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ABSTRACT. We prove that independent rectangular random matrices, when
embedded in an algebra of larger square matrices, are asymptotically free with
amalgamation over a commutative finite dimensional subalgebra D (under
an hypothesis of unitary invariance). Then we consider elements of a W*-
probability space containing D, which have kernel and range projection in
D. We associate them a free entropy constructed with micro-states given by
rectangular matrices. We also associate them a free Fisher’s information with a
conjugate variables approach. Both approaches give rise to optimization prob-
lems whose solutions involve freeness with amalgamation over D. It could
possibly be a first proposition for the study of sets of operators between dif-
ferent Hilbert spaces with the tools of free probability. As an application, we
prove a result of freeness with amalgamation between the two parts of the
polar decomposition of R-diagonal elements with non trivial kernel.
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INTRODUCTION

In a previous paper [2], we considered an independent family of rectangular
random matrices with different sizes, say nxp, pxn, nxn and pxp. We embedded
them, as blocks, in (1 + p) x (1 + p) matrices by the following rules

M 0 . .. . 0 M| ... .
[0 0] if Mis nxn, {0 O] if Misnxp,
0.1) M —

0 0 e 0 0 ..., .
[O M] if Mis pxp, {M 0] if M is pxn,
and we proved that under an assumption of invariance under actions of unitary
groups and of convergence of singular laws (i.e. uniform distribution on eigen-
values of the absolute value), the embedded matrices are asymptotically free with
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amalgamation on the two-dimensional commutative subalgebra D generated by
the projectors

I, 0 0 0

0 0" |0 Iy~

Asymptotically refers to the limit when n,p — oo in a ratio having a non neg-
ative limit. In fact, we considered not only two sizes n, p, but a finite family
g1(n),...,q4(n) of sizes, and the large matrices were represented as dxd block
matrices.

In this paper, we prove a similar result with different technics (which allows
us to remove the hypothesis of convergence of singular laws). Then we consider
a W*-probability space (A, ¢) endowed with a finite dimensional commutative
subalgebra D. Note that such a situation can arise if one considers operators be-
tween different spaces, say Hy, Hp, an embeds them in B(H; & H;) as it was made
for matrices in (0.1). We define a microstate free entropy for N-tuples (a,...,ay)
of elements of A which have kernel and range projections in D: it is the asymp-
totic logarithm of the volume of N-tuples of rectangular matrices whose joint dis-
tribution (under the state defined by the trace) is closed to the joint distribution
of (ay,...,ay) in (A, ¢).

This free entropy is subadditive, and we prove that it is additive only on
families which are free with amalgamation over D. This is one of the properties
that has made us consider this free entropy possibly relevant to study sets of op-
erators between different Hilbert spaces with the tools of free probability. These
results are proved using some change of variable formulae we establish here.
These formulae still remain valid for Voiculescu’s free entropy for non hermitian
operators, as it is defined in section 1.2 of [32] or p. 279 of [10].

Another optimization problem has given rise to an interesting analogy. In
the previous paper [2], for each A € (0,1), we defined a free convolution u®Ew

of symmetric probability measures as the distribution in (g.4q, - ) of a + b,

(q)
where a,b are free with amalgamation over D, have kernel projection < p =

1 —¢q € D and range projection < g such that % = A, and have symmetrized

distributions y, v in (q.Aq, ﬁqo). We established, in [3], and deepened, in [1, 4],
a correspondence (like the Bercovici-Pata bijection) between ®,-infinitely divisi-
ble distributions and *-infinitely divisible distributions. In this correspondence,
the analogue of Gaussian distributions are symmetrizations of Marchenko-Pastur
distributions. In this paper, we prove that among the set of elements a with ker-
nel projection < p and range projection < g and such that ¢(aa*) < ¢(q), the
elements which maximize free entropy are the elements a such that the distribu-
tion of aa* in (q.Aq, ﬁ(p) is a Marchenko-Pastur distribution.

We also construct a free Fisher’s information with the conjugate variables
approach for elements which have kernel and range projections in D. We have
a Cramér-Rao inequality, where Marchenko-Pastur distributions appear again as
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the distributions which realize equality, and a superadditivity result where free-
ness with amalgamation over D is equivalent to additivity (when quantities are
finite).

The main relevance, according to the author, of these problems of optimiza-
tion, is the legitimization of these notions. Indeed, the analogous problems, for the
classical entropy and information on the one hand and for the entropy and the
information defined by Voiculescu on the other hand, have been solved (see [9],
[10], [15], [16], [14]), and the solutions were actually the analogues of the solu-
tions given here. This supports the idea that the notions proposed here are the
right ones to apply the tools and the ideas of free probability theory to the study
of operators between different Hilbert spaces. Moreover, the solutions of opti-
mization problems for entropy and information under certain constraints are, in
a sense, the generic objects which realize these constraints.

In section 1 and 2, we define the objects we are going to use and we recall
definitions and basic properties of operator valued cumulants.

In section 3, we prove that under certain hypothesis, freeness with respect
to the state ¢ implies freeness with amalgamation over the finite dimensional
commutative algebra D. As an application, we prove a result about polar decom-
position of R-diagonal elements with non trivial kernel: the partial isometry and
the positive part are free with amalgamation over the algebra generated by the
kernel projection.

In section 4, we prove asymptotic freeness with amalgamation over D of
rectangular independent random matrices (as a consequence of results of the pre-
vious section). This result is used section 5, where we define our microstates free
entropy and solve the optimization problems we talked about above, using some
change of variable formulae we establish in the same section. Similarly, in sec-
tion 6, we construct our free Fisher’s information with the conjugate variables
approach and solve some optimization problems.

1. DEFINITIONS

In this section, we will define the spaces and the notions. For all 4 integer,
we denote by [d] the set {1,...,d}.

Consider a tracial x-noncommutative probability space (.4, ¢) endowed with
a family (py,..., pa) of self-adjoint non zero projectors (i.e. Vi, p? = p;) which are
pairwise orthogonal (i.e. Vi # j, p;p; = 0), and such that p; + - - + pz = 1. Any
element x of A can then be represented

X111 o Xd

Xg1 v Xad
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where Vi, j, x;; = pixp;. This notation is compatible with the product and the
involution.

Let us define, for all i,j € [d], A;; = p;Ap;j (the comma between i and j will
often be omitted). We call simple elements the non zero elements of the union of
the A;’s (i,j € [d]). We define ¢; := (%,‘(PlAii’ with p; := ¢(p;). Note that, since ¢
is a trace, every ¢; is a trace, but for i,j € [d], a € Aij, be Aﬁ, one has

(1.1) pipi(ab) = pjp;j(ba).

Note also that the linear span D of {p1, ..., ps} is a *-algebra, which will be
identified to the set of dxd diagonal complex matrices by

d

Z )\ipz' ~ diag(/\l, e ,)\d).
i=1

The application E, which maps x € A to diag(¢1(x11),--.,94(x44)), is then a
conditional expectation from A to D:

V(d,a,d") € Dx AxD,E(dad") = dE(a)d'.

A family (\A;);c; of subalgebras of A which all contain D is said to be free
with amalgamation over D if for all n, iy # --- # iy € I, forall x(1) € A; N
kerE,...,x(n) € A;, NkerE, one has

(1.2) E(x(1))---x(n)) =0.

A family (x;)ie; of subsets of A is said to be free with amalgamation over D if
there exists free with amalgamation over D subalgebras (.A;);c (which all contain
D) such that for all i, x; C A;.

The D-distribution of a family (a;);c; of elements of A is the application
which maps a word Xfoolefll -+ Xi"dy in X;, X! (i € I) and elements dy, ... of
Dto E(afé’dw;l - aitdy).

It is easy to see that the D-distribution of a free with amalgamation over D
family depends only on the individual D-distributions.

Consider a sequence (\A;, ¢,) of tracial *-noncommutative probability spaces
such that for all n, D can be identified with a *-subalgebra of A, (the identifica-
tion is not supposed to preserve the state). The convergence in D-distribution of
a sequence (a;(n));c; of families of elements of the A,’s to a family (a;);c; of
A is the pointwise convergence of the sequence of D-distributions. In this case,
if I = Usesls is a partition of I, then the family of subsets ({a;(n); i € L})scs
is said to be asymptotically free with amalgamation over D if the family of subsets
({a;j; i € I;})ses is free with amalgamation over D.

It is easy to see that the D-distribution of a free with amalgamation over D
family depends only on the individual D-distributions.
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2. CUMULANTS

The theory of cumulants in a D-probability space (i.e. in an algebra en-
dowed with a conditional expectation on a subalgebra D) has been developed in
[24]. In this section, we will begin by giving the main lines of this theory, and then
we will investigate the special case of the situation we presented in the previous
section.

2.1. GENERAL THEORY OF CUMULANTS IN A D-PROBABILITY SPACE. In this sec-
tion, we consider an algebra A, a subalgebra D of A, and a conditional expecta-
tion E form A to D.

Let us begin with algebraic definitions. A D-bimodule is a vector space M over
C such that the algebra D acts on M on the right and on the left. The tensor prod-
uct M ®p N of two D-bimodules M, N is their tensor product as C-vector spaces,
where forall (m,d,n) € MxDxN, (m.d) @ nand m ® (d.n) are identified. M ®@p N
is endowed with a structure of D-bimodule by dy.(m ® n).dy = (d1.m) @ (n.dy).
This allows us to define, for n positive integer, A®?" = A ®p - -+ @p A.
Consider a sequence (f),>1 of maps, each f, being a D-bimodule morphism
between A®?" and D. For n positive integer and 7w € NC(n) (noncrossing par-
tition of [n]), we define the D-bimodule morphism f; between A®?" and D in
the following way: if 7 = 1, is the one-block partition, fr = f;. In the other
case, a block V of 7t is an interval [k,I]. If k = 1 (resp. | = n), then fr(a1 ®
te ®11n) = fl,kH(al Q- ®a1)f7t\{V} (ﬂ1+1 Q- ®11n) (resp. fr(\{V}(al ®--®
A1) fi—ki1(ar ® - - - @ ay)). In the other case, one has 1 < k < I < n. Then
fn(al & ﬂn) is defined to be fﬂ\{V} (ﬂl & le,lfl,kJrl(ﬂk Q& Lll) ®
a1 @ @ag)or 3@ ®@ - a1 @ fi 1@ @ @a))aj1 @+ @an),
both are the same by definition of ®p.

For example, if T = {{1,6,8},{2,5},{3,4},{7},{9}}, then

frlar ® - ®ag) = f3(arfo (arf2(a3 ® ay) ® as) @ agf1(az) ® ag) f1(ag).

Let us define, for all n > 1, the D-bimodule morphism E,, between A®?" and
D which maps 41 ® - - - ® a, to E(ay - - -a,). Then one can define the sequence
(cn)n>1 of maps, each ¢, being a D-bimodule morphism between A“?" and D by
one of the following four equivalent formulae:

(2.1) vn,Ym e NC(n), Ex = )Y co
o<1

2.2) ¥, B o= Y ¢
ceNC(n)

(2.3) vn,Vmr e NC(n), cx = Y, pu(o,m)E,

o<1
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(2.4) Vn, ¢y, = Z u(o,1,) By,
oeNC(n)

where p is the Mobius function [20, 14] of the lattice NC(n) endowed with the
refinement order.

The following result is a consequence of Proposition 3.3.3 of [24], used with the
formula of cumulants with products as entries (Theorem 2 of [26]), which can be
generalized to D-probability spaces.

THEOREM 2.1. A family (x;)ic of subsets of A is free with amalgamation over D
if and only if for all n > 2, for all non constant i € I", for all a1 € X, ..., an € Xi,, One
has ¢y (a1 ® - - - ® a,) = 0.

Note that this theorem is a little improvement of Theorem 1 of [26].

2.2. THE SPECIAL CASE WHERE D = Span(ps,...,p4). For the rest of the text,
we consider again, without introducing them, the same objects as in section 1. By
linearity of the cumulant functions, we will work only with simple elements (i.e.
non zero elements of the union of the A;;’s, 1 <1i,j < d).

(a) First, for all i,j,k,1 € [d] such that j # k, one has A;; ®p Ay = {0}
(because pjpr = 0). So we will only have to compute the cumulant functions on
subspaces of the type A;;, ®p Aiiir ®@p - - @p Aiy_1in, with ip, iy, ..., i, € [d].

(b) Moreover, on such a subspace, ¢, takes values in A; ;,, because it is a D-
bimodule morphism. So, if iy # iy, since D N A;;, = {0}, cy isnull on A;;, ®p
Aii, ®p - ®p A;_i,- So it is easily proved by induction that for 7 € NC(n),
for all iy, iy,..., in € [d], cx is null on A;;, @p Aijiy ®p - - - @p Aiy_1iy whenever
ablock {k < ... < kp} of 7t is such that iy, 1 # if,.

(c) Hence the function c, factorizes on the complex vector space A;; ®p
Aii, ®p -+ ®@p A;,_,i, in the following way: for (ay, ... ,an) € Aj; X -+ X

in_1in’

n

(2.5) crlm ®- - ®ay) = 11 c,(f;k"‘)(akl @ ®@ay,) | -pi,

Ver
V:{k1<--'<km}

(1) ()

where for all m, c;;,’,..., ¢, " are the linear forms on the complex vector space A®pm
defined by

ot (x)

Vx € A%P™M ¢y (x) =
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Formula (2.5) can be written in the following way: for (ay, ... ,a,) € A;
A

lnfll‘nl

26)  rm®@-@an)= T] i, oomay ®- - @ay,),
Vern
V:{k]<“'<km}

1011

where for all i,j € [d], 17; ; is the involution of D which permutes the i-th and the
j-th columns in the representation of elements of D as dxd complex matrices.

REMARK 2.2. In (b), (c), we only used the fact that for all n, c, is a D-
bimodule morphism, so everything stays true if one replaces ¢, by E,; and ¢,
by E.

(d) Now it remains only to investigate the relation between the functions

(1) (d)

Cn s €y . We will prove, by induction on 7, a formula analogous to (1.1). Con-

51der (a1, o s an) € Ajgiy X -+ X Aj with ip = i,,. Then one has

ln—lln’

2.7) piocﬁ,o)(al ® - ®a,) = pici (B0 Qap@a).

Forn = 1, it is clear. Now suppose the result proved to theranks 1,...,n — 1, and

consider (ay, ... ,an) € Aji, X --- x A; i, with ig = i,. One has, by formulae
(22),2.5),
CSIIO)(al@,..@un):q)io(al...an)_ 2 H C&k”’)(ah@"'@akm)r
———~——"  7eNC(n) ven
X n<ly, V:{k1<"‘<km}
Y
and
cslll)(az R - Qa,Qa) =
(o (km))
@iy (a2 - anar) = ) [T o™ (o) @ @b,
~————" eNC(n) Ven
X’ <1, V={ki<--<km}

Y/
where ¢ is the cycle (12 - - - n) of [n].
Since p;, X = p;, X’ (by formula (1.1)), it suffices to prove that
piOY = Pi1 Y/.
To do that, it suffices to propose a bijective correspondence 7t — 7 form NC(n) —
{14} to NC(n) — {1, } such that for all T € NC(n ) —{1,},

H C1(1/l[km)(ak1 ® - ® akm pll H Cm km l ® ® ag'(km))-
v
V:{k1<€-7~r~<km} V= {k1< <km}

By induction hypothesis, the correspondence which maps 7 € NC(n) — {1, } to
7t defined by

k21 e o) X o)
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is convenient.
The following theorem has been proved in the section called Rectangular
Gaussian distribution and Marchenko-Pastur distribution of [3].

THEOREM 2.3. For k,1 € [d| such that py < p;, b € Ay satisfies, for all positive
integer n,
Moo b)) = ;’i(sml
k
if and only if the moments of bb* in (A, @) is the Marchenko-Pastur distribution with
parameter % (defined p. 101 of [10]).

3. FRENESS WITH RESPECT TO ¢ VERSUS FREENESS WITH AMALGAMATION OVER D

3.1. D-CENTRAL LIMIT THEOREMS. On sets of matrices, ||.|| will denote the op-
erator norm associated to the canonical hermitian norms. A self-adjoint element
X of A is said to be D-semicircular with covariance ¢ if it satisfies
(i) ca(X) =0
(i) Vd € D, cx(Xd®X) = ¢(d),
(iii)) Yk > 3,Vdq,...,d, € D, Ck(Xdl K& Xdk) =0
Note that it determines the D-distribution of X.

THEOREM 3.1 (D-central limit theorem). Consider a family (X;);>1 of self-
adjoint elements of A which satisfy

(@) X1, Xa,... are free with amalgamation over D,
(b) Verd S D/E(XZ) = OIE(deXZ) = (P(D),
(c) Vk,Vdq,..., di € D, Sup;>q ||E(de1 s Xidk) || < oo.

Then Y, = ﬁ Y4 Xi converges in D-distribution to a D-semicircular element with
covariance .

This theorem is very closed to many well-known results of free probability
theory (e.g. Theorem 4.2.4 of [24]).

We prove now a kind of multidimensional D-central limit Theorem, analo-
gous to Theorem 2.1 of [29]:

THEOREM 3.2. Consider a family (T;);en of self-adjoint elements of A and a -
subalgebra B of A containing D, such that
(H1) Vm, VBl,..., B, € B, Supil,...,imEN || E(Til BlTiz cee Tim
(H2) for m > 1, for By,..., By € B, for a : [m| — N, one has
(@) E(BoTy(1)B1 -+ - To(myBm) = 0 if an element of N has exactly one antecedent

by a,

Bu)l| < o,

(b) E(BOTDC(l)Bl T Ttx(m)BWl) = ¢(Br) E(BOTa(l)Bl T Ta(rfl)Brlei%l T Tlx(m)Bm)

if no element of N has strictly more than two antecedents by o and a(r) = a(r + 1), with
1<r<m,
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(c) E(BoTy(1)B1 -+ + Ty(m)Bm) = 0 if no element of N has strictly more than two
antecedents by w and forall 1 <r < m, a(r) # a(r + 1).

Consider B : N*> — N injective, and define Xy, = ﬁ 2;7:1 Tg(m,j)- Then for
all m, X n converge in distribution, when n — oo, to a D-semicircular element with
covariance ¢, and the family of subsets (B, ({Xmn})men) is asymptotically free with
amalgamation over D as n — oo.

Moreover, if

@) (B, ({Tj})jen) is free with amalgamation over D,
(b") Vj,Vd € D,E(T;) = 0,E(T/dT;) = ¢(d),
() Vm,Vdq,..., dy € D, sup;cy || E(Tidy - - - Tidm)|| < o,

then (H1) and (H2) are satisfied.

Proof. We shall proceed as in the proof of theorem 2.1 of [29]. First we prove
that [(a"),(b),(c”)] implies [(H1),(H2)]. Then we prove that it suffices to prove the
result replacing [(H1),(H2)] by [(a"),(b"),(c’)], and at last we prove the result in this

particular case. For x € A, we define Xi=x— E(x).

Step I. Suppose that the Tj’s and D satisfy [(a”),(b"),(c")].

The proof of the fact that (a”) and (c’) together imply (H1) is along the same
lines as the proof of 1° of the Step I of the proof of Theorem 2.1 of [29], so we
leave it to the reader.

Consider m > 1, By,..., By, € B, a: [m] — N.

(H2).(a) follows from (a’), (b’), and the following easy result:

(3.1)
Va,b,c € A, [{a},{b, c}free with amalgamation over D] = E(bac) = E(bE(a)c).

Suppose no element of N has strictly more than two antecedents by a and
a(r) =a(r+1),withl <r < m.
Let us prove that

E(BoTy1)B1 " TugmyBm) = @(Br) E(BoTy(1)B1 -+ Ty(r—1)Br—1 Br1+ + * Ty() Bm)-

=A =B

Suppose first that B, € D. Then {Y,(,)B;Y,(r41)}, {A, B} are free with amalgama-
tion over D, so, by (3.1),

E(BoTy(1)B1 - Ta(m)Bm) = E(AE(Yy(r) BrYa(r41))B)-

But by (b"), E(Yy () BrYa(r41)) = ¢(Br), which allows us to conclude.
So, by linearity, we can now suppose that E(B;) = 0. In this case, ¢(B;) = 0, so it
suffices to prove that E(BoTy(1)B1 - * Ty(sn)Bm) = 0. It follows from (a’) and (1.2),
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applied to all terms of the right hand side of:

o

E(BoTy1)B1 - Ty(myBm) = E(AYy(»)BrYa(r1)B) +E(A) E(Yy () BrYa(r 1) B)

+ E<AYa(r)BYYa(r+l)> E(B)
+ E(A) E(Yac(r)BVYa(rJrl)) E(B)

Suppose that no element of N has strictly more than two antecedents by «
and that forall 1 <r <m, a(r) # a(r +1). By linearity, E(BoTy(1)B1 - - - Ty(u)Bm)
is equal to

Y & ((1p(0)Bo + 1(0) E(B0) Tugo T (1 (m)Bo -+ 1p(m) ECB)) )
Pc{0,...,m}

where for P C {0,...,m}, 1p (resp. 1pc) denotes the characteristic function of P
(resp. of its complementary). It follows from (a’) and (1.2), applied to all terms of
the sum, that E<BOTa(1)Bl te Ttx(m)Bm> =0.

Step 1. After having eventually extended A, consider a free with amalga-
mation over D family (xy;)n,>1 of D-semicircular elements of A with covariance
@, which is also free with amalgamation over D with B. Let us show that in order
to prove that forall » > 1, By,..., B, € B,m: [r] = N,

E(BoXi(1),nB1 - Br-1Xyu(r) uBr) —2 E(BoXy(1)B1 - Br—1Xp(s) By),

it suffices to prove it in the particular case where [(a"),(b"),(c’)] are satisfied.
So consider ¥ > 1, By,..., B, € B, and m : [r] — N. Define, for n > 1, the set
P, = m([r])x[n], and define, for I = (p1,..., pr) € P},

IT = BoTp(py) Br -+ Br 1 Tg(p,) Br-

Then by linearity, there exists a family (Cj); of elements of {0,1}, indexed by
I € P}, such that we have:

1
E(BOXm(l),nBl T Br—lxm(r),nBr) - 7 Z CIE(HI)
n2 jepr

By (H2).(a), if E(II;) # O, then no element of P, appears exactly once in I. Let
Ry, ; be the set of elements I of P such that no element of P, appears exactly once
in I and an element of P, appears at least three times in I. Its cardinality is less
than | P, |x|P,|"~%)/2r1 = 0(n?2), so, since by (H1) there exists M > 0 such that for
alln, I € P!, ||E(IT)|| < M, one has

1

— ), [IGEIT)|| — 0.
n2 IERn,y n—o00
So
(32) lim E(BOXm(l),nBl s Br_le(r),nBr)

n—oo
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exists if and only if

lim i ) CrE(ITy),

e ne 1P} such that each element
of P, appears exactly 0 or 2 times in |

exists, and in this case, the limits are the same.

But the computation of E(I1;), for elements I of P} such as those considered in
the previous sum, is completely determined by (H2). So the limit (3.2) will be the
same (and exist in the same time) if one replaces the T}’s by another family which
satisfies [(H1),(H2)]. In particular, by Step I, one can suppose that [(a’),(b"),(c’)]
are satisfied.

Step III. Suppose now that [(a"),(b"),(c’)] are satisfied. The previous theorem
allows us to claim that for all m, X,;,, converges in D-distribution, as n — oo,
to a D-semicircular with covariance ¢. Moreover, for all 1, the family of subsets
(B, ({Xm,n})men) is free with amalgamation over D, so the theorem is proved. 1

The main theorem of this section is the following one. Recall that a family
(A;)ics of subalgebras of A is said to be free if for all n, iy # --- # iy € I, for all
x(1) € Ay Nkerg,...,x(n) € A;, Nker ¢, one has

(33) p(x(1) --x(m) = 0.

A family (););cs of subsets of A is said to be free if there exists free subalgebras
(A;)ies such that for all i, x; C A;. In order to avoid confusion between freeness
and freeness with amalgamation over D, freeness will be called ¢-freeness. We
use the notion of ¢-distribution of a family (a;);c; of elements of A: it is the ap-
plication which maps a word X;l e an” in X;, X (i € I) to (p(t/ziel1 . af:) It is
easy to see that the ¢-distribution of a ¢-free family depends only on the individ-
ual ¢-distributions, and that the D-distribution of a family which contains D is
determined by its ¢-distribution. At last, recall that g-semicircular elements are
elements whose moments are given by the moments of the semicircle distribution
with center 0 and radius 2.

THEOREM 3.3. Consider, in A, a family (y(s))sen of @-semicircular elements,
and a subalgebra B of A which contains D such that the family (B, ({y(s)})sen) is ¢-
free. Then the family (B, ({y(s)})sen) is also free with amalgamation over D, and the
D-distribution of y(s)’s is the D-semicircular distribution with covariance ¢.

Proof. Consider B : NxN — N injective. By stability of ¢-semicircular dis-
tribution under free convolution, it is clear that for all n > 1, the family

1 & .
(B, ﬁ; y(B(m,)))m=0)

has the same ¢-distribution (and hence D-distribution, because contains D) as
(B, ({y(s)})sen)- So it suffices to prove that (B, ({y(s)})sen) satisfies (H1) and
(H2).
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(H1) is due to the fact that for m > 1 and by,...,b, € B fixed, for all
Sl,...,Snl € N,

d
IE(y(s1)b1- - y(sm)bm)|| = ||l; Pr(pry(s1)br - - y(Sm)bmpr)-prl|

1
_ by--- b ,
max, o l@(py(s1)b1 - y(sm)bmpi)|

which only depends on the partition 7t of [m] which links two elements i, j if and
only if s; = s;.
To prove (H2)(a),(b),(c), since for all x € A,

d
1
E(x) = ) —o(pixpi)-pi
k=1Pi
and the algebra B contains all p;’s, it suffices to prove it with E replaced by ¢.
Then it follows from the last assertion of Theorem 2.1 of [29]. 1

REMARKS ABOUT THE PREVIOUS THEOREM. (1) Let C be a subalgebra of .A which
is gp-free with D. It is easy to see that for all x € C, E(x) = ¢(x).1, hence for all
n>1,ay,...,a, €C,

Cn(al & .- ®11n) = ﬁn(al,...,an)‘l,

where £, is the n-th ¢-cumulant function. So a ¢-free family of subalgebras of C is
also E-free: ¢-freeness implies vanishing of mixed ¢-cumulants, which implies E-
freeness, by theorem 2.1. It is not enough to prove our result, because the algebra
C cannot in the same time be ¢-free with D and contain D, hence cannot contain
B.

(2) This theorem recalls Theorem 3.5 of [18]. But to prove our result using this
theorem, it would be necessary to compute B-cumulant functions.

3.2. POLAR DECOMPOSITION R-DIAGONAL ELEMENTS WITH NON TRIVIAL KER-
NEL. In the following, we shall use polar decomposition of non invertible elements
of von Neumann algebras (for example, in the following section, non invertible
matrices). Recall that the polar decomposition of an element x of a von Neumann
algebra consists in writing x = uh, where h > 0 such that kerh = kerx, and u is
a partial isometry with initial space the orthogonal of ker x and with final space
the closure of the image of x (see the appendix of [7] or the section 0.1 of [27]).
R-diagonal elements have been introduced by Nica and Speicher in [13].
In this section, we consider a W*-noncommutative probability space (M, 7). In
1.9 of [13], R-diagonal elements of (M, T) were characterized as the elements x
which can be written x = uh, where u is a Haar unitary (i.e. u is unitary, and for
alln € Z — {0}, T(u") = 0), and h is a positive element 7-free with u. If x € M
is R-diagonal and if x has a null kernel, then with the previous notations, uh is
the polar decomposition of x. In the case where x has a non trivial kernel, the
polar decomposition of x is (up)h, where p is the projection on the orthogonal of
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ker(x). In this section, we shall prove that up, h are free with amalgamation over
the algebra Span{p,1 — p}.
We first have to prove a preliminary result:

PROPOSITION 3.4. Consider the space (A, ¢) introduced in section 1, suppose
moreover that (A, @) is a W*-probability space. Consider, in A, a family (y(s))sen of
normal elements. Consider also a subalgebra B of A which contains D such that the

family (B, ({y(s)})sen) is ¢-free. Then the family (B, ({y(s)})sen) is also free with

amalgamation over D.

Proof. Let (N, T) be a W*-probability space which is generated, as a W*-
algebra, by a family x(s) (s € N) of T-semicircular elements and an algebra 3 iso-
morphic to Bby amap x — ¥, such that the family (B, ({x(s)})sen) is T-free. The
distributions of the x(s)’s are non-atomic, so for each s € N, there exists a Borel
function f; on the real line such that f;(x(s)) has the same distribution as y(s).
Note that the T-freeness (resp. freeness with amalgamation over D) of a family
(A;)icr of *-subalgebras of N (resp. of *-subalgebras of A which all contain D)
is equivalent to the g-freeness (resp. the freeness with amalgamation over D) of
the family (A});c; of von Neumann algebras they generate. So, by theorem 3.3
and by the fact that for all s, fs(x(s)) € {x(s)}"”, the family (B, ({fs(x(s))})sen)
is free with amalgamation over D. But the map

BU{y(s);s €N} — BU{fs(x(s));s €N}
{z ifz € B
fs(x(s)) ifz = y(s)
extends clearly to a W*-probability spaces isomorphism, hence the family

(B, ({y(s)Hsen)

is also free with amalgamation over D. 1

z

COROLLARY 3.5. Consider a W*-noncommutative probability space (M, T), and
an R-diagonal element x of M with non trivial kernel. Let pq be the projection on ker x,
and py = 1 — p1. Then the polar decomposition x = vh of x is such that

o v, h are free with amalgamation over D := Span{pi, p2},
o v has the D-distribution of up,, where u is a Haar unitary t-free with p,,
e the D-distribution of h is defined by the fact that h> = x*x and prhpy = h.

Moreover, the projection on the final subspace of v is T-free with h.

Note that this result could also have been deduced from lemma 2.6 of [22],
but the proof of this lemma is incomplete, and a complete proof of the lemma
would take as long as what we use to prove this corollary.

REMARK 3.6. Elements with 7-distributions such as the one of v are called
an («, «)-Haar partial isometries in Remark 1.9 3° of [17]
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Proof. By 1.9 of [13], x can be written x = uh, where u is a Haar unitary 7-
free with h, and the polar decomposition of x is (up,)h, where p; is the projection
on the orthogonal of kerx = kerh. Thus, with the notation D := Span{l —
p2, P2}, it suffices to prove the freeness with amalgamation over D of up, and h,
which follows from the freeness with amalgamation over D of u and h, which
follows from proposition 3.4. The projection on the final subspace of upy is upyu*
is T-free with i by lemma 3.7 of [8]. 1

REMARK 3.7. In the same way, we can prove the following: let g4; be the
projector on Ran(x) and g, = 1 — g1, then the polar decomposition of x is wh,
where

e w, h are free with amalgamation over D := Span{q, 42},
e w has the D-distribution of g;u, where u is a Haar unitary t-free with g,
e the D-distribution of / is defined by the fact that h?> = x*x and pahp, = h.

Moreover, the projection on ker w is T-free with D.

4. ASYMPTOTIC FREENESS WITH AMALGAMATION OVER D OF RECTANGULAR RANDOM
MATRICES

Since in the present section, we will prove asymptotic freeness with amal-
gamation over D of random matrices in an analogous way to the proofs of [29]
and [32], we shall frequently refer to those papers.

Consider, for n > 1, g1(n),..., g4(n) positive integers with sum n such that

i, oy, 20 —2, pa (recall that py = ¢(p1),, pa = @(pa)). Then for

n—oo

all n, D can be identified with a *-subalgebra of the algebra 91, of complex nxn
matrices by

Mgy )
VAL, ...,A; € C, diag(Aq,...,Ay) ~
Adlg,(n)-

The image of each py will be denoted by py(n). tr will denote the normalized
trace on M, while Tr will denote the trace. e(i, j; ) will denote the matrix-units
of M,,.
We shall refer to M, as a set of nxn random matrices (over a probability space
not mentioned here), while the elements of 91, (which is a subalgebra of M)
will be called constant matrices. M, is endowed with the state E(tr(.)), and the
identification of D with a *-subalgebra of M, allows us to speak of convergence
in D-distribution of random matrices.

The following result is an immediate corollary of Theorem 2.2 of [32] and of
theorem 3.3.
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THEOREM 4.1. Let, fors > 0,n > 1,Y(s,n) = Y1<; i<, a(i,j;n,s)e(i,j;n) bea

random matrix. Assume that a(i, j;n,s) = a(j,i;n,s) and that
{Ra(i,j;n,s);1<i<j<nseNyU{Sua(ijns);1<i<j<nseN}

are independent Gaussian random variables, which are (0, (2n)~1) ifi < jand (0,n71)
ifi = j. Let further (B(j,n));en be a family of elements of My, stable under multipli-
cation and adjunction, which contains py(n),..., pa(n), such that for all j, the sequence
(||E(B(j,n)||)n is bounded, and which converges in D-distribution.

Then the family ({B(j,n); j € N}, ({Y (s, n)})s) is asymptotically free with amal-
gamation over D as n — oo, and the limit D-distribution of each Y (s, n) is the D-
semicircular D-distribution with covariance ¢.

COMPARISON WITH THEOREM 4.1 OF [21]. Since the B(j,1)’s are diagonal and
since convergence in D-distribution is less restrictive than convergence for ||.||,
which is the one used by Shlyakhtenko in [21], this result cannot be deduced from
Theorem 4.1 of [21].

In order to modelize asymptotic D-distribution of non hermitian gaussian
random matrices, let us introduce the D-circular distribution with covariance ¢. It
atia

is the D-distribution of an element of A which can be written ¢ = o with a,a’

D-semicircular elements with covariance ¢, which are free with amalgamation
over D. Note that the D-distribution of ¢ can be defined by the following rules:
(@) c1(c) = c1(c*) =0,
(i) Vd € D,cp(cd @ c) = co(c*d @ c*) = 0,c2(cd @ ¢*) = ca(c*d @ ¢) = ¢(d),
(iii) Vk > 3,eq,... ,E€k € {., *},d], .. .,dk S D,Ck(C€1d1 R &R CSkdk) =0.

COROLLARY 4.2. The hypothesis are the same as the one of the previous theorem,
except that the random matrices are not self-adjoint anymore, and their law is defined by
the fact that

{Ra(i,j;n,s);1<i,j<nseN}U{Sa(ijns);1<ij<nseN}

are independent gaussian random variables, which are (0,(2n)~1). Then the family
({B(j,n);j € N},({Y(s,n)})s) is asymptotically free with amalgamation over D as
n — oo, and the limit D-distribution of each Y (s, n) is the D-circular distribution with
covariance .

Proof. Tt suffices to notice that if Y, Y’ are independent random matrices as
in the hypothesis of the previous theorem, then Y+712Y’ has the distribution of the
ones of the hypothesis of the corollary. 1

The previous corollary allows us to modelize asymptotic collective behavior
of independent rectangular gaussian random matrices with different sizes: con-
sider, fors > 0, k,1 € [d],n > 1, M(s,k,1,n) a random matrix of size gy (n)xq;(n),
with independent complex gaussian entries. In order to have a non trivial limit
for asymptotic singular values of the M(s, k, 1, n)’s (the singular values of a qxq’'
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matrix M are the eigenvalues of of MM* if g < ¢/, and of M*M if g > ¢'), it is
well known, by results about Wishart matrices (see, e.g., [10],[19]) that the vari-
ance of the entries must have the order of gy (1), i.e. of n. So we will suppose that
the real and imaginary parts of the entries of the M (s,k,1,n)’s are independent
N(0, (2n)~1). To give the asymptotic behavior of these matrices amounts to give
the asymptotic normalized traces of words of the type:

(41) M(Sll kl/ ll/ n)£1M(52/ kZ/ 12/ n>£2 T M(sm/ km/ Zm/ n)snll

where m > 1,51,...,5m € N, e1,...,em € {., %}, k1,10, ..., km,Im € [d] such that
the product is possible and gives a square matrix.

In order to avoid problems of definition of the products, let us embed all
these matrices in nxn matrices: for all (s, k,1,n), M(s, k,1,n) will be replaced by
X(s,k,I,n) := p(n)Y (s, k,1,n)p;(n), where Y(s,k,1,n) is a random matrix as in
the hypothesis of the previous corollary. Then if the product (4.1) is not defined,
the product

(42) X(Sll kl/ ll/ n)81 X(SZ/ k2/ 12/ n)82 e X(Sﬂ’l/ km/ lm/ n)Sm

is zero. In the other case, the product (4.2) is a simple element of M,, (simple
refers to the definition given in section 1), whose only non zero block is (4.1).
If moreover, (4.1) is a square matrix, its normalized trace is the only non zero
coordinate of

E [(X(s1, k1,11, 1)1 X (50, k2, 1o, 1) - - - X (s, Ky Lon, 1)) -

So the following corollary gives an answer to the question of the asymptotic
collective behavior of independent rectangular Gaussian random matrices with
different sizes.

COROLLARY 4.3. Let, fors > 0,k,1 € [d],n > 1,
X(s kL) = pe(n) | X ali,jin kL s)e(i,jin) | pin)
1<ij<n
be a random matrix. Assume that
{Ra(i,j;n,k1,s);1i,j€ [n],kIe€ld],seN}
U{Sua(i,j;n,k1,s);ije€ [n],klecd,seN}
are independent Gaussian random variables, which are (0, (2n) ). Let further

(B(j:1))jen
be a family elements of My, which satisfies the same assumptions as in the hypothesis of
Theorem 4.1.
Then the family ({B(j,n);j € N}, ({X(s,k,1,n)})sk1) is asymptotically free
with amalgamation over D as n — oo.
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Proof. It is an immediate consequence of the previous corollary and of the
fact that freeness with amalgamation over D is preserved by multiplication by
elementsof D. 1

For n > 1, the set of matrices U of py(n)M,p(n) such that UU* = U*U =
pr(n) will be denoted by U (n). It is a compact group, isometric to the group of
gk (1) xqx(n) unitary matrices. By lemma 4.3.10 p. 160 of [10]), the partial isometry
of the polar decomposition of X(s,k,k,n) is uniform on Ug(n) (i.e. distributed
according to the Haar measure).

PROPOSITION 4.4. Let, forn > 1, V(s,k,n) (s € N,k € [d]), be a family of
independent random matrices, such that for all s, k, V (s, k,n) is uniform on Ug(n). Let
further (B(j,n)) en be a family elements of 9, which satisfies the same assumptions as
in the previous results. Then the family ({B(j,n); j € N}, ({V (s, k,n)})s ) is asymp-
totically free with amalgamation over D as n — oo.

Note that two elements of respectively Ay, Aj, with k # I (or more gen-
erally of Ay, Ay, with {k,k'} N {l,I'} = @) are always free with amalgamation
over D, and that elements of Ay are free with amalgamation over D if and only
if they are free in the compressed space (A, ¢x). So without the set of constant
matrices, Proposition 4.4 would be an easy consequence of Theorem 3.8 of [29].
That being said, the proof of This proposition is very closed to the one of Theorem
3.8 of [29].

The proof of the proposition relies on the following lemma. We endow M,
1

with the norms |M|, = (IE tr(MM*)"/ 2) . They fulfill Holder inequalities (see
[12]).

LEMMA 4.5. Let, for n > 1, (M(i,n));e; be a family of nxn random matrices,
and (B(j,n));en be a family elements of 9y, which satisfies the same assumptions as in
the hypothesis of Theorem 4.1. Suppose moreover that for all i € I, > 1, the sequence
|M(i,n)|, is bounded. Suppose that for all 6 > 0 and n > 1, their exists a family
(M(i,n,0))c of random nxn matrices such that

(i) the family ({B(j,n);j € N}, ({M(i,n,d)})icr) is asymptotically free with
amalgamation over D as n — oo,

(i) foralli € I,y > 1, limy—eo|M(i,n,6) — M(i,n)|, := C(i,r,0) is such that
C(i,r,6) — 0.

6—0
Then the family ({B(j,n); j € N}, ({M(i,n)})ic;) is asymptotically free with amalga-
mation over D as n — oo.

Proof. Note first that if a sequence (D,,) in D is such that for all positive J,
there is a sequence (Dy,(6)) in D which converges and such that lim;, 0| | Dy (8) —
Dy|| := C(6) tends to zero as ¢ tends to zero, then (D) is Cauchy, and hence
converges. So, by Holder inequalities, the family ((B(j,n)jen, (M(i,n));cr) has
limit D-distribution as n — co. Moreover, Holder inequalities imply too that the
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later limit D-distribution is the limit, for convergence in D-distribution, as ¢ tends
to zero, of the limit D-distribution of ((B(j,n))en, (M(i,n,0))ic1) as n — oo.
But the set of D-distributions of families ((b;)jen, (m;)icr) such that the family
({bj; j € N}, ({m;})ie1) is free with amalgamation over D is obviously closed, so
the lemma is proved. 1

Let us now give the proof of proposition 4.4.

Proof. Consider independent random matrices X (s, k,n) (s € Nk € [d],n €
N), such that for all s,k, n, X(s,k,n) has the same distribution as X(s, k, k,n) of
the previous corollary. Then, as noted before, one can suppose that for all s, k, 1,
V (s, k,n) is the partial isometry of the polar decomposition of X(s, k, k, n).
In this proof, we shall use a particular functional calculus with the matrices

X(s, k,n)*X(s, k,n).

Note that these matrices are simple elements of M,, (simple refers to the definition
given in section 1): they belong to py(n) M, px(n). Here we shall “erase” the action
of a function f on the orthogonal of the image of the projector py(n). This means
that f(X(s, k,n)*X(s, k,n)) will mean py(n)f(X(s, k,n)*X(s, k,n))pe(n). So we
can write:

V(s k,n) = Eliréh X(s,k,n) (e + X(s,k,n)*X (s, k,n)) /2.

Step I. As stated in the Step I of the proof of Theorem 3.8 of [29], there exists
C > 0 such that for all continuous bounded function f : [0,c0) — (0, o0), for all
polynomial P, all s, k, and all » > 1, the limsup of

E|X(s,k,n)P(X(s, k,n)*X (s, k,n)) — X(s,k,n) f(X(s,k,n)*X(s, k,n))|,

is not larger than Csupg;c |P(t) — f(t)|.
Step II. Consider ¢ > 0, and let

Y(s, k,n,€) = X(s, k,n) (e + X(s,k,n)*X (s, k,n)) "2,
We claim that the family
({B(,n);j e N}, ({Y(s, kme)})sk)

is asymptotically free with amalgamation over D as n — oo. It is an easy applica-
tion of the lemma, using, for all positive §, the random matrices

X(s,k,n)Ps(X (s, k,n)*X (s, k,n)),

where P; is a polynomial such that supy;.c |Ps(t) — (e +t)"12| < 4. Let us
prove that the hypothesis of the lemma are satisfied. For s,k, 7, the boundness
of the sequence (|Y (s, k,n,¢)|;)n comes from the boundness of the function ¢ —
(t/(e+4t))12 on the positive half line, (i) is due to the previous corollary, and (ii)
follows from step L.

Step 1II. The conclusion is another application of the lemma, where the
Y (s, k, n,¢)’s will play the roll of the M(i, n,6)’s (and ¢ the roll of ). Let us, again,
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prove that the hypothesis of the lemma are satisfied. For s,k, 7, the sequence
(|V(s,k,n)|y)n is bounded because matrices are in U(n), and (i) follows from
step IL. Let us prove (ii). We have

|Y (s, k,n,e)— V(s kn)|, =
|V(s,k,n)(X(s,k,n)*X(s,k,n))l/z(s + X(s,k,n)*X(s, k,n))’l/2 — V(s k,n)| =
[(X(s,k,n)* X (s, k,n)) 2 (e + X(s,k,n)* X (s,k, 1)) "2 — pr(n))],

But 0<t<e? = 0<#2/(e+)12 <0,
and t>¢2 = 12(1i/;/2)§t1/2/(e+t)1/2§1.
So, if Q(n) denotes the spectral projection of X (s, k,n)*X(s, k,n) for [0,!/?],
gl
so (ii) is checked, since it is known (see [28] for a precise result) that there exists a
constant C’ such that

e E(tr(pi(m) Q(n)pi(n)) < C'e'.

V(s kn) =Y(s,kne)lr < E(te(pe(n)Q(n)pr(n))) +

Note that, as to Remark 2.3 of [32], it is obvious that the previous proposi-
tion also holds for subsequences of the natural numbers. It allows us to prove
the following corollary. Its proof is along the same lines as the one of Corollary
2.6 of [32]: it relies on the fact that the topology of convergence in D-distribution,
for countable families, has countable bases of neighborhoods, and hence if for all
n, X(i,n) (i € I countable) is a family of random matrices with norms uniformly
bounded, one can extract a subsequence k(1) < k(2) < ... such that the family
(X(i,k(n)))icr converges in D distribution.

COROLLARY 4.6. Let, for n > 1, V(s,k,n) (s € N,k € [d]), be a family of
independent random matrices, such that for all s, k, V (s, k,n) is uniform on Uy(n) and
let F(Nx[d]) > g — V38(n) € M, be the semigroup morphism which maps the (s, k)-th
generator to V (s, k,n). Then, given N € N,R > 0, and g, ..., gn € F(Nx[d]) — {e},
the suppremum, over families By, ..., By of elements of M, such that for all k € [N],
1Bl < Rand E(Bg) = 0, of

| tr(V80(n)B1V81(n)By - - - VEN-1(n) BN VEN (n))|
tends to zero as n — oo.

At last, in the same way, one can translate the proof of Theorem 2.7 of [32]
to prove the following proposition:

PROPOSITION 4.7. Let, forn > 1, V(s,k,n) (s € N,k € [d]), be a family of
independent random matrices, such that for all s, k, V (s, k,n) is uniform on Uy(n) and
let F(Nx[d]) 5 g+ V&(n) € M, be the semigroup morphism which maps the (s, k)-th
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generator to V (s, k,n). Fix N € Nand R > 0. Let, for each n € N, By(n),...,Bx(n)
be nxn constant matrices such that for all k € [N], ||Bx(n)|| < R and E(Bi(n)) = 0.
Then, given go, ..., gn € F(Nx[d]) — {e} and e > 0, the probability of the event

{11 E(VS0 (1) B VS (n) By - VN1 (m) By VSN ()| < e}

tends to 1 as n goes to infinity.

5. ANALOGUE OF FREE ENTROPY OF SIMPLE ELEMENTS: THE MICROSTATES APPROACH

5.1. DEFINITIONS. For g,q’ positive integers, we will denote by M,y (M when
q = q') the set of gxq’ complex matrices.

From now on, we suppose (A, ¢) to be a tracial W*-probability space, en-
dowed with a family of projectors such as presented in section 1: A is endowed
with a family p;, ..., p; of self-adjoint pairwise orthogonal projectors with sum
1, and for all k € [d], px denotes @(py). If a is a simple element of A, the unique
(k,1) € [d]? such that a € Ay will be called the type of a.

In this section, we shall define the entropy of families of simple elements
of A as the asymptotic logarithm of the Lebesgue measure of sets of matrices
with closed noncommutative moments. Thus we have to define, for all n, a set
of matrices 9, (a) where we shall choose the microstates associated to a simple
element a. We let, for k € [d], qx(n) be the integer part of pxn. With this definition
of g1(n), ..., g4(n), we keep the notations introduced in the beginning of section
4. We define, for (k,1) € [d]? and n positive integer,

M (k, 1) = pic() My (1)

M, (k, 1) is endowed with the Lebesgue measure arising from the Euclidean struc-
ture defined by < M, N >= R(Tr M*N). The norm arising from this Euclidean
structure will be denoted by ||.||2, whereas ||.|| still denotes the operator norm
associated to the canonical hermitian norm on C”. We denote in the same time,
without distinction, by A the tensor product of these measures on any product of
such spaces.

Consider a1, ...ay € A simple elements with respective types

(k(1),1(1)), ..., (k(N),L(N)).

Let us define, for n, r positive integers, ¢, R positive numbers,
IR(ay,...,aN;n,1,€)
the set of families (A1, ..., An) € M, (k(1),1(1))x- - -xMy,(k(N),I(N)) such that
foralli=1,...,N, ||A;|| < Randforallp € {1,...,r}, foralliy,...,i, € [N], for
alley,...ep € {%,.},
€ &€
|E(A] - A7) —E(a;} ---a))]| < e

Ip 11 Ip -



RECTANGULAR RANDOM MATRICES, ENTROPY, AND FISHER’S INFORMATION 21

Let us then define

1
x?(al,...,aN;r,s) = limsup?logA(FR(al,...,aN;n,r,s)) + Llogn+D,

n—oo
where
d
L = Y prprl{i € [N]; a;has type (k,1)}],
k=1
d 2
D = Z pilog ok |[{i € [N]; a; has type (k,k)}|.
k=1
We define then

X}Q(al, e, AN) = irnsf)gg(ul,. . AN T, E),
and at last,

XD(al,. . aN) = supxg(al,. .., aN)-
R

5.2. PARTICULAR CASES, COMPARISON WITH ALREADY DEFINED QUANTITIES.

5.2.1. CASE WHERE ALL ;'S ARE OF THE SAME TYPE (k, k). Then

D . _ 2., Voi .
XR (alr- -+, aN; T, 8) - kaROIC(all -/ aN; rrs/pk)l
Voic

where xp%“(ay,...,an;r,€) stands for xg(ai,...,an;r,€) as it is defined in sec-
tion 1.2 of [32] or p. 279 of [10], when considering a1, ...,ay as non-selfadjoint
elements of (A, x).

5.2.2. CASE WHERE N = 1 AND a; HAS TYPE (k, 1), WITH k # 1, qx(n) = q;(n)
FOR ALL n. Then I'r(a;n,r,¢) is the set of matrices A € M, (k,1) ~ Dﬁqk(n) such
that ||[M|| < R and for all s positive integer such that 2s < r, the s-th moment of
the spectral law of AA* is within € with the s-th moment of the distribution of aa*
in (Akk, @x). Thus xP(a) = p? (XY (aa*) — log px), where xY°'(aa*) is defined p.
282 of [10], when considering aa* as a positive element of (A, ¢x)-

Note that, if y is the distribution of aa* in (A, ¢k ), then

xP(aa") = [[1og|x —yldn(x)dn(y) + log 7 +3/2

5.2.3. CASE WHERE N = 1 AND ay HAS TYPE (k, 1), WITH k # . Then I'r(a;n,r,¢)
is the set of matrices A € M, (k, 1) such that ||M|| < R and for all s positive integer
such that 2s < 7, the s-th moment of the spectral law of AA* is within ¢ with the
s-th moment of the distribution of aa* in (A, ¢x) and the s-th moment of the
spectral law of A* A is within € with the s-th moment of the distribution of a*a in
(Ajj, ;). Let us define

) distribution of aa* in (A, @) if o < p1,
| distribution of a*a in (Ay, ¢;)  if px > 1.

Then we prove the following proposition (proof postponed in the appendix):
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PROPOSITION 5.1. If R? is more than the supremum of the support of i,
6.1)

. 2 B
xR (a) = a?Z(u) + (B— IX)(X/ log xdu(x) + ap(log g +1)+ % - ocz/sia xlog xdx,

where X(u) = [[log|x — y|du(x)du(y), « = min{oy, i} and p = max{py, o1}
We can verify that when « = §, this formula coincides with the formula of
xP(a) given by 5.2.2.

5.3. PRELIMINARY LEMMA. The following lemma is a very useful tool for inte-
gration on sets of rectangular matrices. It gives the “law” of the singular values
of rectangular matrices distributed according to the Lebesgue measure. Its proof
is postponed in the appendix. Consider 1 < g < 4 integers. Denote by M,z the
set of gxq’ complex matrices. Denote by U, the group of gx¢ unitary matrices,
and by T, the torus of diagonal matrices of {/;. As an homogeneous space, U,/ T,
is endowed with a unique distribution invariant under the left action of i, de-
noted by 7. Denote by U, ; the set of matrices v of 2, ,» which satisfy vo* = I,
(i.e. whose lines are orthogonal with norm 1). As an homogeneous space (under
the right action of U/), U, , is endowed with a unique distribution invariant un-
der these actions, denoted by vy, ;. Note that 7, is also invariant under the left
action of Uj.

LEMMA 5.2. Define
Rﬂ,<:{xeRq;0<x1<---<xq}.
Then the map

. q
YU /Ty xR Uy — My

(uTy, x,v) + udiag(xy,..., xq)l/zu*v

is injective onto a set with complement of null Lebesgue measure. Moreover, the push-
forward, by ¥, of the Lebesgue measure, is Yq @ Oy g ® Vq,q, Where oy 41 is the proba-
bility measure on R‘i, < with density

L i
1 A7 [ ¥
15 T, it 1k
Remark. It will be more useful to use the following consequence of the
lemma. Let us denote, for G compact group, Haar(G) the Haar probability mea-
sure on G. The measures 7, and 1, are push-forwards of Haar({/,), Haar ()
by the respective maps u — uT,, v — Pv, where P is the gxq’ matrix with diago-
nal entries equal to 1, and other entries equal to 0. Then the map

¥ . Uq X (R'ﬁ')‘? xuq/ — E)ﬁq,q/

(5.2)

u,x,0) — udiag(xy,...,x;)2u*Po
( ) glx1 q
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is surjective and the push-forward of the measure Haar (i) ® %qu,q/ ® Haar(Uy)

by ¥ is the Lebesgue measure, where 7, . is the measure on (R*)" with density
given by formula (5.2).

5.4. CLASSICAL PROPERTIES OF ENTROPY. The following properties are analo-
gous to properties of Voiculescu’s entropy, the proofs are analogous too, and the
straightforward adaptation will be left to the reader. For the proof of proposition
5.4, the classical change of variables formula used for square matrices needs to be
replaced by the result given below lemma 5.2.

PROPOSITION 5.3. xP is subadditive: for1 < m < N,
xP(ay,...an) < xP(ar,...am) + X7 (apsa, - an).

PROPOSITION 5.4. For Ry > R > max{||a]],..., |lan]||}, we have

X (@ an) = xR (ar, .. an).
PROPOSITION 5.5 (Upper semicontinuity). Consider, form > 1,a,,1,...,8m N
simple elements of A such that

o foralli, a,,; has the same type as a;,
o the family (a1, ..., amN) converges in D-distribution to (ay,...,ay),
e forall i, the sequence ||ay, ;|| is bounded.

Then xP(ay,...,an) > limsup xP(am1, - -, 4mN)-

For example, the proposition holds if for all i, a,, ; has the same type as a;
and converges strongly to a;.

PROPOSITION 5.6. Comnsider by, ..., by simple elements such that for all i €
[N], b; has the type of a; and b; —a; € {ay,...,a;_1}". Then xP(ay,...,an) =
xP(b,...,bN).

5.5. ENTROPY AND FREENESS WITH AMALGAMATION OVER D. Adapting the
section 5 of [30] and using proposition 4.7, we obtain the following result:

THEOREM 5.7. If the simple elements ay, . .., ay are free with amalgamation over
D, then
X2 (a1, an) = xP (@) + -+ xP(an).

5.6. CHANGE OF VARIABLE FORMULA. Consider ay,...ay € A simple elements
with respective types (k(1),1(1)),..., (k(N),I(N)). In this section, for i € [N], in
order to simplify expressions, we denote My, (k(i),1(i)) by My (a;). Since we are
going to work with adjoints of the 4;’s, we have to define, fori € [N], e € {x,1},
(k(i,e),1(i,€)) to be the type of af i.e.

(1(i), k(i) ife=+
(k(i),1(i)) ife=1
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Define F to be the set of formal power series in the noncommutative vari-
ables Xy, X7, ..., Xy, X}; endowed with the natural involution F — F*. Let us
define, for m > 0,iy,...,im € [N],€1,...,&m € {1, %}, Cy,, _;, the map from F to

&

-
1rr€m

C which maps a series F to its coefficient in Xfl X,

Im

A multi-radius of convergence for F € F is a family (Ry,...,Ry) of positive
numbers such that

M(F;Ry,...,Ry) ==Y ) ICiy,ooins (F)|Riy - -+ Ry, < o0
m>0 iy,.iy€[N]  ElrEm
€1, mE{*1}

Define, for i € [N], the set F; of formal power series F € F such that for all
m >1,foralliy,..., im€1,...,€n suchthatC; ; (F) # 0, wehave

€1,-&m
k(l) = k(il,Sl),l(i1,£1> = k(iz,é‘z),.. .,l(im,],Smfl) = k(im,Sm),l(im,Sm) = l(l)

Consider F = (FM,...,FIN)) in Fix---xFy. We suppose moreover that
there exists (Ry, ..., Ry) common multiradius of convergence of the F()’s such
that for all 4, ||a;]| < R;.

Let also, for n > 1, F be the map defined on the Cartesian product, for
i € [N], of the open ball of (M (a;), ||.||) with center zero and radius R;, by

N N
F: HBMn(ai)(O,Ri) — HBMn(ul)(O R!
i=1 i=1
(Al,...,AN) — P(Al,...,AN)

Then F is analytic, and with the natural identification between the set

N
L (HMM@))

of endomorphisms of 1—[ M,,(a;) and the Cartesian product
i=1

[T £ (Ma(a)), Ma(ar)),

1<ij<N

N
the differential DF(A) of F at A = (Ay,...,AN) € [ [ Bu,(a,) (0, Ri) has (i,j)-th
i=1

block
€ € m
L Gy (FO)| T LA AT o RAT A7)
m>1 81/ /€m le| m]
i1, im€[N] i1=j

€1, EmE{*,1} g=1
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+ZL L AG- 1)OR(A§I+1,..A§7:7)OAdj ,

1171 ES]
le[m

i ]
&=

where for A matrix, L(A) (resp. R(A)) denotes the operator of left (resp. right)
multiplication by A, and Adj denotes the operator of adjunction in 9t;,.

Now, we are going to compute the Jacobian of F at A = (Ay,..., An). Itis
the absolute value of the determinant of the differential of F at (Aq,..., Ay), that
is

(det DF(A)DF(A)*)'? = exp % Trlog DF(A)DF(A)*,
where the adjoint is taken when considering DF(A) as an endomorphism of the

space H M, (a;) endowed with the product euclidean structure. Note that the
i=1
identification between

N
L (HMn(ai)> and [ £ (Mu(a;), Mu(a;))
i1 1<i /<N

preserves the adjunction in the following way:

(40)" = [M3], -

and composition in the following way

N N d
[Li,]']i,]‘:1 °© [Mi,]'] ij=1_ |J<Zl Lijo Mk,j]

N
ij=1

N
Let, for n > 1, £, be the space of endomorphisms L of HMn(ai) such
i=1
that, for all i,j € [N], L;; is a linear combination of linear maps of the type
LpoLg (with A € M, (k(i),k(j)) and B € M, (1(j),1(i))) and of maps of the type
LaoLgoAdj(with A € M, (k(i),1(j)) and B € M, (k(j),1(i))). £, is a subalge-
N

bra of E(H M, (a;)) closed under adjunction. Indeed, we have, forall X,Y,Z, T
i=1
matrices with suitable sizes,

(L(X)oR(Y))o(L(Z)oR(T)) = L(XZ)oR(YT),
(L(X)oR(Y))o(L(Z) o R(T) o Adj) = L(XZ)oR(YT) o Adj,
(L(X) oR(Y) o Adj) o (L(Z) o R(T)) = L(XT")oR(YZ")o Adj,

(L(X) o R(Y) 0 Adj) o (L(Z) o R(T) 0 Adj) = L(XT")oR(YZ"),
(L(X)oR(Y))" = L(X")oR(Y"),
(L(X)oR(Y)oAdj)" = L(Y)oR(X)oAdj.
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Thus in order to compute the Jacobian of F, it suffices to be able to compute the
trace of a self-adjoint element of £,,. Note that the identification between

N
E(HMW) and T £ (Mala), Mu(a)
i1 1<ij<N

preserves the trace in the following way:

N
Tr ( [M,,]] 5:1) = Zl Tr Mi,i'
1=

N

Moreover, if [Mi,j] ij=1

and one can write

€ £, is self-adjoint, then foralli € {1,...,N}, M;; = M}

1,17

Mi,i = ;C”‘(an o RYD( -+ LX; o Ry;) + %Cﬁ(Lzﬁ o RT;S OAd] +LTE o RZ;; OAd]),

where «, § run in disjoint finite sets, and for all «, 3, cq, cp are real,
X € pr(iy (M) Mupriy(n), Yo € piiy(n)Mupyiy(n),  Zp, Tp € Mu(ay).
Thus the trace of M; ; is

Y ca2R(Tr X Tr Yo + Tr X5 TrYy),
[

eR

ie. ) 20,(TrXaTr Yy +Te X, TrY;).
o

Thus, in order to compute the Jacobian of F at A = (Ay,..., An), we have
to introduce the following objects. Let &, = {e, T} be the group of permutations
of the set {1,2}, and C[&;] = Ce & Ct be its convolution algebra. For j € [N],
define the C-linear map

D: F - FOF®C[S)

Dy (X2 XC) =

] Im

€1, ., vt €14+1 | yEm e .,y €14+1 | yEm

Elg[mj Ky X @ Xi1+1 Xiy €+ El.e[’".} Ky X @ Xi1+1 Xip OT:
y= h=j
E[il g=x
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Define then, for any *-algebra M (which will be F, or 9, or A), the product
and the adjunction on the linear space M ® M ® C[&,| defined by the rules:

(X@Y®e)x(ZoT®e) = XZOYT®e,
(XQY®e)x(Ze@T®t) = XZQYT®T,
(XQYRT)x(ZT®e) = XT*®YZ'®T,
(XQYRTx(ZRT®T) = XT'QYZ* Qe
(X®Y®e)" = X'®@Y" Qe
(X@Y®T1)" = YX®T.

If moreover, the algebra M is endowed with a linear functional f (which will be

Trif M =9, and ¢ if M = A), then we shall endow M ® M ® C[&;] with the

linear functional 2f ® f ® J,, where &, is the state on C[S;] defined by d.(e) = 1,

d.(T) = 0.

With these notations, if one uses the identifications, for X, Y € 9,;:
L(X)oR(Y) ~ X®Y®J €M @M, ®C[S,],

L(X)oR(Y)oAd] ~ X®@Y®TeEM, @M, ®C[S,],

and thus identifies £, with a subset of the finite-dimensional algebra My ®

(M, @ M, @ C[Sy)]), the Jacobian of Fat A = (Ay,..., AN) is

exp L Tr & Tr © Tr @6, (log(DF(A)DF* (4)).

With these tools, adapting the proof of proposition 3.5 of [30], we have the
following proposition. Aty ¢ew(2s,) denotes the Kadison-Fuglede determinant
of the linear functional Tr ®¢p ® ¢ @ (25,) on My @ A ® A ® C[S;] (see section 2
of [8] for a brief introduction to Kadison-Fuglede determinant).

PROPOSITION 5.8. Consider F = (F(l), .. .,F(N)),G = (G(l), .. .,G(N)) which
both belong to Fyx- - -x Fn, and such that for all i € [n],
GOFEWD, . FN)Y = x;.
We suppose moreover that there exists (Ry, ..., Rn) common multiradius of convergence
of the F)’s and (R}, ..., RY) common multiradius of convergence of the GW’s such that
(i) foralli, ||a;]| < R;,
(ii) forall i, M(F/);Ry,...,Ry) < R}
Then
xP(FVD(ay,...,an),...,FN(ay,..., an))
2 10gATr®qo®cp®(25g)[DjF(i) (a1, "/aN)]%:l +xP(ay, ..., an).
If moreover,
(M(GW;R,,...,RY),..., M(GN);R], ..., RY))

is a common multiradius of the F\)’s, then we have equality.
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REMARK 5.9. Note that if instead of (i) we have M(F; ||a]|,...,|lan]||) <
R/ for all i, then one can reduce the R;’s in order to have (i) and (ii).

REMARK 5.10. Note that by subsection 5.2.1, these formulae still remain
valid for Voiculescu’s free entropy for non hermitian operators, as it is defined
in section 1.2 of [32] or p. 279 of [10].

As a corollary, we have the following result, whose proof is an adaptation
of the proof of proposition 6.3.3 of [10].

COROLLARY 5.11. Let Py, ..., Py be polynomials in the noncommutative vari-
ables Xq, X5, ..., X} such that for all i € [N], a; 4 P;(ay,...,an) has type (k,1). Then
for a sufficiently near 0,

)(D(al +aPy(ay,...,aN),...,an +aPy(ay,...,aN))

= 10gATr®qo®<p®(2§e)[Djpogl)(alr . ~-/“N)]€§:1 +XD(ﬂlr .+, AN),
where for all i, F,,Ei) =X;+P(Xyq,...,XN).

5.7. FUNCTIONAL CALCULUS AND ENTROPY. For x € A, with spectral decom-
position uh, and f real Borel function on [0, c0), bounded on the spectrum of £,
let f(x) denote uf(h). If f(0) = 0 and f is positive on (0,0), then the polar
decomposition of f(x) is uf(h).

We begin with the following lemma, analogous to lemma 6.3.5 of [10].

LEMMA 5.12. Consider k,1 € [d] such that k <1, a € Ay such that the distribu-
tion y of (aa*)'2 in (A, i) satisfies

X(p) > —oo, / log tdu(t) > —oo,

and f a continuous increasing function on [0,00), such that f(0) = 0 and f is positive
n (0, c0). Then there exists a sequence (fy,) of smooth functions on [0, o), such that for
all m, f,(0) = 0, f, is positive on [0, 00),
| fn(a) = f@)|] — 0, xP(fu(a)) — xP(f(a)).

Proof. Let us prove that there exists a sequence (fy,) of smooth functions on
[0, 00), such that for all m, f,,(0) = 0, f;, is positive on [0, o),

1 fn(@) = fF@)] — 0, xP(fu(a)) — x"(f(a)).

Then we will have, by upper semicontinuity: xP(f(a)) > limsup x?(fu(a)), and
by (5.1), it will suffice to prove

E(f(n)) < liminf Z(fp,(u /log ))du(t) < 11m1nf/10g fu(£))dpu(t),

where for all function g, ¢(y) denotes the push-forward of u by g.
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Consider, form > 1, 5(m) € (0,1/m) such that

' 1 1
log ¢~ sldu(t)dp(s) = ——, [ logtdu(t) > —-_,
J], o loglt = sldndnts) = L [ ogtdu(t) =~

Tl sy BHOIC) < i (0000 <

mlogm mlogm’

Let us extend f by the value 0 on the negative real numbers. Let, for m > 1, ¢, be
a nonnegative smooth function with support in [0, 1/m] such that [ ¢,,(t)dt = 1

and
d(m)
F* gm(t) = F(1)] < 27

for all t € [0,S5], where S is the maximum of the support of . Define f,(t) :=
L4 f s ¢u(t). Since f is increasing and ¢, > 0, f * ¢y, is increasing, hence
fi > 1/m. Moreover, f,(0) = 0 and f,;, converges uniformly to f on [0, S].

Similarly to p. 267 of [10], we can prove that for m large enough to satisfy
such that

Vs, t € [0,S], |t —s| < 6(m) = |f(t) — f(s)] < 1,

we have Z(fu(p)) > Z(f(u)) — 2. Moreover, for t € [0,6(m)], fu(t) > t/m and
fort € [6(m),S],

Fur®) = 2 fy — Fegm(t) — £()] > £,

m

/log(fm(f))dﬂ(t) > /( . ]log ))du(t +/ log (T /m)dp(t)
> [ Tos(F()du(t) + / logtdy ) — log(m)u([0, 8(m))

> [log(f()du(t) - =,
what closes the proof. 1

Adapting the proof of proposition 6.3.6 of [10] (with the density of eigen-
values presented in lemma 5.2), we obtain the following proposition:

PROPOSITION 5.13. Consider a family f1,. .., fn of continuous increasing func-
tions on [0, 00), with value 0 in 0, and positive on (0,00). Consider ay, ..., ay simple
elements of A such that for all i, xP (a;) > —oo. Then

N
xP(fia), - fulan) = xP(ar, .. an) + Y P (filar) — 1P (a)).
i=1
Moreover, equality holds if the functions are strictly increasing.

5.8. MAXIMIZATION OF FREE ENTROPY.
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5.8.1. ONE VARIABLE. The problem here is to maximize x?(a), where a is taken
among a set of simple elements of type (k,I) in A. For such a, we have seen
in 5.2.3 a formula which express x”(a) as a function of u (distribution of aa* if
px < p;, distribution of a*a in the other case), of p; and of p;. For example, let us
suppose that o < p;.

PROPOSITION 5.14. Fix c positive. Then among elements a of type (k,1) such
that gi(aa*) < c, the maximizers of x© are those for which the distribution of aa* in
(Akk, @x) is the push-forward, by t — %"t, of the Marchenko-Pastur distribution with

or
parameter o
Proof. First of all, since for all 4, for all A > 0, P (Aa) = xP(a) +2p4p;log A,

it suffices to prove it when c = % According to proposition 5.1, x? (a) is maximal
if and only if

Alp) =X(p) + <£}i - 1) /logxdy(x)

is maximal. Note that the condition ¢ (aa*) < c is equivalent to [ xdu(x) < ¢
But proposition 5.3.7 of [10] states that the functional

B(p) :=Z(u) + (S}i - 1) /logxdy(x) - /xdy(x)

is maximized, among probability measures on [0, %), by the Marchenko-Pastur
distribution ., with parameter c. So for all y probability measure on [0, o) such
that [ xdu(x) <¢,

Alue) = A(w) = B(ue) = B(w) + [ xdpe(x) = [ xdu(x)

= B(yc)—B(y)+(C—/Xd#(x))
> 0,

with equality if and only if p = pe. 11

5.8.2. N VARIABLES. Fix k # | € [N] such that p; < p;. A consequence of sub-
additivity, of theorem 5.7, and of the previous section is the fact thatif ¢q,...,cy
are positive numbers, among N-tuples (a1, ...,ay) of type (k, 1) elements which
satisfy
Vie[N], gklaia;) = ci,

the maximum of )(D(al, ...,ay) is realized on free with amalgamation over D
families (ay, ..., an) of elements such that the distribution of each a;a} in (A, @)
is the push-forward, by ¢ — C%t, of the Marchenko-Pastur distribution with pa-

rameter 5—;{ The following theorem states the reciprocal to this fact.

THEOREM 5.15. If the maximum is realized on a family (ay,...,aN), then the
family is free with amalgamation over D, and the distribution of each a;a’ in (A, @)
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. C,
is the push-forward, by t —

Pr
U

;fl’ L1, of the Marchenko-Pastur distribution with parameter

Proof. Step I. First of all, since for all ay, ..., ay of type (k, 1), for all positive
numbers A4, ..., Ay,

(5.3) XD()\lal, . ,/\NQN) = XD(lll, R ,HN> —+ 200: log(Al e AN)/

it suffices to prove it when each c¢; is %.

Step II. By theorem 2.3, if b is an element of type (k, I) such that the distribu-
tion of bb* in (A, ¢x) is the Marchenko-Pastur distribution with parameter %,
then for all n even integer,

Pere - -obeb*) =",
Pk
Let us compute the @-distribution of a free with amalgamation over D family
(b1, ...,bn) of such elements. For all iy, ..., ix11,ip € [N], we have

‘P(bﬁb?; T bi2r+1bioi*) = pkqok(bilb?z . 'bi2k+1b;;))
* k * *
= Pk 2 (Pk(bil - 'bizj)cé )(bio ® E(b2j+2 o borg1) bio)
| ——

0<j<r
Ipj+1=io @1(b3;, 5 -bars1)-pi

* k * *
= Pk Z (Pk(bil - -bizj)CE )(bio ® 4’1(sz+2 o bypi). Plbio)
0<j<r N~

injs1=i b,

* k * *
= Pk Z (Pk(bz‘l T 'bizj)cé )(big ® fPl(sz+2 i 'b2r+l)'bi0)
0<j<r
ijr1=ip

* * k *
= Pk Z px (b - 'bizj)¢l(sz+2 T b2r+1)5§ )(bio ® big)
0<j<r
ipj+1=ip
= o ), ol by, )@1(b3jp -+ bar i)
0<j<r
ipjr1=io

Step III. Now, consider a family (ay,...,ay) of elements of type (k,I) such

that for all i, gi(a;af) = % and the maximum of the entropy is realized on

(a1,...,aN). Let us prove that the D-distribution of the family is the one of
(b1,...,bN) of step IL. Since the elements are simple and for all x, ¢p(x*) = ¢(x),
it suffices to prove that for all r > 0, for all 7y, . .., ip,11,ip € [N], we have

p(aiyay, - ap, o) =pr ), @rlai a7 )iy yo - azi).
0<j<r
ijr1=io
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Fix A € C and let us define the polynomial P = AX; X} ---X;, ,, and
d = P(ay,...,aN). We have, for « sufficiently near 0,

o1 (aj, + ad) -
pk(Pk((ﬂiO +1Xd)(ai0 +“d)*))1/2/ i+1s ,

Thus the derivative with respect to «, at « = 0, of the difference between right-
hand side and left-hand side of the previous equation is zero. According to (5.3)
and to corollary 5.11, for « sufficiently near 0, the difference between right-hand
side and left-hand side of the previous equation is equal to

Pkk((ai, + ad) (i, + ad)”)

10g Aty 990 (25,) [DjFél) (a1, an) ]y — orprlog o ,

xP(a1,...,aN) ZXD<a1/'--/ai—1r( an)-

where for all j, F‘,Ej) = Xj +ad; ;P. We have
log Ay, QYRR (26,) [DthJEZ) (“11 SRRy aN)]zzj':l
=Tr@p® 9@ log (IDE (ar,.,an) [Ny [DE (ar,.. an) TNy )

= Tr®p® ¢ ® d,log (IN®1®1®6+1X(A+A*) +1x2AA*),
where A is the Nx N matrix with (i, j)-th entry
{o if i # i,
DiP(ay,...,ay) ifi=ip.
Thus

log Aty wpwge(24,) [DjPoEl) (a1, an)]N_y =
xQ ® ¢ ® (D, P(ay, ..., an) + (D;,P(ay,...,an))*) +o(«).
Thus

3% a0 108 ATr s pgis 26, DF (ar, .. an) Ny =
q)® §0®(59(D10P(€ll,. . .,aN) + (DZOP({JIL, . '/aN))*) =
2§R(p R (Sg(DZ‘OP(Lll, e ,aN)).

Moreover, since @ (a;,4; ) = %’
ok ((aig +ad) (ajy +ad)*)
%Iazopkpl log =m0 -
Or gk (aiyd* + dat ) = 20iRei(P(ay, ..., an)as).

io

Thus ¢ ® ¢ ® 6.(D;,P(ay, ..., an)) and p¢r(P(ay, . .. ,an)a; ) have the same real
part. Recall that P = AX;, Xl*2 -+ Xj,,,- What we did is true for any A € C, so

p%gok(P(al,...,aN)a;‘O) =9® q0®f5g(Di0P(a1,...,aN)).
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Now recall the definition of D;, P and choose A = 1. This gives

2
pkqok(alia?z e Lliz,,+1ﬂ?0) = Z ¢(ai1 T 'a;;]»)(P(aéj-&-Z te 'a27+1)/
0<j<r
iyj+1=lo
ie.
oxg(aya;, - -ap, ar) =Y pri(ai - a5, )0191(834 -+ Bari1),

0<j<r
j+1=10

which closes the proof. 1

COROLLARY 5.16. Consider a family (ay, ..., an) of elements of type (k,1) such
that
xP(ay,...,an) = xP(ar) + - -+ xP(an) > —co.
Then the family is free with amalgamation over D.

Proof. We use the notation defined in the beginning of section 5.7. Since for
all i, xP(a;) > —oo, the distribution of a;a; in (Ag, ¢x) is non-atomic, hence the
distribution of |a;| in in (A, @x) is also non-atomic. Hence we can find a con-
tinuous increasing function f; on [0, c0), with value 0 in 0, and positive on (0, c0),
such that the distribution of f;(a;)f;(a;)* is the Marchenko-Pastur distribution
with parameter %. Then by proposition 5.13 and subadditivity,

XP(fila), .o fulan)) = xP(fi(a) + -+ xP (fuan)),

hence by the previous theorem, fi(a1),..., fn(an) are free with amalgamation
over D,and sodo 4y, ...,ay, because for all i, a; € {fi(a;)}". 1

QUESTION. It would be interesting to have a characterization of R-diagonal el-
ements with non trivial kernel involving the entropy defined in this paper. In-
spired by the papers [9], [16], we ask the following question: given a compactly
supported probability measure v on R, what are the elements a € Ap; such that
aa* has distribution v in (Ay, p2), and such that x? (p1apa, paapa, p2a* p1, p2a*p2)
is maximal ?

6. ANALOGUE OF FREE FISHER’S INFORMATION FOR SIMPLE ELEMENTS: THE MICROSTATE-
FREE APPROACH

In this section, we present a notion of free Fisher’s information for sim-
ple elements, constructed without using the microstates, like what was done by
Voiculescu in [31] and by Shlyakhtenko in [22] for elements of a W*-probability
space. For a synthetic presentation of the free Fisher’s information of elements of
a W*-probability space, see section 2 of [15].
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6.1. DEFINITIONS. In this section, we suppose that (A, ¢) is a W*-probability
space, with ¢ faithful tracial state. L?(.4) will denote the Hilbert space obtained
by completing A for the norm ||a||, = (go(aa*))%, aec A

A acts on L?(A) on the right and on the left, so one can define, for k,! € [d],
L2(A)y = prL*(A)p;. We still have an identification between L?(.A) and

L2(A)y -+ L2(A)y
Ay - (A

pixpr -+ P1XPd

by the map x € L*(A) — . We still call the non zero el-

paxpi - PaXPd
ements of klu[d]Lz(A>kl the simple elements of L?(A). We define, for a non zero
o=

simple element of L?(.A), r(a) (r is for row) and c(a) (c is for column) the unique
numbers of [d] such that

ac LZ(A)r(a),c(a)'
Moreover, x — x* extends to LZ(A), and for all a,b € A,x € LZ(A), we

have (axb)* = b*x*a*. For all k € [d], the state ¢} on A extends to L?(A), so
the conditional expectation E extends to L?(.A), and we still have

vd,d' € D,Vx € L*(A),E(dxd’") = dE(x)d'.

In the same way, for n > 1 and 7w € NC(n), we can extend E,, E;, ¢, and ¢, to
L2(A) ® (A®"~1), and the relations (2.1), (2.2), (2.3), and (2.4) remain true.

A family (a;);c; of elements of L?(\A) is said to be a self-adjoint family if there
exists an involution * of I such that foralli € I, a] = a,(;).

A finite sequence (ay,...,a,) of simple elements of L?(.A) is said to be a
square sequence if for all i € [n], c¢(a;) = 1(a;41) (with a,,1 = aq).

DEFINITION 6.1. Let (a;);c be a self-adjoint family of simple elements of A.
A family (&;);c of simple elements of L2(.A) is said to fulfill conjugate relations for
(a;)ierifforalli €1,
r(Gi) =clai), (&) = r(a),
and if one of the following equivalent proposition is true :

@) foralln > 0, for all i,iy,...,i, € Isuch that (;,a;,...,a;,) is a square
sequence,

n
Pre) (Cittiy -+ a1,) = ) Giiy P @y @iy ) P (@i - - i),
m=1

(i) - forallie I, E(&) =0,
- foralli,j € I, B(giaj) = 0iipy¢,)
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- foralln > 2,foralli,iy,..., iy € Isuchthat (¢, Ajy, - - .,a;,) isasquare
sequence,

n
E(giaﬁ ceay,) = Zl 5irim;77(§i)rc(§i) °© E<ai1 e 'aim—1) E(aim+1 e dy,),
m=

(we recall that for all k,I € [d], 7y is the involution of D which per-
mutes the k-th and the [-th columns in the representation of elements
of D as dxd diagonal matrices matrices),
(iii) for all n > 0, for all i,iy,...,i, € I such that (&;,a;,...,a;,) is a square
sequence,

(i ®@a;, @ - @aj,) = 64,1014, Pr(z,)-

Proof. Consider a family (&;);c; of simple elements of L?(.A) such that for
alli e[,

liz=r(G&) =cla),  ki=c(Gi)=r(a),
and let us prove the equivalence of (i), (ii), and (iii). The equivalence between (i)
and (ii) is obvious by definition of E: for all x € L?(.A),

d
E(x) = ) oc(prapr)-pr-
k=1
Now, suppose (ii) true, and let us prove (iii) by induction on n. Note that
1 = E1,and thatforall & € Lz(.A), ac A,

c2(¢ ®a) = E(Ca) — E(¢) E(a),

so (iii) is proved for n = 0, 1. Now, suppose it proved for to all ranks 0,1, ...,n —
1, with n > 2, and let us prove it to the rank n. Consider 7,1y, ...,i, € I such that
(Ci/ Biyreees ain) is a square sequence. We have

c1(Gi®ay @ @a;,) = E(&Gag---a;,) =) cx(Ei®a; ©---Qay,),
7T

where the sum is taken over all noncrossing partitions 7t of {0, ..., n} which are
< 140,...,n}, and in which all blocks are associated to square subsequences of
(é‘i,ail, .o .,ain).

Consider such a partition 7r, and apply the factorization formula (2.6) to
cr(gi ®a; ®--- ®@ay,). If it is not null, then the block of 77 containing 0 has only
one other element, say m, and in this case, we have

cr(Gi®ay @ @a;,) = [T e cr(a, ©-- - @aj, ) LT mue cr(ay, ©---@aj, ),
Vem Vem,
V={h <<t} V={h <<t}

where 711 (resp. 71p) is the partition induced by 7t on {1,...,m — 1} (resp. {m +
1,...,n}),ie. to

Oiim Mk © €y (A, @ -+~ @4y Jemy(aj,,, @ @ay,),
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Thus we have
ch1(8i®a;, ®---®a;,) =
n
E(Cia;, -+ -a;,) — Z Z SiiMik; © €y (A, @ -+ @@y, )emy (@i, @ - ®a;,)

m=1 1;ENC(m—1)
meNC({m+1,...,n})

n
= E(éiail .. -ain) — Z 51',1"”1’]]’.,](1. [¢] E<ai1 s aimfl) E(ﬂim+1 i 'ai,,) =0.

m=1

The reciprocal implication is analogous. 1

DEFINITION 6.2. Let (a;);c1 be a self-adjoint family of simple elements of A.

1. A family (&)ie; of simple elements of L?(.A) is said to de a conjugate system
for (a;);e; if it fulfills conjugate relations an if in addition we have that

6.1) Viel, &eAlg(a,icljuD) 2 cr2a).

2. Let the D-Fisher’s information of (4;);c be

Z [1&;] |2 if (§;)ics is a conjugate system,
r((ai)ier) = q i€l
o if there is no conjugate system.
REMARK. 1. The algebra generated by {a;; i € I} U D is the set of elements of A
which have a dxd matrix representation of the type

Pll(ai;iEI) Pld(ai;iel)
Pp(aj;i€l) -+ Pylaj;i€l)

where for all k,I € [d], Py is a polynomial in the noncommutative variables
Xj;i € I, and Py(a;;i € I) € Ay. So the conjugate relations can be viewed
as a prescription for the inner products in L?(.A) between &; (i € I) and elements
of this subalgebra. It follows that the conjugate system for (;);c; is unique, if
it exists. Note moreover that the existence of the conjugate system is equivalent

to the existence of any family in L?(.A) which fulfills the conjugate relations; in-
deed, if (;);e; fulfill the conjugate relations and if we set, for all i € I, 7; to be

the projection of & onto Alg({a;; i € I} UD) 7, then (7,)ic; will also fulfill the
conjugate relations, hence will give a conjugate system.

2. Consider an involution * of I such that foralli € I, a,(;) = a;. Consider
a family (¢;);c; which fulfills conjugate relations. Then define, foralli € I,

g pc(”i) *
gl pr(ai) é’*(l)
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Then (&);¢; fulfills conjugate relations, hence we have & = & for all i if (&;);¢; is
a conjugate system. It can be written

'07(’1’) *
(6.2) Cu(iy = ——Gi»

O Py

Proof. Let us prove 2. It suffices to prove that (&; )ze 1 fulfills conjugate re-
lations. Consider n > 0 and ,iy,...,iy € I such that (;,a;,...,a;,) is a square
sequence. Then

rd p * * *
(G ®a; @ @aj,) claw) — 01 (855 @) © - ®ag; )
Pr(a;)
Oc(a; *
= pCE ; (cnr1(ay(iy) ® - @A,y @ Cu(i))

= (r@),c@) © Cn1(Gui) @ (i) @ -+ @ a(iy))”
= (1r(g.e(@) On 20,1 Prica))”
=GPz
which closes the proof. 1
3. A link with the already defined notions of Fisher’s information can be
made as follows: Consider x € Ay; such that x*x is invertible in Aj;. Then a pair
(¢, %é*) fulfills conjugate relations for (x,x*) if ‘F’,—’l‘gx(x*x)’1 fulfills conjugate
relations in the sense of [15] for x*x in (Ay;, ¢;). The reciprocal is true if moreover,
@1 (&x(x*x)~1) is null.

Proof. (¢, %C*) fulfills conjugate relations for (x,x*) if and only if for all
n>0,

(4) p(Ex(x*x)") = Lo @e((xx*))gi((x"x)" ),
(B) Erqu(@x*(xx")") = Lilo@i((x"x)ee((xx*)"™),

where (xx*)? stands for p; and (x*x)? stands for p.
But using ¢(.*) = ¢(.), we have

(4) = <Pz((X*x)"x*€*)—éfpz((x*xi)%((xx*)"i)f

which is equivalent to (B) because ¢;((x*x)"x*¢*) = f)’[‘ Pr (& x* (xx*)™).
So (&, p—’[‘é‘*) fulfills conjugate relations for (x, x*) if and only if for all n > 0,

@1 (Ex(x*x)" Zgok xx*) ) g ((x*x)" ).

It is implied by the fact that %”‘Cx( x x)’l fulfills conjugate relations in the sense

of [15] for x*x in (A;;, ¢;), and the reciprocal is true if moreover, ¢; (&x(x*x) 1) is
null. &
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6.2. CRAMER-RAO INEQUALITY.

THEOREM 6.3. Consider a non null element a of Ay, with k # 1 and o, < py.
Then

¢(aa”) P (a,a%) > 0} + 7,
with equality if and only if there exists c positive number such that the moments of c.aa*
in (Axk, 9x) are the moments of the Marchenko-pastur distribution with parameter %.

Proof. If (a,a*) has no conjugate system, then it is obvious. If a conjugate
%\ = Ok =% . . .
system for (a,a*) is (g, ot ) (indeed, by (6.2), any conjugate system has this
form), then

Dp(a,a*) = 1+é *
r(a, = o P8¢,

1
so it suffices to prove that

p(aa*)g(E5*) = pf

Note that we have ¢((¢*)*a) = p;, so the result follows from the Cauchy-Schwarz
inequality. Moreover, we have equality if and only if there exists ¢ > 0 such that
¢* = ca, which is equivalent to the fact that for all n > 2 even,

1
c;l)(a*®a®-'-®a) :(5,1,22
and
prl

(k) *o...a) =g, ,PL2
G (a®a*®- - ®a*) n2 o G

which is equivalent, by theorem 2.3, to the fact that the moments of c.aa* in
(Akk, @) are the moments of the Marchenko-pastur distribution with parameter
Pr

o 1

6.3. FISHER’S INFORMATION AND FREENESS.

THEOREM 6.4. Consider a non null elements x,y of Ay, with k # 1. Then we
have

6.3) Pr(x,y, 27, y") 2 Pr(x,x7) + Py, y7),
and we have equality if x,y are free with amalgamation over D. Moreover, if
Pr(x,y,%",y") = Pr(x,x7) + Pr(y,y7) < oo,
then x,y are free with amalgamation over D.
Proof. - Let us prove that
Pr(x,y,x7,y") 2 Pr(x,x7) + Pr(y, 7).
If &,(x,y, x*,y*) = oo, it is clear, and in the other case, let (&, %C*, Z, Z—’l‘é*) be the
conjugate system for (x,y,x*,y*). Then (¢, 5—’1‘5*), (resp. (g, %g*)) satisfy conju-
gate relations for (x, x*) (resp. for (y,y*)), so the result is proved.
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- Suppose that x, y are free with amalgamation over D. If ¢(x,x*) = oo or
®(y,y*) = oo, then we have equality in (6.3). In the other case, let (¢, %’;6*), (resp.

(¢, %@ *)) be a conjugate system for (x, x*) (resp. for (y,y*)). It suffices to prove
that (¢, %’I‘é*, Z, %g*) is a conjugate system for (x,y, x*,y*). Itis clear that

& %’5*,6 %C* e Alg({x,y,x,yJUD) ",

so it suffices to prove that (¢, %’1‘6 *C, f;—’;g *) fulfills conjugate relations for the fam-
ily (x,y,x*,y*). Let us prove condition (iii) of definition 6.1. Since (g, %g*),
(resp. (g,’;—fg*)) is a conjugate system for (x,x*) (resp. for (y,y*)), we have
(@) =ai(§) =) =all’) =0 and 2l ®x) = 2l ®y) = p, (5 ®

|
y*) = cz(g—’l‘g*@x*) = pk. Since ¢, ¢* € Alg({x,x*}UD)“'Hz, and {,{* €

Alg({y,y*}UD) I ‘2, by freeness with amalgamation over D, we have
((®x) =0l @x") =cn(@ey) =c(®y") =0.
Consider now n > 2, and a square sequence (T,ay,...,a,) € {, %6*,@, %g*}x
({x,x*,y,y*}"). Let us prove that
(6.4) 1(T®a ® - ®ay) =0.

For example, we can suppose that T = (. If one of the a;’s is y or y*, then (6.4) is
due to the freeness with amalgamation over D. If none of the a;’s is y or y*, then
(6.4) is due to the fact that (¢, %’I‘Q‘*) fulfills conjugate relations for (x, x*).

- In order to finish the proof, let us prove that if (¢, %Q’*) is a conjugate

system for (x, x*), then we have x¢ = {*x*. Both belong to

pAlg({x, U D) 2,

which is equal to

[1-1]2

{pet U{(xx)m;n =1}
Thus, since @ is a faithful trace state on Ay, it suffices that for all n > 0,
Pr((xx")"x8) = pr((xx7)"E"x7),
where (xx*)? stands for p;. We have

oe((xx)xg) = Ploy(e(xx)x)
Ok

= Py () g ((ex) ),

Pk =0
which is a real number. Thus
Pr((xx™)"¢*x") = @r(§™x" (xx*)") = @i (((xx™)"x¢)") =
= @ ((xx*)"xG) = i((xx™)"x0).
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So we have proved that x¢ = ¢*x*.
- Now, suppose that

Qr(x,y, X", y") = p(x,x") + Pr(y,y") < co.

By theorem 2.1, in order to prove the freeness with amalgamation over D of x
and y, it suffices to prove that for all n > 2, for all zy, . . ., z, taken in the algebras
Alg({x,x*} UD) and Alg({y,y*} UD), but not all in the same one, we have

(6.5) n(z1 Q- ®2zy) =0.

By the formula of cumulants with products as entries (Theorem 2 of [26]), we can
suppose that

Z1,---,2n € {x/ x*/y/y*}'

If the sequence (z1,...,z,) is not square, then (6.5) holds by paragraph 2.2 (a).
So we suppose the sequence to be square, and by equation (2.7), we can suppose
that

(z1,22) € {0, y"), (v, %), (¥ ), (¥, ¥) }-

For example, we will treat the case where (z1,27) = (x,y*).
Consider (¢, %’I‘C*,C, %’;g*) a conjugate system for (x,y, x*,y*). Then using
the hypothesis and 1. of 6.1, we know that (¢, %’I‘C*), (resp. (¢, P—’;g*)) is the conju-

gate system for (x, x*) (resp. for (y,y*)). Since x¢ = ¢*x*, we have

(6.6) M (@ ®202) = (R0 ®2,®2).

Now, we apply the formula of cumulants with products as entries (Theorem 2 of
[26]) to left hand side and right hand side of (6.6).

LHS = ,(x0f0y0ne - 0z02)+ Y.

1<i<n
i even

CE”(&@ZZ@Z:}@'"®Zi)cle{2i+2(x®zi+l®...®ZH®ZT)

=0 because
2=y (and c2(¢) = 0)
P

- acﬁfiz(C@@y@@zav®~-~<§9zn<§9z1ﬁ®x)
- 0
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On the other side, we have

RHS = M (@ 0xr0n0ne---®2,07)+ ¥
1<i<n
=0 because i even
n+2>2

CEZ)(X* ®ZZ®Z3 SR ®Zi) ngk_)i+2((:;’* ®Zi+l & .- ®Zn ®ZT)

=0ifi<n

PRy ®2) O (& @ x*).
£0

Hence
C,(f)(x* RYRz3® - Qzy) =0,

which is what we wanted to obtain. &

QUESTION. It would be interesting to have a characterization of R-diagonal ele-
ments with non trivial kernel involving the Fisher’s information defined in this
paper. Inspired by the paper [15], we ask the following question: given a com-
pactly supported probability measure v on R, what are the elements 2 € Ap;
such that aa* has distribution v in (A, p2), and such that

D, (prapa, paapa, p2a*p1, p2a*p2)

is minimal ?

APPENDIX A: PROOF OF PROPOSITION 5.1

Let us suppose, for example, that oy < p;. Fix R > 0 such that R? is more
than the suppremum of the support of y. Define, for all 4 > 1, the map

1Jd
kgt x€[0,R]T— =) 4.
i=1

The index g in x; will always be omitted, because no confusion will ever be pos-
sible. For P probability measure on [0, R]7, we denote by x(P) the push-forward
of P by «. First of all, let us recall a large deviation principle. For basic definitions

on large deviations, see P. 177 of [10] or many other books (e.g. [6]).
THEOREM 6.5. Let, for n > 1, Z, be the total mass of
2B g -an
Py = A(x) ]1 xR Rt (X
1=
Then the finite limit B := nlim n=2log Z,, exists, and the sequence (K (%Pn)) satis-
—00 n n

fies a large deviation principle in the set of probability measures on [0, R| endowed with
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topology of weak convergence in the scale n=2 with the good rate function

1iv——g20) — (o1 — o}) [log(x)dv(x) +B.

This theorem was proved under a slightly different hypothesis in [10] (the-
orem 5.5.1 p. 227, with Q = 0). The difference between the hypothesis above and
the hypothesis of theorem 5.5.1 of [10] is that in the latter, the bound R does not
appear, the measures are considered on R*. But it is not a problem: the proof
of theorem 5.5.1 can easily be adapted to this context (in fact it is more easy to
work with the compact set [0, R]). Note that an analogous modification of a result
proved for the interval R™ to the interval [0, R] is done p. 240 of [10].

Note that removing the renormalization constant Z, and the limit B, one
gets the following result. Its formulation implies to have extended the notion of
large deviation principle to sequences of finite measures (not only of probability
measures), but it can be done without any ambiguity.

COROLLARY 6.6. The sequence of finite measures (x (Py)),, satisfies a large devi-
ation principle in the set of probability measures on [0, R] endowed with topology of weak
convergence in the scale n=2 with the good rate function

Jiv— =gtz w) = (pxor — p}) [ Tog(x)dv()

Now, we give the proof of proposition 5.1.
Stepl. Forallr >1,e >0,

Xr(a;2r,¢) = hmsup = logA(FR(a 1,21, pke)) + oo log n.

n—oo

Ir(a;n,r,pre) is the set of matrices of My, (k,I) such that [[M|| < R and each
moment of order < r of the spectral law of the k-th diagonal block of MM* is
e-closed to the moment of same order of . Thus by the remark following lemma
5.2, A(Ir(a;n,2r, pre)) is
M p, ({x € [0, R]qk(”) ;Vi=0,...,r, |mi(x(x)) —m;(n)| <e})
ak(n) 179 (n)— i
M= ] I qz(n —qi(m) J*
where P, is the measure introduced in the previous theorem.
Step II. Let us compute the limit C, as n — oo, of

7

1 log nﬂk(”)m(”) N .
310 " ~ T Qkprlogit.
n qu( ) ;H;?I () () ]|

Uy =

We have, by Stirling formula, log j! = 4 log] +j(logj—1)+O(1). So

Uy =

n k
9i(m)gi () 221( )logrf—— ; log]—l—]log]—l))
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1t 1
Y. (5logj+j(logj—1))+pxerlogn+O(-)

)
iy (n)—qi(n)
= pkpor log 1+
7k (n) (qi(n) +1) + (q;(n) — V)gi(n) — (q1(n) — q(n) — 1)(q;(n) — gx(n))
2n2
() , ()
qk( % j  logge(n)
lo
mg% B &)
gen? 1 M i loggi(m) ML
BRI ey B DI o Lo o B j
K j= g1 (n) — gy (n) Tk k j=a1(n) —qi(n)
+poxp1 logn +0(1)
01/ Pk
= I +1 tlog tdt — tlog tdt
= pror(log 7w +1) — py / og Pk /p g 108

108 940 10 ) ) + 1) + () — D)

n
—(q1(n) = gx(n) = 1)(q1(n) — qx(n))] + pxos log(qx(n) 7 ) +o(1)
1 o1/p
= pxp;(log T+ 1 —log px) —p%/ tlog tdt —p,%/ o tlog tdt + wx
0 o1/ pk—1 n

[ak(m) (qe(n) + 1) + (q1(n) = V)qi(n) = (q:(n) — qi(n) — 1) (q1(n) — qic(n))
—2qi(n)g;(n) +O(n)] +o(1).

Thus
5 1 5 [P1/Pk
Un —> C := pxp;(log m + 1 —log px) —pk/o tlog tdt —pk/ . tlog tdt.
_ o1/ k=
=-1/4

Step III. Now, let us denote by F(r,¢) (resp. G(r,¢)) the set of probability
measures on [0, R] for which each moment of order < r is e-closed (resp. strictly
e-closed) to the moment of same order of u. F(r,¢) (resp. G(r,¢€)) is closed (resp.
open). Thus by the previous corollary, we have

lim sup — 2 loan( L(F(r,e)) < — mf]

n—co F(rj)

hmmf 5 log Py (k™ Y(G(r,e))) > — inf J.
G(re)

But inf | = inf ], SO
F(r,e) Gre

n—oo

1 _ .
2108 P (7 (P ) o = inf ],
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and it follows, by Steps I and II, that
;2r,e) = — inf J+ C.
Xr(a;2r,€) Fl(l;l,s)]
As £ goes to 0 and r goes to oo, Fi(nf)] goes to J(i), and we obtain the desired
r,€

result:
xr(a) =
2
/
OFE() + (pr — pi)ox [ log(x)du(x) + pypi(log 2 +1) + 5 — p? [P1/P | tlogtdt.

APPENDIX B: PROOF OF LEMMA 5.2

In all this proof, we shall identify elements of R7 with the associated diago-
nal gxg matrix.

a) First of all, the fact that ¥ is an injection onto a set with negligible com-
plementary is well known (see [11]).

b) Let P be the gxq’ matrix with entry (i,]) equal to 1 if i = j, and to 0
in the other case. Then the set U, ; is PUy. So the set U,/ Ty x Rf’h <xUyyisa
manifold, and for u € Ug, a € R’il < V€ L{q/, its tangent space at (uTq,a, Po)
is the cartesian product of tangent spaces of respectively U, /T, R‘i’ < Uyp g at
respectively uT,, a, Pv. The first of them can be identified, via the map M — u*M,
to the set ilg of anti-hermitian matrices with zeros an the diagonal, the second one
is R", and the third one can be identified, via the map M — Mv*, to the set Llwl
of gx ¢’ matrices in which the submatrix of the first g columns is anti-hermitian.
The differential d‘f’uTq/u, po of ¥ at (uTj, a, Pv) is given by the following formulae:

VX € ilg, d‘FuTq,a,pv(u*X, 0,00 = u(Xal/2 — al/zX)u*Pv,
N —
=M, (X)
VA e R1, dY, 0,A,00 = 1,4 *P
S 7 uTq,u,Pv( 7 7 ) - Eumu vr
VY € Uy o, d‘ﬁqu,ﬂ/pv(O, 0,Yv) = ua'?u* Yo

44’ when con-
sidered as a real space. Define n = ¢> — g and m = 2qq' — ¢°. Fix (uTy, a, Pv) in
the manifold, and Xj,..., X, € 49, Ay,...,A; € Rl and Yy, ..., Yy € 8y 5. Now,

let us compute the differential form ¥*det at (1T,, a, Pv) on the family
((4*X41,0,0),...,(u"X4,0,0),(0,A1,0),...,(0,A40),(0,0,Y10),...,(0,0,Yy0)).

It is equal to

¢) Let det denote the determinant on the canonical basis of 97t

det [uM,(Xq)u*Po, ..., uMy(X,)u*Pv, %uﬁ—}zu*Pv,. ., %u;—j’zu*Pv,

ua'?u* Yo, ..., ua ?u*Y,v).
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Define 7i = [g I 0
7-q

is orthonormal for the euclidian structure we chose on 90, ./, and the left or right
multiplications by unitary elements are orthogonal, and have determinant 1 by
connexity of the unitary group. So what we want to compute is equal to

1A1P 1 Aq
24172 MYV

] € Uq/. We have Pii = uP. Note that the base we chose

det(M,(X1)P, ..., My(X,)P, 4P, aPuryqd, ..., a Put Y.
In order to compute this, let us introduce another basis of M, ;. Let us denote
the elementary matrices of 9, ,» by

By (1<k<g1<I<q).
Define, for1 <k <1 <gq,
e1 = Exi+ Eix, e = (B — Erx),
let By be the family (e, €} ;)1<k<1<g, define

By = (Exk)1<k<qs

and let B3 be any basis of Ug,q- Note that B := By U B, U Bj is a basis of M,z Let

A be a non-null real number such that det is A times the determinant on 5. Note

that the matrix of the family

1A 1 A
Lp,.

F = (Ma(X1)P, ..., Ma(X,)P, =

sl 1/2P a2y Y1, . a 2ury, i)

on B is block upper-triangular (with respect to the decomposition B = B; U B, U
Bs3). So det(F) is A times the product of the determinants of the matrices of the
families
A
(Mo(X1)P, ..., Ma(X)P), (345P,..., 375D),
(Pr(a'u*Yyil),. .., Pr(a'u*Y,i))

on the respective bases B3, By, B3 (Where Pr denotes the projection on Span(B3) =
i, o in the direction of Span(B; U ), i.e. the orthogonal projection on i, /).
Let us compute the first determinant. M, maps linearly 112 into the set of

q4

hermitian matrices with null diagonal, so X — M,(X)P maps linearly 112 into
Span(B). Let (Fy)1<ki<q be the elementary matrices of ;4. Define, for 1 <
k<l<y,

f1 = Foi—Fr fig = i(Fo+ F),

let B1 be the family (fi1, fi })1<k<i<4- The matrix of the map X — M,(X)P be-
tween the bases 1 and B; is block-diagonal, with blocks

0 1/2 1/2

i 4 , 1<k<lI<yg).
all/z — a}(/Z 0 (1< - q)
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So its determinant is A(a'/?)?, and the determinant of the matrix of the family
(Ma(X1)P,..., Ma(X,)P) in By is A(a'/?)? times the determinant of the matrix of
the family (X3,..., Xy) in B1.
The second determinant is
of the family (A, ..., Ay) in By.
Let us compute the third determinant. In this paragraph, we shall use a two
blocks-decomposition of matrices of M, . Any gxq matrix Y will be denoted

L1 __ times the determinant of the matrix
27 (ayan) 12

by Y = (Y;,Y;), where Y is a gxq matrix, and Y; is a gx (g — q) matrix (s is for
square, and r for rectangular). With this decomposition, Pr has a simple expression:

Pr(Y) = (YSEY;, Y;). Note thatif Y € U, ,/,

then Y; is anti-hermitian, so
Pr(al/zu*Yﬁ) = N, ((u*Ysu, u™Yy)),
where
al2Y, + Y,al”?
2

Note that Y € qu,q/ — (u*Ysu, u*Y;) is orthogonal, and has determinant one by
connexity of Uy. Let us compute the determinant of N,. All vectors of the basis

Ny : Y€ty — ( L' 2Y) € Yy .

(Ex1 — Erp)r<k<i<q Y (i(Exg + Erx) 1<k<i<q U (Exp) 1<k<q Y (Ek)) 1<k<yg

q—q<i<q q—q<i<q
are eigenvectors of N, with respective eigenvalues
12 12 172 12
a’” +a U a.’” +a U (4172 U (a1
(72 )1<k<i<q (72 Ji<k<i<q Y (47) 1<k<q (/%) 1<k<q -
q—q<l<q q'—q<l<q
Thus the determinant of N, : Yp g — uw is
12 12\ 2
g+l a'~+a
(a1---a9)7 72 J] <k21> )
1<k<iI<gq

The third determinant is this quantity times the determinant, in 33, of the family
(Y1,..., Yim).
d) So the value of the differential form ¥*det at (1T}, a, Pv) on the family

((u*X41,0,0),...,(u"Xy,0,0),(0,A1,0),...,(0,A4,0),(0,0,Y10),...,(0,0, Ynv))

is
1 1
AA 1/zzd’cX,...,X —_—
(@2 et (X4, - o)y o

det(Ay,..., An)(ar---a)7 772 T

12, AR
(uk +a;
can 1<k<I<q

2
5 > C}g(zt(yl,...,ym).
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It is well known (see, e.g., section 1.5 of [5]), that it is equal, up to a multiplicative
constant, to

U, /T, U,
2H w1 (u Xl,...,u*Xn)cClaent(Al,...,An)wvl'i’” (Y19,...,Yu0),

where w1/ 11 is a non-null differential 7-form on Uy / Ty which is invariant under
the left action of the unitary group, and w14 is a non-null differential m-form on

U, which is invariant under the left and right actions of the unitary groups. So

¥*det is equal, up to a multiplicative constant, to

f.waTo A det A w™ad,

Ccan

where f is the smooth function defined on Uy /Ty x ]R?h o X L{q,q/ by

f(uT,a, Pv) = A(a)? H aZ .

Hence the push-forward, by ¥}, of the Lebesgue measure on M,z is the tensor
product vy ® Coy y» @ 7y, 4, Where C is a positive constant.
e) Let us compute C. As noticed in the remark following the lemma, by
definition of the measures vy, and 7, ,, we can now claim that the map
¥ Uy x (R_'_)q X Uq/ — My
(u,x,v) — udiag(xy,...,x )1/2u*PU

is surjective and preserves the measure Haar (/) ® g © Haar(Uy) (i.e. the

push-forward of this measure by ¥ is the Lebesgue measure) where 0y,q 1s the
measure on (R1)"” with density given by formula (5.2).
The function x € M, ;» — e~ Tr¥x" has integral with respect to the Lebesgue

measure equal to 7777 . Thus

99 —

7T
7-[1711 / / / !7 q — Trua'2Pov* P*al /2y dadudo.
H]_ ]!I—[q p q]l (Rt)4 ueEUy UEU/ ':1 ]
Thus
1 1 / 2 1 g _ vy X
: = M@ [ e T da
-1
C T I et S

We can now apply formula (4.1.8) p-1190f [10], withn =¢q,p=1,a=¢q' —q+1,
and it appears that C = 1.
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