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The standard geometrical shape optimization method proceed by the appli-
cation of successive diffeomorphisms close to the identity starting from an initial
guessed shape. Consequently, it does not allow for the optimization of the topol-
ogy which is kept unchanged from one iteration to the other. The topological
gradient enables to determine if the inclusion of a small hole of given shape
is cost efficient. Such holes can be included at any time during the geometri-
cal shape optimization process. Moreover, as seen thereafter, the topological
gradient can be explicitly computed from the primal and adjoint states of the
optimization problem that are already computed during standard geometrical
shape optimization. Finally let us mention that level set methods can also han-
dle topological changes during the optimization process [2], possibly coupled
with the use of topological gradient [1].

1 Definition

Let J be a cost function from an admissible set U,q of the open subsets of RV
with value in R. Let w be a bounded open subset of RY. The cost function J is
said to admit a topological gradient at 2 € U,y with respect to holes of shapes
w if there exists a function s : R™ — R* and a function g,, from € into R such
that for all zg € €,

J(Qp) = J() + 5(p)gw(x0) + o(s(p)),

with s(p) = 0 if and only if p = 0 and §, is the open set obtained after the
creation at xg of a hole of shape w rescaled by a factor p,

QP = Q\wm

Wplz{.’L‘ERN : x_’fOEw}.

Note that the dependence of €2, with respect to w and zg is implicitly under-
stood. The function g, is called the topological gradient of J (or the topological
sensitivity). If g, (zo) is negative, for a given element o € €, the creation of
a small enough hole will end up with a decrease of the cost function, and thus
lead to a more optimal shape.



A trivial example. Let f be a continuous map from R¥ into R and let

J(Q) = / f(z)dx.
Q
Then J admits a topological gradient and we have
J(Q,) = J(Q) + p" |wl f (o) + o(p™).

In most applications though, we are interested in cases where the cost function
depends on the solution of a PDE. In the following, we are going to study the
case of the Poisson equation. The complete computation of the cost function
will be given in the case of circular holes in dimension two. The present analysis
can be extended to other state equations (like the elasticity) or to the creation
of inclusions (rather than holes).

2 The case of the Poisson equation in RY

In the following, we are going to consider a cost function J of the following form
J(Q) = / F(uq)dz + G(ugq) dz, (1)
Q 'n

where F' and G are regular functions from R into R, and uq is the solution of
the Poisson equation

—Aug =f in Q,

uUQ = Up on I'p,

zg—f =y on 'y, (2)
G2 =0 onT,

where f € L2(RY), g € L2(Tn), up € HY(RY) and T = 9Q \ (I['p UTy),
assuming that I'y UT'p C 99 for every admissible shapes Q of U,4.

Let Q be a given admissible set. We denote by j(p) = J(€,) and in order to
simplify the notations, we set u, = uq,. Computing the topological gradient of
J consists to determine the asymptotic development of j at p = 0. To this end,
we are first going to compute the gradient of j using the classical fast derivative
method of Céa. In a second step we are going to compute an approximation of
J'(p) for p small. Finally, an integration with respect to p will lead us to the
desired result.

Remark 1 Cost functions depending on the gradient of uq can also be consid-
ered, but require a more subtle analysis [5].

2.1 Geometrical derivative

We introduce the Lagrangian

L(p,u,p) :/ F(u) d:17+/

Q, 'y

G(u) ds+/

Vu~Vpdxf/ fpd:cf/ gpds.
Q, Q, I'n



Moreover, we introduce the adjoint state
Dp € H%D(Qp) = {p € Hl(Qp) such that p =0 on FD} ,

such that for all ¢ € Hp(9,) we have

oL
<(9’U,(p7 upap[))a q> = 07

that is

/Q F'(u)qdx +

P I'n

G'(u)qgds + /Q Vp, - Vgdz = 0. (3)

As for every p € HE_(RY), we have j(p) = L(p, u,,p), it follows that

. oL oL
j/(p) = aip(pvupvp) + <8u(/’7 upap)vu:)> )
where uj, is the Eulerian derivative of u, with respect to p. Using that L/9u(p, u,,p,) =
0, we get
. oL
J/(p) = %(pa upvpp)-
Let X (p,y) = py + a0, we have
w, = X(p,w).

Derivating X with respect to p, we obtain the velocity of the interface dw, we
have for every y € Ow,

X(p,y) =y.

For all € Jw,,, the velocity of the interface is equal to X(p,y), with z = X (p,y)
that is y = (x — x0)/p. It follows that

ﬂm:—A ww»+WWVm—m»@p“”nw (4)

n being the outward normal to w,,.

2.2 Approximation of u, and p,

Let us introduce the map v(p) from RY \ w into R defined by
u, —u
I e [RE!

Note that v(p) is not strictly speaking defined for all y in the set RV \ w.
Nevertheless for such a given y, it is correctly defined for p small enough. It is
easily seen that

Vou(p)(y) = V(u, —uo)(py + o),



and that

{ —Av(p) =0 in RV \ w,
ag(np) (y) = —Vuo(py +z0) -n  on Ow,

Passing formally to the limit in those equations we obtain that

v(p) = vo,

where
—Avg =0 in RV \ w,
%0 (y) = Vug(zo) - n on dw,

Finally, as the perturbations generated by the inclusion of a hole at zy are small
far from the hole, we should have

vo(y) — 0 as y — oo.

We do not give the rigorous proof of this convergence result, which is too techni-
cal to be developed here (we do not even precise in which sense the convergence
do hold).

Note that the function v depends linearly on Vug(zg). More precisely, de-
noting by w; the solutions of the problems

—Aw; = in RV \ w
S = —pn; on dw (5)
wi(y) =0 asy— +oo,

We have vg = WVup(xg), where W = (wy, -+ ,wy). A similar analysis can be
carried out for the adjoint state and we get that

Pp— D
1) = () (o + )
converges toward gg = WVpg(xp).

2.3 Approximation of the shape gradient

We recall that from formula (4),

() = _/ (F(UP)@—W Tt V- T, EZE) fpp) (@—zo) .
Ow, P P

Performing the change of variable y = (z — x¢)/p, we get

oy =-" [ (F<up<py ta0))

+(Vv(p)(y)+Vuo(py+z0))-(Va(p)(y)+Vpo(py+zo))—f (py+xo)pp(py+wo)> (yn)ds



As u, converges toward ug, the first term of this expression can be approximated
by

| sty + oy mds = Fu) [ (gends+rilo
Ow Ow

— Fluo) / (V- y)dy + r1(p)
Nlw|F(uo) +1(p),

where 71(p) is a small correction. The same analysis can be performed for the
third term of the expression of j'(p) and we get

g F(py +z0)pp(py + 20)(y - n) ds = Nlw|f(xo)po(z0) + 73(p)-

Moreover, as v(p) is close to vg = WV uyq for p small, Vu(p) is close to VIWVuy,
where VIV stands for the matrix (Vwy, -+, Vwy). It follows that

/a (Vo(p)(w) + Vuolpy + 20)) - (Va(p) () + Voolpy + 20))(y - n) ds =

| (W 1) V) - (VW 100 0) (3 m) ds + 72(p).
where r5(p) is a small correction. Setting
M = N*l|w|*1/8 (VW +1I)T (VW +1d)(y - n) ds, (6)
we get

/8 (Vo(p)(y)+Vuo(py+0))-(Va(p) () +Vpo(py+x0)) (yn) ds = Nlw|Vud MVpo+ra(p).

Note that M is a positive symmetric positive matrix that does only depend on
the shape w of the hole. Finally, we obtain that

7'(p) = Np"~Hwl(f(z0)po(x0) — MVug(wo) - Vpo(zo) — F(uo(0))) + o(pN ).
(7)
2.4 Expression of the topological sensitivity
By integration of (7) with respect to p, we get
§(p) = §(0) + p™|w| (fpo — MVug - Vpo — F(uo)) (o) + 0(p™).  (8)

3 Explicit expression of the shape gradient

If w is the unit ball in RY (N = 2,3), the solutions of the elementary problems
(5) — and thus the matrix M — can be computed explicitly. We propose to
perform the computations in the two dimensional case and give the result in the
three dimensional case (without proof).



3.1 The two dimensional case

In order to compute the solutions (w;);=1,2 of (5) in the case N = 2, it is
convenient to use polar coordinates. It can be easily seen that wq(6,7) = wq (0 —
7w/2,7). Consequently, we only have to determine w;, which we will denote w
in the following. For all > 1, the function § — w(#,r) is periodic and thus
admits a Fourier decomposition of coefficients ax(r) depending on r,

w(f,r) = Z ag(r)et*?,

keZ

In order to determine the coefficients ax(r) of this decomposition, we first have
to express the Laplacian in polar coordinates. For all regular map ¢ of R?, we

have 9 19
_ 9 e
V= 87“6r+ r 00"

where e, = /|z| and (e,,ey) is a local orthonormal base.

3= (%) et 2949 (1) e 2,

We have

Veer = Ve(z/la]) = |2| 7 (V-2)+a-V((|J2*)7?) = 2fe T (o) " 22 = 1/7.
and V - eg = 0, leading us to

o 100 1 0%
“ o Tror T oge

From Aw = 0, we deduce that

Ay

E (a) + 7 a), —r2ay)e™ =0,
k

and that for every k € Z,
aj +r~tal, —r2a, = 0.

We seek for elementary solutions of the form r*. We get a(a—1)+a —1 =0,
that is @ = £1. Due the to limit condition w(r,8) — 0 as r — 0, we obtain that
ar(r,0) = bpr~!, where b, € R. From the limit condition on dw, we get

Za%eie = —x; = —cos(f) = —(e +e7)/2.
kEZ

It follows that by = 0 for every k € Z such that |k| # 1 and by, = 1/2 for k = £1,

hence

w(r,0) =r~*cos(h) = r2a;.



Finally, for i = 1,2, w; = ||~ 22;, and
Vw; = 2| %e; — 2|x| ta.
In particular, for any = € dw, we have
Vw; =e; — 2x;x.

It follows, from the definition of M, that
Mij = (271’)_1 /(9 (ei + Vw,») . (ej + ij) ds
= 271'_1/ (e —xx) - (ej — xjz)ds
Ow
= 271'_1/ (€ - e; — x;x;)ds.
Ow
If ¢ # j, we have M;; = 0. And for i = j,
2m
My, = 271'_1/ (1— cos(0)2)df = 2.
0
From (8), we get the expression of the topological gradient
3(p) = 3(0) + p*m (f (xo)po(0) — 2Vug (o) - Vpo(xo) — F(uo(x0))) + 0(p?).

3.2 The three dimensional case

In the three dimensional case, the topological gradient where w is the unit ball
can still be computed explicitly. Once again, M is proportional to the identity
matrix and we have M = 3/21d. We referee the reader to [3].

4 Applications

We consider two applications. We begin by considering the minimization of the
compliance. In a second step, we study the problem consisting into reaching a
target state.

4.1 Compliance
The compliance, defined by

J(Q):/fugdx—i—/ guq ds,
Q I'n

corresponds to the case F'(u) = fu and G(u) = gu in (1). From (3), po €
H{ () is such that for all ¢ € Hf_ ()

/ Vpo-qux:*/fqu*/qus,
Q Q T

P



and the expression of the topological gradient (8) is given by
J(Q,) = J(Q) + p°|w| (fpo — MVuo - Vpo — fuo) (zo) + 0(p?).

In particular, for homogeneous boundary Dirichlet conditions, that is up = 0,
we have pg = —up and

J(Q,) = J(Q) + p?|w| (MVug - Vg — 2 fuo) (0) + o(p®).

Note that if f = 0, then the topological gradient is always negative, and the
creation of holes will always lead to an increase of the cost function. Moreover,
if w is the unit disk, we recall that M = 2 and |w| = 7.

4.2 Target state

We consider in this section the cost function

1
J(Q) = 5/Q|uQ — wy|? d,

where u; is the target state. The adjoint state is the element pg € H%D (Q) such
that for all ¢ € Hf. (Q),

/ Vpo - Vqdx = —/(u — ug)qds.
Q, Q

The topological gradient is then given by
J(Q,) = J(Q) + p°|w| (fpo — MVuo - Vpo — fuo) (zo) + o(p?).

Once again, if w is the unit ball, we have M = 2 and |w| = 7.

5 The elasticity case

The same analysis can be carried out when the state equation is the solution of
linear elasticity. The state ug in this section is assumed to be the displacement
of a homogeneous elastic body of Hooke law A. In other words ug € H! ()Y
is thus that for all test functions v € HE ()", we have

/QAe(uQ):e(v)dx:/Qfmdx—i—/F g-vds

with w = up on I'p. In this case, f and g are prescribed volume and surface
loads applied to the body and up a given displacement on part of the boundary.
We consider a similar cost function that for the Laplacian case, that is

J(Q):/{f@@d% G ug) ds.

I'n



5.1 Topological Gradient
We introduce also the adjoint state po € Hp () such that for all ¢ €
Hi, (Y,

/QAe(pQ) ce(q)dx = —/QVF(U) -qdx — /F VG(u) - qds. 9)

Then J admits a topological gradient of the form
H62) = @) + 9ol £ = Melun) s eom) ~ Flun) ) an) + o).

The operator M is defined as follows. Let w* we the solution of the PDE
~V-e(w) =0 in RV \ w
e(w).-n=FEY.n on Jw
w(y) = 0asy — 0.

where E% is the symmetric matrix defined by E}) = 6.6/. We then have

Up — U

v = lim 0 (p-—xo) = We(uop)(xo),

p—0 P

where W is the operator that maps any symmetric matrix §;; to the element of
HY(Q\ w)? defined by
We=> wig;.
i.J
The symmetric bilinear for M on the space of N x N symmetric matrices is
defined by

ME:&=N"w| ™! ; A(E+e(WE)) : (€4 e(WE)) ds.

5.2 Case of spherical holes

As in the Laplacian case, the operator M can be explicitly compute when w is
the unit ball (see [4, 1]) in the case of linear isotropic elasticity, that is

A€ € =2uf €+ NTr(6)2
We have in the case N = 2,

A2 (N + p)? —2u2
_ ARy <( ) Tr(e)?
p 2 (A + )
and in the case N = 3,
|7157r(2u+)\)
144+ 9A

(2u+ 7N =5v2u+ X))
(2+5v)

ME €= | (aug s ¢~ ()2
with
A

V:m.
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