
DERIVATIVE FREE OPTIMIZATION 2025/2026
CLASS 3

Exercise on adaptive step-size
Conclusion of question 6 : we need to adapt o



We observe that the step-size increase in the beginning (it was

too small compared to distance to optimum)
Then both (mt) ten and (ot) tEN "decrease" (not strictly)

linearly .
We do not observe

any-more phase III.

Here we can prove on class of function that include convex-quadratic
ferctions .
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Elnot - CR

This corresponds to linear convergence.



The algorithm still converges linearly but the convergence

rate is slower.

The function is ill-conditioned ,
so sampling with a covariane

matrix proportional Fo

Tthe identity is not

↑ well adapted ,
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starting in mot( ?) ,
we observe that it converges slower

than on the sphere.
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BananaS- The function is "ill" conditioned

function .
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↳> convergence is shower than on the

Sphere



observations : On Esphere versus gifsphere) ,
the

graphs are closed to each others
,

sometimes one looks above and

sometimes the other one is above.

on felli or g(fell) , typically one is above
,

but from
are trial to the next one sometimes felle is above

,
sometime

g (felei) is above

Note : g : R20 -> M
, y > y/h isricly increasing



1) If the same sequence of random vectors (No Id) are

used when optimizingfsphere or gifsphere) we willIfei g(fellif
generate the same beequee)(mH)teNlot) teN

Therefore the differences observed are due to stochasticity , (the

fact that we close different random number sequences) .

⑪ If we display fellilmett and g(felli(mt) even

with the same randin numbers, we will observe something different
Since felli(x) + g(fellikx))
To fix the random sequence ,

we can fix the seed.



Why Step-size Adaptation?

Assume a (1+1)-ES algorithm with ffxed step-size  (and 
) optimizing the function  .

π

C = Id f(x) =
n

∑
i=1

x2
i = ΩxΩ2

Initialize m, π
While (stopping criterion not met)

sample new solution: 
 x ⊂ m + πℝ(0,Id)

if f(x) → f(m)
m ⊂ x

What will happen if you  
look at the convergence 

of f(m)?



red curve: (1+1)-ES with optimal step-size (see later) 
green curve: (1+1)-ES with constant step-size ( )π = 10↦3

Why Step-size Adaptation?



red curve: (1+1)-ES with optimal step-size (see later) 
green curve: (1+1)-ES with constant step-size ( )π = 10↦3

Why Step-size Adaptation?

We need step-size 
adaptation to approach 

the optimum fast 
(converge linearly)  



Methods for Step-size Adaptation

1/5th success rule, typically applied with “+” selection
[Rechenberg, 73][Schumer and Steiglitz, 78][Devroye, 72]

-self adaptation, applied with “,” selectionπ

random variation is applied to the step-size and the better one, according to  
the objective function value, is selected 

[Schwefel, 81]

path-length control or Cumulative step-size adaptation (CSA), applied with 
“,” selection

[Ostermeier et al. 84][Hansen, Ostermeier, 2001]

two-point adaptation (TPA), applied with “,” selection [Hansen 2008]

test two solutions in the direction of the mean shift, increase or decrease  
accordingly the step-size



Step-size control: 1/5th Success Rule

f(x)= X-

it

Ps = 1
z

Ps Small



Step-size control: 1/5th Success Rule

O



Step-size control: 1/5th Success Rule

probability of success per iteration:  
      
        ps = #candidate solutions better than m

#candidate solutions

[ f(x) → f(m)]
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(1+1)-ES with One-fffth Success Rule - Convergence

↑
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Path Length Control - Cumulative Step-size Adaptation (CSA)

step-size adaptation used in the -ES algorithm framework (in 
CMA-ES in particular)

(λ/λw, θ)

Main Idea:

Yu



CSA-ES                                          The Equations

Xi = m + o ,
i=, ..., X

& wixix= m+xix f(x:x) = f(x2:x)+... f(xxix)
Fizz



In CSA
,

the scenario where we do not want to

increase or decrease the step-size corresponds to a function
that does not return

any information , for instance

f(x) = rand (independent of X.

f(xE) ,
...

, f(xIx)
11

randr
,
---

,
"and" whereand are Id

Now assume that the path po at iteration + equals
X

P = (n-co) pe +Zwiyi



The constant a is computed such that
, ifI is

random
, if pen No ,Ed) , then Per Mo,1)

Assume that

PE = (1-c)pitttwixt
Mw=wil

Proposition :
G

If PENMlo,Ia)
, if f: random ,

then

PENCo,
ID) .



Let us write the CSA-ES with time index rotations :

Ot= (mt
,

ot pE)

1) Sample candidate solutions :

Xti = mt + o y YinN(Id)

2) Evaluate on :
LYE

+, -

/
YE) vid

.

f(x) ... - f(X) Ewi= 1
i=1

3) Update Ot : =]
m++ = mt + atwi Ww> >, -> up>O

u

pt = In-cot pe+Zwi Y

ott= of expta
- = ))



Lemma : If f(x) = rand

(Y .....) is distributed according to
1 Gaussian vectors(No, ed
.

Mo,In)) [M

undependeut]Uplo
,Id) what are

Remark : if f(x) = X1 ,
then the selection bias the distribute

of IyE, ... , yY
5

·



In general after selection on 7

(, ...,) is Not DISTRIBUTED
1 M

According to (Wo
,
Id)

,
. . .

/ Mo,b)

If f(x) : random (YE) ==n..,u w (M(ob)
,

- - -

,
N(o,=b)

Therefore wiNow
#wi =

we have Per = (n-c)+



# piwMo,
Ed ,

then

PE



Convergence of -CSA-ES(π/πw, λ)
2x11 runs



Convergence of -CSA-ES(π/πw, λ)

Note: initial step-size taken too small ( ) to illustrate the 
step-size adaptation 

θ0 = 10Ω2



Convergence of -CSA-ES(π/πw, λ)


