87-C-0065.
Pervenuto alla Redazione il 24 Settembre 1990.



476 GREGOIRE ALLAIRE

and with a no-slip condition on the boundaries of the obstacles
Vpe — Aue = f in Q,
V.ou=0 in Q,,
us =0 on 9%,

where u. and p. are the velocity and the pressure of the fluid.

1) Assume that a. = ne, with n € (0,1).

The constant 7 is actually the obstacle size in the rescaled unit cell
P = (—1,+1)". This case has been extensively studied with the two-scale
method (see [10], [14], [19]): when ¢ goes to zero, the limit of the Stokes
equations is the following Darcy’s law
u=A(f — Vp) in Q,
V-u=0 in Q,
u-n=0 on 0Q,

where u and p are the velocity and the pressure of the fluid. The matrix A is
the so-called permeability tensor given by

1
teiAek = 2_N / Vvk . V'Ui,
P-nT

where the functions (vg);<x<y are the solutions of the so-called cell problems

Vpr — Avg = ¢ in P—qT,
V-.v=0 in P—qT,
v =0 on 9(nT),

pr, vx P-periodic.

2) Assume that a. < €.

We further assume that the obstacles are not too small
ac > VN2 if N >3, and |log a;|”! >¢&? if N =2.

(For smaller obstacles, different limit regimes occur; see [3], [12]). This second
case has been studied by the author in [3], where he proved that when ¢ goes
to zero, the limit of the Stokes equations is the following Darcy’s law

u=M"Y(f-Vp) in Q,

V-u=0 in Q,

u-n=0 on 90Q,
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where, again, (u,p) are the velocity and pressure of the fluid, and M~! is the

permeability tensor. For each k € {1,---, N}, let us introduce the so-called local
problem

qu—Awk =0 in RN—T,

V-wg=0 inRV -T,

wi =0 on 0T,

Wy = e at infinity, if N > 3,

wy = (log r)eg at infinity, if N =2.

Denoting by Fj the drag force applied on T, i.e., Fi = / (qkn _ Ow

o ) , Where

oT
n is the interior normal vector of 4T, the matrix M is given by
1
M € = 2_NF ks

or equivalently

2N
RN-T

M=rxld if N=2, teiMek=-1—- / Vw; : Vw, if N >3.

Apparently there is no link between the formulae for A and M~!. From
a physical point of view, there should be one. Indeed, for an entire range of
obstacle size smaller than e, we always obtain a Darcy’s law with the same
permeability tensor M ~!; thus it seems natural that, even when the obstacle size
is exactly of the order of magnitude of €, one finds again the same permeability
tensor. This is not quite true, but, anyway, there is a sort of continuity when
passing from one case to the other. Actually we shall prove that, when n (the
obstacle size in the rescaled unit cell) goes to zero, the permeability tensor A(n)
(obtained in the first case) converges, up to a suitable rescaling, to the other
permeability tensor M~! (obtained in the second case). Thus, together with [3],
this result shows that there is a complete continuity of the limit regimes when
the obstacle size varies from zero to the period e (included). This process of
letting n go to zero, after taking the homogenized limit, is called the low-volume
fraction limit (see, e.g., [9], [21]). Our main result (Theorem 3.1 of the present
paper) is summarized in the following

THEOREM. Let (pi,vi) be the unique solution of the cell problem in the
first case. Rescaling it, for x € (n"'P — T) and for any space dimension, we
define

o) =N Pu(nz)  and  p(z) = 0™ 'pr(nz).

Let (g;,w;) be the unique solution of the local problem in the second case. Then
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N
(P}, v}) converges weakly to E(te,-M‘lek)(qi,wi) in

1=1

[Lioc ®RY — T)/R] x [H (RN — )]V,

loc

Furthermore we have

lin(l)r)N‘zA(n) =M! for N >3
7]—)

1
lim ——A(n) =M™! r N=2.
i g ] (m) fo

Note that the solutions of the cell problem, in the first case, do not
converge to the solutions of the local problem, in the second case, but rather
to a linear combination of them (this fact has already been mentioned by E.
Sanchez-Palencia in [18]). We give an explanation of it based on a new corrector
result for the velocity (see Theorem 1.3). In [3], when a. < €, we pointed out
that the solutions of the local problem are the boundary layers of the Stokes flow
around the obstacles. In Theorem 1.3 of the present paper, when a. = ne, we
see that the boundary layers actually are a linear combination of the solutions
of the cell problem. Thus, from a physical point of view, it seems natural that
Theorem 3.1 corresponds to a continuity between boundary layers, rather than
between solutions of the cell, or local, problem.

Let us conclude this introduction by saying that the idea of the “low-
volume fraction limit” goes back to R.S. Rayleigh [17]. Stokes flows through
periodic arrays of obstacles have been studied by H. Hasimoto [9] and A.S.
Sangani and A. Acrivos [21] (see also the references therein). Using different
methods, restricted to the case of spherical obstacles, they obtained an asymptotic
expansion of the permeability A(n) (instead of just its limit, as we do here).
Finally, we also mention that the framework of the present paper is similar to that
introduced by T. Levy and E. Sanchez-Palencia in [13] and [20] (concerning the
derivation of the Einstein formula for the viscosity of a suspension of particles).

NOTATIONS. Throughout this paper, C denotes various real positive
constants which never depend on e or n. Let H}(P) (resp. L,z,(P)) denote
the space of P-periodic functions of H'(P) (resp. L*(P)). The duality products
between H}(Q) and H~'(Q), and between [H}(Q)]Y and [H~'(Q)]¥, are both
denoted by (-, -) H-LH/@" The duality product between [H,(P)]" and its dual,
is denoted by (-, -) H:\HI(P) The canonical basis of RV is denoted by (ex)1<k<n-

1. - Obstacles size of the order of the period

Throughout this paper, we consider a porous medium modelled by a
periodic array of fixed and isolated obstacles. The present section is devoted
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to the case where the obstacles have a size of the same order of magnitude
than the period. This situation has been extensively studied with the celebrated
two-scale method (see [1], [10], [14], [19], [22]).

1.a) Recall of previous results.

Let us briefly describe the geometry under consideration; the porous
medium €, is defined as follows. Let Q be a bounded, connected, open set in
RN(N > 2), with Lipschitz boundary 9Q, Q being locally located on one side
of its boundary. Let € be a sequence of strictly positive reals which tends to
zero. The set Q is covered with a regular mesh of size 2e, each cell being a
cube P¢, identical to (—¢,+¢)". At the center of each cube Pf, entirely included
in Q, we put an obstacle 77 of size of the same order of magnitude than the
period e. The fluid domain Q. is obtained by removing from Q all the holes

N(e)
Tf: thus Q. =Q— |J T7 (the total number of obstacles N(e) is of the order of

1=1

e~V). By perforating only the cells which are entirely included in Q, it follows
that no obstacle meets the boundary 9Q. Every obstacle T¢ is similar to the
same model obstacle T rescaled to size ne, where 7 is a positive constant. (We
assume that T is a smooth closed set, which contains a small open ball, and
which is, itself, included in the unit ball). When rescaled to size 1, the fluid
cell Pf —T7 is similar to the so-called unit cell P —nT, where P is equal to
(=1,+1)". Thus, the constant 7 is actually the size of the obstacle in the unit
cell, while ne is the size of the obstacle in the e-cell P;. In the present section
n is considered as a constant, although in Section 2 we shall study the limit
when 7 goes to zero (the so-called low-volume fraction limit).

Let us consider a Stokes flow in €, under the action of an exterior force f,
and with a Dirichlet boundary condition on 9€Q.. Let u. and p. be the velocity
and the pressure of the fluid (its viscosity and density are set equal to 1). If
f € [LA(Q)]V, there is a unique solution (ue, pe) in [HJ(Q:)1Y x [L*(Q)/R] of
the Stokes equations

Vp: — Au, = f in Q,
(1.1) V-u=0 in Q,
u: =0 on 0€),.
Using the celebrated two-scale method, several authors ([10], [14], [19]) have

heuristically shown that the limit, when ¢ goes to zero, of the Stokes problem
(1.1) is the following Darcy’s law

u=A(f — Vp) in Q,
(1.2) V.u=0 in Q,
u-n=0 on 0Q,

where u ant p are the velocity and the pressure of the fluid, and the permeability
tensor A is a symmetric, positive definite, matrix. (Problem (1.2) is a second
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order elliptic equation for the pressure p, and there exists a unique solution p
in H'(Q)/R).

Furthermore, the permeability tensor A is given by an explicit expression
involving the so-called local solutions (vk)i<k<y Of a Stokes flow in the unit
cell P —nT (see, e.g., Section 7.2 in [19])

1
(1.3) te;Aer = o / Vo : Vo,
P-nT

For each k € [1, N1, the velocity vy is defined as the solution, in [H}(P - nT)IV,
of the local problem

Vpr — Avg = ¢ in P—-nT

V.v,=0 in P—nT
(1.4) v 7

v =0 on o(nT)

pr, v P-periodic.

Besides these work based on asymptotic expansions, Tartar [22] gave a rigorous
proof of the convergence, using his energy method (see [23] or [16]). We recall
his result

THEOREM 1.1. Let (ue, pe) be the solution of (1.1), and (u, p) be the solution
of (1.2). Let i, be the extension of the velocity u. defined by

e = Ue In Q, 9. =0 in Q- Q..

There exists an extension P. of the pressure such that

(L5) { 2 v in [L2(Q)IN weakly

P.—p in L*(Q)/R strongly.

REMARK 1.2. The main difficulty in Theorem 1.1 is the construction of a
uniformly bounded extension of the pressure. L. Tartar built it using a theoretical
“dual” argument (see [22]), and later on, R. Lipton and M. Avellaneda [15]
made Tartar’s extension explicit. Theorem 1.1 has been generalized in [1] to
the case of a porous medium with a connected solid part.

1.b) A corrector result for the velocity.

In Theorem 1.1 the convergence of the pressure is strong, while that of the
velocity is merely weak. A natural question arises: can we improve it by adding
a so-called corrector to the velocity, and then obtain a strong convergence? The
present subsection is devoted to this problem which, surprisingly, has not been
addressed before (to the author’s knowledge), although its resolution involves
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only elementary arguments. In the same setting as in Subsection 1.a, our main
result is

THEOREM 1.3. For k € [1, N, let vy be the solution of the local problem
(1.4). Let us define a function v§ € [H{(Q)IY by

(1.6) vi(z) = v (g) for x € Q.

N
Then, the corrector of the velocity is E(tuA_lek)vi, and we have
k=1

~ N
(1.7) (:—2 - E(tuA_lek)'vi> — 0 in [L* Q1N strongly.

k=1

REMARK 1.4. There is no assumption on the smoothness of the limit
velocity u, and yet the corrector is well defined in L?(Q2). As a matter of fact,
we notice that, if the obstacle T is smooth, standard regularity results imply
that the solution v, of (1.4) belongs to [L*(P)]N. Thus, the sequence v 1S
bounded in [L®(Q)]Y, and (uA~ler)vi is bounded in [L*(Q)]Y, without any
further hypothesis.

Before proving Theorem 1.3, we need to establish some lemmas about
the weak semi-continuity of the energy (which are related to the I"-convergence
introduced by E. De Giorgi [7]).

LEMMA 1.5. Let z. be a sequence such that

() 2z — z in [L2(Q)IN weakly,
(i) (eVz) is a bounded sequence in [L*(Q)1V’,
(iii) (eV-z)— 0 in L*(Q) strongly,
(iv) 2z=01in Q- Q..
Then

(1.8) lim inf 62/ |Vz|* > /tzA-‘z,
_ o,
Q Q

PROOF. We briefly sketch the proof, as it is a simple adaptation, to the
case at hand, of a result due to D. Cioranescu and F. Murat [6] (see also
Proposition 3.4.6 in [3]).

For any smooth function ¢ € [D(Q)]Y, let us define a real sequence

2

1.9) &=¥/

Q

N
v <z€ -y qsku;)
k=1
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We expend A, and obtain

e /lee|2+E /qsk«zka vos

1,k=1

(1.10) ey IKALS vy e / Ve Véaf of

k=1 ¢ 1,k=1

N
+2E /vqs,,ukqsm —2¢? /st. <Ev;v¢k>.

,k=1 Q k=1

Using standard estimates, it is easy to show that the last three terms of (1.10)
go to zero as € does. In order to pass to the limit in the second term of (1.10),
we notice that the sequence &*Vwi : Vuf is periodic and bounded in L'(Q).
Thus, as a measure, it converges to its mean value, and we obtain

S / BubiV0]  V0f E / o / vor: V) = [ *940
1,k=1 ' Q
Integrating by parts the third term of (1.10) yields

52/¢kvv,i D Vze = € (A}, rze) g ) —62/z5-Vvi-V¢k
Q Q

2
=" (Vg — Avg, beze) g1 )

—52/zEAVvi-V¢k+€2/piz€-V¢k

Q Q

(1.11)

ez/p;mv . Ze.

Q

Recalling from (1.4) that sz(Vpi — Avf) is equal to e, we deduce from (1.11)

62/ ¢kV’U; . VZE - / qSkz * €.
Q Q

Finally, passing to the limit in (1.10) leads to
lim (i)nfé/]v%ﬁ zz/z.¢_/t¢A¢.
Q Q Q

Replacing ¢ by A~!z gives the desired result.
QE.D.



CONTINUITY OF THE DARCY’S LAW IN THE LOW-VOLUME ETC. 483

LEMMA 1.6. If we add to the hypotheses of Lemma 1.5 the assumption

lim inf & | |Vz|*= | 2472,
e—0
Q Q

that

then, we obtain
N

(1.12) <z - E(sz—‘ek)u;> — 0 in [L*Q)]" strongly.
k=1

PROOF. As Lemma 1.5 above, the present lemma is adapted from a result
due to D. Cioranescu and F. Murat [6]. Using the new assumption while passing
to the limit in (1.10) yields

(1.13) 111%AE=/tzA-1z+/t¢A¢—2/z-¢=/t(z—A¢)A-‘(z—A¢).
Q Q Q Q

Then, introducing a sequence ¢, of smooth functions which converges to A™!z
in [L>(Q)]"Y, and passing to the limit in (1.13), we obtain

N
: 2 _ t, A1 €
lgrée / V(za kE_I(ZA ek)vk>

Q

2
=0.

Using Poincaré inequality in Q. (see, e.g., Lemma 1 in [22]) leads to the desired
result.
Q.ED.

PROOF OF THEOREM 1.3. Les ut check that the assumptions of Lemmas
1.5 and 1.6 are satisfied by the sequence of solutions i./e* and its limit w,
solution of the Darcy’s law (1.2). The only non-trivial point is the convergence

of the energy. We have
/[V@P:/f-as.
Q Q

From Theorem 1.1 we know that
e
[18[re
Q Q

Then, using Darcy’s law, and integrating by parts yields

/f-u=/(A*1u+Vp)-u=/tuA’lu.
Q Q Q
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2
82/ —»/tuA'lu.
Q Q

Applying Lemma 1.6 gives the desired result.

Finally we obtain
Ue
Va

QED.

2. - Obstacles size smaller than the period

In this second section we recall some results obtained in [3] about the
homogenization of a Stokes flow in a porous medium made of periodically
distributed obstacles smaller than the period. This is in contrast with the situation
in Section 1 where both the obstacles size and the period were of the same
order of magnitude.

In the present case, the porous medium €. is defined exactly as in Section
1 except that each hole T? is similar to the same model obstacle T rescaled to
a size a. smaller than the period. In other words, we assume that the size a.
satisfies ’

2.1) lim & = 0.
e—0 €
Now, as in [3], we define a ratio o,
EN 1/2
05=<a_N'3> fOI'N23,
€
oe-s|Log (z) for N =2.
In addition to (2.1), we assume that
2.2) lime, =0.
e—0

The assumption (2.2) implies that the obstacles are not too small, so that the
homogenized limit of the Stokes flow is always the following Darcy’s law

u=M"Y(f - Vp) in Q,
(2.3) V-u=0 in Q,
u-n=0 on 0Q,
where (u, p) are the velocity and pressure of the fluid (problem (2.3) is a second

order elliptic equation for the pressure p, and there exists a unique solution p
in H'(Q)/R).
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To compute the permeability tensor M~!, we need to introduce the local
problem for each k € {1,...,N}

Vg —Awg=0  inRV —T,

V.-w,=0 in RV — T,
2.4 wi =0 on 9T,
Wi = ek at infinity, if N > 3,

wi = (log 7)ey, at infinity, if N =2.

Denoting by Fj the drag force applied on T, i.e., Fy = / (qkn — (-9213

an ) , Where

aT

n is the interior normal vector of 8T, the matrix M is given by
1

(2.5) Me, = 2—NF’°'

The formula (2.5) is valid in any dimension, but there is actually a big difference
between the 2-D case and the others. For any obstacle T, it turns out that

(2.6) fN=2: M=rxld

2.7 if N>3: te;Me, = 1

N / Vw; : Vwg.

RVN-T

The result (2.6) is a consequence of the well-known Stokes paradox and of the
Finn-Smith paradox [8], while formula (2.7) is obtained through an integration
by parts, valid only for a space dimension N > 3 (see [4] for details).

Now, we recall the precise convergence theorem [3].

THEOREM 2.1. Assume the hole size satisfies (2.1) and (2.2). Let (uc,p.)
be the unique solution of the Stokes system (1.1). Let i, be the extension of the
velocity by 0 in Q — Q.. There exists an extension P. of the pressure such that

O¢

{ u—; —u in [L2(Q)1V weakly,
P.—p in LX(Q)/R strongly,

where (u,p) is the unique solution of the Darcy’s law (2.3).

REMARK 2.2. For any hole size, satisfying (2.1) and (2.2), we obtain a
Darcy’s law with the same permeability tensor, independent of the hole size. In
other words, the limit problem is always the same Darcy’s law (2.3) for all the
range of sizes a. satisfying (2.1) and (2.2); the only difference between two
sizes is the value ¢, which rescales the velocity.

Let us mention also that assumption (2.2) is required to obtain a Darcy’s
law as the homogenized limit. If the limit of ¢, is strictly positive and finite,
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then the limit problem is Brinkman’s law, while, if 0. goes to infinity, then the
Stokes equations are obtained at the limit (see [3] for more details).

We have not yet said anything about existence and uniqueness of solutions
of the local problem (2.4). Let us begin by a definition: D'?(RY —T') is defined
as the completion, with respect to the L?-norm of the gradient, of the space of
all smooth functions with compact support in RY — T, i.e.,

(2.8) Dlvz(RN —-T)= W;_T—)”VWLZ(RN).

Though H! is the usual space of admissible velocities for a Stokes problcm
in a bounded domain, it is well-known (see Section 2, Chapter 2 of [11]) that
D'? is the “natural” space for a Stokes problem in an exterior domain. Now,
we are in a position to state

LEMMA 2.3. Let 0(xz) be a smooth function equal to 0 on the obstacle
T, and equal to 1 in a neighbourhood of infinity. If N > 3, the local problem
(2.4) admits a unique solution (qi,wy — Oer) in L*(RN — T) x [D'2RN — ).
Furthermore, the boundary condition at infinity is satisfied through the following
Sobolev embedding

2N
(2.9) DRV —T)c LV2RN - T).
If N =2, there exists a unique solution (qx,wy) of (2.4) which is the sum of

two terms. The first one, (¢}, wY), is the solution of (2.4), when the obstacle T
is the unit ball, which is explicity given by

2.10) { w) = zprf(r)e, + g(r)e

qY = zkrh(r)

1 1
f(T)=—r—2+T-4

with { g(r)= Logr — —212 + %
T
2
h('l‘) = —T—z.

The second one, (qi,w;), is now the solution of a “difference” problem which
admits a unique solution in L>(R*> — T) x [D'2(R? — T)J?

ow 2 .
V‘I;c - Aw;c = (‘I%’fr — 3—7‘k) op, = ;Ckﬁgl inR2-T
Veow, =0 inR2—T
(2.11)
wi =0 on 8T
!
wj = o(log r) at oo (i.e., Tl - O) ,

log r
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where 6, is the unit mass measure concentrated on the unit sphere B, (recall
that we have assumed that T is included in the ball B).

Furthermore, the boundary condition at infinity is satisfied through the
following embedding

¢

12/m2 .
(2.12) DR -T) = (r + D log(r +2)

€ LA(R* - 1),
which can be interpreted as ¢ = o(log r), because log r does not belong to the
space on the right-hand-side of (2.12).

For a proof of Lemma 2.3, we refer to Lemma 2.2 in [4] (see also [11]
and [18]).

In the sequel we shall need a characterization of the space D'?(RN — T
which is given by

LEMMA 2.4. If N > 3, then

DY RN —T) = {¢ € L%—%(RN)/qS =0onT, and V¢ € [LZ(RN)]N}-

If N =2, then
DY (R® - T)
— — d’ 2?2 2 2\12
= {¢/¢_0 on T, T D) € L*(R%), and V¢ € [L*R?)] }

PROOF. Thanks to (2.9) and (2.12), we already know that DV2RN — T)
is included in the space on the right-hand-side (let us call it H). It remains to
prove that any function of H is the limit of a sequence of smooth functions
with compact support in RN — T, such that the sequence of their gradients is
bounded in L2(RN — T).

Let p, be a sequence of mollifiers with compact support in a ball of radius
1/n. Let x be a smooth cut-off function defined by

x(r)=1 for r <1,
X(r)<0 for 1 <r <2,
x(r)=0 for r > 2.

If N >3, let x,(z)=x (‘—:’;—‘) For any ¢ € H, we define a sequence

qsn = (¢ * pn)Xn-

The function ¢ * p, is a regularization by convolution with a mollifier of the
function ¢, and it is well-known that ¢ = p,, converges almost everywhere to ¢.
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Thus

(2.13) ¢nb—> $ ae. in RV,

Using elementary properties of the convolution, we have
(2.14) Vén = (Ve * pn)xn + (D * pn)VXn

2N
where V¢  p, is bounded in L?(RY), ¢ * p, is bounded in LN¥-2(R¥), and Vx,
is bounded in LY (RY). Thus, (2.14) implies that V¢, is bounded in L2(RYN),
which, together with (2.13) yields the desired result.

If N=2, let x,(z) =x (lloogg—lzl

¢n = (¢ * pn)Xn-

). For any ¢ € H, we define a sequence

The convergence (2.13) still holds, but now, we bound (2.14) by noticing that
Vé * p, -is bounded in L*(R?), Wﬁ)% is bounded in L?*(R?), and
(r + 1)log(r +2)Vx, is bounded in L®(R?). Thus, (2.14) implies that V¢, is
bounded in L?(R?), which leads to the desired result.

We have cheated a bit because ¢, is equal to zero, not in T, but in a
smaller subset which tends to T' as n goes to infinity. Nevertheless, ¢, is equal
to zero in T if the function ¢ is equal to zero in a neighbourhood of T. Thus
we can remedy this, by approximating any function ¢ of H by a sequence of
functions of H which are supported away of T, then apply the above result
to each function of this sequence, and finally extract a diagonal sequence and
conclude.

QED

3. - Main result: continuity of the permeability tensor

In Sections 1 and 2, under different hypotheses on the obstacle size, we
have obtained, in both cases, a Darcy’s law as the homogenized problem. The
permeability tensors, associated to these Darcy’s law, are given, either by (1.3)
or (2.5). Obviously these formulae are completely different, and so are the
permeability tensors M~! and A. From a physical point of view, this statement
seems paradoxical. Why should the permeability tensor be the same for a large
range of obstacle sizes smaller than the period, and then have a different value
when the obstacle size is equal to the period? We shall prove in this last
section that, beyond this seemingly paradox, there is an actual continuity of the
permeability tensor.

In Section 1 we took care of defining the size ne of the obstacles T} as
the product of two contributions: first, ¢ is the size of the period (which goes to
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zero in the homogenization process), and second, 5 is the size of the obstacle
in the unit cell (which is a constant during the homogenization process). Thus,
after passing to the homogenized limit (i.e., ¢ goes to zero) in Section 1, we
can take a second limit (the so-called low-volume fraction limit) as n goes to
zero..We shall prove that, in this second limit process, the permeability tensor
A (which depends on 7, and, from now on, denoted by A(n)) converges (after
a suitable rescaling) to the permeability tensor M~! which was obtained in
Section 2. More precisely, we obtain

THEOREM 3.1. Let (pk,vi) be the unique solution of the cell problem (1.4)
in [L2(P)/R] x [H}(P)I¥. Rescaling it, for = € (n~'P — T) and for any space
dimension, we define

(3.1) v](z) = 0" uk(nz) and pl(z) = 0" ' pr(na).
Let (g;,w;) be the unique solution of the local problem (2.4) in Section 2. We
N

define a linear combination of those solutions: (Py,r) = E(te,-M e (g, wy).
i=1
Then (p},v}) converges weakly to (Py,¥r) in

(L}, RY — T)/R] x [Hjy RY — TV,

Furthermore we have
lim nN‘zA(n) =M"! for N>3
n—

32) —— A M N=2
“0 p ()= for N =2.

REMARK 3.2. In order to compare the solutions of (1.4) and (2.4), we
rescale the unit cell, involved in (1.4), to size 1/n, so that in both case the
obstacle has the same fixed size. In (3.2) we also need to rescale the matrix
A(n) in order to obtain M~! as its limit. As we expected it, the permeability
A(n) increases (and even goes to infinity) as n tends to zero, i.e., as the volume
of the obstacles decreases.

A striking aspect of (3.2) is that both A and M are the energies of some
local problems (see formulae (1.3) and (2.7)), but A actually converges to the
inverse of M. On the same token, let us emphasize that the rescaled solutions
of the cell problem (1.4) do not converge to the solutions of the local problem
(2.4), but rather to a linear combination of them. This can be explained in
the light of the associated corrector results for the velocity. Such a result is
usually of the form: if the sequence u. converges weakly to its limit u, then

N

there exist some functions (b%)i1<k<y such that u. — Y bfuj converges strongly

to zero (where uy is the kth component of u). The functions (b})1<xk<n, Which
are equal to zero on the obstacles, are interpreted as the boundary layers around
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them. For example, in Theorem 1.2.3 and Remark 2.1.5 of [3] the solutions
of (2.4) (rescaled to size a.) are used as boundary layers. On the contrary
in Theorem 1.3, we do not introduce the solutions of the cell problem (1.4),
but rather a linear combination of them. Actually, in the setting of Section 1, the

N
exact boundary layers are <E(teiA‘lek)vk> , and not the (vg)i<i<y
k=1 I<i<N

themselves. Thus, although both local problems are used to define the test
functions in the proof of the convergence, their solutions do not have the same
meaning. Only the solutions of (2.4) are boundary layers, while the solutions
of (1.4) are the periodic flows under a unit constant force.

REMARK 3.3. Theorem 3.1 has already been stated, in a slightly different
form, by E. Sanchez-Palencia [18], but proved only in the 3-D case. However,
the convergence (3.2) of the permeability tensor is new. For a periodic
distribution of spherical obstacles, the low-volume fraction limit has been
investigated by H. Hasimoto [9], and A.S. Sangani and A. Acrivos [21]. Their
method is different of ours: first, they construct an explicit fundamental solution
of the Stokes problem, and second, they do an asymptotic expansion in n of
it. Consequently, they also obtain an asymptotic expansion of A(n) (which is a
scalar matrix in that case), not restricted to the first term as in Theorem 3.1.
Unfortunately, their method works only for spherical obstacles.

Before proving Theorem 3.1, we give a Poincaré inequality in P — nT.

LEMMA 3.4. There exists a constant C, which depends only on T, such
that, for any v € [H'(P — nT)1" satisfying v = 0 on the boundary d(nT), we
have

C
{ o]l L2(p—n1) < 'n_(ﬁT)/z“VUHLZ(P—nT) for N >3,
0]l z2p—ymy < Cog In))' |Vl 2pnry  for N =2.

The proof of this lemma is elementary, so we skip it (see Lemma 4.1 of E.
Sanchez-Palencia [18], or adapt the ideas of Lemma 3.4.1 in [3]).

PROOF OF THEOREM 3.1. Let us first obtain some a priori estimates for
the solutions of the cell problem (1.4). Taking two solutions v, and v; of (1.4),
and integrating by parts leads to

3.3) / Vo, : Vo, = / Vg ¢ €.
P-qT P-nT

Using Lemma 3.4, we deduce from (3.3)

C
(3.4) { llvell z2p—nr) < D and ||Vogllr2p-yr) < ,,<~CW for N >3,
l[okl| z2p—nr) < C|log n| and || Vor||2pyr) < C|log n|'/? for N =2.
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Besides, with the help of Lemma 2.2.4 in [3], it is not difficult to obtain the
following estimate for the pressure

C
(3.5) { “Pk”Lz(P—nT)/JR < m/—z for N > 3,

”pk||L2(P—nT)/R < C|log 'Ill/z for N =2.
Now, we rescale the unit cell P—nT in n~!P—T in order to work in a domain

where the obstacle T has a fixed size. Let us recall the definition (3.1) of the
rescaled solutions of (1.4)

vl(z) =n"u(nz)  and  pl(z) ="V ' pr(na).

The functions (p,v}]) are solutions of the following Stokes system

Vp] — Avl =nNey inn 'P-T,

V-]l =0 inn 'P-T,
(3.6) Lk "

v, =0 on 9T,

py,vi n~!P-periodic.

The problem is now to find the limit of (p},v]). For that purpose, we separate
in two cases, according to the space dimension.

1) N>3.
Rescaling the estimates (3.4) and (3.5) yields

(37) HPZHLZ(TFIP—T)/R < C and ”VUZ“LZ(TI_IPfT) < C for N > 3.

From (3.7) we easily deduce that there exists (py,®x) in [L* (RN — T)/R] x
[H|,,®Y — 1)}V such that, up to a subsequence, we get

7,00) = (B, B) in [LPRY — T)/R] x [Hy (RN — T)V.

Moreover, multiplying equations (3.6) by a smooth function with compact
support in RY, then passing to the limit as n goes to zero, we check that
(Px, Ux) satisfies the following system

Vi — At =0 in RN - T,
(3.8) V. -9=0 in RV — T,

U =0 on oT.

In order to identify the limit (p,¥x), we have to find what type of boundary
condition is satisfied by o at infinity.
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Let us recall the following Sobolev inequality with critical exponent

=l

v'l__ ’UT’

 n1P| .
T'_l

(39) S CHV’UZ”LZ(,’—IP),

k
LlN/(N‘z)(n*'P)

where, for a matter of simplicity, v} denotes both the original function defined
in n”!P — T, and its extension by zero in T. The key point in inequality (3.9)
is that the constant C does not depend on 7, because the Sobolev inequality
with exactly the critical exponent 2N/(N — 2) is invariant under dilatation. On
the other hand, with the help of (3.4), we have

IIn“PI / IPI /

Thus, by possibly extracting a subsequence, there exists a constant vector

¢k € RY such that
lim ! 7
R v =c¢
n—0 [p~1P| k= Ok

n-'P
From inequality (3.9) and estimate (3.7), we deduce that for any bounded set
w in RM
(3.10) v] — 1 / v] <cC.
* In'P| P w2y
n~l

Passing to the limit in (3.10), and using the weak lower semi-continuity of the
L*N/N=2 norm, yields

5% — ekl Lm0y < C

where C does not depend on w. Hence, @ — ¢; belongs to [L2N/NV-2(RN)V,
From (3.7) we also know that V& belongs to [L*(R¥)]V’. Thus, using Lemma
2.4, we deduce that o is a function of [D'*(RV)]¥. In other words, the boundary
condition associated with (3.8) is

3.11) U, = ¢, at infinity.
But the constant ¢ is still unknown. In order to find its value, we compute
the drag force corresponding to the Stokes problem (3.8) and (3.11). Let ¢ be

a smooth function with compact support in the unit ball, and identically equal
to 1 on the set T. Let us multiply equation (3.6) by ¢e;

v}l N
(3.12) /Vvk (V¢®el)+/ < kn—£> -e,'=/n dey, - e;.

B, oT Bl
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Passing to the limit in (3.12), and integrating by parts yields
. Bv" : - - 6’5k
}’1_{%/ <PZ”— 37%) e = —/Vvk : (V¢®€i)=/ (pkn— %> - €.
aT By T

On the other hand, thanks to the periodic boundary condition, integrating the
equation (3.6) gives

v} 1
Y o N =
[(n-5%) = [ no=rome
oT n~'\P-T
Finally we obtain the value of the drag force
- Oy, 1
Dk — an T€ = 2—N€k-
T

Using formula (2.7), it is easy to see that, for a given drag force, there exists
a unique solution of the Stokes problem (3.8) in the space L*@RN — T) x
[D2@®RN — T)]¥. Thus, we can identify the solution (f, ;) with the following
sum of solutions (g;, w;) of the local problem (2.6)

N
B Bk) = Y (e M~ ex)(gi, wy).
i=1
N
Hence the constant c;, is equal to Y (‘e; M ~'ex)e;. The limit (P, ¥x) is uniquely

1=1
determined in L2(RY — T) x [D"2(RN — T)}¥, thus the entire sequence converges
to that limit. Finally, the permeability tensor A(n) is given by formula (1.3)

! 1
teiA("])ek = ‘iﬁ / V‘Uk . V'I_)i = Eﬁ / €; * V.
P—qT P-nT

Then, we obtain

N-2 t ¢ ar—1
n e; A(ne, = / e -v] —ck-e="e;M e,

n-'P-T

1
In~'P|
which is the desired result.

2) N=2.

As we have already seen it in Lemma 2.3, the two-dimensional case
is completely different from the other ones; for example, we cannot deduce
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uniform a priori estimates like (3.7) for (p},v}). Note that, we could have done
so, if we had further rescaled, and worked with (p]/|log n|'/2, v]/|log n|'/?)
instead. Unfortunately, it turns out that the sequence v]/|log n|'/? converges
to zero! Consequently, we follow the ideas of Lemma 2.3 (see also [4]), and
we decompose the solution (p},v{) of (3.6) in two terms. The first one is the
solution (Pk , ’7) of the followmg Stokes problem in the ball B,-1 of radius

1/n
Vol —Av)" =0 in B, — By,
V)l =0 in B,- — B,

(3.13)
v =0 in By,

= —(log n)ek in R? — B,,—l.
We can explicitely compute (pi”,vg”) in B,-1 — B

{ v = 2k fy(rer + gy (Pex

(3.14)
Py = mirhy(r)
fyry = =20 20 4 o)
(.15) with { g,(r) = a(n)log r - M - 36;77) 2+ d(n)
2
o) = =220 4o
where
1
) = —— 5, b= fi",,)p
log n + —— T2
2 3 2
c(n) = q z(nz), and d(n)= a(n)_z.(lz—"z)

It is easy to see that a(n) converges to 1, as n goes to zero, and therefore, that
the solutions (p,C M ) of (3.13) converge pomthse (and even uniformly in any
compact subset of R?) to the functions (qk, ) given in (2.10). Furthermore, an
easy computation shows that

v 2a
<p2"er— k ) - 2aln) [4n*(ex - ener + (1 — nP)ex]
(

or (1+92)
(3.16)

av 2na(n)

0 k07 _ na(n 2

(pkne' or >( D) S +n?) [4(ek “er)er — (1= )ek] )
r=n~
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Now, the second term is the difference defined by

1

m o my_ (.0 0n n 0n
= (1 - ).

o (" ma(m) ** wa(n) *
The underlying idea of this decomposition in two terms is that we can obtain
uniform a priori estimates for those “difference” functions. Let 6p, (resp. 637;")
be the unit mass measure concentrated on the boundary of the ball B; (resp.
B,-1). The “difference” functions are solutions of the following Stokes system

v
On, _ "k
<p,c e — > 0B,

Vp! — Av)! = n’e —
R TO
v
On, k § i -1p _

(317) 7('0.(7]) <pk €r Ir > Bl/v/ mmn P T;

V-ul=0 inn~'P—T,

vl =0 on 3T,

py, vy n~!Pperiodic.

! !
Let us prove that the solution (p'k”, 'u;c”) of (3.17) converges to (q—’“, ﬂ), where
™ ™
(q), wy) is the solution of (2.11). We define two measures by

1 v
— On, k §
HBn 7ra(n) (pk er or > By 5

1 "
V" = "726,9 + m’; (p(,:"e, — a: > 6B"_| .

Thanks to (3.16), it is obvious that the sequence u, is compactly supported on

0B, and converges strongly to %CMSBI in [H~'(B,)]?, and that the sequence Uy
has mean value zero in ~!P. An integration by parts in (3.17) leads to

mi2 _ n m
/ Vo' |7 = (i, v )H;‘,H;(f,—lff) + (v, vy )H;‘,H,;(r,—lp)
n-'P-T

(3.18) = (b, V) B - Py

1
I I
+(vy, vy — ‘ln__173‘| / UI:,)H,;‘,H;(TF‘P)'

n~'P

Using the fact that p, is a bounded sequence of measures supported on 0B,
and Poincaré inequality in B, — T, we bound the first term in the right-hand



496 GREGOIRE ALLAIRE
side of (3.18)
l(uﬂ’v;c")H;‘,H;(n*‘P)l < C”v;cﬂlle(aBl) < C”V”Z’”LZ(BI—T)-

The second term is more tricky. First we need to rescale it to size 1

1 1

! !

(3.19) (v, vy — 1P| / ”kn)H;‘,H,;(anP) = (v, v} — P| /“;C)H;‘,H,;(P)a
-1p P

where the measure v is defined by v = ¢, — [4(e - e;)e, — (1 — nz)ek]631,

_z

(1 +17?)

and the function v} is given by v} (z) = v}’ Z). Now we bound (3.19) using
k1S 8 Yy Vg k

Poincaré-Wirtinger inequality in P and the fact that the measure v is bounded
independently of 7

<cC

1 1
vk~ 137 [ oRmme| <Ok =57 [ < CUvkln
P P

H(P)

In two dimensions, we have ||Vv}|lz2p) = ||V || 12¢-1 p)» thus

1

I l;

(V,,,vk"— W / Uk")H;',H;(n-'P)
n~'P

< IVl eg-1p)y-

Finally, we get from (3.18)
(320) IlV’UZ’”LZ(n—IP) S C.

Since vZ’ is a bounded sequence in [HIIOC(RZ)]Z, we extract a subsequence which
converges to some limit wj /7. With the help of Lemma 2.2.4 in [3], it is easy to
obtain a similar result for the pressure p;' which is bounded in L>(R*~T)/R, and
converges, up to a subsequence, to some limit g} /. To see which equations are
satisfied by those limit, we multiply (3.17) by a smooth function with compact
support, and we pass to the limit as n goes to zero. Therefore we obtain

Vg, — Awj, = 2exbp, in R?-T,
(3.21) V-w,=0 in R2—T,
wp =0 on OT.

Furthermore, we know that ¢, € L?(R*> — T)/R and Vw} € [L*>(R?> — T)]*, and
!

(r+1)log(r +2) belongs to [L*R" — T)I, then wj, belongs to

[D'2(R? — T))%, according to Lemma 2.4, Fortunately, because v}’ is equal to

if we prove that
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zero on AT, and satisfies periodic boundary condition on n~'9P, it is easy to
adapt a lemma of O.A. Ladyzhenskaya (see Section 1.4 in Chapter 1 of [11]),
and to show that

vy

(3.22) (r+ 1 log(r +2)

< OVl - p-1)-
L2n-'P-T)

Both (3.20) and (3.22) implies that, passing to the limit, wj belongs to
[DY(R? — T)*. Thus (g}, w}) is identified as the unique solution in [L?(R? —
T)/R]1 x [DY*(R? — T))? of the Stokes system (2.11) (cf. Lemma 2.3).

Finally, we conclude that the sequence (p},v]) of solutions of (3.6) is
the sum of two terms which converge respectively to (q)/m,w?/x) (particular
solution given in (2.10)), and to (gj/m,w}/7) (solution of (3.21)). In other
words, the entire sequence (p},v]) converges to (gi/7,wy/7) unique solution

1
of (2.4). It remains to check that WA(n) converges to M ! = 1 Id. From
n ™
the definition (1.3) of the permeability tensor A(rn), we obtain

1 1
te; A(n)ex = 3 / Vo : Vo, = y / Vol : Vo]

P-nT n~'P-T
(3.23) =3 / Vv,(c)" : Vv?" + 211— / van : Vo
7 P-T n-'P-T
+% / Vo @ Vo) +% / Vol : Vol
n~'P-T n-'\P-T

Thanks to (3.20), the last term of (3.23) is bounded, while the second and the
third ones are easily shown to grow at most in |log n|!/> when 7 goes to zero.
An integration by parts gives for the first one

1 1 v
1 / Vv,?" : Vv?” =-7 / (pg"er - 6: > - (—log ne;)

n'\P-T 8B,

= —ma(n)log n ey - e;.

This yields

——te;A(n)ex — Tey - €,
[Tog 7] *

which is the desired result.
Q.E.D.
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