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Abstra t. In this paper, we provide a simple, \generi " interpretation of multifra tal s aling laws and
multipli ative as ade pro ess paradigms in terms of volatility orrelations. We show that in this ontext
1/f power spe tra, as re ently observed in Ref. [20℄, naturally emerge. We then propose a simple solvable
\sto hasti volatility" model for return u tuations. This model is able to reprodu e most of re ent empiri al ndings on erning nan ial time series: no orrelation between pri e variations, long-range volatility
orrelations and multifra tal statisti s. Moreover, its extension to a multivariate ontext, in order to model
portfolio behavior, is very natural. Comparisons to real data and other models proposed elsewhere are
provided.
PACS. 02.50.Ey Probability theory, sto hasti
pro esses, and statisti s { 05.45.Df Fra tals { 05.40.-a
Flu tuation phenomena, random pro esses,noise, and Brownian motion { 89.80.+n Other topi s of general
interest to physi ists

1 Introdu tion
As shown by most re ent empiri al studies on huge amount
of data, the market pri e hanges are hara terized by
several \universal" features [1,2℄: pri e in rements are not
orrelated, volatilities are strongly (power-law) orrelated
and pri e in rement probability density fun tion (pdf)
shapes depend on the time s ale. From quasi Gaussian
at rather large time s ales, these pdf are hara terized
by fat tails at ne s ales. Many authors in the re ently
emerged eld of \e onophysi s" [1{3℄ as well as in lassial empiri al nan e, aim at proposing simple, dis rete or
ontinuous time models that are able to a ount for these
observations. Among all the proposed models, one an distinguish several streams, from the simplest Brownian proess, that onstitutes the main tool used by pra titians, to
the lass of \heteroskedasti " nonlinear pro esses as proposed in Refs. [6,7℄. To a ount for the letpokurti nature
of the small s ale pdf, Mandelbrot [4℄ and Fama [5℄ proposed the Levy stable paradigm that has been re ently
improved in the \trun ated Levy" version [8,1,2℄. More
re ently, an interesting omparison between market pri e
variations and the u tuations of the uid velo ity eld
in fully developed turbulen e has been suggested [9℄. Besides the real pertinen e of su h an analogy that has been
widely ommented [11,12,2℄, this work opens the door to
another important paradigm to model nan ial time series, namely multifra tal pro esses. The multifra tal pro-

esses1 , and the deeply onne ted mathemati s of large
deviations and multipli ative as ades, are well known to
be useful to des ribe the intermittent nature of fully developed turbulen e [21℄. Re ent empiri al ndings [10,13,
15,16℄ suggest that in nan e, this framework is also likely
to be pertinent as far as the time s ale dependen e of the
statisti al properties of pri e variations is on erned.
Our purpose in this paper is twofold. First, we make
a brief review of multifra tals in order to spe ify what
is a multifra tal pro ess. We try to provide several omplementary points of view and to understand what are
the main ingredients for \multi-s aling". We also omment about the riti isms raised by several authors about
multifra tality in nan e. Our se ond goal is to propose
a simple multifra tal \sto hasti volatility" model that
aptures very well all the above mentionned features of
nan ial u tuations. This model, that has been originally introdu ed in Ref. [18℄, is ompared to real data and
some models proposed elsewhere. We dis uss its possible
multivariate extension in order to use it in management
appli ations. The paper is organized as follows. The review on multifra tal pro esses is made in se tion 2. We
introdu e notations, the related notions of multi-s aling,
s ale-invarian e, as ade pro ess and self-similarity kernel. We illustrate our purpose using empiri al estimates
for some high frequen y nan ial data. In se tion 3 we review some ndings of Ref. [10℄ on erning the magnitude
1

people sometimes refer to \multi-aÆne" pro esses or proesses that display \multi-s aling"

2

J.F. Muzy, J. Delour, E. Ba ry: Modelling u tuations of nan ial time series

orrelations for as ade models and suggest a link with
1=f pro esses as re ently observed in nan ial time series.
In se tion 4 we introdu e the multifra tal random walk
de ned in Ref. [18℄ as a sto hasti volatility model. We
dis uss its main properties and propose a natural multivariate generalization. Our dis ussion is illustrated by
numeri al simulations. In se tion 5 we propose estimators
for the few parameters of our model and ompute them for
some intraday and daily time series. In se tion 6 we disuss some related works about multifra tality in nan e.
Con lusions and some prospe ts are reported in se tion 7.

2 Multifra tal pro esses and as ade models
In this se tion we brie y dis uss the related notions of multifra tality and multipli ative as ade. Most of the ideas
and on epts that we re all below have been introdu ed in
the eld of fully developed turbulen e where people aim at
a ounting for the so- alled \intermitten y phenomenon"
(for a review of this subje t see e.g., [21℄).

2.1 Multifra tality of nan ial time series
Let us onsider the variations of a sto hasti pro ess X (t)
at a time s ale l. For that purpose, one an onsider the
in rements of the pro ess, Æl X (t) = X (t + l) X (t) or
more generally its wavelet transform [22{24℄

T (t; l) = l

Z
1



t0

l

t



X (t0 )dt0

where (t) is the so- alled analyzing wavelet, i.e, a fun tion well lo alized in both Fourier and dire t spa es2 . Let
us denote M (q; l) the order q absolute moment of Æl B (t)
or T (t; l), (in this paper E (:) will be used for the mathemati al expe tation and we will always suppose that the
onsidered pro esses has stationary in rements)

M (q; l) = E (jÆl X (t)jq ) :

(1)

Fig. 1. Multifra tal Analysis of the intraday future
S&P500 index over the period 1988-1999. (a) Plot of

the original index time-series. The analyzed time-series is the

We will say that the pro ess is s ale-invariant, if the s ale detrended and de-seasonalized logarithm of this series. (b) Logbehavior of the absolute moment M (q; l) is a power law. log plots of M (q; l) versus l for q = 1; 2; 3; 4; 5. The time s ales
l range from 10 minutes to 1 year. ( ) log2 (M (q; l)=M (1; l)q )
Let us all q the exponent of this power law, i.e.,

M (q; l)  Cq lq ;

for q = 2; 3; 4; 5. Su h plots should be horizontal for a pro ess

(2) that is not multifra tal. (d) q spe trum for the S&P 500 u tuations. The plot in the inset is the paraboli nonlinear part

where Cq is a prefa tor that will be interpreted below. The of q .
pro ess is alled monofra tal if q is a linear fon tion of
q and multifra tal if q is nonlinear. Note that, from the
on avity of the moments of a random variable, it is easy
to show that q , as de ned from the s aling behavior (2) in same argument leads to the on lusion that su h s aling
the limit l ! 0+ , is ne essarily a onvex fon tion of q . The behavior with a nonlinear q annot hold for all s ales l.
2
One ni e property of wavelet transform is that it an be in- Thus, for a multifra tal pro ess there exists at least one
verted, i.e., one an re over the original signal from its wavelet hara teristi time T (hereafter referred to as the inteoeÆ ients. Another interesting feature is that there exist or- gral time) above whi h the behavior (2) is no longer valid.
thonormal wavelet bases. Su h bases are very useful for signal Multifra tality has been introdu ed in the ontext of fully
synthesis and modelling, as it is illustrated for as ade pro- developed turbulen e in order to des ribe the spatial u esses in Ref. [33℄
tuations of the uid velo ity at very high Reynolds number
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[21℄. As suggested by re ent studies [9,10,13,15,16℄, multifra tality is likely to be a pertinent on ept to a ount
for the pri es u tuations in nan ial time-series. This is
illustrated in Fig. 1 where the q fun tion is estimated for
the future S&P500 index over the period 1988-1999. The
original intraday time-series has been sampled at a 10 mn
rate (Fig. 1(a)) in order to obtain equi-sampled data. We
onsider the asso iated ontinuously ompounded return
time-series, (i.e., the logarithm of the index value) that
has been detrended and de-seasonalized3. The q spe trum in Fig. 1( ) is obtained using linear regression t of
\log-log" representations of the behavior of the q -th order
moment versus the time s ale as illustrated in Fig. 1(b).
In this gure, the s ales span an interval from 10 minutes
to approximately 1 year. Moment estimates at larger time
s ales are very poor be ause of the nite size of the overall re ord. From the linear behavior of su h urves, one
learly sees that the s ale-invarian e hypothesis is satised over around 3 de ades. In Fig. 1(b) we have plotted
)
log2 MM(1(q;l
;l)q versus log2 (l). The fa t that su h plots are not
onstant re e ts the nonlinearity the q spe trum. The future S&P500 an thus be onsidered, at least at this des ription level, as a multifra tal signal. Let us noti e that
we have omputed, in Fig. 1(d), the q values for q -th order moments that in lude negative values of q . This an
be a hieved using a wavelet based te hnique that has been
introdu ed in Refs. [25{28℄. This spe trum turns out to be
well tted by a paraboli shape q = 0:53q 0:015q 2 . The
non linear paraboli omponent of q has been plotted in
the inset of Fig. 1(d).

2.2 Multifra tal pro esses, self-similar pro esses and
multipli ative as ades.
Multifra tality (in the sense de ned above) is a notion that
is often related to an underlying multipli ative as ading
pro ess. In the ontext of deterministi fun tions the situation is rather lear sin e the analyti ity of the q spe trum is deeply onne ted to the self-similarity properties
of the fun tion [26{29℄. Roughly speaking, a fun tion is
self-similar if it an be written as a multipli ative as ade
in an appropriate spa e-s ale (or time-s ale) representation [27,26,29℄. In that ontext, the so- alled multifra tal
formalism is valid, i.e., one an relate the q spe trum to
the D(h) singularity spe trum that provides information
about the statisti al distribution of singularity (Holder)
exponents h. The things are somehow more omplex for
sto hasti pro esses. One of the goals of this paper is to
provide some simple elements about this subje t.
In the mathemati al literature, a pro ess X (t) is alled
self-similar of exponent H if 8 > 0,  H X (t) is the
same pro ess as X (t). A ording to this de nition, the
Brownian motion is self-similar with an exponent H =
1=2. This de nition is however too restri tive for our purpose sin e it ex ludes multifra tal pro esses. Indeed, let us
3

The amplitude of the return variations in ea h intraday
period is normalized a ording to the estimated U-shaped intraday r.m.s.
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onsider Pl (ÆX ) the probability density fun tion (pdf) of
Æl X (t)4 . If X (t) is self-similar with an exponent H , then

it is easy to prove that

Pl (ÆX ) = H Pl (H ÆX ) :

(3)

Then, the moments at s ale l and L = l are related by

M (q; l) = Cq




l qH
;
L

(4)

with Cq = M (q; L). Thus one has a \monofra tal" pro ess
with q = qH . In order to a ount for multifra tality, one
has to generalize this lassi al de nition of self-similarity.
This an be done by introdu ing a weaker notion, as originally proposed in the eld of fully developed turbulen e by
B. Castaing and o-authors [31℄. A ording to Castaing's
de nition of self-similarity, a pro ess is self-similar if the
in rement pdf's at s ales l and L = l ( > 1) are related
by the relationship [31,32℄:

Pl (ÆX ) =

Z

Gl;L (u)e u PL (e u ÆX )du ;

(5)

where the self-similarity kernel Gl;L depends only on l=L.
Let us note that this de nition generalizes Eq. (3) that orresponds to the \trivial" ase Gl;L (u) = Æ (u H ln(l=L)).
This equation basi ally states that the pdf Pl an be obtained through a \geometri al onvolution" between the
kernel Gl;L and the pdf PL . A simple argument shows that
the logarithm of the Fourier transform of the kernel Gl;L
an be written as Fl;L (k ) = ln G^ l;L (k ) = F (k ) ln(l=L) 5 .
Thus, from Eq. (5), one an easily show that the q order
absolute moments at s ales l and L are related by:

M (q; l) = G^ l;L ( iq)M (q; L) = M (q; L)




l F ( iq)
;
L

(6)
and then Cq = M (q; L) and q = F ( iq ). A nonlinear q
spe trum implies that F is nonlinear and thus that G is
di erent from a Dira delta fun tion6 . For example, the
simplest non linear ase is the so- alled log-normal model
that orresponds to a paraboli q fun tion and thus to a
fun tion G that is Gaussian.
The equation (5) an be interpreted as follows: the
pdf at s ale l, Pl is written as a weighted superposition of
the res aled versions of the pdf at s ale L, PL , the selfsimilarity kernel Gl;L being the asso iated distribution of
weights. In the ase of a monofra tal pro ess as des ribed
4

Note that from stationarity of the in rements, the law of

Æl X (t) is the same as the law of X (l) if one assumes that
X5(0) = 0.
It essentially results from the fa t that Gl;L depends only
on l=L and satis es the semi-group omposition law Gl1 ;l3 =
Gl1 ;l2  Gl2 ;l3 where l1  l2  l3 and  is the onvolution

produ t [31,32℄.
6
Note that from the above mentionned semi-group property,
the Levy theorem [30℄ implies that G is ne essarily an in nitely
divisible law
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by Eq. (3), a single value of u is suÆ ient in the equation
(5) sin e Pl and PL have the same shape and di er only
by the s ale fa tor e u = (l=L)H = H . This explains
the Dira fun tion for the kernel G. This situation an
be easily generalized by onsidering other shapes for the
kernel Gl;L . In that ase, the shapes of the pdf Pl a ross
s ales are no longer the same: when going to small s ales,
fat tails emerge and the pdf be ome strongly leptokurti
(see Refs. [9,31℄ or Fig. 4).
Let us now make the link with multipli ative as ades.
This an be easily done if one onsider dis rete s ales
ln = 2 nL. Let us suppose that the lo al variation of
the pro ess Æln X at s ale ln is obtained from the variation
at s ale L as

n
Y

Æln X (t) =

i=1

!

Wi ÆLX (t)

(7)

where Wi are i.i.d. random positive fa tors. This is the
as ade paradigm. Realizations of su h pro esses an be
onstru ted using orthonormal wavelet bases as dis ussed
in Ref. [33℄. If one de nes the magnitude ! (t; l) at time t
and s ale l as the logarithm of \lo al volatility" [10℄:
1

!(t; l) = ln(jÆl X (t)j2 );
2

(8)

then the previous as ade equation be omes a simple random walk equation, at xed time t, versus the logarithm
of s ales:

!(t; ln+1 ) = !(t; ln ) + ln(Wn+1 ) :
If the noise ln Wi is normal N (; 2 ), the pdf of ! , Pl (! ),
thus satis es a simple di usion equation with a Gaussian
kernel:

(9)
Pln (!) = N (; 2 )n  pL (!)
where  is the onvolution produ t. Going ba k to the
original variable ÆX , the previous equation orresponds
exa tly to Castaing's formulation of self-similarity (5) with
the log-normal propagator:

Gln ;L = N (; 2 )n = N (n; n2 ) :
Conversely, let us onsider a pro ess that satis es Castaing's equation with a normal kernel G. This means that
one an write,
Æl X (t)  W Æ2l X (t)
(10)

where  means the equality in law of the two random variables and W is a log-normal random variable whi h mean
 and varian e 2 do not depend on l. By iterating this
equation n times, one thus re over, at least heuristi ally,
the as ade equation (7). Thus, the as ade pi ture a ross
s ales, onstitutes a kind of paradigm of non-trivial selfsimilar pro esses. As explained in Ref. [18℄, the problem
with su h pro esses is that they involve representations
(e.g., orthonormal wavelet bases) that are onstru ted on
a dis rete set of s ales (e.g., dyadi s ales ln = 2 n ) and in
turn annot be invariant under ontinuous s ale dilations.

3 Magnitude orrelations and 1/f spe tra
We have seen in the previous se tion that multifra tality
an be interpreted as a di usion of the magnitude of the
variations of the return from large time s ales to small
time s ales. In the nan ial framework, magnitudes at all
s ales are nothing but a logarithmi representation of loal volatilities. In this se tion we would like to address
the problem of volatility orrelations. The \heteroskedasti " nature of nan ial time-series is now a well established
empiri al fa t. Volatility possesses long-range positive orrelations: periods of strong a tivity alternate with quiet
periods. A lot of models have been proposed to a ount
for this phenomenon from the famous GARCH models to
various sto hasti volatility models. Let us pro eed with
the multifra tal and as ade pi ture and study what kind
of orrelations are asso iated to these models. This problem has already been onsidered by Arneodo, Muzy and
Sornette in Ref. [10℄ (see also Refs [33,34℄). These authors have shown that a log-normal as ade model on the
dyadi tree asso iated to the orthonormal wavelet representation leads naturally to magnitude orrelation fun tions C! (l;  ) = Cov(! (t;  ); ! (t + l;  )) that behave as
2 ln(l=T ) for T > l >  . This behavior has been shown
to provide good ts of the empiri al estimates of the orrelation fun tions from real data [10℄. In Fig. 2 is reported
the magnitude orrelation fun tion C! (l;  ) (we hoose
 = 10 min) of the S&P500 time series studied in Fig.
1. One an see that, when plotted versus the logarithm
of the time lag, ln(l), the orrelation fun tion de reases
linearly with a slope 2 ' 0:025. The inter ept of su h
straight line provides an estimator of the integral time T
that is, in our ase, approximately T ' 3 years (note that
be ause we get an estimate of ln(T ) the error on the value
of T is very large). We have he ked that those results are
stable when hanging the referen e time  for return alulation. As it will be illustrated in se tion 5, for various
nan ial time series, the \ as ade ansatz" is very pertinent to des ribe the volatility orrelations. Let us noti e
that the very slow (logarithmi ) de rease of the orrelation fun tions for time lags below the integral time T ,
is reminis ent of the ultrametri nature of the tree naturally asso iated to the time-s ale (or time-frequen y) representation [10,33,34℄. Moreover, let us remark that, as far
as power spe trum is on erned, Gaussian pro esses with
su h orrelation fun tions an be seen as \1=f " pro esses.
Indeed, if the orrelation fun tion is given by the above
expression, the power spe trum an be shown to redu e
to
Z

S (f ) = 22 f

Tf

1
0

x

1

sin(x)dx :

(11)

In the high frequen y limit f ! +1, we then have S (f ) 
2 f 1 . Another intuitive way to understand this property, omes from the fa t that the logarithmi de ay of
the orrelation fun tion an be understood as the limit
H ! 0 in the power-law orrelation fun tion k 2H of a
fra tional gaussian noise of exponent H . This property will
be expli itely used in the dis ussion of se tion 6.3. Let us
nally remark that 1=f spe tra have been observed in a
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4.1 The multifra tal random walk
Let us brie y re all the onstru tion of the multifra tal
(MRW) proposed in [18℄. A dis retized version of the model Xt (using a time dis retization step
t) is built by adding up t=t random variables :
random walk

Xt (t) =

t=t
X

ÆXt [k℄;
k=1
where the pro ess fÆXt [k ℄gk is a noise whose varian e is

sto hasti , i.e.,

ÆXt [k℄ = t [k℄e!t [k℄ ;

(12)

where !t [k ℄ is the logarithm of the sto hasti varian e.
More spe i ally, we will hoose t to be a gaussian white
noise independent of ! and of varian e  2 t. The hoi e
for the pro ess !t introdu ed in [18℄, is di tated by the
as ade pi ture. It orresponds to a gaussian stationary
pro ess whose ovarian e an be written

Fig. 2. Magnitude orrelation fun tion of the S&P 500
future. (a) C! (l;  ) versus l for  = 10 min. The solid line

represents a t a ording to the as ade model logarithmi expression. (b) C! (l;  ) versus ln(l). The as ade model predi ts
a linear behavior that rosses the y-axis at ln(l) = ln(T ). The
small s ale ross-over is due to the smoothing window used to
estimate the lo al magnitude ! (t; ).

Cov(!t [k ℄; !t [l℄) = 2 ln t [jk

l j℄

where t is hosen in order to mimi the orrelation
stru ture observed in as ade models with an integral time
T:

T
for jk j  T=t 1
t [k℄ = (jkj+1)t
1
otherwise
Hereafter, we will refer to the pro ess ! (t) as the \magnitude pro ess". In order the varian e of Xt (t) to onverge
when t ! 0, one must hoose the mean of the pro ess
!t su h that [18℄

wide range of appli ations [35℄. Re ently, Bonanno et al.
[20℄ suggested the possible pertinen e of su h pro esses
E (!t [k℄) = Var (!t [k℄) = 2 ln(T=t);
to a ount for the u tuations of the number of trades of
di erent sto ks.
for whi h we nd Var(Xt (t)) =  2 t. Let us review the
multifra tal properties of MRW.

4 A simple solvable multifra tal model

4.2 q spe trum: omputation of the moments

The q th-order moment of the in rements of the MRW an
be omputed. Sin e, by onstru tion, the in rements of the
model are stationary, the law of Xt (t + l) Xt (t) does
As emphasized previously, multipli ative as ade models not depend on t and is the same law as Xt (l). In Ref.
represent the paradigm of multifra tal pro esses in that [18℄, it is proven that the moments of X (l)  Xt!0+ (l)
they ontain the main ingredient leading to multifra tal- an be expressed as
ity, i.e, the s ale evolution of the magnitudes, from oarse
Z
Z l
Y
2
to ne s ales, is a random walk. Besides the problems of
2p (2p)! l
2p
du
:::
dup (ui uj )4 ;
E
(
X
(
l
)
)
=
1
p
ontinuous s ale invarian e and stationarity of standard
2 p!
0
0
i<j
hierar hi al onstru tions of su h pro esses, they annot
(13)
be formulated using a sto hasti evolution equation as one
would expe t for a model for nan ial time series. In this where  is de ned by

se tion we propose a \sto hasti volatility" model that has
for jtj  T
(t) = 1T=jtj otherwise
:
been introdu ed in Ref. [18℄, that does not possess any
of these drawba ks: it has stationary in rements, it has
log-normal multifra tal properties and is invariant under Using this expression in the above integral, a straightforontinuous dilations. The key idea underlying this model ward s aling argument leads to
is that the sto hasti volatility possesses, as for as ading
 p 2p(p 1)2
l
pro esses, a \1=f " spe trum, or, more pre isely, a orre;
(14)
M (2p; l) = K2p
lation fun tion with a logarithmi behavior.
T

6
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where we have denoted the prefa tor

K2p = T p2p (2p 1)!!

Z

1

0

Z

du1 :::

1

dup

0

Y

i<j

jui

2
uj j 4 :

(15)
Note that K2p is nothing but the moment of order 2p of
the random variable X (T ) or equivalently of ÆT X (t). From
the above expression, we thus obtain

2p = p

2p(p

1)2

and by analyti al ontinuation, the orresponding full q
spe trum is thus the parabola

q = (q

q(q

2)2 )=2 :

(16)

Let us remark that one an show that Kq = +1 if q < 0
(i.e., q > 2+1=2 ) and thus the pdf of Æl X (t) have fat tails
[18℄. In order to ontrol the order of the rst divergent
moment (without hanging ), one ould simply hoose
for the t 's a law with fat tails. Indeed, the prefa tor
2p (2p 1)!! in Eq. (15) omes dire tly from the fa t that
the t 's have been hosen to be Gaussian. Using instead
fat tail laws (e.g., t-student laws) would allow us to ontrol
the divergen e of this prefa tor.
In Fig. 3 we have estimated the s aling behavior of the
absolute moments M (q; l) for a dis rete simulation of a
MRW (Fig. 3(a)). In order to simulate the sampling of a
time ontinuous MRW, we have generated a dis retized
MRW using t << 1 and then subsampled it at the sample period 1. Using this pro edure, we have generated a 217
long time-series using the parameters t = 1=16, T = 215 ,
2 = 1 and 2 = 0:03. In Fig. 2(b), we have plotted, in
double logarithmi representation M (q; l) versus l for different values of q . In these representations, the linear behavior of ea h moment indi ates that the s aling hypothesis is veri ed. The estimation of q (made by estimating
the slope of ea h of su h urve) is reported in Fig 2( ). As
expe ted this spe trum is a parabola that is in very good
agreement with expression (16).
It is lear that the same power law s aling does not
stand when l goes to +1. Sin e (l) = 1 for large l (as
ompared to T ), we get

E (X (l)2p ) l>>T



2p (2p)!
2p p!
Clp

Z
0

l

du1 :::

Z
0

l

dup

Thus, there is a ross-over from the paraboli multifra tal
behavior at time s ales l  T whi h is des ribed by Eq.
(16) to the Brownian-like behavior at larger time s ales
(l >> T )
q = q=2 :
In Eq. (6), we have shown that there exists a deep link
between the self-similarity kernel and the q spe trum.
This suggests that the probability distribution fun tions
of our model satisfy Castaing's equation when going from
large to small time s ales with a gaussian kernel Gl;T .
Thus, as far as the in rement pdf at di erent time s ales

Fig. 3. Multifra tal Analysis of a MRW sample. (a)
Plot of a sample time serie of length 217 . The sampling size
and the trend amplitude have been hosen arbitrarily to be
ompared to g 1(a). (b) Log-log plots of M (q; l) versus l for
q = 1; 2; 3; 4; 5. The time s ales l range from few minutes to
one year. ( ) q spe trum estimation (dots) and omparison to
predi tion as given by Eq. (16) (solid line).

are on erned, they will satisfy an evolution equation from
\quasi-Gaussian" at very large s ale (l >> T ) to fat tailed
pdf's at small s ales. This transformation of the pdf's is
illustrated in Fig. 4(a) where are plotted, in logarithmi
s ale, the standardized pdf's (the varian e has been set
to one) for di erent time s ales in the range [1; 4T ℄. The
pdf's have been estimated for 500 realizations of size 217
of MRW with parameters 2 = 0:03 and T = 213 . In solid
line, we have superimposed the Castaing's transformation
obtained from the oarse s ale pdf (at s ale T ) using the
appropriate normal self-similarity kernel. If Fig. 4(b) we
have reprodu ed similar analysis for the S&P500 future
variations. Besides statisti al onvergen e limitations, one
an observe the same features as in Fig. 4(a).
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in rement orrelation fun tion,

h(Xt (t +  ) Xt (t))(Xt (t +  ) Xt (t ))i
(8 jt
tj >  ), is zero in our model. Let us study the
1

1

1

1

orrelation fun tion of the squared in rements. Sin e the
in rements are stationary, we an hoose arbitrarily t1 =
0. Thus we need to ompute, in the limit t ! 0, the
following orrelation fun tion, that orresponds to a lag l
between in rements of size 

C (l;  ) = h(Xt (l +  )

Xt (l))2 Xt ( )2 i:

From the results of Ref. [18℄ and in the ase 0
0   + l < T , we get,

C (l;  ) = 4

l+

Z

l

du



Z

dv(u

0

(17)

 l < T,

2

v)4 :

A dire t omputation shows that
R l+

(1 4

1

2 )(2

R
2
du 0 dvju v℄ 4 =
2
2
((l +  )2 4 + (l  )2 4
42 )

l

2
2l2 4 );

and onsequently
2
C (l;  ) = K (jl +  j2 4 + jl

Fig. 4. Continuous deformation of in rement pdf's
a ross s ales. (a) MRW Model. Standardized pdf's (in loga-

2
 j2 4

where

2
2jlj2 4 ) (18)

2

 4 T 4
:
(1 42 )(2 42 )
rithmi s ale) of Æl X (t) for 5 di erent time s ales (from top to
bottom), l = 16; 128; 2048; 8192; 32768. These pdf's have been Let us note that in the usual ase 0   << l, one gets
17
estimated on 500 MRW realizations of 2 sampled points with
2 = 0:03, t = 1=16 and T = 8192. One an see the ontinuous deformation and the appearan e of fat tails when going
from large to ne s ales. In solid line, we have superimposed
the deformation of the large s ale pdf using Castaing's equation (5) with the normal self-similarity kernel. This provides
an ex ellent t of the data. (b) S&P 500 future. Standardized
pdf's at s ales (from top to bottom) l = 10; 40; 160 min, 1 day,
1 week and one month. As in Fig. (a) the s ale is logarithmi
and plots have been arbitrarily shifted along verti al axis for
illustration purpose. Notwithstanding the small size of the statisti al sample (as ompared to (a)), one learly sees the same
phenomenon as for the MRW. The fa t the Castaing's equation (5) allows one to des ribe the pdf's deformation a ross
time s ales of nan ial assets has originally been reported in
Ref. [9℄ where similar plots for FX rates an be found.

4.3 Volatility and magnitude orrelation fun tions
4.3.1 Volatility

orrelation fun tions

As re alled in the introdu tion, in rements of nan ial
time series are well known to be un orrelated (for time
lags large enough) while their amplitude (\lo al volatilities") possesses power-law orrelations. Let us show that
our model satis es these two properties at all time s ales
smaller than the \integral time" T . By onstru tion, the

K=

C (l;  ) ' 4  2



l
T



4

2

(19)

i.e., for xed  , the volatility orrelation fun tion s ales as

C (l)  l 2

(20)

with  = 22 . From the estimates 2 ' 0:025 0:05 for
nan ial assets (see se tion 5), one thus obtains  ' 0:05
0:1, values very lose to the ones observed empiri ally in
many works.
4.3.2 Power of returns and magnitude

orrelation fun tions

Let us now show that magnitude orrelation fun tions behave as expe ted, i.e, de rease very slowly as a logarithmi
behavior.
For that purpose, the previous omputation of the orrelation fun tion an be extended to the power of returns
jXt (l +  ) Xt ( )jp . Several empiri al works have onerned the study of su h \generalized volatilities" and people often noti ed variations of amplitude of the orrelation
and of the power-law exponent p when varying the order
p [37℄. In Ref. [18℄, it is shown that the quantity,

Cp (l;  ) = hjXt (l +  )

Xt (l)jp jXt ( )jp i ;

(21)
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\multifra tal matrix" . One an then de ne the multivariate multifra tal random walk (MMRW) X(t) as:

Xi (t + t)

Xi (t) = i (t)e!i (t) ;

(24)

with Cov(i (t); j (t +  )) = Æ ( )ij and Cov(!i (t); !j (t +
 )) = ij ln(Tij =jt + j j) (note that the previously dened oeÆ ients  2 and 2 for an asset i orrespond re-

Fig. 5. Magnitude orrelation fun tion of the model.

The orrelation fun tion has been estimated on 16 integral
s ales (see text). In ontinuous line we have superimposed the
orrelation fun tion of the magnitude pro ess !t that is involved in the sto hasti volatility.

Cp (l;  )  Kp

  2p 

T

Mi1 ;:::;ik (q1 ; :::; qk ) = E (jXi1 (l)jq1 :::jXik (l)jqk ) :

(25)

When k = 2, by denoting i1 = i, i2 = j , q1 = p and q2 = q ,
let us de ne the joint s aling exponent spe trum as:

Mi;j (p; q) = Ci;j (p; q)li;j (p;q) :

(26)

This spe trum an be omputed analyti ally. If the matrix

behaves, when  is small enough, as
2

spe tively to the diagonal elements ii and ii ). Let us
brie y review some of the properties of this model, postponing its detailed analysis to a forth oming publi ation
[17℄. A quantity that will be of entral interest is the k point joint moment of order q1 ; q2 ; :::; qk that an be dened as:

l
T



2 p2

 is diagonal (the i's are un orrelated), a straightforward

al ulation shows that the s aling exponent i;j (p; q ) is the
(22) following:

ij (p; q) = i (p) + j (q) ij pq ;
(27)
where the onstant Kp has been de ned previously. Using
analyti al ontinuation of the behavior of Cp in the limit where i (q ) is the q spe trum for the omponent Xi (t).
p =  ! 0, we an obtain, from previous expression, the Thus, for un orrelated !i 's, one has ij (p; q) = i (p)+j (q)
behavior of the magnitude orrelation fun tion C! (l;  ): while for the extreme ase !i = !j , the exponent be omes
ij (p; q) = i (p + q) = j (p + q). The omputation of the

l
s
aling exponent is tri kier for general Markowitz and mul2
2
2
C! (l;  ) '  C (l;  ) M (;  )   ln( ) : (23)
tifra tal matri es. Under some mild onditions that are
T
ne essary for the existen e of a non trivial limit t ! 0+ ,
The magnitude orrelation fun tion, for  small enough, one an show that the previous s aling law remains valid
has thus the same behavior as the orrelation fun tion even for non diagonal matrix  [17℄.
of the underlying magnitude pro ess !t . This result is
In order to de ne a simple way to get an estimate of
he ked in Fig. 4 where we have plotted the magnitude the multifra tal ovarian e oeÆ ient ij , let us de ne
orrelation fun tion for  = 32t as a fun tion of ln(l). the moment ratio:
This orrelation fun tion has been estimated using a sinE (jXi (l)jq jXj (l)jq )
gle realization of the pro ess of 217 sampled points, i.e, 16
 lij (q)
(28)
R
(
q;
l
)
=
ij
integral s ales. The linear behavior we obtain is exa tly
E (jXi (l)jq )E (jXj (l)jq )
the same one as predi ted from Eq. (23) and Fig. 2. Measures of the slope and the inter ept of su h straight line From Eq. (27), the value of ij (q ) is simply
provide a good estimate of respe tively 2 and T .
ij (q) = ij q2 :
(29)
4.4 Extension to a multivariate pro ess

Thus, the non-diagonal element in the multifra tal matrix
 orrresponds to the nonlinear behavior of the exponent
spe trum (q ) of the moment ratio R. Along the same line
as for the omputation of the magnitude auto- orrelation
in previous se tion, one an get the orrelation fun tion
of magnitudes !i (t; l) and !j (t; l) from the limit q ! 0 of
Rij (q; l):

In order to a ount for the u tuations of nan ial portfolios and to onsider management appli ations of our approa h, it is important to build a multivariate, i.e. a ve tor
valued, version of the previous multifra tal random walk.
Sin e only gaussian random variables are involved in the
onstru tion of se tion 4, this generalization an be done
Cov(!i (t; l); !j (t; l))  ij ln(l) + C ;
(30)
by onsidering two un orrelated gaussian random ve tors
t (t) and !t (t) whose ovarian e matri es are denoted where C is a onstant related to Tij [17℄. Thus the s ale
respe tively  and . Hereafter, we will refer to these ma- behavior of the magnitude ovarian e provides an estimate
tri es as respe tively the \Markowitz matrix"  and the of the multifra tal orrelation oeÆ ient ij . This is the
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generalization of the lassi al result in multifra tal analysis that relates the intermitten y oeÆ ient 2 = ii to
the s ale behavior of the varian e of the magnitude.
Let us remark that the ovarian e of the variations of
the assets i and j an be obtained by a dire t al ulation:
1
Cov(Xi (l); Xj (l)) = ij e 2 (ii +jj 2ij ) l :

(31)

This ovarian e between Xi (t) and Xj (t) thus depends not
only on , the \Markowitz" ovarian e matrix, but also
on the multifra tal matrix . This expression, allows us
to get an estimate of the value of ij on e the values of
 are known.
Finally, let us mention that the idea of \multivariate
multifra tality" has been re ently introdu ed in Ref. [19℄
where the authors propose a phenomenologi al generalization of Castaing's equation to the multivariate setting.
Eviden es that nan ial assets are hara terized by non
trivial multifra tal matri es are also provided. We are urrently working to obtain further empiri al eviden es towards su h on lusions. Moreover, a pre ise link between
the present model and the extended Castaing's approa h
of Ref. [19℄ is under progress.

5 Parameter estimation for real nan ial data
We have seen that the MRW is hara terized mainly by
3 parameters:  2 , the white noise varian e, T the integral s ale and 2 the magnitude varian e. We have shown
that this model is able to reprodu e all the main features
of the future S&P 500 time series. Natural estimators of
those parameters an be de ned from the results of previous se tion. The parameter 2 an be obtained from the
shape of the q spe trum that is itself estimated using the
s aling behavior of the absolute moments M (q; l). This
parameter an also be estimated thanks to the magnitude
orrelation fun tion C! (l;  ) that behaves as 2 ln(l=T ).
From the inter ept of su h orrelation fun tion as a fun tion of ln(l), we an de ne an estimator of the integral
s ale T . Finally, the parameter  2 an be obtained using
the lassi al relationship Var(Æl Xt (t)) =  2 l. In this se tion, we report estimates of the multifra tal parameters
2 and T for some nan ial time series. We do not have
the ambition to provide ne estimates of those parameters. Our aim is rather to get an idea of realisti al values
of the parameters of the model for real assets. A pre ise
dis ussion of the properties of various estimators from a
statisti al point of view is out of the s ope of this paper
and will be addressed in a forth oming publi ation. Note
that similar empiri al study has already been performed
in Ref. [19℄. We have studied some high frequen y future
time series that are sampled at a 10 min rate over the 7
years period from 1991 to 1997. We have also pro essed
a set of daily index values for 8 di erent ountries over
the period from 1973 to 1997. The results are reported in
table 1.
We remark that the values of the multifra tal parameter 2 are all very lose to 2:5 10 2 (ex epted for the
hong-kong index). The integral time T values are entered

Series
Future S&P500
Future JY/USD
Future Nikkei
Future FTSE100
S&P500 index
Fren h index
Italian index
Canadian index
German index
UK index
hong-kong index

Size
7:104
7:104
7:104
7:104
6:103
6:103
6:103
6:103
6:103
6:103
6:103

9

2

0.025
0.02
0.02
0.02
0.024
0.029
0.029
0.024
0.027
0.026
0.05

T

3 years
6 months
6 months
1 year
3 years
2 years
2 years
3 years
3 years
6 years
3 years

Table 1. Multifra tal paramater estimates for various
assets
around 3 years but with a large spread. Let us noti e that
we get an estimate of ln(T ) and thus the error on the
estimate of T an be very large. We do not report here
the values of the errors and on den e intervals for the
proposed estimators that will be studied elsewhere.

6 Dis ussion about other approa hes and
ndings
In this se tion, we make some omments about related
studies that on ern multifra tals and nan e.

6.1 Turbulen e and nan e
The analogy between turbulen e and nan e has been
originally proposed by Ghashghaie et al. [9℄. These authors
proposed to des ribe the pdf's of FX pri e hanges at different time s ales in the same way physi ists des ribe the
pdf's of velo ity variations at di erent spa e separations in
fully developed turbulen e. This approa h naturally leads
to the notions of as ading pro ess, Castaing's formula
and multifra tality as des ribed in se tion 2. This work
suggests that the key me hanism at the origin of these observations, is an information as ade a ording to whi h
short-term traders are in uen ed by long-term traders.
This as ade is the analog of the Ri hardson's kineti energy as ade in turbulen e where small eddies result from
the breakdown of larger ones and so on [21℄. If the observations reported in Ref. [10℄ strongly support this point
of view, its quantitative understanding in terms of \miros opi " me hanisms remains an open question. In this
se tion we would like to omment about some riti isms
that have been raised about the analogy between turbulen e and nan e. The rst one on erns the power spe trum behavior in both situations [11,12,2℄. In turbulen e,
Kolmogorov theory predi ts a k 5=3 power spe trum that
is on rmed in experimental situations. In nan e, sin e
pri e u tuations are almost un orrelated, they are hara terized by a k 2 spe trum. For a general multifra tal
pro ess, the exponent of the power spe trum behavior an be shown to be related [27,28℄ to the value of 2 :

10
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= 1+ 2 . Thus, from the as ading pro ess point of view,
nothing prevents the exponent from being equal to the
exponent of the Brownian motion, i.e., = 2. In other
words, as exampli ed by the MRW, a as ading pro ess
an have un orrelated in rements. We ould also remark,
that in turbulen e = 5=3 has a dimensional origin, i.e.,
it is the exponent of the spatial spe trum of velo ity u tuations within an Eulerian des ription. If one adopts a
Lagrangian des ription and one is interested by temporal
u tuations of a uid parti le velo ity, then the dimensional value of the power spe trum exponent is = 2.
Thus the value of this exponent is not a pertinent argument to reje t the analogy with turbulen e. Another
di eren e that has been raised in [2℄ on erns the behavior of the probability of return to origin Pl (0) that has
been shown to possess a s aling regime in nan e while
its behavior is more omplex for a turbulent velo ity eld.
First of all, let us point out that whatever the quantity
studied (probability of return or absolute moments), it is
well known that there is no observed well-de ned s aling regime in turbulen e: the lassi al \log-log" plots always display some urvature a ross s ales. This urvature
is Reynolds number dependent and several studies suggest that it vanishes, i.e. the eld is s ale-invariant, only
in the limit of in nite Reynolds number [21,31,39℄. However, within the as ade paradigm and using Castaing's
equation, the s aling behavior of the probability of return
to origin is easy to show. Indeed, by setting ÆX = 0 in
(5), one obtains, from the de nition of q and the selfsimilarity kernel:

sto hasti measure. In this se tion, without any on ern
for rigor, we would like to make a link between our sto hasti volatility approa h and the multifra tal time approa h
of Mandelbrot and o-authors. Let us rst remark that if
we drop the noise  in Eq. (12) and keep only the sto hasti volatility  (t), we an onstru t a sto hasti measure
(dt) that satis es (dt) = e!(t) dt. Using exa tly the same
kind of omputation as in se tion 4, one an show that this
measure is stationary and its multifra tal spe trum  (q )
is
 (q) = 2q 1 ;
(34)
as usually de ned by

h([0; t℄)q i  t q

( )+1

:

(35)

Let us note that the existen e and the onstru tion of
su h a measure that is stationary and possesses a ontinuous s ale invarian e, was at the heart of the onstru tion
in Refs. [13,14℄ and was still an open problem. A ording to these studies, one an thus onstru t a multifra tal
pro ess by simply onsidering the subordinated pro ess
S (t) = B (([0; t℄)) where B (t) is the standard Brownian
motion. The q spe trum of su h pro ess would be exa tly
the same as the sto hasti volatility pro ess de ned in se tion 4. This is not so surprising sin e, formally, a di erential form for the pro ess S (t) would be dS = d
dt dB ((t)).
If one assumes that a white noise that is subordinated
remains a white noise, one thus obtains dS = e!(t) dB (t)
that is the equation that de nes the MRW of se tion 4.
The questions of well-de niteness of this onstru tion, its
  1
Z
statisti
al properties and the pre ise mathemati al justi l
: (32) ation of su h results, will be addressed in a forth oming
Pl (0) = PT (0) Gl;T (u)e u du = PT (0)
T
work.
The exponent for the probability of return to origin is thus
simply  1 . For the log-normal sto hasti volatility model
6.3 Some remarks about Bou haud, Potters and
introdu ed in se tion 4, we thus get
Meyer's
model
1+32
2
:
(33)
Pl (0)  l
Besides multifra tal and as ade pi tures, our present apTo on lude, neither the power spe trum exponent, nor proa h has been inspired by a re ent paper by Bou haud,
the s aling behavior of the probability of return to origin Potters and Meyer [38℄. These authors have proposed a
an be used as argument against the existen e of a as- model that is very similar to ours: the sto hasti volatility
ading pro ess at the origin of the u tuations of nan ial  (t) instead of being log-normal (e!(t) ) is a normal (! (t))
random pro ess with long-range (power-law) orrelations.
time series.
By a simple analyti al omputation, they have shown that
the q-order umulants of su h a pro ess satisfy a simple
s aling behavior but the moments display apparent mul6.2 Subordinated pro esses. Multifra tal time
tis aling aused by a \ ompetition" between the di erent
Subordinated pro esses are Markov pro esses in a time umulant behavior on a nite s ale range. They thus onvariable (t) that is itself an (in reasing) random pro ess lude that a distin tion between multifra tality and su h
[30℄. Su h pro esses have been introdu ed in nan e by \apparent multifra tality" is a diÆ ult task for nite size
Mandelbrot and Taylor [36℄ to a ount for the existen e time series. As far as multifra tal analysis and modelling
of Levy stable laws as the result of a Brownian motion in of nan ial time series are on erned, this work is very
some sto hasti time. Today, the idea of modelling nan- interesting and the previous assertion is undoubtedly difial return u tuations as a Brownian motion in a \fra tal
ult to in rm. However, let us remark that in order to iltime, \trading time" or \ nan ial time" an be found in lustrate their purpose, Bou haud et al. hoose a \sto hasmany approa hes. In Refs. [13,14℄, the multifra tal na- ti volatility"  (t) = e!(t) instead of their \monofra tal"
ture of these u tuations has been modelled by a (fra - model  (t) = j! (t)j. The reason invoked by the authors
tional) Brownian motion subordinated with a multifra tal is that the log-normal is \a more realisti time series as
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ompared with real data...without hanging the feature of
the above model, i.e. the very slow de ay of the volatility
orrelations". They thus laim that the s aling features of
both models are the same and thus that the multifra tality
observed for the simulations of the \log-normal" volatility model is only apparent as predi ted by their theory
for the \normal" volatility model. The results reported in
se tion 4 an be used to show that this interpretation is
not orre t. Let us indeed re onsider both results of Ref.
[38℄ and se tion 4. A ording to the \normal" volatility
model, the moment of order q = 2p is written in terms of
umulants and behaves as [38℄:

M (2p; l = Nt) = A2p;0 N (1  )p + ::: + A2;::;2N p (36)
where the onstants Aq1 ;::;qk depend only qi , 2 the varian e of ! and  the exponent for the orrelation fun tion
of ! : C! (l)  l  . A ording to this equation, if N is
small enough, M (2p; l)  l(1  )p while, for N very large,
M (2p; l)  lp. The transition s ale N  (q = 2p) above
whi h the s aling exponent is q = q=2 an be estimated if

we de ne it as the s ale where the ontribution to the moment of order q of the umulant of order 4 and 2 are equal.
Using the expression in Ref. [38℄ for se ond and fourth umulants, C2 and C4 , we an show that at s ale N  (q = 2p),
we have (2p 1)!!C2p ' p(p 1)(2p 1)!!C2p 2 C4 =6. From
the value of C4 , we obtain (q > 1):

N  (q = 2p) = p(p

1) 2 22(

1)

+1
X

m=1

m2(

1)

! 21

(37)

This fun tion only depends on q and  and is in reasing
as q ! +1. Thus, the larger the q value, the wider the
range of s ales on whi h apparent multifra tality exists.
However, a numeri al omputation of the values of N  for
 = 0:2 shows that the value N  ' 100 is rea hed only for
the moment of order p = 15. The greatest moment value
attained in pra ti al situations is q ' 6, for whi h N  < 1 !
That means that for all moments less that 10, the model
of Bou haud Potters and Meyer predi ts the trivial spe trum q = q=2 without any ross-over phenomenon. For
their numeri al simulations, they have used a log-normal
model. However, within the log-normal ansatz, the onlusions of Ref. [38℄ are questionnable sin e, when  is
small enough, this model is very lose to the model introdu ed in se tion 4. Let us indeed onsider as in [38℄
1
) 2 l  with  very small7 .
that C! (l)  2 ( ) os( 
2
By expanding this expression, we obtain

C! (l) =

2


2 ln(l) + O( ln(l)) :

(38)

1
If we set T = e , then for 1  l << T , this equation
be omes
C! (l) = 2 ln(T=l)
(39)
7

Noti e that there is no reason to onsider the same value
of  for the normal and log-normal models. The results of this
paper suggest that, in nan e, the value for the orrelation
exponent in the log-normal model is very lose to zero and
signi antly smaller than 0.2
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that is the same orrelation fun tion as introdu ed for
the multifra tal model in se tion 4. Let us noti e that for
 = 0:1 we have T  2:104, T  3:105 for  = 0:08 and
T  5:108 for  = 0:05 !. In this model T is in reasing
very fast as  goes to zero. We an thus on lude, that
the model numeri ally studied in Ref. [38℄ an be seen
as multifra tal from one point of view: whatever that s aling range [1; T ℄, there exists  small enough (  1= ln(T ))
su h that the model displays multis aling with log-normal
q spe trum in this s ale range. A ording to these remarks, we thus think that the multifra tal pi ture is more
realisti to des ribe multis aling in nan ial time series.

7 Summary and prospe ts
In this paper we have reviewed what are the main features
of multifra tal pro esses. We have shown that the Multifra tal Random Walk is a very attra tive alternative to
lassi al as ade pro esses in the sense that it is stationary, ontinuously s ale-invariant and formulated using a
simple sto hasti evolution equation. As a model for nanial engineering, MRW are interesting for many reasons.
First, as illustrated in details for the S&P 500 intraday
time series, this model is able to reprodu e the main empiri al properties observed for nan ial time series. Moreover, as Brownian motion and other stable walks, it is a
\s ale-free" model in the sense that it does not have to t
a parti ular time-s ale sin e it is s ale-invariant. This kind
of stability with respe t to time \aggregation" is a serious advantage as ompared to lassi al ARCH-like models
whi h parameters strongly depend on the time-s ale one is
interested in. Moreover, as dis ussed in se tion 4.4, a simple multivariate formulation of MRW an be proposed. To
our knowledge, it is the rst example of an extension of the
notions of multifra tality to a ve tor eld. The empiri al
results reported in Ref. [19℄ suggest that MMRW an be
pertinent for portfolio theory. We are urrently working
on appli ations of MRW to lassi al problems of nan e
like management problems and option pri ing theory.
From a theoreti al point of view, MRW an be seen as
the simplest model that ontains the main ingredients for
multifra tality. In that respe t, it an be very helpful to
elu idate, in many elds where multis aling is observed,
what are the generi me hanisms that are involved leading to \non-trivial" self-similarity properties. Various \miros opi " models, as proposed in nan e or other elds,
ould be onsidered within this perspe tive. It ould also
be interesting to re ast our approa h within a eld theoreti al formulation involving some renormalization pro edure. From a mathemati al point of view, this problem is
deeply linked to the existen e of a limit sto hasti pro ess
when the sampling time t goes to zero. The onvergen e
of the moments is not suÆ ient to prove this non trivial assertion. Su h a limit ould be very useful to develop a new
sto hasti al ulus within whi h, for example, one ould
formulate the model of multifra tal time of Mandelbrot
and o-authors very naturally (see se tion 6.2). Finally, in
a forth oming work, we will dis uss the generalization of
su h approa h to other laws than the (log-)normal.
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