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Black-Box Optimization - Zero

Derivative-Free Optimization (DFO) setting

Optimize 

Zeroth order method + Black-Box setting

Cost = # calls to the black-box (f-calls)

x f(x)

f : Rn 7! R
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Optimize 

Zeroth order method + Black-Box setting

Cost = # calls to the black-box (f-calls)

Optimization algorithm only allowed to use f-comparisons 

f : Rn 7! R

x f(x)

Well-known comparison-based algorithms:
Nelder-Mead
Hooke and Jeeves / pattern search
Evolution Strategies and many Evolutionary Algorithms

Function-Value-Free (FVF) / Comparison-based / 
Ranked-based Optimization



Why Comparison-based?

Robustness:

error on f-value (due to noise, …) has an impact only 
if it changes the result of a comparison

very small or very large f-values have only a limited 
impact

Generalization:

same result on f or g � f if g : R 7! R strictly increasing

f(x1)  f(x2)  . . .  f(x�)

g � f(x1)  g � f(x2)  . . .  g � f(x�)

Invariance to strict. increasing transformations of f
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What Makes a Function Difficult to Solve
Why Comparison-based Stochastic

non-linear, non-quadratic, non convex

ruggedness

dimensionality (size of the search space)

non-separability

ill-conditioning

Problem Statement Black Box Optimization and Its Difficulties

What Makes a Function Difficult to Solve?
Why stochastic search?

non-linear, non-quadratic, non-convex
on linear and quadratic functions much better

search policies are available

ruggedness
non-smooth, discontinuous, multimodal, and/or

noisy function

dimensionality (size of search space)
(considerably) larger than three

non-separability
dependencies between the objective variables

ill-conditioning
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(considerably) larger than three
curse of dimensionality

dependencies between the objective variables

non-smooth, discontinuous, multi-modal, and/or 
noisy functions



Adaptive Stochastic Search
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Covariance Matrix Adaptation Evolution Strategies (CMA-ES) [N. Hansen et al, 2001-2013]

Exponential Natural Evolution Strategies (xNES) [T. Glasmachers et al, 2010]



Adaptive Comparison
Function-Value-Free Optimization

A black-box search template to minimize f : Rn ! R

Initialize distribution parameters ✓, set population size �

While not terminate

1. Sample distribution p✓(x) : x1, . . . , x� 2 Rn

2. Evaluate x1, . . . , x� on f , rank solutions in Sf

3. Update parameters ✓  F (✓, x1, . . . , x�,Sf
)

Permutation Sf
such that:

f(xSf (1))  f(xSf (2))  . . .  f(xSf (�))



CMA-ES with rank-mu update

xi = mt +C

1/2
t yi , yi ⇠ N (0, In) , i = 1, . . . ,�

f(mt +C1/2
t y1:�)  . . .  f(mt +C1/2

t y�:�)

mt+1 = mt +
µX

i=1

wiyi:�

Ct+1

= (1� c
cov

)Ct + c
cov

µX

i=1

wiyi:�y
T
i:�

Sample multivariate normal distribution 

Evaluate and rank solutions

Update mean and covariance matrix



Brooks, Pure Random Search, 1958

Step-size adaptive algorithms

Matyas, Random optimization, 1965
Schumer, Steiglitz, Adaptive step size random search, 1968
Devroye, The compound random search,1972
Rechenberg, Evolution Strategies (ES), One-fifth success rule,1973

Covariance matrix adaptive algorithms

Kjellström, Gaussian Adaptation, 1969
Hansen, Ostermeier, Covariance Matrix Adaptation ES, 2001
Glasmachers, Schaul, Yi, Wiestra, Schmidhuber, Exponential Natural ES, 2010

State-of-the-art algorithm

Adaptive Stochastic Comparison-Based Optimization 



Adaptive Stochastic Comparison-Based Optimization 

Brooks, Pure Random Search, 1958

Step-size adaptive algorithms

Matyas, Random optimization, 1965
Schumer, Steiglitz, Adaptive step size random search, 1968
Devroye, The compound random search,1972
Rechenberg, Evolution Strategies (ES), One-fifth success rule,1973

Covariance matrix adaptive algorithms

Kjellström, Gaussian Adaptation, 1969
Hansen, Ostermeier, Covariance Matrix Adaptation ES, 2001
Glasmachers, Schaul, Yi, Wiestra, Schmidhuber, Exponential Natural ES, 2010

Convergence with probability one 
on non-pathological functions

Linear convergence on 
wide class of functions 
(ample empirical evidence)

Learn second order information 
solve efficiently ill-conditioned non-separable problems

State-of-the-art algorithm

T (✏) = ⇥( 1
✏n )



Linear Convergence of Step-size Adaptive Algorithms 
Scaling-invariant Functions

xNES

(1+1)-1/5 success rule
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Almost sure linear convergence

Empirical evidences
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Linear Convergence on Scaling-Invariant Functions

Scaling-invariant functions

Linear convergence proven for scale-invariant step-size adaptive 
algorithms on scaling-invariant functions

stability analysis of underlying Markov chain
Linear Convergence of Comparison-based Step-size Adaptive Randomized Search via Stability of Markov Chains, Auger, 
Hansen, 2014, http://arxiv.org/abs/1310.7697

Linear Convergence on Positively Homogeneous Functions of a Comparison Based Step-Size Adaptive Randomized 
Search: the (1+1) ES with Generalized One-fifth Success Rule, Auger, Hansen, 2014, http://arxiv.org/abs/1310.8397

f(⇢x)  f(⇢y) , f(x)  f(y) .
f is scaling-invariant w.r.t. zero if for all ⇢ > 0, x,y 2 Rn

http://arxiv.org/abs/1310.7697
http://arxiv.org/abs/1310.8397


Connexion with Optimization on Manifolds
Information Geometric Optimization

Transform original problem into optimization problem on 
the statistical manifold 
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Wiestra et al. Natural Evolution Strategies, CEC 2008
Sun et al. Efficient natural evolution strategies GECCO 2009
Glasmachers et al. Exponential NES GECCO 2010

not invariant to mont. transformation of f

Ollivier et al. Information-Geometric Optimization Algorithms: A Unifying Picture via 
Invariance Principles, arXiv

Perform a natural gradient step on 
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Akimoto et al. Bidirectional relation between CMA evolution strategies and natural evolution strategies, 2010 PPSN XI

Monte Carlo approximation of the integral
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CMA-ES with rank-mu update
xNES 
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Connexion with Optimization on Manifolds
Information Geometric Optimization



Invariances

Invariance under monotonically increasing functions             
comparison-based

Translation invariance

Rotational invariance

Identical performance



Why Invariance?

Empirical performance results 
from test functions
from solved real world problems

are only useful if they do generalize to other problems

Invariance is a strong non-empirical statement about 
generalization

generalizing performance from a single function to a whole 
class of functions



RECENT ADVANCES ON CONTINUOUS
RANDOMIZED BLACK-BOX OPTIMIZATION 

A. Auger Recent Advances in Continuous Randomized Black-Box Optimization: 
an Overview.

N. Hansen CMA-ES: A Function Value Free Second Order Optimization Method.

I. Loshchilov LM-CMA-ES : an alternative to L-BFGS for large-scale black-box 
optimization.

Session 1: Wednesday 29th October     14:30 - 16:00

Session II: Thursday 30th October           11:00 - 12:30

T. Glasmachers Natural Evolution Strategies for Direct Search

D. Brockhoff Covariance Matrix Adaptation in Multiobjective Optimization

Y. Akimoto  A linear time natural gradient algorithm for black-box optimization in 
high dimension.


