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1 Introduction

Sketch of the lectures given in Oct.-Dec. 2016, A. Chambolle, M2 “modélisation mathématique”,
Ecole Polytechnique, U. Paris 6.

2 (First order) Descent methods, rates

Mostly in finite dimension.

2.1 Gradient descent

Source: [28]
Analysis of the gradient with fixed step:

T = gk 7V f(ah) = T (ab).
Remark: —V f(2*) is a descent direction. Near ¥, indeed,
fl@) = f(a") + (Vf(2"),2 = ") + o(x - ¥)
One can use various strategies:
e optimal step: min, f(z* — 7V f(2¥)) (with a “line search”);

e Armijo-type rule: find i > 0 such that f(z* —7p'V f(2*)) < f(zF)—crp! |V f(2F)|?,
p <1,c< 1 fixed;

e “Frank-Wolfe”-type method: min, _,»<. f(@®) +(Vf(a*),z —a);

e Gradient with fixed step: min, f(z*) + (Vf(z¥), z — %) + L[|z — 2F|?



Convergence analysis: if 7 is too large with respect to the Lipschitz gradient of V f,
or Vf is not Lipschitz, easy to build infinitely oscillating examples (ex: f(z) = ||z|]).
If fis Ct, Vf is L-Lipschitz, 0 < 7 < 2/L, inf f > —oco then the method converges
(in RY) in the following sense: V f(z*) — 0.
Proof:

F@) = f(2*) - /OT (Vf(a* + sV f(*)), V("))

= f(*) = 7|V f(EP)? + /0 ' (V") = Vf@@" +sVf(ah), Vb))
< f@M) =T =E)|VIE)IP. (1)

Observe that we just need that D?f is bounded from above (if f C?).
Then letting § = 7(1 — 7L/2) > 0, one finds that

) 46 SV A2 < Fa°).
k=0

This shows the claim. IF in addition f is “infinite at infinity” (coercive) then x* has
subsequences which converge, therefore to a stationary point.

Remark 2.1. Taking z* a minimizer, 7 = 1/L, we deduce that
1 *
S IVFENI? < F@h) = F@HT) < f@) = f27).

Convex case

Theorem 2.2 (Baillon-Haddad). If f is conver and Vf is L-Lipschitz, then for all
'r’ y)

1
(VI(@) = Vi)z—y) = 7[V(z) = Vi)
(V[ is said to be “1/L-co-coercive”.)

We will see later a general proof of this result based on convex analysis. In finite
dimension, if f is C?, then the proof is easy: one has 0 < D?f < LI (because f is
convex, and because V f is L-Lipschitz). Then

1
(VF(@) = Vf)a =) = [ (DFly+ stz =)o~ y)ox v ds
0
= <A(.’E - y),x - y) .
with A = fol D?f(y + s(x — y))ds symmetric, 0 < A < LI. Hence:
IV5(@) ~ VWP < A — )| = (A42(@ — ), A2z~ y))
<L <A1/2(x —y), AV (x — y)> < L{A(z—y),z—vy),

hence the result. If f is not C?, one can smooth f by convolution with a smooth,
compactly supported kernel, derive the result and then pass to the limit.



Lemma 2.3. If f is convex with L-Lipschitz gradient, then the mapping T, = I — TV f
is a weak contraction when 0 < 1 < 2/L.

Proof:

T — Tyl = 2 — gl — 27 (2~ y, V() ~ V(@) + 7| V() = VW)
< o=yl 2r (1= Z2) 95 () - VS

Remark: It is “averaged” for 0 < 7 < 2/L — convergence (proved later on).

Convergence rate in the convex case Using that, for * a minimizer,
f@*) = f(@*) + (Vf(a"), 2 —a*)
we find .
fa") — f(a")

[l — ]|

< [IV£(=h) (2)

And using Lemma 2.3 which implies that ||2* — 2*|| < [|2° — 2*]|, it follows (f(z*) —
f@)/]|2® — 2¥|| < |V f(«*)|. Hence from (1) we derive, letting Ay = f(2*) — f(z*),
0 =7(1—7L/2), that
0
App1 <A — ——— A2
w1 S BT et

We can show the following:
Lemma 2.4. Let (ag)r be a sequence of nonnegative numbers satisfying for k > 0:

ar+1 < ap — cflai

Then, for all k > 1,

Enl e

Proof: we have
(k+ Vagyr < kag, +ap(1 —c Hk + Dag).

One has ag < ¢ (since a1 + c’lag < ap) and a1 < ag < ¢/1. By induction, if a, < ¢/k,

then either ar < ¢/(k+1) and we use ag4+1 < ay to deduce the claim, or ay > ¢/(k+1),

then 1 —c 1k + 1)ay < 0 and (k + 1)ary1 < kay, < ¢, which completes the induction.
We deduce:

Theorem 2.5. The gradient descent with fized step satisfies
l=® — 2|2

<
Ak < 0k

Observe that this rate is not very good and a bit pessimistic (it should improve if
2% — 2* because (2) improves). On the other hand, it does not prove, a priori, anything
on the sequence (z¥) itself.



Strongly convex case The function f is v-strongly convex if and only if f(z) —
yl|x||?/2 is convex: if f is C2, it is equivalent to D?f > 1.
In that case if 2* is the minimizer (which exists)

of Lt =gk (Vf(aF) - V(")) = /0 (I —7D?f(x* + s(z® — 2*))(z* — )

hence
||ackJrl — 2" < max{l —7v,7L — 1}||xk —z".

If f is not C? one can still show this by smoothing. The best is for 7 = 2/(L + ) and
gives, for ¢ = (L —~)/(L +v) € [0,1]

% — 2*|| < ¢*[j2® — 27|
One can easily deduce the following:

Theorem 2.6. Let f be C?, x* be a strict local minimum of f where D?f is definite
negative. Then if x° is close enough to x*, the gradient descent method with optimal
step (line search) will converge linearly. (Or with fized step small enough.)

2.2 What can we achieve?

(A quick introduction to lower bounds, following [8], were we essentially quote elemen-
tary variants of deep results in [21, 24].)

Idea: consider a “hard problem”, for instance, for x € R", L >0, v > 0,1 <p < mn,
functions of the form:

foy =150 (m ST (- >> + 3 llall, (3)

=2

which is tackled by a “first order method”, which is such that the iterates z* are
restricted to the subspace spanned by the gradients of already passed iterates, i.e. for
k>0

b € 2® + {Vf(2"),Vf(ah),..., V"), (4)

where z° is an arbitrary starting point.

Starting from an initial point 2° = 0, any first order method of the considered
class can transmit the information of the data term only at the speed of one index per
iteration. This makes such problems very hard to solve by any first order methods in the
considered class of algorithms. Indeed if one starts from z° = 0 in the above problem
(whose solution is given by z; = 1, k = 1,...,p, and 0 for k > p), then at the first
iteration, only the first component z1 will be updated (since 9;f(2°) = 0 for i > 2),
and by induction one can check that xf =0forl>k+1.

The solution satisfies V f = 0, therefore

0

_L—vymi+xi
Lty 2

T
with zg = 1, zx11 = 0. In case v = 0 we find that x is affine: x; = (1 —i/(k+1))",
and ¢; —x;1 = —1/(k+1) for i <k + 1. Hence

L L 1
@) =5 Grr = sheT

=1




If one looks for a bound independent on the dimension with (here for homogeneity
reasons) f(z%) ~ L||2° — 2*||ax (for a sequence (ay)), using here that 2} = 1 for i < p
and 0 for i > p, 2° =0, and f(z*) = 0, one obtains

* L *
f@k) = f@*) > WHCUO*?U 12

(k < p) (while if k = p, 2% = 2*). For k = p — 1 one finds

L|z° — a*|?
8

F@h) - £ 2 S

hence no first order method can prove a bound of the considered form which is better
than this. It does not contradict a bound of the form f(z*) — f(z*) = o(1/k?), for
instance!

It follows a variant of the results in [24] (where a slightly different function is used),
see Theorems 2.1.7 and 2.1.13.

Theorem 2.7. For any 2° € R”, L > 0, and k < n there exists a convex, one times
continuously differentiable function f with L-Lipschitz continuous gradient, such that
for any first-order algorithm satisfying (4), it holds that

Ll|2? — 2|

f@®) = fz*) > S

(5)

where * denotes a minimiser of f.

Observe that the above lower bound is valid only if number of iterates k is less
than the problem size. We can not improve this with a quadratic function, as the
conjugate gradient method (which is a first-order method) is then known to find the
global minimiser here after at most p steps.

But practical problems are often so large that it is not possible to perform as many
iterations as the dimension of the problem, and will always fulfill similar assumptions.

If choosing v > 0 so that the function (3) becomes v-strongly convex, a lower bound
for first order methods is given Theorem 2.1.13 in [24]. It is hard to derive precisely for
p finite, however in RY ~ ¢2(N), for p = +o00, one finds that the solution is given by
r=q" q=(V/Q—1)/(+/Q+1) where Q = L/v is the condition number of the problem
(¢ satisfies 2 = (L —)/(L+7)(g+ 1/q)). If 2° =0,

2
||$O _ x*HQ — qu — %’ while
—q

o0
ot —at|P 2 3 g = e o
i=k+1
The strong convexity of f shows that

F@*) = fa*) + 2% |e” - ")

and it follows:



Theorem 2.8. For any 2° € R® ~ (5(N) and y, L > 0 there exists a ~y-strongly conver,
one times continuously differentiable function f with L-Lipschitz continuous gradient,
such that for any algorithm in the class of first order algorithms defined through (4) it
holds that for all k,

2k
Ve - 1) la® — & ©)

V@ +1

where Q = L/v > 1 is the condition number, and x* a minimiser of f.

* v
) = ) = 3

In finite dimension, a similar result will hold for k& small enough (with respect to n).

2.3 Second order methods: Newton’s method

Idea: now use a second order approximation of the function: we have now
F(2) = F(@*) + (Vf(a"),@ — ab) + 1 (D2F(a*) (2 — 2*),2 — 2*) + oo — 2¥]]?).
If we are near a minimizer, we can assume D? f(z¥) > 0, and hence find z**! by solving
mwinf(xk) +(Vf(a"),x —2F) + L (D f(a¥)(2x — 2F),2 — 2¥)
Compare with the Gradient descent with step 7 in a metric M > 0, which would be:
mgnf(xk) +(Vf(@ah),z—aF) + £ (M(z — "),z — 2F)

hence we can see Newton’s method as a gradient descent in the metric which best
approximates the function. We find that **! is given by

V§?) + D?f(aF) (" —2b) =0 & 2FF =2F — D2f(a?) IV ().
We have the following “quadratic” convergence rate.

Theorem 2.9. Assume f is C%, D?f is M-Lipschitz, and D*>f > ~ (strong convezity).
Let g = M/(29%)||V f(2°)|| and assume 2° is close enough to the minimizer x*, so that

q < 1. Then ||z* — z*|| < (ZV/M)QQk-

This is extremely fast, but there are strong conditions, and the algorithm can be
hard to implement. Proof: first see that

1
Vf(x+h)=Vf(z) +/0 D?f(z + sh)hds

=Vf(z)+ D*f(z)h + /0 (D2 f(x + sh) — D f(x))hds

so that M
IVf(x+h) = Vf(x) = D*f(x)h] < 7llhll2-

Hence

VAR = V7k) = D) = ab)| < T e ok

M M
& VDI < S ID2FEH) TPV < WIIVJ”(%’“)H2



Hence letting g = ||V f(2%)||, for all k

M M
log gr+1 < 2loggx +1og -— = loggy < 28 log go + (28 — 1) log ]
2y 2y

so that 02
Vs < Fre”
As f is strongly convex, (V f(z"), 2% — 2*) > 7||z¥ — 2*||, and we can conclude.

Issue with Newton: it is very important to have ¢ < 1, otherwise the method can
not work.

Important variants of Newton’s method: Quasi-Newton type methods: replace
D?f(2*) with a metric Hy which is improved at each iteration, hoping that Hj; —
D?f(z*) in the limit. Very efficient variants: “BFGS” (Broyden-Fletcher-Goldfarb-
Shanno) (4 papers of 1970) and improvements (limited memory “L-BFGS”) [7, 20].
This topic is covered extensively in [25, Chap. 6].

2.4 Multistep first order methods
2.4.1 Heavy ball method

Polyak [27], idea:
2FH =2k — oV f(2*) + B2k — 2* ),

a, 8 > 0. This mimicks the equation & = —V f(z) — & of a heavy ball in a potential f(z)
with friction. Requires that f is C?, y-convex, L-Lipschitz (at least near a solution z*),
that is:

vI < D*f <LI.

Then (see [28])

Theorem 2.10. Let 2* be a (local) minimizer of f such that vI < D*f(x*) < LI,
and choose a, f with 0 < § < 1,0 < a < 2(1 4+ B)/L. There exists ¢ < 1 such that if

g<q <1 andif x°, 2" are close enough to x*, one has
[a* —2*|| < e(a)g™.

Moreover, this is almost optimal in the sense of Theorem 6: if

(VL+y7)*

Proof: this is an example of a proof where one analyses the iteration of a linearized
system near the optimum. Close enough to x*, one has

M =ab —aD?f(a") (2" — %) + o([Ja* = 2¥|) + Bla® — ),
and one can write that z¥ = (zF — 2*, 2F~1 — 2*)T satisfies, for B = D?f(2*),

b1 <<1 +PI-aB _051) 2 4 oa).

We study the eigenvalues of the matrix A which appears in this iteration: We have

AG)- (7))



if and only if
(1+pB)r —aBzx — By =pzr, x=py
(and z,y # 0) hence if (1 + 8)x — aBx — 8/px = pr. We find that

Bﬂczl(l—l—ﬁ—p—ﬁ)x
@ P

hence é (1 +B—p— %) = 1 € [, L] is an eigenvalue of B. We derive the equation

PP —(1+B—app+pB=0

which gives two eigenvalues with product § and sum 1+ 8 — ap. If g € [0,1) and
—(14+8) <14+8—au< (1+ ) (extreme cases where £(1,3) are solutions) then
lpl < 1, that is, if 0 < a < (24 B)/p. Since p < L one deduces that if 0 < g < 1,
0 < a < (24 B)/L, the eigenvalues of A are all in (—1,1) (incidentally, it has 2n
eigenvalues).

We well use here the following fundamental classical lemma [17]:

Lemma 2.11. Let A be a N x N matriz and assume that all its eigenvalues (complex
or real) have modulus < p. Then for any p' > p, there exists a norm || - ||. in CN such
that || All« == supj¢. <1 [[AE]l« < 0.

This is an important result of linear algebra. The proof is as follows: up to a change
of a basis, A is triangular: there exists P such that

P'AP=T
with T = (ti;)ij, tii = A, an eigenvalue, and ¢;; = 0 if ¢ > j. Then, if Dy =
diag(s, s*,s%,...,s") = (s'0; ;)i j, DsP"'APD;" = (3 ;) with
w =Y s Giktias 0 = 8"ty
Kl

and (since ¢; ; = 0 for i > j), zi; = Aidij as s — +oo. Hence, if s is large enough,

denoting [|€]j1 = ), |&| the 1-norm,

max |DPAPD] e < max(A] + (0~ ) <
£l1<1 i

if s is large. Hence, if ||€]« := || DsP~1||1, one has

IA]l« = sup [IAg]l. < p'.
el <1

It follows, in particular, that if o/ < 1, [[A¥[l, < [|A|I*¥ < p* — 0 as k — oo
Applying this to our problem, we see that (choosing p’ < 1)

1254 )l = 142" + o(z")llx < (0" + ) 12"

if || 2%, is small enough. Starting from z° such that this holds for £ with p' +& < 1, we
find that it holds for all k¥ > 0 and that ||2**1||. < (p' + €)*||2°||«, showing the linear

convergence.



2.4.2 Conjugate gradient

(cf Polyak [28].)

The conjugate gradient is “the best” two-steps method, in the sense that it can be
defined as follows: given x*, 2%~ we let 2%+! = 2% — ;. V f(2*) + B (2% — 2%~1) where
g, Bk are minimizing

miélf(xk —aVf(a®) + B(a® — 2*7h)).

In particular, we deduce that
(Vf(@"), V@) =0 and (Vf(@@Fh),2F -2 1) =0 (7)
and in particular it follows
(VM) 28 —2F) = 0. (8)
Notice moreover that
Vf(a") = V(") — anD? f(a* + s(a® — 2" 7))V f(¥)
+ 8D f(2" 4 s(ah = 2P (F - 2F )

for some s € [0, 1].

However this method is in general “conceptual”. Except when f is quadratic: f(z) =
(1/2) (Ax,z) — (b,x) + ¢ (A symmetric). Denoting then the gradients p* = Az* — b and
the residuals r¥ = 2% — 2*~1, we find that

PPt = pP — apApF + B Ar”
and using the orthogonality formulas (7),
0 =[[p"||? — ar (Ap", p*) + B (A%, p*), 0= (p",r*) — ay (Ap", r*) + 8% (Ark oF)
we can compute explicitly the values of oy, B (exercise).

Lemma 2.12. The gradients (p') are all orthogonal.

Proof: we start from 2! = 2 — aup* + Bi(z* — 2%71) and deduce (since V£ is

affine)
P = pb — ap ApF + B - P,

Assume that (p,...,p%) are orthogonal, and that oy, I =0,...,i — 1, do not vanish (or
we have found the solution, why?). Then

1
(Ap*,p') = o (" =" = B" = ")) =0
ifl<k—2,k<i—1lorifi>1>k+2. In particular, <Apk,pi> =0if £ <i—2. Hence:
(PP = (' p*) — an (Ap' ") + B (' = 1 0")

if K <i— 2. One already knows (7) that <pi+1,pi> =0. If now k =i — 1: we use again
Rt = 2k — qppP + B (2 — 2F71) to derive (with 70 = 0)

r = —opp® + Brr®

10



so that r* € vect {p°,...,p*1}. Knowing (7) that <pi+1, ri> = 0, one sees that
0=—ais1 (P )+ B (P ) = —a (P

which shows that <pi+1,pi’1> = 0. Hence (p°,...,p"*1) are orthogonal. This holds as
long as ! is not a solution (then pi*! = 0).

Corollary 2.13. The solution is found in k = rk A iterations.

Indeed, if p**! # 0 then p* = Az* —b, i =0,...,k+1 are k+2 orthogonal vectors in
ImA — b which is an affine space of dimension k and contains at most k+ 1 independent
points.

One important point is that also the directions r; satisfy an orthogonality condi-
tions: they are A-orthogonal: (Ar;,r;) = 0 for all ¢ # j, hence the name “conjugate
directions”.

Variants One can show that the following defines the same points (for quadratic
functions)

pF =V f(zh)

Br = % (Bo=0)
b — _pk 4 Burk1

ay = argming>o f(z% + ap”), 2¥1 = 2% + apk

A variant replaces the 2nd line with ), = <pk,pk - pk_1> /Ilp*~ 1|2, If f not quadratic,
these variants can be implemented.

Optimality The conjugate gradient computes z* as the minimum of f in the space
generated by the orthogonal gradients (p°,...,p"). It is then possible to prove if v <

A < LI that
2" — 2*|| < 2¢/Qq¢"la” — 27|
with ¢ = (V@ —1)/(v/Q + 1), Q = L/~ the condition number. This is the same rate as
the Heavy-Ball.
2.4.3 Accelerated algorithm: Nesterov 83

Algorithm by Yu. Nesterov [23]. Idea: Gradient descent with memory. Method: 20 =
™! given, ¢! defined by:

tht1
=y - V()

where 7 = 1/L and for instance t; =1+ k/2. Then,

yb = gk 4 =L (gh _ gkl
z =qF

2L
5 |2® —

(k+1) I?

fah) = fla") <

Proof: later on... (easy but requires a bit of convexity.)

11



2.5 Nonsmooth problems?
2.5.1 Subgradient descent

A basic approach: subgradient descent. Idea: f convex,

1 ey VI

x
[V f(zF)]I°
Then if z* is a solution,
szrl *2_1,_33*2_ v LE* +h2
| 1= =l | va < [z )+l
hi,
< a:k—a?* 29 __(f(zF) = f(z¥)) + h?

Hence, assuming in addition f is M-Lipschitz (near z* at least)
_ 2
0<i<k 221 oh
and choosing h; = C'/vk + 1 for k iterations, we obtain

02 + ||SUO _ m*HQ
_ * <M—
i f(e') ~ f@@7) S M= r s

(the best choice is C' ~ ||z — x*|| but this is of course unknown).
In general, one should choose steps such that y, k¥ < +o0, >.. h; = +00, such as
h; = 1/i. This is very slow!

2.5.2 Implicit descent

Instead of the gradient descent, one evaluates the gradient in z*+1:
gt = gk r v (.

This is often conceptual... 2¥*! is a critical point (one can ask that it minimises) of

1
F@) + ool — 2.
T

Observe that if one lets (“inf-convolution”)
. 1
fr(e) = min £(0) + o1y — 2 0
y T

which is well-defined if f is bounded from below (or > —al|z|* and 7 < 1/a) and lower-
semicontinuous (if not, the min has to be replaced with an inf), then one can show that
fr is semi-concave and when differentiable, Vf.(z) = (¢ — y,)/7 where y, solves (9)
(and is thus, in this case, unique).

Proof: first we observe that

fr@—=h)—=2f(x)+ fr(z+h)

1 1 1 1
< flye)+—llo—h—yall> = 2f (o) — =2 — vl + f(¥a) + =2+ h —ya||* < =[|]?
2T T 2T T

12



showing that f,(z) — ||z|*/(27) is concave. Hence f, is differentiable a.e. (even twice,
Aleksandrov’s theorem [13]), and if V f;(x) exists, one has

1
fT(m + h) < f(yw) + an +h— ym||27 hence

1]

Frle - h) = Fola) € © oy ) + 10

so that for all A,
1

showing the claim. Then, y, = x — 7V f-(z).
Conversely, if y, is unique, then V f,(z) exists and is (z — y,)/7. This follows from
the observation that if z,, — 2 and y,, is a minimizer for x, as

1 1
P ) + 5o = e < Fl) + 5= 2 —

showing that (f being bounded from below) (y,, ) is a bounded sequence. If (y,, ) is a
subsequence which converges to some g passing to the limit in

1 1
Fen) + 5 l0ne = Yo, |7 < F () + 5 lone —wll?

and using the semi-continuity of f, we find that ¢ is a minimizer for x, hence § = y,
and y,, — Y,: the multivalued mapping = — y, is thus continuous at points where the
argument is unique. Now, we can write that

f7($+h) < fr(x) + % <x7yazah> + @

and in the same way (exchanging = and = + h)

L IR
Fr(@) < fr(@4h) = = (w4 h = yopn h) +

|2
2T

1
= fr(z+h) - p (T = Yuths h) —
hence for ¢ > 0, small:

% (T = Yottn, h) < frlz t};) (@) < % (x —yz, h) + O(2)

and in the limit ¢ — 0 we recover the claim.

This proof is finite-dimensional, we will however see later on for convex functions in
Hilbert spaces that the same result is true.

We find that

oF =gk _ 7V f(aF ) o 2P =2k — 7V (2F)
hence the implicit descent is an explicit descent on f.! Which has the same minimisers.

It converges to critical points of f, (as D?f, < I/7), as before (and under the same
assumptions). These are local minimizers of f(-) + | - —x[|?/(27).
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Example 2.14 (Lasso problem). Consider:
. 1 2
min 1 + L 4z — b|
If |z||3;, = (Mz,z) and M = I/7 — A*A, 7 < 1/||A||?, then
: 1 k2 1 Ar —b 2
min 2z — o3, + ol + 3 14z 5]
is solved by

oF = 8 (2% — 1A% (Az* — b))

where S, is the unique minimizer of
min [[z]1 o T ,

called the “shrinkage” operator. This converges with rate O(1/k) to a solution.

3 Krasnoselskii-Mann’s convergence theorem

3.1 A “general” convergence theorem

We show here a general form of a convergence theorem of Krasnoselskii and Mann for
the iterates of weak contractions (or nonexpansive operators) (it is found in all convex
optimisation books, cf for instance [3, 1]). We state first a simple form. Consider (in a
Hilbert space X) an operator T : X — X which is 1-Lipschitz:

[Tz =Tyl < |lz =yl Va,yeX.

If in addition it is p-Lipschitz with p < 1, then Picard’s classical fixed point theorem
shows that the iterates ¢ = T*z0, k > 1, form a Cauchy sequence and therefore
converge to a fixed point, necessarily unique. This relies on the fact that the space is
complete.

However, for p = 1, this does not necessarily work (or sometimes does not provide
any relevant information, as when T' = I). For instance, if Tx = —zx, there is only one
fixed point but the iterates never converge, unless #° = 0. The simplest statement of
Krasnoselskii-Mann’s theorem shows that if T is averaged and has fixed points, then
the iterates weakly converge to a fixed point. For 6 €]0, 1], we define the (6-)averaged
operator Ty by letting

Tor = (1 —0)x + 0Tx.

We also let Tp = I, Ty =T, and F = {& € X : Tx = z}. Observe that for any 6 €]0, 1],
F is the set of fixed point of Tj.

Theorem 3.1. Let x € X, 0 < 6 < 1, and assume F # 0. Then (Tyx),>1 weakly
converges to some point x* € F.

Proof in four simple steps. We denote z° = z, 2% = T*z, k& > 1.
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Step 1 first, we see that since Tp is a weak contraction, then for any z* € F, ||Tpz* —
z*|| < ||#* — 2*|| and the sequence (||z* — z*||) is nonincreasing. (zy)x is said to
be “Fejér-monotone” with respect to F, see [1, Chap. 5] for details and interesting
properties.

It follows that one can define m(x*) = infy ||z — 2*|| = limy, [|[2* — z*||. If there
exists z* € F such that m(z*) = 0 then the theorem is proved (with strong convergence),
otherwise we proceed to the next step. We will see later on what happens if the sequence
is “quasi-Fejér-monotone”, which happens for instance if T' is computed with errors.

Step 2 We assume that m(z*) > 0 for all z* € F. We will show that in this case, we
still can show that zF+1 — 2% — 0 strongly. The operator is said to be “asymptotically
regular”. We need the following result.

Lemma 3.2. Ve > 0,0 € (0,1), 36 > 0 such that for all z,y € X with ||z|]] <1, |ly|]| <1
and |z —y|| > ¢,
10 + (1 = 0)yl| < (1 — &) max{]|«], [lyl[}

Proof: just observe that (parallelogram identity/strong convexity)
10 + (1 = O)yll* = °[|[|* + (1 — 0)*[lylI* +20(1 — 0) (z,3)
=0l + (1 = O)|lyll* - (1 — 0) ]l — y|?

and the result follows. We see that a similar result also would hold in reflexive Banach
spaces, where the unit ball is uniformly convex: this allows to extend this theorem to
some of these spaces.

Proof of z¥*! — 2% — 0: assume that along a subsequence, one has ||z*+1 — || >
€ > 0. Observe that

phtl g (1- 9)($kl — ") + e(lekz —z") (10)

and that i
(2 — 2*) — (2" — %) = 2™ — Tyah = —5(:10’“Jrl — k)

so that [|(z¥ — 2*) — (Ty2® — 2*)|| > /6 > 0. Hence we can invoke the lemma (re-
member that (z* — 2*), is globally bounded since its norm is nonincreasing), and we
obtain that for some § > 0,

m(z*) < [laM* — o) < (1 - 8) max{||2™ — ¥, | Tae® — 2}
but since ||Tyz% — z*|| < ||z — z*||, it follows
m(a*) < (1= 0)[a™ —a*].
As k; — oo, we get a contradiction if m(z*) > 0.

Remark 3.3. This way to write the proof emphasizes the fact that the uniform convex-
ity of the unit ball is enough to get a similar property in a more general Banach space;
however in the Hilbertian setting it is quite stupid. Indeed, one can apply directly the
parallelogram identity to (10) to find that for all k,

lz** = 2| = (1 = O)l|l2" — &*|* + 0] Taa® — 2™||* — 0(1 - 0)||Tha — 2|2

< fla — 7P = 2ttt — kP

15



from which one deduces that Y, ||+ — 2%||2 < oo, hence the result. In addition, one
observes that the sequence (1 —6)/6||z*+1 — 2¥||? (which is nonincreasing) is controlled
in the following way:

k
20+ D™ — 2P < 3583 et —af)? < fla® — 2" — [l -t
=0

As gkt — 2k = 9(Ty 2% — 2¥) we obtain a rate for the error 71 2% — 2*, in the Hilbertian
setting, given by:
[ — 2|

VI —0)WVE+1

Step 3. Assume now that 7 is the weak limit of some subsequence (z*!);. Then, we
claim it is a fixed point.
We use Opial’s lemma:

ITya® —2*| <

(11)

Lemma 3.4 ([26, Lem. 1]). If in a Hilbert space X the sequence (xy,), is weakly con-
vergent to xg then for any x # x,

liminf ||z, — z|| > liminf ||z, — zo||
n n
Proof of Opial’s lemma (obvious): one has
2 = ||* = [lzn — zol|* + 2 (20 — z0, 20 — &) + |20 — 2]*.
Since (x,, — g,z — x) — 0 by weak convergence, we deduce
limninf 2z, — z||* = limninf(Hxn —20|]? + |lzo — z||?) = ||zo — 2||* + liI%Linf [

and the claim follows.
Proof that Z is a fixed point: since Ty is a contraction, we observe that for each k,

lz* — 2[|* >||Tpa® — Toz||?
:HmlﬁLl o l,k||2 +2 <$k+1 o xk7l’k o Tei’> + ||{Ek o ng‘|2
and we deduce (thanks to the previous Step 2):

limlinf |zF — z|| > limlinf |zF — Tz

Opial’s lemma implies that TpZ = Z.

One advantage of this approach is that it can be extended to Banach spaces [26]
where “Opial’s property” (the statement of the Lemma) holds (in the norm for which
T is a contraction).

Remark 3.5. Another classical approach to prove this claim is to use “Minty’s trick”
to study the limit of “monotone” operators: Since Ty is a contraction, for each y € X
we have (thanks to Cauchy-Schwarz’s inequality)

<(I - T9)xnk - (I - T9)y7xnk - y> >0
and as we have just proved that (I — Ty)x,, — 0 (strongly), then

(—(I - Ty)y,z—y) >0.

16



Choose y =T 4 €z for z € X and € > 0: it follows after dividing by € that
(I —Tp)(z+ez),2) >0.

and since Ty is Lipschitz, sending ¢ — 0 we recover ((I — Tp)Z,z) > 0 for any z, which
shows that z € F'.

Step 4. To conclude, assume that a subsequence (z™); of (z¥); converges weakly to
another fixed point y. Then it must be that § = Z, otherwise Opial’s lemma 3.4 again
would imply both that m(z) < m(y) and m(g) < m(z):

m(y) = limlinf la™ — g < limlinf |l™ — Z|| = m(Z).
It follows that the whole sequence (x*) must weakly converge to 7.

3.2 Varying steps

One can consider more generally iterations of the form
P = b o (k- 2F)

with varying steps 7. Then, if 0 < 7 < 7, < 7 < 1, the convergence still holds, with
almost the same proof. (This is obvious in the Hilbertian setting, ¢f Remark 3.3.)

Remark: a sufficient condition is that >, 7x(1 — 7) = oo, see [29]. In addition, a
slight improvement to Remark 3.3 shows that

k
Z(l — Ti)Ti”Tlxi _ $Z||2 < ||31‘0 _ 32‘*”2 _ ||.13k+1 _ x*Hg
1=0

so that ming<;<y || 112 —2*|| < ||2°—z*||/ Zf:o(l — 7;)7;. In fact, in a general normed
space one has the estimate

1 0 _ %

||T1:17k _ :L‘kH < ||£U z H

VT STl =)

which improves (11), see [10].

3.3 A variant with errors

Assume now the sequence (xj) is an inexact iteration of Ty:
|[2FH — Tyak|| < e
Then one has the following result:

Theorem 3.6 (Variant of Thm 3.1). If >, e; < oo, then 2% — Z a fized point of T.

Proof: now, z* is “quasi-Fejér monotone”: denoting e, = x**! — Tpz* so that
lexll < ek,

lz* = 2*|| = || Toa® — Toa™ + exl| < [|l2* — 27| +ex

17



for all k, and any * € F. Hence, [|zFt! — 2*| < [|2° — 2*|| + Zf:o €; is bounded.
Letting ar, = > s, ¢; which is finite and goes to 0 as k — oo, this can be rewritten

[+ = 2*|| + apgr < [J2* — 2| + ax
so that once more one can define
m(z*) ;= lim ||z* — 2*|| = inf ||z — 27| +
k—o00 k>0
Again, if m(z*) = 0 the theorem is proved, otherwise, one can continue the proof as
before: now,
gFFl gt = (1= 0)(aM — 2* Fep,) + 0Tk — 2" +ey,)
while

1
(2 — 2 +ep,) — (T — 2" 4 ep,) = 2™ — T2k = —g(xk’H — M —ey,)

so that ||(z¥t — 2*) — (Tha® — 2*)|| > (¢ —ex,)/0 > €/(20) > 0 if [ is large enough, and
one can invoke again Lemma 3.2 to find that
m(a®) < [laM T — a2 < (1= 8) max{[la™ —o* + ex, ||, | Tra™ — 2" +ex, |1}
< (1=0) (l=™ =2 +ex,)

and again sending | — oo we obtain that m(z*) < (1 — §)m(x*), a contradiction if
m(z*) > 0. The rest of the proof (steps 3, 4) is almost identical.

Remark 3.7. What do you think about the condition ), € < oo in practice?

3.4 Examples
3.4.1 Gradient descent

It follows the convergence for the explicit and implicit gradient descent for convex
functions. Consider indeed the iteration ¥+ = T, (z*) := 2% — 7V f(2*), for f convex
with L-Lipschitz gradient. Then, Lemma 2.3 claims that

Typ(z) = — %Vf(x)

is a weak contraction (1-Lipschitz or “nonexpansive” operator).
We observe that if 0 < 7 < 2/L, one has

T.(0) =2 = G 2VI@) = G Tapsle) + (15 ) o

is an averaged operator (with here § = L7/2 €]0,1[). Theorem 3.1 yields the conver-
gence of the iterates. Moreover, one still has convergence if one uses varying steps 7y
with 0 < infy, 75, < sup,, 7 < 2/L. One can also consider (summable) errors. Eventually,
thanks to Remark 3.3, one has the rate

H < ||‘TO - ||
- VA -Lr2)Lr)2vEk+1
(Compare this with (2), Theorem 2.5, Remark 2.1.)

For the implicit descent, we can use the fact that it is an explicit descent on the
function f,, which has 1/7-Lipschitz gradient, to get a similar result: Let zF*! =
ok — AV £, (2%) = 2% + (\/7)(ys,, — zx) (Where y, solves (9)) for 0 < A\ < 27, then z*
converges (weakly) to a minimizer of f; (which is also a minimizer of f)...

17V f(z*)
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3.4.2 Composition of averaged operators

An important remark is the following: Let Ty, Sy be averaged operators: Ty = (1—60)I+
0Ty, Sy = (1= A)I+ ASy. Then Tyo Sy is also averaged: letting p = 0+ (1 —46) €]0,1],

one has
(1 — 9)/\51 + 6T o ((1 — )\)I + /\Sl)

TQOS)\:(l—/,L)I—F,U,

0+ (1—-0)A
An important application is the following: consider the problem
min /() + g(x) (12)

where f, g convex, lIsc, f has L-Lipschitz gradient and g is such that one knows how to
compute, for all y and all 7 > 0:

. 1
g-(2) := ming(y) + o~[l= — yl*. (13)
Yy 2T
Then one can compose the averaged operators
Trx:=xz—7Vf(x),

0<7<2/L,and
Sra =Yg

which solves (13) (and is (1/2)-averaged, as it is  — 7Vg,(z) where Vg, is 1/7-
Lipschitz). Hence, if one defines the iterates gkt = S o T,z*, k > 0, then zF — z*
(weakly) where x* is a fixed point if S, o T,. As S,z satisfies

1
Vg(Srx) + ;(STx —z) =0,
one has

0 = Vg(S-(Toa")) + (S (Toa*) — Toa™)

pu
* 1 * * * * *
=Vg(a") + — (2" = (@" =7V f(27))) = Vg(a) + Vf(z7)

so that * is a minimizer of (12). We deduce the following:

Theorem 3.8. The iterates of the “forward-backward” algorithm zF+1 := S, o T.x*
weakly converge to a minimizer of (12).

We will see later on that one can say much more about this approach. Compare this
with Example 2.14.

Remark 3.9. What about the “explicit-explicit” (“forward-forward”) iteration
gl = gF — TVf(J}k) — TVg(xk — TVf(l‘k)) ,

with 7 < min{2/L¢,2/L,} where Ly, L, are the Lipschitz constants of the gradients of
f, g, respectively?

We will see later on other useful examples of composition of averaged operators.
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4 An introduction to convex analysis and monotone
operators

(In Hilbert spaces)

4.1 Convexity

See for instance: [12].

Convex function. Subgradients. Inf-convolution, sum of subgradients. Conjugate
(Legendre-Fenchel). Fenchel-Rockafellar duality. Moreau-Yosida’s regularization (inf-
convolution), Moreau’s identity.

4.1.1 Convex functions

An extended-valued function f : X — [—o00, +0o0] is said to be convez if and only if its
epigraph

epif:={(z,\) e ¥ xR: X> f(z)}
is a convex set, that is, if when A > f(z), p > f(y), and t € [0, 1], one has tA+ (1 —¢t)u >
f(tz+ (1 —t)y).! Tt is proper if it is not identically +o00 and nowhere —oo: in this case,
it is convex if and only if for all z,y € X and ¢ € [0, 1],

fltz+ (1 —t)y) <tf(x)+ (1 —1)f(y)

It is strictly convex if the above inequality is strict whenever = # y and 0 <t < 1. It is

strongly convez if in addition, there exists > 0 such that for all z,y € X and ¢ € [0, 1],

t(1—1t)
2p

fltz+ (1A =t)y) <tf(x)+ 1 —1)f(y) - = — yl*.
Thanks to the parallelogram identity, in the Hilbertian setting, one easily checks that
this is equivalent to require that @ — f(z)—p/2||z||? is still convex. The function is also
said to be, in this case, “p-convex”. The archetypical example of a p-convex function
is a quadratic plus affine function pul|z||?/2 + (b, z) + c.

The domain of a proper convex function f is the set dom f = {x € X : f(x) < 400}.
It is obviously a convex set.

One can show the following result:

Lemma 4.1. If there exists B C dom f an open ball where the proper convex function
f is bounded from above, then f is locally Lipschitz in the interior of dom f. In finite
dimension, a proper convex function f is locally Lipschitz in the relative interior of
dom f, ridom f.

In finite dimension, the relative interior is defined as the interior of dom f in the
space x + vect (dom f — ) for any « € dom f; unless this space has dimension zero it is
never empty.

Remark 4.2. Note that in infinite dimension (using the axiom of choice) one can pos-
sibly find noncontinuous linear forms hence noncontinuous convex functions. However,
one can show that a convex proper lower semi-continuous function is always locally

IThis definition avoids the risky expression (4+o00) + (—o0), see for instance [31, Sec. 4].
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bounded in the interior of its domain, and therefore locally Lipschitz (as if 0 is an inte-
rior point and one considers the convex closed set C' = {x : f(z) < 1+ f(0)}, one can
check that U,>1nC = X, as if € X, t — f(tz) is locally Lipschitz near ¢ = 0. Hence
C # () by Baire’s property: it follows that there is an open ball where f is bounded, as
requested), c¢f [12, Cor. 2.5].

Proof of the lemma: we assume that B = B(0,6), 6 > 0, and let M = supp f < oc.
Observe also that for = € B, by convexity f(z) > 2f(0) — f(—x) > 2f(0) — M so that
|f] < M +2|f(0)]. We prove that f is Lipschitz in B(0,6/2): indeed, if 2,y € B(0,6/2),
there is z € B(0, d) such that y = (1 —t)x +tz for some ¢ € [0,1], and ||z — x| > /2. In
particular by convexity, f(y)—f(z) < t(f(z)—f(x)) < t2(M—f(0)). Now, t(z—z) = y—
w50 that t < [ly—all/ ||z —zl| < 2y—z[/6 hence: f(y)— F(z) < (4(M - £(0))/8) |y—z]
which shows the claim (one could show in fact in the same way that f is Lipschitz in
any ball contained in B(0,9)).

Now, let Z in the interior of dom f. Observe that for some A\ > 1, Az € dom f
and as a consequence B’ = 1/A(AZ) + (1 — 1/A)B(0,0) = B(Z,6(1 —1/A)) C dom f;
moreover, if x € B, © = 1/A(AZ) + (1 — 1/X)z for some z with f(z) < M hence
f(x) <1/Af(AZ)+ (1 —1/A)M, so that supg, f < oo. Hence as before f is Lipschitz in
a smaller ball.

In finite dimension, assume 0 € dom f and let d be the dimension of vect dom f. It
means there exist z1,...,z4 independent points in dom f. Now, the d-dimensional set
{d ;tixi : t; > 0,>,t; < 1} (the interior of the convex envelope of {0, x1,...,z4}) is an
open set in vect dom f, moreover if @ =Y, t;x;, f(z) < Y tif(z) + (1=, ) f(0) <
M = max{f(0), f(z1),..., f(zq)}. Hence we can apply the first part of the theorem,
and f is locally Lipschitz in the relative interior of the domain.

We say that f is lower semi-continuous (l.s.c.) if for all x € X, if x,, — x, then

f(z) <liminf f(z,).

n—oo
A trivial but important example is the characteristic function or indicator function
of a set C:
0 ifxeC,
do () = {
400 else,

which is convex, l.s.c., and proper as soon as C' is convex, closed and nonempty. The
minimisation of such functions will allow to easily model convex constraints in our
problems.

4.1.2 Separation of convex sets

Let us mention the two following theorems:

Theorem 4.3. Let X be a (real) Hilbert space, C C X a closed, convex set and x & C.
Then there exists a closed hyperplane which “separates” strictly x and C': precisely, in
the Hilbertian setting, one can find v € X, € R such that

v,y >a>(v,y) VyeC
Proof: introduce the projection z = Il¢(x) defined by ||z — z|| = mingec | — y||

(existence is classically shown by proving that any minimizing sequence is a Cauchy
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sequence, thanks to the parallelogram identity [or strong convexity of ||z — -||?]). The
first order optimality condition for z is found by writing that for any y € C, ||z — 2||? <
|z — (2 +t(y — 2))||? for t € (0,1] and then sending t — 0. We find

(x—zy—2<0Vyel.
It follows that if v=2x—2 #0, y € C,
(v,2) = (- 2,2) = lz = 2|* + (2 — 2,2) 2 |z — 2> + (z — z,9) = |v|* + (v,9).

The result follows (letting for instance v = [|v]|*/2 + sup,cc (v,9)). The proof can
easily be extended to the situation where {z} is replaced with a compact convex set not
intersecting C'.

Corollary 4.4. In a real Hilbert space X, a closed convex set C is weakly closed.

Indeed, if ¢ C, one finds v, @ with (v,2) > «a > (v,y) for all y € C and this defines
a neighborhood {(v,-) > a} of z for the weak topology which does not intersect C.

Theorem 4.5. Let X be a (real) Hilbert space, C C X an open convex set and C' C X
a convex set with C' N C = (. Then Then there exists a closed hyperplane which
“separates” C and C': precisely, in the Hilbertian setting, one can find v € X, € R,
v # 0, such that

(v,x) >a>(v,y) Ve eCyel

Proof: first assume that C' = {Z} is a singleton. Then as z ¢ C, one can find
T, — T such that x,, € C. By Theorem 4.3 there exists v,, such that for all z € C,

(U, ) < (U, )

and we can assume ||v,|| = 1. Up to a subsequence, we may then assume that v, — v
weakly in X. In the limit, (using that z, — Z strongly) we obtain (v,Z) < (v, z)
YV x € C, which is our claim if v # 0.

Observe now that since there exists a ball B(y,d) in C, one has for any ||z]| <1

<'Unaxn> < <Um Yy— 5Z>

so that (v,,y — x,) > § (v, 2z): and taking the supremum over all possible z we find
(Un, Y — Tp) > 6. In the limit we deduce (v,y — Z) > ¢ which shows that v # 0.

Now, to show the general case, one lets A=C'—C={y—xz:y € C',z € C}: this
is an open convex set and by assumption, 0 ¢ A. Hence by the previous part, there
exists v # 0 such that (v,y —x) < (v,0) =0 for all y € C’, x € C, which is the thesis
of the Theorem.

These are simple examples of separation theorems, which are geometric versions
of the Hahn-Banach theorem and are valid in fact in a much more general setting,
see [6, 12].

4.1.3 Subgradient

Given a convex, extended valued, f : X — [—o00,+00], its subgradient at a point z is
defined as the set

of(x) :={pe X : fly) > f(x)+ (p,y — ) Vy € X}.
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This is a closed, convex set. If f is (Fréchet-)differentiable at x, then it is easy to see
that 9f(z) = {Vf(z)}.
Observe that if x € dom f, v € X, t > s > 0 one has
fl@+sv) = f((s/0)(x + o) + (1 = s/t)z) < § (e +tv) + (1 = 3)f(2)

so that
flatsv) — fx) _ flz+to) — fz)
S t

It follows that
f/(ﬂj;U) .— lim f(l‘ + tv) B f(l‘)

tl0+ t t>0 t

(14)

is well defined (in [—o00, o0]), and finite as soon as {z +tv : ¢ > 0} Ndom f # 0. If

x € dom f, then f’(z;v) < oo for all v, moreover as f/(z;0) =0 < f'(z;v) + f'(z;—v)
it is not —oo either. In fact, f'(z;-) is a limit of convex functions, and hence convex,
moreover, it is clearly positively 1-homogeneous: f'(x; Av) = Af'(x;v) for all A > 0 and
all v.

If this quantity is finite, then the function has a Gateaux derivative in the direction
v (however, it is Gateaux differentiable if and only if this derivative is a continuous
linear form of v).

By definition, one easily sees that f'(z;v) > (p,v) if and only if p € Jf(x).
(f'(x;v) > (p,v) = flz+tv) — f(x) > t{p,v) for all ¢ > 0, v € X.) This means
that

Of'(;-)(0) = 0f (x). (15)

If in addition, f is locally bounded near z (for this, as we have seen in Lemma 4.1,
it is enough that f be locally bounded near one point of the domain, or that f be lsc,
¢f Remark 4.2), then one can easily deduce that also f’(x;-) is, and in particular it is
Lipschitz (globally, as it is 1-homogeneous).

(In addition, in finite dimension, the convergence in (14) is uniform for ||v]| < 1
because of Ascoli-Arzeld’s theorem: In fact, if ¢ < ¢y small enough and ||v] < 2,

bt (v) == flx+tv) — f(z) < f(z + tov) — f(z)

t - to
for some M and the proof of Lemma 4.1 shows that the hf are uniformly Lipschitz in
By.)

We will see later on (Sections 4.2, 4.2.2) that since in these cases, f'(x;-) is contin-
uous, f'(;v) = SUP,eof(z:)(0) (P> T), s0 that f'(x;-) is the support function of df (x)
which in particular cannot be empty.

Moreover, we deduce that if 8f(z) = {p} is a singleton, then f'(x;v) = (p,z). In
finite dimension (as the convergence h! — f’(z;-) is uniform) we deduce that f is
differentiable at x. In infinite dimension, we deduce that f is Gateaux-differentiable. It
is not necessarily Fréchet-differentiable: for instance in ¢?(N), the convex function

f(x) zigg(mf \/%)

which is bounded near 0 (f|z]] < 1 & > |z)* < 1 = |z;| < 1 Vi > 0) satisfies
0f(0) = {0}, however if v = e; = (J; ;) >0, then

SO0 SO 1T ) —vE
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if t = 1/+/1 + 1, showing that the differentiability is only Gateaux. (It is, as for any v

and ¢t > 0,
Mig]gi(m\/g)

and for each i, the quantity in the sup is less than |v;|. Given g, one can find iy such
that |v;| < e for ¢ > ig, while for ¢ = 0,...,4p, if ¢ is small enough one can make the
quantity below the sup less than . Hence the Gateaux derivative exists and is zero.)

Using Lemma 4.1, we can deduce the following two results:

Lemma 4.6. Let [ be proper, convex. Assume it is Isc., or continuous in one point.
Then, in the interior of the domain, Of(z) # 0. In finite dimension, f has a nonempty
subdifferential everywhere in ridom f.

Lemma 4.7. Let f be proper, convex. Then if f is Gateaua-differentiable at x, 0f(x) =
{Vf(x)}. Conversely if x is in the interior of dom f and f is continuous at some point,
then if Of (x) is a singleton, [ is Gateaux-differentiable at x.

In finite dimension, Of is a singleton if and only if f is differentiable at x.

An obvious remark which stems from the definition of a subgradient is that this
notion allows to generalise the Euler-Lagrange stationary conditions (V f(z) =0 if = is
a minimiser of f) to nonsmooth convex functions: we have indeed

x € X is a global minimiser of f if and only if 0 € 9f(z). (16)
In the same way, one has:

Lemma 4.8. if x € dom f is a local minimiser of f + g, f convex, g C* near x, then
forally e X,

fy) = fz) = (Vg(x),y — z)
and —Vg(z) € 0f(x).

Indeed, one just writes that for ¢ > 0 small enough,

f@)+g(x) < flatily—2) +9(z+ty —=z)) < f(2) +1(f(y) = f(z)) +g(z+i(y —2))

so that
g9(x) —g(z +t(y — )
t
and we recover the claim in the limit ¢ — 0.

If the function f is strongly convex or “u-convex” and p € Jf(x), then z is by
definition a minimiser of y — f(y) — (p,y — x) which is also u-convex. In particular,
letting h(y) = f(y) — (p,y — ) — plly — z||?/2, one has that x is a minimizer of h(y) +
wlly — z||*/2 and h is convex. Hence, by Lemma 4.8,

< fy) — f(2)

- _ ﬁ 2
0=-V (2 II-—=]| ) (x) € Oh(z).
Hence, h(y) > h(x) for all y € X, that is

f) = oy —2) — plly — /2 > f(2).

24



We deduce that for any z,y € X and p € 9f(x):

F@) = @)+ oy —2) + S lly — ] (17)

An equivalent (but important) remark is that if f is strongly convex and z is a minimiser,
then one has (since 0 € 9f(x))

J) 2 J@) + Sy~ all (18)

for all y € X.

The domain of df is the set domdf = {x € X : f(x) # 0}. Clearly, domdf C
dom f, in fact if f is convex, l.s.c. and proper, we will see later on (see Prop 4.17 or [12])
that dom df is dense in dom f. The fact it is not empty will also follow.

In finite dimension, one has seen that for a proper convex function, dom 0 f contains
at least the relative interior of dom f (that is, the interior in the vector subspace which
is generated by dom f).

4.1.4 Subdifferential calculus

Theorem 4.9. Assume f,g are convex, proper. Then for all x, df(x)+ dg(x) C d(f +
9)(x). Moreover if there exists T € dom f where g is continuous, then 0f(z) 4+ dg(x) =
O(f +9)(x). In finite dimension, if x € ridomgNridom f = ridom (f + g), this is also
true.

Proof: the inclusion is obvious from the definition. For the reverse inclusion, we
assume p € I(f + g)(x) and want to show that it can be decomposed as g + r with
q € 0f(z) and r € dg(z). For this, we use that f(y) + g(y) > f(x) + g(z) + (p,y — z).

Thanks to the assumption that g is continuous at Z, epi (g(-) — (p, -)) contains a ball
centered at (Z,g(Z) — (p,Z) + 1) and has non empty interior. Denote E this interior,
and F the following translation/flip of epi f:

F={(yt): =t = fly) - [f

which is convex. For (y,t) € F, one has —t

>
(,9)], that is ¢ < [g(y) — (p, )] 0 that (y;)
(¢, A\), ¢ # 0, such that for all (y,t) € E, (y/,t'

(q,y) + A\t > (q, y’> + At

) +9(z) = (p, )]},

(x

fy) = [f (@) + g(x) = (p, )] = —[9(y) -
¢ E Hence by Theorem 4.5 there exists
) €

As t' can be sent to —oo (or ¢ to +00), A > 0. Moreover since Z is in dom f, if A =0
one finds that (¢,y —z) < 0 for all y € dom g which contains a ball centered in Z, so
that ¢ = 0, which is a contradiction. Hence A > 0 so that without loss of generality we
can assume A = 1.

In particular choosing ¢’ = f(z) + g(x) — (p,z) — f(v/'),
(@y) +t={q.y) + (@) +9(x) — (p,7) = f()-

for all (y,t) € E. The closure of E contains epi(g(-) — (p,-)), hence it follows that for
all y,y/,

(&:y) +9(y) — py) > (¢, y) + f(2) +g(z) — (p,x) — f(y)
S f) +9(y) > f(x) +g(x) + (p,y —2) + (¢4 —y)
=flx)+g@)+p—qy—2z)+(g,y — )
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showing that ¢ € 9f(x) and r = p — ¢ € dg(x), as requested.

In finite dimension, we only sketch the proof: we first assume 0 € domg (we can
do a translation) so that ridomg is the interior of domg in V' = vectdomyg. Let
p € 9(f+ g)(x). Let f,g be the restrictions of f, g to V: one has for all y € V

F) +ay) = fw) +9) > f(x)+g(x) + (p,y — ) = f(2) + §(z) + B,y — @)

where p is the orthogonal projection of pon V 3y — x.

As x € dom fNridom g, g is continuous at x and the previous result shows that there
exists g € 8f(33), 7 € g with p = 74+4. Asz € ridom f, df(x) is not empty and one can
show (using for instance again the separation theorem between {(y, f(z) + (¢, y — z)) :
y € VN W} and the interior epi f in W, the affine subspace generated by dom f) that
there is ¢ L V such that ¢ = ¢+ ¢ € 9f(z), then ' = p—7F—G—¢ L V and
r+7r € 0g(x)...

Theorem 4.10. Let A : X — Y be a continuous operator between two Hilbert spaces
and f a proper, convex function on ). Let g = f(Ax), then if there is T such that f
is continuous at AZ, 0g(x) = A*0f(Ax). In finite dimension, one can just require that
Az € ridom f.

Proof: A*0f(Ax) C Og(x) is easy. If p € dg(x), one has for all z,

f(Az) = f(Az) + (p,z — x) . (19)

~ =
Hence epi f (which is non empty because f is continuous at some point) and
E={(Az, f(Ax) + (p,z—x)): 2€ X} CY xR

have no common point: if (y,t) € E, then by (19) ¢ < f(y). Then there exists by
Theorem 4.5 (g, A) such that

—(qy) + M > —(q,y) + M\

for all (y,t) € epif and (y',¢') € E. Again, A\ > 0, and if A = 0 one can find a
contradiction as in the previous proof. Then, assuming A = 1, one obtains for all z € X,
yel,

—(@:9) + fy) = = (g, A2) + f(Ax) + (p,z — x) = f(Az) + (p— A"¢, 2) — (p, 7).

This is possible only if p = A*q, otherwise one can send the right-hand side to +o0.
Hence, p = A*q, (p,x) = (g, Ay) and

fly) = f(Az) +{q,y — Az)
for all y, so that ¢ € 9f(Ax).
In finite dimension, we leave the proof to the reader (see also [31, Thm 23.9]).
4.1.5 Remark: KKT’s theorem

Theorem 4.11 (Karush-Kuhn-Tucker). Let f,g;, i = 1,...,m be C', conver and
assume
3z, (9:s(z) <O0Vi=1,...,m) (Slater’s condition)
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Then x* is a solution of

min f(z)

9i(2)<0,i=1,...,m

if and only if there exists (A\;)Iy, Ai > 0 such that
Vi) + > AiVgi(a®) =0 (20)
i=1

and for all i =1,...,m:
Aigi(z®) =0 (complementary slackness condition)

Proof: first, if (20) holds together with the complementary slackness condition, then
it is easy to show that x*, which is a minimizer of the convex function f + >, Aig;, is
a solution of the constrained problem: if x satisfies the constraints, then

f@) > f@)+ > Xigi(@) > f@*) + ) Nigi(a™) = f(a).
Conversely, consider for all ¢ the function

5.(2) = {0 if gi(z) <0,

+oo  else.,

then the problem is equivalent to ming f(x) + >, 6;(z). By Slater’s condition, we know
that there exists T where all functions f, d; are continuous. Hence by Thm. 4.9,

0€d(f+> 6) (@) =Vf(z")+ > di(z").
7 i=1

It remains to characterize 99;(x*): if g;(z*) < 0 then it is negative in a neighborhood
of x* and 96;(z*) = {0}. If g;(z*) = 0, then we need to characterize the vectors p such
that for all y with g;(y) <0,

0> (p,y—x*).
Let v L Vg;(z*), and consider y = z* — ¢(Vg;(z*) + v): then
9i(y) = —t(Vgi(z"), Vgi(a™) +v) + ot) = —t|Vgi(a™)|* + o(t) <0

if ¢ is small enough, hence
0 < {(p,Vgi(z*) +v).

We easily deduce that we must have p = A\;Vg;(z*), for some A\; > 0 (in other words,
09;(z*) = R4 Vg;(z*)). The theorem follows.

4.2 Convex duality

4.2.1 Legendre-Fenchel conjugate

Given a function f: X — RU {+oc0}, we introduce the Legendre-Fenchel conjugate

[ (y) :== sup (y,z) — f(x)

rzeX
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which is defined for all p € X', as a supremum of continuous linear forms: in particular,
it is obviously a convex, Isc. function. Observe that here we rely on the Riesz theorem
to define the conjugate, in a more general vector space F, the proper definition should
be as a function defined in a dual space E’, see for instance [12].
Obviously for all z,y,
)+ f(z) 2 (y,z)

and in particular f(z) > (y,x) — f*(y). Thus, the biconjugate f**, defined as f* by
**(y) = sup,er (v, z) — f*(y), clearly satisfies

[y

The following is the most important result about the Legendre-Fenchel conjugate (it is
also elementary):

Theorem 4.12. If f has an affine minorant, then f** is the largest convex Isc. function
below f, called the convex lsc. envelope of f (sometimes also the T'-regularization, or
the convex relaxation). In this case, either f = +oo, or f*, f** are proper. If f has no
affine minorant, f** = —oo.

This is a consequence of the separation theorem. Observe that the convex lsc. en-
velope of a function f is always well defined as the sup of all the convex lsc. functions
below f, or —oo if there is none. Observe also that it is the function whose epigraph is
the closed convex envelope of epi f.

Proof: if f = +00 then f* = —oo and f** = 4o00: the theorem is trivial. So we
assume there exists « with f(z) < +oco. If f has no affine minorant, then f* = +o0 as
for any p, (p,z) — f(x) cannot be bounded. Hence f** = —ooc.

If f has an affine minorant and is finite at some point, then for some p, f(z) — (p, x)
is bounded from below: we deduce that —oco < f*(p) = sup, (p,z) — f(z) < 4o0. It
follows that f**(z) > (p,z) — f*(p) hence f** > —oco everywhere.

Assuming that we are in this case, let g be convex, Isc. with g < f. To show that
f** is maximal among such functions, we must show that g < f**. Since g < f, then
f* < g*, so that g** < f**. Hence it is enough to show that ¢** = g. Moreover, since
f*(x) > (p,z) — f*(p), we can consider only functions g with g(x) > (p,x) — f*(p) Vx
(otherwise replace g with max{g(z), (p,x) — f*(p)}). So it is enough to show ¢g** = g¢
for convex lIsc. functions with an affine minorant. Hence, without loss of generality, we
can assume that f is convex and lower-semicontinuous.

The next simplification consists in replacing f with f'(x) = f(z)— (p,z)+ f*(p) > 0
where p is such that —oo < f*(p) < +o0 ((p,x) — f*(p) is an affine minorant). Indeed,

(F)"(y) = sup {y,2) = f(2) + (p,2) = ()
=—f*(p) + Sup (+pz)—flz)=f(y+p) - /)
so that |
(f")"(x) = sup(y,z) — f*(y +p) + f*(p)
=yf*(p) —(p,z) +sup y+pz) —fy+p) ="+ 0

Hence f = f** < f' = (f')** and it is enough to show the result for nonnegative
functions.
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Assume therefore that f is convex, lsc., with 0 < f # +oo. If f** £ f, then there
exists  with f**(x) < f(z). That is, (z, f**(z)) & epi f and from Theorem 4.3, there
exists p, A, a with

(p,x) = Af7 () > a = (p,y) — As

for all y € dom f and s > f(y). In particular, as dom f # emptyset, letting s — 400
we see that A > 0.

Case 1: A > 0: then we can divide the inequality and assume that A = 1. It follows
that f**(z) < —a + (p,x), while @ > (p,y) — f(y) for all y, hence taking the sup over
y, @ > f*(p). Hence, f**(z) < (p,z) — f*(p), a contradiction. Case 2: A = 0: then
(p,z) > a > (p,y) for all y € dom f. Observe then that for ¢ > 0, using that f > 0 in
dom f and f = +oo outside,

[*(tp) =supt(p,y) — f(y) <t sup (p,y) <ta,
y yedom f

so that

[ (x) = sup (g, z) — f*(q) > sup (tp,x) — f*(tp) > supt({p,r) — o) = +00
q t>0 t>0

which is again a contradiction.

Remark 4.13. If x realizes the sup in f*(y) = sup, (y,z) — f(x) then for all z,
(y,2) = () 2 {y,2) = f(2) & [f(z) = f(z)+(y,2— )

which means that y € df(x). Conversely if y € df(x), by definition one easily deduces
that f*(y) < (y,z) — f(x), and moreover that f**(z) = f(z), y € 9f**(x), and f is
Isc. at z. In particular we see that 0f**(z) 2 9f(x) for all .

One derives the celebrated Legendre-Fenchel identity:

y€of(x) = (x,y) = f(2) + [ (y) = x € f"(y), (21)

the latter being also an equivalence if f is Isc., convex (if f = f**).

One also can check that conversely, if the convex function f is lsc. at z, then
f*(xz) = f(x). This is true because f** is then the lsc. envelope of f (since it is
convex), which can be defined by z — inf, _,,liminf, f(z,).

4.2.2 Examples
L f(@) = l2]?/(2a), o> 0: f*(5) = ally]2/2
2. f(x) = |aP/p f*(y) = WP /0 1 p+ 1/ = 1;

3. F(f) = fIl5./p: F*(g9) = Hgng, /P’ (the duality is in L2, however this is also
true in the (L?, L?") duality, see [12]);

4. f(x) =dp(o,(z) =0if x € B(0,1), +oo else: f*(p) = |p|.

The last example is a particular case of the following situation: if f is convex,
1-homogeneous, then

[(y) = sup (y,x) — f(z) = SUp Sup (y,tx) — f(tr) = Sup tf*(y) € {0, +o0}

29



and precisely
o fo i () < f@) Va e X,
f (y)_{-i-oo if 3z e X, (y,x) > f(z).

Letting C = {y : {(y,z) < f(z) Vo € X} = 9f(0), one has f* = dc (C is clearly closed
and convex, and f* convex lsc). Eventually, observe that if f is Isc., then f** = f which
shows that in this case
f@)= sup (y,z).
y€9£(0)

Observe in particular that 9f(z) = {y € 9f(0) : (y,z) = f(x)}.

This example, in turn, is a particular case of the following: if f is S-homogeneous,
B > 1, then

f*(ty) = sup (ty, x) — f(z) = t*sup (y, '~ “x) — f(t7Pz) =t [*(y)
ifl—a=—a/B, hence if 1/a+ 1/ =1.

4.2.3 Relationship between the growth of f and f~*

Lemma 4.14. If f is finite everywhere, then f*(tp)/t — 400 ast — +oo for allp € X
(f* is superlinear). The converse is true in finite dimension if f is convez, lsc.

Proof: if f* is not superlinear, there exists p, ¢ < oo, such that f*(tp) < ct for all
t > 0: hence f**(z) > sup;~t (p,x) — f*(tp) > sup,;~q t({p, z) — ¢) = +00 as soon as x
is such that (p,z) > c. Of course then, f(x) > f**(z) = +oo.

Conversely, in finite dimension, let f be convex, lsc. and assume that there is x
with f(x) = +o0o0. We can assume without loss of generality that f > 0 (¢f proof of
Thim 4.12).

Then, since dom f # X’ (in finite dimension only, in infinite dimension dom f could
be dense, for instance think of f(u) = [ |Vu|?dz for u € L?) one can consider z ¢ dom f.
Then, there exists by Theorem 4.3 p,  with (p,z) > a > (p,y) Vy € dom f. We have

[ (tp) = sup (tp,y) — f*(y) < sup t(p,y) <ta
Yy yEdom f

for t > 0, so that f*(tp)/t < a and f* is not superlinear.

Remark 4.15. In infinite dimension, one needs to strengthen a bit the assumption, for
instance if f > g(|p|) with g superlinear then f* is finite everywhere.

Proposition 4.16. Let f a convez, lsc. function: then f is pu-convex if and only if f*
has (1/u)-Lipschitz gradient.

Proof: observe that if f is pu-convex one has in particular, given & € dom df, for
p € Of(x), that (17) holds:

1) = @) + oy — o) + Ly — al) (7)
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for all y, hence taking the conjugate (¢f Example 1 in the previous Section), we find
for all g:

7(@) < sup (a,) = £(@) = .y = 2) = Gy =l
= (@2~ f(&) + 5wl — py — ) — Sy — 2 = 0,2) — f) + o-lla — o
v 1

— (p,x) — (@) + (g - p2) + inq ol = F®) + g —pra) + iuq ot @)

We have used that (p,z) — f(z) = f*(p) which follows from (21). In particular we
see that f* has at most a quadratic growth, and we deduce that it is locally Lips-
chitz (Lemma 4.1), and its subgradient is not empty everywhere. Moreover, we deduce
from (22) that when z € 0f*(p) & p € 0f(x) (¢f (21)),

[ () + (g —px) < [ (q) < f*(p) +{qg—p,x) + illq—pllz,

in other words, f*(¢) = f*(p) + (¢ — p, ) + o(q¢ — p) which shows that f* is (Fréchet)-
differentiable and x = V f*(p).

Eventually, given p,q € X and = = Vf*(p), y = Vf*(¢), one has by (21) that
p € Of(x), ¢ € 90f(y) and by strong convexity, using (17) and the same with x,y
switched and p replaced with ¢, and summing, we find

(g—py—2z)>plly—=|?

so that in particular, ||V f*(q) — Vf*(p)|| < (1/w)|ly — z||: Vf* is (1/p)-Lipschitz.
Conversely, if f* has (1/u)-Lipschitz gradient, let us show that f is py-convex. Ob-
serve that

1
@) = £ o) + /0 (VI (0 + s(q—p))q — p) ds

= ) + (VF* () - p) + /0 (VI (p+ 5(q — p)) — VF*(0),q — p) ds

1
Sf*(p)+<Vf*(p),q—p>+%llq—p|\2/o sds.
If p € 9f(x), so that x = V f*(p), we deduce
* * 1 2
fflg<f (p)+<q—p,x>+ﬂ||q—pll -

Hence taking the conjugate:

f) ="y > sup (q,y) — (f*(p) +{g—p,z)+ illq —p||2)

= (p,z) — f*(p) o+ sup p—qz—y)— illq—pll2 =(p,y) — f(p)+ gllx —y||%.

By (21), (p,z) — f*(p) = f(z) (as f is convex lsc.), and we find
) = J@)+ by —2) + Sl =l

showing that f is strongly convex. Notice in particular that we have found another
proof of Theorem 2.2, valid also in Hilbert spaces for convex lIsc. functions.
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4.3 Proximity operator

(Or Prozimal map.) Given f convex lsc., proper, observe that for any 7 > 0, x € X,
y = f(y) + |ly — z||?/(27) is strongly convex and hence has a unique minimizer. We
define

1
fr(@) = Iyrgggf(y)Jrglly*xllz, (23)

which is a convex function. As we have seen before (Lemma 4.8), one has at the
minimizer vy,

1
Of (o) + ~(ya — ) 0. (24)
This characterizes the unique minimizer of (23) and in particular
g = (1 +70f)" () = prox, ;(z)

is uniquely defined.
As already shown, (x — y,)/7 = Vf:(x). Actually, in the convex case, there is a
direct proof: one has, letting = prox, ;(y) and £ = prox, ;(z),

ln—yl® _ (=) (z—)]?
T = ) +

f-y)=fn) + o pn
—x 2 r— o 2
=+ 2 (220, ¢ D
—z||? _ 2 o _ 12
> f(€) + lesel? | el +<T£’y7x>+<g%7yix>+%

= @)+ (5 y — o) + 3 - =

In the third line, we have used the fact that £ is the minimiser of a (1/7)-strongly convex
problem, so that f(n) + ||n — x||2/(27) > f(&) + |n — z||?/(27) + ||[n — £]|?/(27) for all
1. We deduce from the inequality

fr(y) = fr(x) + <%Ey—x> S ==

both that (z —§)/7 is a subgradient of f; at z, and that the map x + (z —prox, ;(z))/7
is T-co-coercive, hence (1/7)-Lipschitz: indeed, writing the same inequality after having
swapped z and y, and summing the two inequalities, we obtain

e R L

In particular, f, is C'. Also, we find that
prox, ¢(z) =z — 7V fr ()

is a (1/2)-averaged operator (it is (1/2)1 + (1/2)(x — 27V f-(z)), see Lemma 2.3).
Thanks to (21), (24) yields

g € OFF(35e) o B 1 Lo (k) 5 £ 6 22— (14 197) TN (2).
We deduce the Moreau Identity
T = prox, ;(x) + 7proxi . (7) (25)

One also can show the following;:

32



Proposition 4.17. Let f be proper, convex, Isc.: then domJf is dense in dom F.

Indeed, let € dom f: then f;(z) < f(z). In particular, denoting z, = prox, ;(z),

Frla) = Fae) + 5l = o < f).

We use again that f, being proper, is larger than some affine function: hence there is p, ¢
such that (p, z;)+c+ 5= ||z —2-[|? < f(z) from which it follows that ||z, —z| < ¢/\/7 for
some constant ¢’ > 0. Hence 2, — x. Now, 9f(z,) 3 (x —x,)/7 # 0 hence =, € dom f,
which shows the proposition. As a by-product of the proof, one sees that:

Proposition 4.18. Let f be proper, lsc., convex and f. defined by (23). Then for all
z, fr(x) = f(x) as 7 = 0.

(We leave to the reader the proof that if f(x) = 400, f-(x) — 400, which is easy
by contradiction.)

Examples: f(z) = ||z|1 =Y, |zi], z € R%:
prox, ¢ (z) = ((Jai| — ) "sign (2:))iLs.

If f(z) = Oai|<1 profo(;L’) = (max{fl,min{l,xi}})gzl.
If f(z) = lall%/2, prox. s(z) = /(1 + 7).

4.3.1 Inf-convolution

Formula (23) is a particular case of an inf-convolution: letting f, g be convex, lsc. func-
tions we define

fOg(x) = inf f(z —y) +9(y), (26)
which is convex but not necessarily Isc. One can show the following:

Lemma 4.19. If there is p € X where f* is continuous and g* is finite, then the inf
is reached in (26) and fOg is convex, lsc. In finite dimension, it is enough to have
p € ridom f* Nridomg*.

Proof: consider indeed z,, — = and y,, such that
fOg(@n) = f(2n —yn) +9(yn) — %
Consider a subsequence with
m f(@n, = Yni) + 9(yn,) = Uminf f(zn —yn) +9(yn) < liminf fOg(2,)
Observe that if f* is continuous at p, then it means that there is a constant ¢ such that

[ (q) £ c+6p,e)(qa—p)

(where d¢ is the characteristic function of C' which is zero in C' and 400 elsewhere)
while g*(p) < 4o00: so that for all z

f(2)=1"(2) 2 (p,2) —c+elzl, 9(2) = (p,2) —g"(p)-
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Hence,
F@ng = Yny) + 9Wni) > 0y Tny — Yni) — ¢+ €llTn, — Yni |l + (P, Yni) — 97 (P)
= (p,Tny) T EllTny — Yni |l — (¢ +9"(p))

so that (@, — Yn, )k is a bounded sequence, hence there exists y and a subsequence of
(yn,) (not relabelled) with y,, — y. In the limit (as, f, g are weakly lsc),

ng(a:) < hInklIlf f(xnk - ynk) + g(ynk) < hII}’LlIlf ng(.Z‘n)

Eventually, we observe that if the sequence x,, = x, then this proves that there is a
minimizer y in (26). We can derive a second, more precise variant of Theorem 4.9:

Corollary 4.20. Let f,g be convex, Isc: if there exists x € dom f Ndom g such that f
is continuous at x (in finite dimension, x € ridom f Nridomg), then

o (f+y9)" = /"0y,
e I(f+g)=0f+0y.

The first point is clear: as by our assumption, f*(g* is Isc., and:

(f"0g")*(x) = sup (z,p) — f*(q) —g"(p — q)

.
=sup(z,q) — [*(q) +(z,p— @) — 9" (p — @) = f(z) + g().
X
The second point is because if p € I(f + g)(z), using that = € I(f*0g*)(p) and
fBg"(p) =) +9"(p—0q)
for some ¢, one obtains letting p — ¢ = r:
() +9"(t) = f*Og" (s + 1) = f*0g" (p) + (2,5 + L — p)
2 )+ {zs—q)+g"(r) + (z,t —7)

for all s,t. Hence x € 9f*(q) N dg*(r), which shows that p = ¢ +r € df(x) + dg(x).

4.3.2 A useful variant

Consider now the modified inf-convolution problem
h(z) = inf f(z — Ky) +g(y)
yey

where K : Y — X is a continuous operator and f,g are convex, Isc., proper. Then one
can show similarly that if there exists p such that f*(p) < +o00 and g* is continuous at
K*p, h is Isc. and since

h*(q) = S (g,7) — f(z — Ky) — g(y)

= sup (¢,7— Ky)+(K"q,y) — f(x — Ky) —g(y) = f*(¢) + 9" (K"q)
TzeEX ,yey

34



it follows that h = [f*(-) + g*(K*-)]*.

The proof is exactly as the proof of Lemma 4.19, but now one uses that ¢g* <
a + 0p(k+p,) for some a € R and ¢ > 0, so that g(y) > —a + (p, Ky) + €||y|| and
f*(p) € R so that f(z) > (p,x) — f*(p).

Then, if 2, — 2 and y,, is such that f(x, — Ky,) + g(yn) < h(x,) + 1/n, and if
liminf, h(x,) < 400, one find that along a subsequence ||y, || is bounded, hence we may
assume it converges weakly to some y (and as a consequence Ky, converges weakly to
Kvy). Hence

h(z) < f(z — Ky) + g(y) <liminf f(z, — Kyn) + g(y,) < liminf h(z,)

and the semicontinuity follows. In addition, we deduce that the “inf” is in fact a “min”.
A wuseful application is the following: let g be convex, lsc. and proper and K a
continuous operator, and define
g% ()= inf g(y).
y:Ky=x
Then, if there exists p where g* is continuous at K*p, g’ is Isc. and g = [¢* (K*-)]*.
It is enough to apply the previous result with f = 0y, so that f* =0 and p € dom f*.

4.3.3 Fenchel-Rockafellar duality

Consider now a minimization problem of the form
min f(Kz) + g(x) (27)
zeX

where K : X — ) is a continuous linear map and f, g are convex, lsc. Then, clearly

(P) = min f(Kx) + g(x) = minsup {y, Kz) = f*(y) + 9(x)

> sup inf (K*y,x) + g(x) — f*(y) = Sup — (9" (=K"y) + f*(y)) = (D)

A natural question is when there is equality: this is true under various criteria: we will
give a simple example below.

The problem “(P)” is usually called the primal problem and “(D)” the dual problem
(observe though that there is a symmetry between these problems...) Notice that the
primal-dual gap

G(z,y) = f(Kz) + 9(z) + 9" (=K y) + f*(y)
is a measure of optimality. If it vanishes at (z*,y*), then (P) = (D), and (z*,y*) is a
saddle point of the Lagrangian

L(z,y) = (y, Kz) — f*(y) + g(=), (28)

as one has
L(z*,y) < L(z*,y") < L(z,y") (29)

for all z € X, y € Y. [Indeed, for all y,z, L(z*,y) < f(Ka*) + g(z*) = —f*(y*) —
g (=K*y*) < L(z,y") ]

Theorem 4.21. If there exists T € domg with f continuous at Kz, then (P) = (D).
Moreover under these assumptions, (D) has a solution.
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We show the result following a classical approach, see [12, (4.21)] for more general
variants. In finite dimension, it is shown in [31, Cor 31.2.1] that equality holds if there
exists € ridom g with Kz € ridom f, or even more generally that 0 € ri(dom f —
Kdom g) (the proof works as below).

Proof: the method is called the “perturbation method”: We introduce, for z € ),

®(2)

wirelif(Kx +2) + g(x).

Assume ®(0) > —oo (otherwise there is nothing to prove), then by assumption, one can
find e such that for |z| < e, ®(2) < f(KZ+ 2) + ¢g(Z) < M < +00. Being ® convex, we
deduce that it is locally Lipschitz and in particular, ®(0) = ®**(0) = sup, —®*(y). We
compute:

@*(y) = sup (y, 2) — inf (f(Kz +2) +g(z))
zey z€

=sup(y,z + Kz) — (K"y,x) — f(Kz +2) — g(x) = f*(y) + 9" (=K"y).

T,z

The claim follows. Moreover, since ® is Lipschitz near 0 it is also subdifferentiable:
there exists y € 9®(0). This subdifferential provides a solution to the “dual” problem
max, —®*(y).

Exercise: show the result in finite dimension if 0 € ri (dom f — Kdom g) (one needs to
show again that ® is Isc. at 0).

Observe that one has by optimality in (29) that Kz*—9f*(y*) 2 0, K*y*+9g(z*)

0, which may be written
dg(x) 0 K*\ [z
o< (o) (G ) () &

meaning the solution is found by finding the “zero” of the sum of two monotone operators
(see Section 4.4).

Example Consider the problem
1
min \|Dz||; + <[z — 2°||?
x 2
where D : R — R™ is a continuous operator, 2 € R™, ||-||; is the /!-norm. One has
1
F=Alh, K=D, g=gll-—2""

Then the Lagrangian is

L(z,y) = (y, Dx) — f*(y) + g(z)

where f*(y) =0if |y;| < Afori=1,...,n, and +oo else. To find the dual problem, we
compute g*(z) = (z,2%) + [|z[|?/2, and we obtain

1 .
max{<D*y,x0> - §||D*yH2 il <A i=1,. .. ,n}.
This can be rewritten as a projection problem:

min [|[D*y — 20||2.
|yi|§A” Y I
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4.4 Elements of monotone operators theory

For more results, see [5]. We mostly mention the main properties, which extend the
properties shown so far for subgradients.
Observe that if f is convex, one has for all z,y, p € 9f(x), ¢ € df(y)

fy) > f(@)+ Py —2), f(x) > fly) + (g, —y)

so that, summing,
(p—qx—y)>0.

This leads to introduce the class of operators which satisfy such an inequality, which
share many properties with subgradients. Consider in the Hilbert space X a multi-
valued operator A : X — P(X). By a slight abuse of notation, we will also denote A
the graph {(z,y) : x € X,y € Ax}.

We introduce the following definitions:

Definition 1. The operator A is said monotone if for all x,y € X, p € Az, q € Ay,

(p—q,z—y) >0.

It is (u-)strongly monotone if

p—q.x—y) > plle—y|>

It is (u-)co-coercive if
(p—a.z—y) > pllp—dl*

It is mazximal if the graph {(z,p) : p € Az} C X x X is mazimal with respect to
inclusion, among all the graphs of monotone operators.

In dimension 1, monotone graphs are graphs of nondecreasing functions.

One sees that the subgradient of a convex function f is monotone, strongly monotone
if f is strongly convex, co-coercive if V f is Lipschitz (¢f Theorem 2.2).

A subgradient is maximal if and only it is the subgradient of a lower-semicontinuous
function. A simple proof is due to Rockafellar: if f is Isc., to show that Jf is maximal
we must show that if z € X and p ¢ Jf(x) then one can find y,q € 9f(y) with
(p—q,x —y) < 0. Replacing f with f(x) — (p,z) we can assume that p = 0. Saying
that 0 € Jf(x) is precisely saying that x is not a minimizer, that is, there exists y € X
with f(y) < f(z).

Consider now y = prox;(z), the minimizer of f(y) + [ly — x[*/2. As we have seen,
g=2z—1y € df(y). One has

(p—qz—y) = (—qz—y)=—|lz—y|? <0,

unless y = 2. But y = x would imply that ¢ = 0 € df(x), a contradiction. Hence 9f is
maximal. (The proof can be extended to non-Hilbert spaces, see [32].)

Conversely if Jf is maximal, since 0f** D Jf, then this operator is also the subgra-
dient of the convex, lsc. function f**.

A monotone operator is not necessarily a subgradient: for instance, in R2, the linear

operator
0 1
=(4)
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is monotone but not the subgradient of a convex function. In order for a monotone
operator to be (included in) the subgradient of a convex function, it needs to be cyclically
monotone [30]: for any xg, 1 ..., 2, = T and p; € Ax;, po = Pn,

|
—

n

(Pi, Tiv1 —x;) < 0.

Il
o

i
An important case of monotone operator is obtained from nonexpansive (1-Lipschitz

mappings) T, as in Section 3. Indeed, it is obvious to check that I — T is maximal
monotone:

(@ =Tw) = (z = Ty),z —y) = ||lz —y|]* = (To = Ty,x —y) 20

thanks to Cauchy-Schwartz inequality and the fact T is 1-Lipschitz.

Given A a monotone operator, its inverse is simply A~ : p + {x : Az > p}, with
graph {(p,z) : p € Az}. It is therefore maximal if A is maximal, co-coercive if A is
strongly monotone (c¢f Prop. 4.16). Clearly, (0f)~! = 0f* (see (21)).

Theorem 4.22 (Minty [19]). The resolvent of a mazimal-monotone operator A, defined
by

ry=UT+A) 2= Jqxey+Aysz
is a well (everywhere) defined single-valued nonexpansive mapping. (Conversely, for a
monotone operator A if (I + A) is surjective then A is maximal.)

One will see that the resolvent is also a (1/2)-averaged operator (and any (1/2)-
averaged operator has this form).

Proof: we consider 7 = 1. Let us introduce the graph G = {(y + =,y —z) : z €
X,y € Az}. If (a,b), (d/,V) € G, witha=y+z,b=y—zandd =y +2', b=y — 2/,
then

=v[>=ly—yI*-2@y—y,x—2)+ ly+ ¥
=lla-d|?*-4{y—y,xz—2) <|a-d|?

showing that G is the graph of a 1-Lipschitz function. Moreover, if G’ D G is also the
graph of a 1-Lipschitz function, then defining A" = {((a — b)/2, (a +b)/2) : (a,b) € G'}
the same computation shows that A’ O A is the graph of a monotone operator, hence
A’ = Aif Ais maximal. (Conversely, if G is defined for all a then clearly G and therefore
A are maximal, as being 1-Lipschitz G is necessarily single-valued.)

So the theorem is equivalent to the question whether a 1-Lipschitz function which
is not defined in the whole of X can be extended. This result (which is true only in
Hilbert spaces) is known as Kirszbraun-Valentine’s theorem (1935). [The proof we give
is derived from [14, 2.10.43].]

The basic brick is the following extension from n to n + 1 points:

Lemma 4.23. If (x;)!,, (y:)", are points in Hilbert spaces respectively X, such that
Vi, i, llvi —yill < ||z — x|, then for any x € X there exists y € Y with |ly; —y|| <
lx; — || foralli=1,... n.

It is enough to prove this for = 0: we need to find a common point to B(y;, ||x;]|).
There is nothing to prove if x = x; for some i, so we assume x; # 0,7 =1,...,n. We
define

c= min{c >0: mB(yi,cHxiH) # @} >0
i=1
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(if the y; are distinct, which we may also assume). This is a min because the closed balls
are weakly compact, and we can consider y such that ||y — y;|| < éllai|l, i = 1,...,n.
Then we observe that y must be a convex combination of the points (y;);er such that
lly — yill = €|lzi]|. Indeed, if not, let y’ be the projection of y onto ¢o{y; : i € I'}. As
forany i € I, (y; — v,y — ¥') < 0 one has, letting v, = (1 —t)y +ty’, that for any i € I:

lys = well> = lyi —y +ty — 9O = v — yll® + 2t (i — vy — y') + Elly — ||
= |lyi —yl*+2t (i — v,y — ') = 2tly — v'|* + 3[ly — /|2
<llys —yll? =t =)y —'II* < llys — yll?

if t € (0,2). Hence if ¢ > 0 is small enough, one sees that ||y; — y¢|| < |lvi — vl = &l|z:]]
for 4 € I, while since for ¢ & I, ||y; — y|| < &||z;]|, one can still guarantee the same strict
inequality for y, if ¢ is small enough. But this contradicts the definition of ¢, since then
there would exists ¢ < & such that y; € (i, B(ys, c/|z:]]).

We therefore can write y = » . _; 0;y; as a convex combination (6; € [0,1],)
1). Then since 2 {a,b) = ||a||®> + ||b]|* — ||a — b|?,

iel 0; =

0=2|> by —yll> =2 0:6; (vi — v, 95 —v)

el i,j€l
=237 0, (Il — ylI? + s — oIl = llgs — )
i,5€1
>2 3 00, (Plail]? + Pyl — i - ,]2)
i,j€l

=22 Y 0,0 (wi,xj) — (1 — &)l — 5
ijel

which shows that
(1=2) > 0]l — a;]* > 26> O
i,5€l i€l

so that ¢ < 1. Hence, y satisfies ||y —y;|| < |||, as requested, which shows Lemma 4.23.
We can conclude the proof of Theorem 4.22: if there exists € X such that {z} x
X NG =0, consider the set

K= (1 B®lx—al)
(a,b)eG

which is an intersection of weakly compact sets. We show that because the compact
sets defining K have the “finite intersection property”, K can not be empty.
Choosing (ag, bo) € G, if By = B(bo, ||z — bo||), we see that

K=Bon| () B lz-al)
(a,b)eG

hence By \ K = By N Uwapec B(b, ||z — al|)¢. If this is By, by compactness one can
extract a finite covering J;, B(b;, ||z — a;]|)¢ for (a;,b;) € G, i = 1,...,n. We find
that

n
BO n U B(bi, HJZ — aiH)C = BO
i=1
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or equivalently that
BO N ﬂ B(b,, ||£L’ — az”) =0
i=1
which contradicts Lemma 4.23. Hence, By\ K # By which means that K # (). Choosing

y € K, we find that GU {(z,y)} is the graph of a 1-Lipschitz function and is strictly
larger than G, which contradicts the maximality of A.

The non-expansiveness of (I + A)~! follows from, if y + Ay > x, ¥ + Ay’ > 2/,
p=x—y€Ar,p =2 —y € Ay

le—2|>=ly=yI*+2@ -2, y—v)+1lp—PI> > ly—=v >+ lp -7
that is, for 7= (I + A)~%:
[Tz —Ta'|* + |(I = T)x — (I = T)a'||* < ||z — &' (31)

An operator which satisfies (31) is firmly non-expansive.

Let us now consider the “reflexion operator”
Ra=2Ja—T1=2(I+A)"~1T (32)

Lemma 4.24. R4 is nonexpansive, and in particular, Ja = I/2 + Ra/2 is (1/2)-
averaged.

Proof: We check more generally that if T is firmly non-expansive, then R = 2T — I
is non-expansive (hence 7' = I/2 + R/2 is 1/2-averaged). Indeed, for any z,2’, by the
parallelogram identity, since 2Tz —z) — (2T2' —2') = (Te —x —Ta' +2')+ (Tz - Tx'),

||2TJ,‘ —x—2Tx' —|—x’||2 + ||$ _ x/H2 _ 2(||Tl‘ e — T4 +I/||2 + ||T.’L‘ _ Ta’,‘/HQ)
= 2(|(1 ~ T)a — (1 = T | + [T = Ta'|?) < 2]jx — |

showing || Rz — Ra'||? 12
We have shown that if A is maximal monotone, then J4 = (I + A)~! is defined
everywhere and single-valued, then that it is firmly non-expansive, and eventually that
if an operator is firmly non-expansive, then it is (1/2)-averaged. We conclude by showing
that if an operator ' = I/2 + R/2 is (1/2)-averaged (R is non-expansive), then there
exists a maximal monotone operator A such that T'= J4.
The proof follows by the same (or reverse) construction as in the beginning of the

proof of Minty’s theorem: we consider the graph

< ||z — 2'||*, which is our claim.

G={((z+y)/2,(x—v)/2):x e X,y=Rax} ={(Tz,I —T)z):x € X}

and denote by A the corresponding operator (y € Az < (x,y) € G). Then A is
monotone: if (§,7), (§',n') € G, then for some z, 2’ € X, = (z+Rx)/2,n = (x—Rzx)/2,
etc., and we find:

1
<§_§/>7]—77/>:Z<$+R$—m'—Rx',x—Rm—x'+Rx')

(Il — 2'|* - | Re — Ra'|1?) 0.

] =
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Moreover, A is maximal, if not, one could build as before from A’ D A a non-expansive
graph {(§ +n,& —n) : n € A’¢} strictly larger than the graph {(z, Rz) : « € X'}, which
is of course impossible. By construction, ATx > (I —T')z for all z, hence (I + A)Tz >
re Te= 1+ A) "tz

To sum up, we have shown the following result:

Theorem 4.25. Let T be an operator, then the following are equivalent:
o T'=(I+ AL for some mazimal operator A;
o T is firmly non-expansive;
o T is (1/2)-averaged (2T — I is nonexpansive).

A consequence is that if x € X and 2! = (I + A)~'2¥ k£ > 0, then ¥ — z where
x is a fixed point of (I + A)~1, that is, Az = 0, if such a point exists (Theorem 3.1).
We will return soon to these iterations.

Another way to interpret Theorem 4.22 is to observe that it says that a strongly
monotone maximal operator has a well-defined single-valued inverse everywhere. Indeed,
if A is maximal pg-monotone, then A’ = A/p — I is maximal monotone hence I + A’ is
surjective with single-valued inverse, and so is A. From

(p—qz—y)>upllz—yl>, pe Az, q € Ay

we deduce if B = A~! that
(p—q,Bp — Bq) > ul|Bp — Bq||*,

showing that B is co-coercive and (1/u)-Lipschitz.

The maximal monotone operator A, = [r — (I + 7A)"'z]/7 is called the Yosida
approximation of A,: it is a (1/7)-Lipschitz-continuous mapping, with full domain (in
case A = 9f, A, = 0f;). 7TA, is firmly non-expansive, since I — 7A, is. It has
very important properties, see in particular Brézis’ book [5]. We mention in particular
Theorems 2.2 and Cor. 2.7 in that book: the first says that for a maximal monotone
operator A, C' = dom A is convex and lim,_,o A, is the orthogonal proojection of x onto

C'; the second that if for A, B two maximal monotone operators dom A N dom B # (),
then also A 4+ B is maximal monotone. The Yosida approximation is used in [5] to
show the existence of solutions to & + Az 5 0 for A maximal-monotone, by showing it
is obtained as the limit of the solutions of # + A,z > 0 (which trivially exist because
of Cauchy-Lipschitz’s theorem). This allows to define properly the “gradient flow” of
a convex lsc. function, which is the time-continuous equivalent of the gradient descent
algorithms. An exhaustive study of maximal monotone operators in Hilbert spaces is
found in [1].

We will use the generalization of Moreau’s identity (25):

= T4+7A)"Ya)+7(I + %Ail)fl(ﬁ). (33)

T

5 Algorithms. Operator splitting

Forward-Backward. Rate. FISTA / Nesterov acceleration. DR, ADMM, Primal-Dual.
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5.1 Abstract algorithms for monotone operators

In this section, we describe rapidly general algorithms for solving the equations
0eAr or 0€ Az + Bx

where A, B are maximal monotone operators. The idea is to generalise algorithms
already seen, and then to have at hand general results which will be useful for studying
more concrete algorithms.

5.1.1 Explicit algorithm
Let us first consider the equivalent of the “gradient descent”:

k+1

gt =gk —pk pF e Axh.

Even if A is single-valued and continuous, then this might not converge. For instance,

. (0 -1
1fA(1 O)then

But the eigenvalues of this matrix are 1 + 477 and have modulus v/1 + 72, so that the
iteration always diverges.

So one needs to require a further condition on A. We recall (Baillon-Haddad) that
the gradient descent works for convex functions with Lipschitz gradient, whose gradient
is a co-coercive monotone operator. We can show here the same:

Theorem 5.1. Let A mazimal monotone be p-co-coercive (in particular, single-valued):
(Az — Ay,z —y) > pl| Az — Ay|>.

Assume there exists a solution to Az = 0. Then the iteration x*t1 = b — 7 Az
converges to x* with Az* =0 if 0 < 7 < 2p.

For the proof we just show that I — 7A is an averaged operator. Let us compute

I = 7A)z — (I = TA)y|* + | Az — T Ay|>
= |l —yl? - 27 (z — y, Az — Ay) + 27%|| Az — Ay|?
= |l = ylI* = 27(n — 7)[| Az — Ay|.
This shows that if 0 < 7 < u, 7A and (I — 7A) are firmly non-expansive hence (1/2)-
averaged. It follows that for 0 < 7 < 2u, (I — 7A) is averaged. Hence by Theorem 3.1
the iterates weakly converge, as k — oo, to a fixed point of (I — 7A4) (if it exists). If

7 = 0 this is not interesting, if 0 < 7 < 2u, then it is a zero of A, which exists by
assumption.

5.1.2 Proximal point algorithm

Then we consider the “implicit descent” z**! € 2¥ — 7 A2**+1. This is precisely which is
solved by 2**1 = (I+7A)~'z*, which is well-posed if A is maximal monotone (Th. 4.22).
The corresponding iteration

aF = (T4 74)" 12"
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is known as the proximal point algorithm. It obviously converges to a fixed point as
the operator is (1/2)-averaged (if the fixed point, that is a point with Ax = 0, exists).
Moreover, as we have seen, one can consider more generally, if R, 4 = 2(I +7A4)"! — I,

= (1- Gk)a:k + 0L R, 42" = 2F + 20, ((I + TA)*lxk - :ck) =k —20,7A, 2",
for 0 < < 6, < 6 < 1 and still get convergence. More generally, we prove:
Theorem 5.2 (PPA Algorithm). Let 2° € X, 7, >0, 0 < A< A\ < A< 2, and let

2P = 2R A\ (1 4 7 A) " Lah — b)),
If there exists x with Az 3 0, then o* weakly converges to a zero of A.

Proof: the proof follows the lines of the proof of Thm 3.1. We have:

2P — z)? = ||l2% — 2||* + A2|| T az® — 2F)% + 22 <xk —z, Jy 4zt — $k>
< llo* = 22 = M2 = M) aa — ¥
+ 2 ([ Treaz® — 2%|2 + (2% — 2, Jp 42" — 27))
If Az = 0 we have J a2 = (I + 7,A) 'z = z, and using that J,, 4 is firmly non-
expansive we find
[ Trpaz® —a®|? + (| Traz® —2|® < |2 — )2

Hence

[T, az® — 2| + (a* — @, Jp a2 — )

< Y Jpaz® — 282 + (aF — z, Jrpaz® — 2Py + 5 (|28 — 2? — || T a2 —2]?) <0

1
2
and we deduce that

=] < fla* — 2 ]* = M2 = Ao T — .

Letting ¢ = A(2 — A) > 0, we deduce that (2*); is Fejér-monotone with respect to
{z : Az > 0} and that
n
e I meaa® —a*|? + ot —2]? < o — |?
k=0

for all n > 0, in particular ||J,, az* — 2| — 0, as well as z¥*? — 2%, Hence we can

conclude the proof as the proof of Theorem 3.1. We could also consider (summable)
errors. See [1] for variants, [11] for a similar proof with errors.

5.1.3 Forward-Backward splitting

We now consider a mixture of the two previous, namely the “forward-backward” split-
ting

" = (I 4+ 74)"Y(I — 7B)2* (34)
where A is maximal monotone and B p-co-coercive. Then, as before, if 0 < 7 < 2u, the
algorithm is the composition of two averaged operator and converges weakly to a fixed
point if it exists. We see that

(I+7A) "I -7B)r=xex—TBrcx+71Ar & Ar + B 2 0.

As B is continuous, this is equivalent to (A+ B)z 3 0. Hence, if A+ B has a zero, this
algorithm converges to a zero of A + B.
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5.1.4 Douglas-Rachford splitting

This method was introduced under the following form in a paper of Lions and Mercier
(79):

2" = J A (20,5 — Dk + (I — J.5)a* (35)
Theorem 5.3. Let 2° € X. Then if 2% defined by (35), 2% — x such that w = J,px is
a solution of Aw+ Bw 3 0 (if it exists).

Proof: we use
Jra =31+ 5Rra, Jrp =31+ 3R.p.

Hence the operator in the algorithm is
iR;p+iRa0oRp+ (3] — R.p) =31+ R;a0 R,
2T 2T T 2 o4tT 2 Q4T T

so that it is (1/2)-averaged (and hence a resolvent). We deduce from Thm 3.1 that the
iterations converge to a fixed point, if it exists, of R;4 o R,g. One has

RianoRpr =2 2J,42 gz —2) — 2J;pr —z) =2 < Ja(2J, gz — x) = Jr BT
< 2J;pr—x € Jrpr +TA(J gx) & Jrpr € x + TA(J B2).

Letting w = J-px, we see that w satisfies
w € w+ T7Bw + TAw

hence Aw+ Bw = 0. Conversely, if w satisfies this equation and x = w+ Bw = w — Aw,
we see that z is a fixed point. We know, then, by Theorem 3.1, that ¥ — 2. Then
w = J.px is a solution of Aw 4+ Bw > 0. Further conditions on A, B ensuring that
J,pxk converges to a solution are found in [18], variants with errors in [11].

The iterations z**t! = R, 4R, px* are known as the Peaceman-Rachford splitting
algorithm and converge under some conditions to the same point.

5.2 Descent algorithms, “FISTA”
5.2.1 Forward-Backward descent

In case A = dg and B = Vf, algorithm (34), which aims at finding a point & where
dg(x) + Vf(x) 3 0, or equivalently a minimizer of

min F(x) := f(z) + g(x) (36)
reX
where g is, a “simple” convex lsc. function and f is a convex function with Lipschitz
gradient. The basic idea of the Forward-Backward splitting scheme (FBS) is to combine
an explicit step of descent in the smooth part f with a implicit step of descent in g. It
iterates the operator:

I & =T,7:=prox,, (2 —7Vf(z)) = +789) " (z — TV [(Z)). (37)

Another name found in the literature [22] is the “composite gradient” descent, as one
may see here (& — Z)/7 as a generalised gradient for F' at . The essential reason why
all this is reasonable is that clearly, a fixed point & = T will satisfy the Euler Lagrange
equations V f(Z) + dg(Z) 2 0 of (36). Observe that in the particular case where g = ¢
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is the characteristic function of a closed, convex set C', then prox, ,(z) reduces to Ilc(z)
(the orthogonal projection onto C) and the mapping T, defines a projected gradient
descent method.

Algorithm 1 Forward-Backward descent with fixed step

Choose g € X
for all ¥ > 0 do

htl — TTxk = prong(xk — TVf(.’L‘k)) (38)

end for

The theoretical convergence rate of the plain FBS descent is not very good, as one can
merely show the same as for the gradient descent:

Theorem 5.4. Let 2° € X and z* be recursively defined by (38), with 7 < 1/L. Then
not only x* converges to a minimiser, but one has the rates

F(a*) = F(a*) < giglla* — 2°|? (39)

where x* is any minimiser of f. If in addition f of g are strongly convex with parameters
Wy, fbg (with = pup + pig > 0), one has

k * 1+ k ® (|2 k14 0 *112
F(a¥) = F(a") + =32 2" — 2" ||* < w" =5 F |2 — 27| (40)
where w = (1 —7py) /(1 + Tpg).

However, its behaviour is improved if the objective is smoother than actually known,
moreover, it is quite robust to perturbations and can be overrelaxed, see in particular [9].

5.2.2 FISTA

An “optimal” accelerated version is also available for this method, ¢f Section 2.4.3. This
is well described in [24], [22], although a somewhat simpler proof is found in [2], where
the algorithm, in the cases where p = uy + pg = 0, is called “FISTA”. The general
iteration takes the form:
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Algorithm 2 FISTA with fixed step

Choose 20 =z~ 1 € X and t; > 0
for all ¥ > 0do

yk _ l'k +ﬁk(xk o {Ek_l) (41)
a* = Toyh = prox, (v* — 7V f(y")) (42)
where, in case p = 0,
14++/1+4t2
thyr = —Yp—t > B (43)
B = %=t (44)
and if g = py + pg >0,
—at? — 12 2
besr = 1—qt2+ (12 qtk)2+4tk, (45)
_ tp—114+Tpg—t T
B = Yl Dttty (46)

where ¢ = 71/ (1 4+ Tpg) < 1.
end for

In the latter case, we assume L > uy, otherwise f is quadratic and the problem is
trivial. The following result is then true:

Theorem 5.5. Assume ty =0 and let x* be generated by the algorithm, in either case
=0 orpu>0. Then, one has the decay rate

F(a*) = F(e*) < min {(1+ va) (1 — va)*, gy | 25222 — 212

It must be mentioned that in the case pu = 0, a classical choice for ¢ is also ty, =
(k 4+ 1)/2, which gives essentially the same rate. An important issue is the stability of
these rates when the proximal operators can be only evaluated inexactly — the situation
here is worse than for the nonaccelerated algorithm, which has been addressed in several
papers.

The proof of of both Theorems 5.4 and 5.5 rely on the following essential but straight-
forward descent rule: let £ = T %, then for all x € X,

r—z|? _ 1—7L|z—z|? . —z|?
Pla) + (-0 =t 4 p@)+ (4 rug 2 ag)
2T T 2 27
In particular, if 7L < 1,
x —7||? x —2|?
F@)+ (1= A0 s ey + 1) 20 (18)

The proof is elementary: by definition, Z is the minimiser of the (uy + (1/7))-strongly
convex function

, le—ap?

v g(a) + (@) + (V@) 0 —3) +
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It follows that for all « (c¢f (17)):

Fa)+ (1) 220
> (o) + £(&) + (VF(@).o - )+ 7
> (&) + (@) + (V@) & - )+ I gy I

But since Vf is L-Lipschitz, f(z) + (Vf(z),2 —Z) > f(&) — (L/2)||& — Z||* so that
equation (47) follows.

Remark 5.6. One can more precisely deduce from this computation that

|z — 2|

Fl@)+ (1 =)

> F(z2 1
> F(#) + (14 ) -

z — &2 i —z|?
|z — 2] +(n [ Df(m)), (49)

where Dy(x,y) == f(x) = f(y) = (Vf(y),2 —y) < (L/2)|[x —y|[* is the “Bregman f-
distance” from y to x [4]. In particular, (48) holds as soon as

< le=al?
D¢(2,7) < —

(&%) < =
which is always true if T < 1/L but might also occur in other situations, and in par-
ticular, be tested “on the fly” during the iterations. This allows to implement efficient
backtracking strategies ‘a la’ Armijo for the algorithms described in this section when
the Lipschitz constant of f is not a priori known.

Remark 5.7. Observe that if X C X is a closed convex set containing the domain
of F, and on which the projection Ilx can be computed, then the same inequality (48)
holds if & = T, IIxZ (requiring only that V f is Lipschitz on X ). This means that the
same rates are valid if one replaces (41) with

yk — Hx(xk +Bk($k _ xk—l))

which is feasible if X is the domain of F'.

5.2.3 Convergence rates

Unaccelerated scheme We start with the rates of the unaccelerated FB descent
scheme and prove Theorem 5.4.
First, if uy = p, = 0: we start from inequality (48), letting, for k£ > 0, Z = 2* and

& = z*t1. It follows that for any z:
& —a*|? ka1y |,z — "2
F 2 2 W s Pkt L S
(z) + 27 > P + 2T

Choosing = = z* shows that F(2*) is nonincreasing. Summing then these inequalities
from k=0ton—1,n > 1 yields

n—1

D (FE) = F@)+ Y golle— 2P < Y oolle —a*|2.
k=1 k=0
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After cancellations and using F(z¥) > F(2") for k = 0,...,n, it remains just
n(F(a") = F(x)) + 5-llv — 2"|]* < 5[l — 2°|?

so that, in particular F(z") — F(z*) < ||a* — 2°||?/(2n7).
Now, if 1y > 0 or py > 0 we can improve this computation: we now have for any z:

k|2 E+1)12
T—x T—z
Fa)+ (- T s ey g g P22
Choosing = = z* shows that F(z*) is nonincreasing. Letting
1—
w=_TH <4 (50)

LTy
and summing these inequalities from & = 0 to n — 1, n > 1, after multiplication by
w k1 yields
n n—1
Y w M FEr) - P@) + Y w e e — 2P <Y w T A - b
k=1 k=0
After cancellations and using F(z*) > F(z") for k=0, ...,n, we get

n—1
W (Zwk> (F(a") - F(a)) +w "0 g — o < 202 g — 0|2,
k=0

We deduce, in case y = py + p1g > 0 so that w < 1,
F(z®) — F(2*) + gk — 0|2 < wh T8 20 — 5|2, (51)

which is a “linear convergence rate” (however we will see that one can do better).

Convergence rates for FISTA Now we show the accelerated convergence rates. The
basic idea consists in first choosing in (48) a generic point of the form ((t — 1)z* +2)/t,
t > 1, which is a convex combination of the iterate 2% and another generic point (in
practice a minimizer) x. We find after some calculation (systematically using the strong
convexity inequalities when possible)

t—1
2

t(t = D(F@") - Fz) = p—g— o — 2"

1(t = Da +z — ty*|?
2T

> (F (2" = F(x)) + (1 + Tpg)

+ (1= 7py)

|(t — 1)k + 2z — t2k+1|2
2T '

(52)
Consider first the case where = 1y + 1y = 0. Then we have

t— 1)k + 2 — tah 12

PP - P+ DT

I(t — Da* + 2 — ty*?

<1t = D)(F(*) — F(@)) + o
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We see that the term F(2F) — F(x) is “shrunk” at each step by a factor (t — 1)/t < 1,
while the other term is not. How can we exploit this?

The basic idea in the proof is to use a variable parameter t = t;;, and choose y*
to ensure that the term (¢4 — 1)2* + 2 — 319" in the right hand side is the same as
the term (tpy1 — 1)a* +2 — t3 12! of the left hand side at the previous iterate, that
is,

(tk?+1 — l)xk +x— tk+1yk = (tk - 1).7;‘k_1 +x — thk
so that if we sum the inequalities for k = 0,...,n the norms will cancel. Hence, we
choose:

o lppi(tppr —1) =17 ;
o Y& =aF 4 Br(zF — 2P 1) with By, = (tk — 1) /trta;
we obtain the recursion

Ry L |

27

B (F ) - Fla)) + [ 21

tr — Dbl 4 o — t2%||?

< t2(F(2®) — F(z)) + i€ 5

which we can sum from k£ =0,...,n — 1 to obtain

1
P < ol =l

(")~ F(z) + < 5

1
ﬁ”(tlﬂrl — 1)$k +x — tk+1LL’
n
Observe that ¢, — tpy1 — t; = 0 yields tpp1 = (1 + /1+4£7)/2 (one can choose
to = 0,t; = 1), and in particular ¢541 > 1/2 + ¢, > (k + 1)/2 for k > 1, by induction.
Therefore, choosing x = x*,

F(z") - F(z*) < 2

I | P 2
< s I o (53)

An important remark is that, if one takes z = x*, F(2*) — F(2*) > 0 so that in fact
one can get the same inequalities if one only ensures t11(tg41 — 1) < t%, and not =.
For instance, the sequence to = 0, t;, = (k + 1)/2 for k > 1 is admissible and yields the
same rate.

It can be interesting to take slightly smaller ¢x, such as (k + 1)/« for @ > 2. One
can show in particular the convergence of the iterates (z*) to a solution in this case,
while it is still an open problem for oo = 2. It has been even observed by Charles Dossal

(U. Bordeaux) that in that case, one can show that

1

F(z") — F(z*) = o ()

n2

which does not contradict the lower bound (5).
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Convergence rates for FISTA, strongly convex case We start again from (52)
but now we assume that = uy + pug > 0. Then, we observe that

lz — * + t(a* — )|

t—1
= 2P+ (1= )

2T
k(2
_ 1
:(1—T,uf—u7'(t—1))”x all + T'uft<x—xk,xk—yk>
2T T
2% — y¥|?
t2(1 — _
HE( =Ty T
(L4 Tpg — tur) -
LTl Z D) b g T (o 2
k k2
2 1—Tp lz® —y" |
+1 (1 - T/’Lf> (1 - 1+T,ugfj;‘,p,‘r) 21
(1+Tpg —tur) k 1— ko k
= 23_ ||x—ac +t1+'r,u?i{£,u'r(x -y )”2

24— Tl —Tpy) |l2* —y*|?
1+ Tpg —tpr 27 '

It follows that for any = € X,

1—
o — % — b (0 — )|

t(t — 1) (F(z*) — F(z)) + (1 + Ty — tur)

2T
gkt () (R k)2
s B - F@) + (1 T U D b
T
1— k _ k|2
14 7pg —tur 2T
We let t = t;+1 above, then we can get a useful recursion if we let
1+ Tpg — tpp1pr T
wg = =1—-tpp1— € |0,1 55
T i €01 (55)
thogr (tegr — 1) < wity, (56)
tr—11 —t tr—11
B = AT THy T lIT T D T Ty (57)
tht1 I —7py ter1 1 —Tuy
y* = a* + B (aF — 2P (58)
Denoting ay, = 1/t and
= =TT oy (59)

- L+7py,  L4+Tp,

one finds the same rules as in formula (2.2.9), p. 80 in [24] (with the minor difference
that here we may chose tg = 0,t; = 1, and we have shifted the numbering of the
sequences (z¥), (y¥)). In this case, we find

1+7u
(P = F(2) + — o = 2" = (e = D = 2h)))?

1
*“@m—xhwm—nu*—ﬁlmﬁ
!

<o (PR - Pl + 25
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so that

M”x_

B(P() - F(@) + —

—(t=1@E" -2

k—1
1
< (H wn) [t%(F(aaO) — F() + — e - 20| (60)
o 2T
The update rule for t; reads

ottt — 1) = (1 — qtes1)ths (61)

so that,

1—qt? + /(1 —qt})? + 483
5 .

We need to make sure that gtxr; < 1 so that (55) holds. This is proved exactly as

in the proof of Lemma 2.2.4 in [24]. Assuming (as in [24]) that /gt; < 1, we observe

that (61) yields

thy1 = (62)

qtii1 = qtrr + (1 — qtes) gt

If gty > 1, it yields qtiJrl < qtrp+1 hence gtp+1 < ¢ < 1, a contradiction. Hence
qtx+1 < 1 and we obtain that qtﬁ 41 18 a convex combination of 1 and qti, so that
Vatrk+1 < 1. We have shown that as soon as \/qto < 1 (which we will now assume),
Vatr <1 for all k. Eventually, we also observe that

tipr = (1= qti)tesr + 3

showing that ¢; is an increasing sequence. It remains to estimate the factor

Hwn (k>1).

From (56) (with an equality) we find

1 12
1——=wg 2k
tht1 tht1

so that .

2 1

1
tgﬁk— Hwn—H(l_tk)S(I—\/c?)k
n=1
since 1/t > \/q. If to > 1 it shows 6, < (1 — /@)% /td. If to € [0, 1], we rather write
wo 'op wo 1 1
o 0
= — Wp = —5 1-— )

and observe that (62) yields (using 2 — ¢ > 1> q)

1—qt2 +/1+22— q)t2 + ¢*t}

t; = 5 9 >1,

Also, wy <1 — g (from (55)), so that
O < (1+ V@)1 - V).
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The next step is to bound also 65, by O1/k%. We exactly follow Lemma 2.2.4 in [24]. In
our notation, it reads

1 Or — k41 0r(1— (1 —1/tks1))

1
_ — >
Vo1 VO 001 (VO + /Ori1) 205/ 0141

since 6 is nonincreasing. It follows

1

1 1 1 1 1
_ > = >,
Vo V0" 2O 2 i, 2

showing that 1/v/0, > (k —1)/2+t1/\/wo > (k +1)/2. Hence, provided /gty < 1, we
also find: A

0 < m (63)

We have shown the following result, due to Nesterov and stated, with a different
proof, in [24]:

Theorem 5.8. If \/qtg < 1, to > 0, then the sequence (%) produced by iterations
ok = Ty with (62), (55), (57), (58) satisfies

F(z®) - F(z*) <

_ k T
win { C00 L (8006 - P+ 0 ) (o)

ifto > 1, and

F(z®) - F(z*) <
min { (1 + @)1~ V), 7ios ¢ (BFG0) — F) + 00— ar)2) (65)
T(k+1)? 27
if to € [0,1], where x* is a minimiser of F.
Theorem 5.5 is a particular case of this result, for ¢ty = 0.

Remark 5.9. (Constant steps.) In case p > 0 (which is ¢ > 0), then an admissible
choice which satisfies (55),(56), (57), is to take t =1/,/q, w =1 — \/q,

g2 it Ty _ V1T T VTR
1—7py ,/1+T,ug+\/7'7[

Then, (64) becomes

ky * . k 0y _ * 2% —a*|?
F(a*) = F(a") < (1= y)* ( F(a°) = Fl@*) + i ).

Remark 5.10. (Monotone “FISTA”, monotone algorithms.) The algorithms studied
here are not necessarily “monotone” in the sense that the objective F is not always
nonincreasing. A workaround implemented in various papers [33, 2] consists in choosing
for ¥+ any point with F(x*+1) < F(T,y*)2, which will not change much (52) except

2this makes sense only if the evaluation of F' is easy and does not take too much time.
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that in the last term, x**' should be replaced with T, y*. Then, the same computations
carry on, and it is enough to replace the update rule (58) for y* with

_ 1+ _
gt o= Bt — ) gt T (Tt - o)

58/
— ¢ 4B, ((xk — k) 4 tk.t51(TTyk_1 . xk)) (58")

to obtain the same rates of convergence. The most sensible choice for x**1 is to take
Toy* if F(Toy*) < F(2%), and 2% else, in which case one of the two terms (x* — z*~!
or TyyF—1 — 2%) vanishes in (58°).

Conclusion: compare the geometric rate (50) with w = 1 — /g for ¢ given by (59),
what do we observe?

5.3 ADMM, Douglas-Rachford splitting

We now consider a class of method which solves another kind of problem, namely of the
form

a0 f(2)+9() (66)

where in practice one will ask that the convex, Isc. functions f, g are “simple” (and even
more than this).

Observe that if f* is continuous at some point A*p and if g* is continuous at some
point B*q, ¢f Section. 4.3.2 (or, in finite dimension, if A*p € ridom f*, B*q € ridom g*),
we can define

f(¢) = min f(z), §(n) = min g(y),

Az=¢ By=n

moreover the min is reached in both cases.
Then, one has f*(p) = f(A*p), §*(q) = g(B*q) and the problem reads

min FE)+3(¢—9);

it can be seen as an inf-convolution problem. Moreover Corollary 4.20 shows that the
value of (66) is also

sup (C,p) = [*(A™p) — g"(B"p) (67)

which gives a dual form for (66).

An “augmented Lagrangian” approach for (66) consists in introducing the constraint
in the form

minsup (z) + g(y) — (2, Ax + By — () + 2 || Az + By — (|

Y 2z

which we observe is equivalent (as the sup is +oo if Az + By # ().
If we introduce the function

D(2) = inf f(z) + gly) — (2, A+ By = () + J || A + By — (|
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we find that, denoting T, 7 the solution of the problem for z and Zj, 7, the solution for
z + h (the min is reached, why?),

D(:) = £(2) +9(5) — (= + h, AT + By = ) + 2| Az + By — C|I* + (h, Az + By — ()
> f(Zn) +9(yn) — (= + h, AZp, + Byp — () + %HAfh + Byn — ¢
+ 2IA@ — 21) + B — )| + (h, Az + By — )
where we have used the strong convexity of the norm with respect to Az + By. We find
D(2) — (h, AT + Bf — ¢) = D(= + h) + 2|(AZ + Bf — ¢) = (AZy + By — O)|I

which shows that ¢ — Az — By € 7 D(z) (the super-gradient of the concave function D
at z) and that z — Az + By — ( is y-co-coercive, and (1/~)-Lipschitz. Hence a natural
algorithm, known as “augmented Lagrangian”, consists in iteratively solving

(", y**) = argming , f(z) + g(y) — (%, Az + By — () + 3[|Az + By — ¢||?,
L= 2k (¢ — A+l — Byl
(68)
it is precisely a gradient ascent with fixed step for the concave function D, and will
converge (it should be shown then that also z*,3* converge to a solution).
Unfortunately, this algorithm is usually not implementable, as the joint minimization
step cannot in general be performed. This is why it was proposed [16, 15] to perform
these minimizations alternatively instead than simultaneously, see Algorithm 3

Algorithm 3 ADMM
Choose v > 0, y°, 2V.
for all £k > 0 do
Find z*! by minimising  — f(z) — (¥, Az) + 2|/ — Az — By*||?,
Find y*** by minimising y — g(y) — (¥, By) + Z||¢ — Az**! — By||?,
Update zF+1 = 2% 4 4(¢ — Azk+! — Byk+1),
end for

We will relate this approach to other known converging algorithms. Then in a next
section, we will show how we can derive rates of convergence for this approach. A
classical reference for the convergence is [11], see also http://stanford.edu/~boyd/
admm.html.

Let us observe that in terms of the functions f , g, the algorithm computes, letting
gk — A:ck nk — Byki

gl = argmginf({) - (6 + %HC —&—n"? = proxs,. (¢ + %Zk —1"); (69)

- g
T = argmin g(n) — (z,m) + lIC = € = ml]* = proxg, (C+ 327 = €51 (70)
Thanks to Moreau’s identity (25),

PIox, 7. (2" + (¢ = nM) = 2" + (¢ =) — 4T, (71)
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proxg. (2 + (¢ — €M) = 2F 4 4 (¢ — EFF) — gt = 2 (72)
Letting fg‘ (p) := f (p) — (¢, p) = f*(A*p) — (¢, p), the first line can also be rewritten
Y(EH = ¢) = 2" —n* —prox, . (2 — "), (73)
If we let u¥ = 2K — gk, vkt = 2k 4 (¢ — €51, we find that
P = 2P (¢ =€) = prox g (2F (¢ = €M) = 0P — prox . (0P,

and

ubtlt = Zhtt ’ynkJrl = 2prox

On the other hand, (73) gives

- (,UkJrl) o UkJrl.

prox p. (u) + " = 28 + (¢ — &) =",

Hence the iteration reads

pFtl = PrOX, 7. (2prox., ;. (%) — vF) 4 oF — Prox, gz« (v"),

which is precisely a Douglas-Rachford iteration for the problem
0€07" +0f;

which is the equation for (67).

The theory seen up to now shows that v* — v a fixed point of the iteration, which
is such that prox. ;- (v) is a solution of the dual problem. In practice, z* will converge
to a Lagrange Multiplier for (68), and z*,y* to a solution, as soon as there is enough
coercivity (in particular, in finite dimension).

5.4 Other saddle-point algorithms: Primal-dual algorithm
We remark that thanks to (72) and (69), one has
ok k-1
Y

= (- -t
hence
ghtl = prosz/v(ﬁk + %(22’C )

while as before
41 = prox 5. (2 — 4 (€1 = Q).

This is the form of a primal-dual algorithm (of “Arrow-Hurwicz” type) which aims at
solving a fixed point problem of the form (letting 7 = 1/7):

E+TOf(€) D E+72, 2+705"(2) 32— v(€ Q).

More generally, for a problem in the standard form
min f(Kz) + g(¢) = minsup (Kz,y) + g(z) = f*(y),
Yy

one can implement the Algorithm 4 described below.
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Algorithm 4 PDHG
Input: initial pair of primal and dual points (2°,4°), steps 7,0 > 0.
for all k¥ > 0 do
find (xF*+1, y**+1) by solving

R — prong(xk —rK*yb) (74)
Y = prox, g (yF + oK (225 —at)). (75)

end for

Let us write now the iterates as follows:
{mk+1—mk + 5g($k+1) 5 _K*yk — K*(yk-‘rl _ yk) _ K*yk—i-l

T

LS o () 5 K (eF — ak) + Kb,
that is
L7 —K*\ [kt — gk dg(zF+1h) 0 K*\ [aFt?
We find that this algorithm is a proximal point algorithm for the variable zF =
(%, y¥)T, the monotone operator which is the sum of the subgradient of the convex

function (z,y) — (g(x) + f*(y)) and the antisymmetric linear operator (_0 K ),

K 0
i —K*
M; s = (—K %I >

if this metric is positive definite. To see this we observe that if A is a monotone operator
and M a symmetric positive definite operator, M ~'A defines a monotone operator in
the scalar product (-,-),, = (M-,-): if pe M~'Ax, g € M~* Ay,

in the metric

p—g,x—y)y=Mp-q,z—-y)>0

as Mp € Az, Mq € Ay. Hence, in this metric, the resolvent Jﬁ/f is given by y =
(I+M~1A)~ 1z, which satisfies the equation y+M ~* Ay > x, that is, M (y—2z)+ Ay > 0.

When is the matrix M, , positive definite? We have

(3 (5)  (5) ) = e + 21012 ~ 2 (.

which is positive if and only if for any X,Y >0
X2 y?
sup  2(K&n) =2|K||XY < = 4+ —
el <X, [l <Y - pu

if and only if

2K < i X + Y 2
mn —+—75=—F—
x>0,y>0717Y X \TO

if and only if
To||K||* < 1. (77)
We deduce:

Theorem 5.11. If (77) is satisfied, then z* = (2%, y*)T defined by Algorithm 4 con-
verges to a fized point (x,y)T of the operator, that is, a solution of (30) (if one eists).
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5.4.1 Rate

To find a rate, we do as follows. Taking the scalar product of (76) with 251 — 2z where
z is an arbitrary point, we find

* k+1 k+1 _
<Zk+1 _ zk,szrl _ Z>MT,U + <<_9K If) > (§k+1) y <zk+1 . ;j)>
+ (@) + ) < g(@) + [ (y)

The scalar product is
— <K*yk+1,m> + <Ka:k+1,y>

while

A St s b [ S 1 Ll MRS LB P

Therefore, introducing the Lagrangian of (28), as

‘C(karlvy) - 'C(xayk+l)
= (@™ ) + (y, Ka™) = f*(y) — g(2) = (¥ Ka) + £ (")
we obtain for any z = (z,y):
L y) — L g+ LI - R b AT R, < Ak

Summing from k£ = 0 to n — 1 and using the convexity of (&,7)T — L(&,y) — L(x,7n),
we find if we let Z" = (X", Y™)T = (3;_, 2")/n that

1
LX) = L(2,Y") < %IIZO — 23, ,- (78)

This is a weak form of a rate (as it depends on (z,y)), and there is still some work
to convert it into a true rate for the energy. The simplest case is when dom f*, dom g
are bounded, then one can take the sup in z,y to find that

C
n n <
GX™ Y™ < o

where C = sup{||2° — 2|3, . : 2 = (#,9),x € dom g,y € dom f*}.

5.4.2 Extensions

[Condat, Condat-Vu] A first observation (Vu, Bot) is that one can replace dg and 9 f*
with monotone operators, and get similar results.

A second observation, due to Condat, is that one can iterate the operator with an
explicit step of a co-coercive operator. Typically, one if h is a convex function with
L-Lipschitz gradient, one can replace (76) with

11 —K*\ (oMt — 2k g(zk+1) 0 K*\ [zFt! ~Vh(z*)
(e ) Gen )+ (GFaed) + (B ) Genn) = (CT07):

This iteration is of the form (34) and will converge if the operator

C =M} <—Vg(x))
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is p-co-coercive with p > 1/2, in the metric M, ,. That is, if for all z, z":
(Mr (2 = 2),C2 = C&) 2 pl|Cz = CZ'|I3, -
This can be rewritten
(2 —a', Vh(z) — V(")) = 7| Vh(z) — Vh(a')|?

and one will be able to find x> 1/2 such that this holds as soon as 7 < 2/L. In this
case again we get the convergence of the Vu-Condat algorithm, which reads:

Algorithm 5 PDHG with explicit step
Input: initial pair of primal and dual points (2°,4°), steps 7,0 > 0.
for all £k > 0 do
find (z**1, y¥*+1) by solving

" = prox, (z¥ — 7(K*y* + Vh(z"))) (79)
y* T = prox, ;. (v + oK (22" — %)), (80)

end for

Exercise: Show that a fixed point of these iterations solves

min f(Kz) + g(z) + h(z) = min Sup (y, Kz) — f*(y) + g(x) + h(z).

5.5 Acceleration of the Primal-Dual algorithm

5.6 Rates for the ADMM

6 Stochastic gradient descent
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