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Exercise 1

Let E be a Banach space and let (z,,) be a sequence such that z,, — x in
the weak o(FE, E*) topology. Set

yn:%th

k<n

Prove that y, — x.
Answer of exercise [1I

Let T € E*. We have

T(n) == 37 T(wn).

k<n

and

T () = T@)| < = 37 [T () ~ Tl
k<n

Fro all € > 0, there exists N such that for all n > N, |T'(z,,) — T'(z)| < €. Thus,
1
T(yn) = T(@)] < Y T(xn) = T(@)| +e,

k<N

and for n great enough,
T (yn) = T(x)| < 2e.

Exercise 2

Let Q = (0,1).
1. Cousider the sequence (f,,) of functions defined by f,,(z) = ne™"*. Prove
that
1. f,, = 0 ae.

2. (f,) is bounded in L'(Q).
3. fn # 0 in LY(Q) strongly.
4. fp /0 weakly in o(L', L>°).

More precisely, there is no subsequence that converges weakly o (L, L*°).
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2. Let 1 < p < oo and consider the sequence (g,,) of functions defined by
gn(z) = n/Pe="® Prove that

1. g, — 0 ae.
2. (gn) is bounded in LP().
3. gn 7 0 in LP(Q) strongly but g, — 0 in L4(Q) strongly for every
1<qg<np.
4. gn — 0 weakly in o(L?, L?").
Answer of exercise [2

1. We consider f, = ne~"*. For all z € (0,1), fy(z) = e "@+n(n)/n) and
converges toward 0.

1 1 1
||fn||L1<Q>:/ |/l =/ ne " = —/ () =~ i =1—e"
0 0 0

Thus, f, is bounded in L'(Q) and does not converge toward 0 in L ().
Finally, let u € C1([0,1]),

/01 Jn = /Ol(e_m”)’u = [e7""ulp — /01 e’ — u(0).

Thus, f, does not converge toward 0 in (L', L>°) (and even no subse-
quence).

2. We have defined g,, by
gn(x) _ nl/pefna:’

with 1 < p < oo. Obviously, g,(x) goes to zero for every z € (0,1).
Moreover,

1
1
Il = [ memre =S —em)
0 p

Thus, ¢, is bounded in LP(0,1) and does not converge toward 0 in
L?(0,1). Now, let u € C§°(0,1). As g, does converge uniformly toward
0 on the support of u, we have

1
/ gnu — 0.
0

Let v € L (0,1). For all € > 0. there exists u. € C§°(0,1) such that
[ue = vl o () <. It follows that

1 1 1
/gnv /gn(us—v) /gnua
0 0 0

As g, is bounded in LP(0, 1), we get that

1 1
/ gn / gnle| -
0 0

< +

1
< ||gn||m||un—v||m«+\ [ o).
0

< Ce+




For n great enough, we obtain that

1
[
0

It follows that fol gnv converges toward 0 as n goes to infinity, that is g,
converges weak toward 0 in L?(0, 1).

< (C+1)e.

Exercise 3

Assume that || < co. Let 1 < p < co. Let (f,) be a sequence in LP(£2)
such that

1. (fn) is bounded in LP(Q).

2. fn — f a.e. on Q.

1. Prove that f, — f weakly in o(LP, L*").

2. Same conclusion if assumption is replaced by

[fn = fllx = 0.

3. Assume now and and |Q| < oco. Prove that ||f, — f|l; — O for
every g with 1 < ¢ < p.

Answer of exercise [3]

1. To simplify the proof, we assume that |Q| < co. It can be easily adapt to
the case where () is o-finite. First, let us notice that that from Fatou’s
Lemma, f € LP(Q2). In a first step, we are going to prove that up to a
subsequence, f, weakly converges toward f in LP(§2). As f,, is bounded
in LP(Q), it admits a weakly convergent subsequence. That is there
exists ¢ monotone map from N into N and f € LP(Q) such that fi ()

weakly converges toward f Moreover, from the Egorov’s Theorem, for
all integer m > 0, there exists a measurable subset A,, of Q such that
fio(n) converges toward f uniformly. It follows that for all g € L? (Q),

/ fom)9 = I

N\ A O\A,
and
/ f(p(n)g — fg-
N\ A O\ A,
Thus,



for every g € LPI(Q). Choosing g = Sign(f—f), it follows that f = fa.e.
in Q\ A,,. In particular, f = f a.c. in Q\ (NmAm). As | Ny Ap| = 0,
we deduce that f = falmost everywhere. It remains to prove that the
whole sequence f,, weakly converges toward f in LP({2). Assume this is
not the case. Then, there exists h € LP () and ¢ : N — N monotone
such that

/(fzp(n) — f)h‘ >4 > 0.
Q

Replacing f,, by fyn) in the first part of the proof, we conclude that
there exists ¢; N — N monotone such that

fapow(n) - f in LP(Q)
and

’/Q(fwow(n) - f)h’ > 6> 0,

what is contradictory. We conclude as the whole sequence f,, weakly
converges toward f in LP(€2).

. The proof is exactly the same as in the previous case. It departs only in
to establish that f = f. In this case, we have immediately that

for all ¢ € L*(Q). Choosing once again g = sign(f — f), we get that
f=7fae
. For every € > 0, from the Egorov’s Theorem, there exists a measurable

subset A of , such that |A| < £ and f,, converges uniformly toward f
in @\ A. We have

Aﬁwﬁwaém—ﬂ+émm—m.

From Hélder’s inequality, we have

q/p
e o Ty
[Jn fs(Auz ﬂ) A5 < Ce

Moreover, as f, uniformly converges toward f on Q \ A, for n great

enough, we have
/'|ﬁ—fw<a
o\A4

We conclude that for n great enough,
[ 1= st <ceF e,
Q

and that f,, converges toward f in L4(Q) for all 1 < ¢ < p.



Exercise 4

Let E be a Banach space and zy € E be fixed. Prove that there exists
T € E* such that

T(x0) = ||$0||2E
and [|T'|| g~ = ||2o| &-
Answer of exercise [4]

Let G = Rz and T be the linear continuous map defined on G by
T(txo) = t|loll*.

From the Hahn-Banach Theorem, there exists an extension of 7' on E such that
1T g+ = 1T+ = llzoll &

Exercise 5

Let E be a Banach space and let A C E be a subset that is sequentially
compact for the weak topology of E. Prove that A is bounded.
Answer of exercise [5]

Let (z,,) be a sequence of elements of A. As A is sequentially compact, there
exists ¢ : N — N such that ¢ is increasing and = € A, with

To(n) — T

In particular, for all T € E*, T(v,(,)) is bounded and, from the Banach-
Steinhauss Theorem, there exists C' such that for all T' € E*,

T(zpm) < C|T]|

E*.

From the Exercise {4 there exists T such T(2y(n)) = [T ||* and ||| =
|24y ll- It follows that
chp(n)” <C.

If A was not bounded, we could construct a sequence x,, of elements of A such
that ||z, ||g > n, what is impossible from the last inequality.

Exercise 6 Rademacher’s functions

Let 1 < p < oo and let f € L} (R). Assume that f is T-periodic, i.e.,
flz+T)= f(z), a.e. on R. Set

B T
=t [ s
0
Consider the sequence (uy) in LP(0,1) defined by

un(x) = f(nx), x € (0,1).



1. Prove that u,, — f with respect to the topology o(L?, Lp/).
2. Determine lim,, o0 [|un — f]|,-

3. Examine the following examples:
1. up(x) = sin(nx).
2. up(z) = fn(x) where f is 1-periodic and
| a forxze(0,1/2),
flo) = { B forz e (1/2,1).
The functions of are called Rademacher’s functions.
Answer of exercise
1. Let 0 < a < b < 1 and v be the indicator function of (a,b) on (0, 1), that
is
o(@) = 1 ifa<az<d,
1 0 ifxze(0,1)\(ab).
We have

UpV = f(nz)v(z)de =n"" fx)v(z/n)de =n"" " f(z) du.
foe=]) Iz /.

We set k& and [ to be the integers such that

(k—1T < na < kT, IT<nb<(+1)T.

We have
1 1 I ’L+1 nb
/unu:— f+Z/ e[
0 " | Jna k<i<i—1 7T
1 kT nb
sl
n | k<i<i-1 na ir

[ooe o

l—k<b—a<l—k—|—2'

[ — 1
= 7/ f_|_,
n 0 n

From the definition of £ and [, we have

n T n
Thus, (I —k)/n — (b—a)/T. Moreover,

kT

[+

2
< E”fHLl(O,T) — 0.




It follows that )
/ upv — f(b—a),
0

as n goes to infinity. We deduce that for any step function v, we have

1 1
/ Upv — f V.
0 0

As the set of step functions is dense in Lp/(O, 1), with 1 < p’ < o0, we
deduce that if f € L} (0,T), with 1 < p < oo, u,, does converge toward

Fin o(LP, L?"). Indeed, for every v € L (0,1) and for every £ > 0, there
exists a step function w such that ||v — wl| . 1) < e. We then have

1 S 1 s 1 ol
/ unv—f/ v / unw—f/ w‘—&—/ \un||v—w|+|f|/ |lv—w].
0 0 0 0 0 0

From Hélder inequality,

<

1
| sl =01 < allon o =l

and

— 1 —

71 o=l < 7l = vl o,
Moreover, from the previous analysis, we have

1 T
||un||i1’(071) :/O qu dr — T_l/o fP.

In particular, u, is bounded in L”(0,1). We have obtained that

1 1 1 _ !
/ unvff/ v / Unw*f/ w’+c||”w||m’(o,1)~
0 0 0 0

Finally, has w is a step function, for n great enough,

/Olunw—f/olw‘gs
/Olunv—f/olv

It remains to consider the case p =1 and f € L}, .(R). For every ¢ > 0,

loc
there exists a T periodic function, g € L* such that

<

and

<1 +C)e.

T f - gl <€



For every v € L*°(0,1), we have from the previous analysis,

/01 g(nz)v(z)de — g/o1 v.

On the hand, we have

/Olunv—f/olv

We have

1 1
< |f(nm)—g(nm>||L1<o,1>||v||oo+\ / g(nay — / v

T
I 02) = gnlooy 7 [ 1 sl <

Thus, for n great enough, we have

| f(nz) — g(n(z)|L10,1) < 2¢

[ o7 [0

T
|f—g|§T*1/ f-gl<e.
0

and

<e+|f—glllvllri)-

Furthermore

We thus have proved that for n great enough

/Olunvf/olv

and that [u,v — f [v as claimed.
2. We set g(s) = |f(s) — f|P. As g is T-periodic ans g € L}, (R), we have
from the previous question

< 2ev]lo + & +ellvlls,

1
/ g(nx)de — 7,
0

that is
p

/0 (F(s) — f(t)ds| dt.

) - 1 /7
i, = 717 = 7 /

3. 1. u, =sin(nz). We have u,, — 0 weakly-* in L,

2. uy, = f(nx) where f is one periodic and

a ifze(0,1/2)
f(@:{ﬁ if z € (1/2,1).

Then u,, — (o + 5)/2 for the weak-* topology of L>°(0,1).



