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CLASSICAL AND FREE INFINITELY DIVISIBLE DISTRIBUTIONS
AND RANDOM MATRICES

BY FLORENT BENAYCH-GEORGES
Ecole Normale Supérieure

We construct a random matrix model for the bijection W between clas-
sical and free infinitely divisible distributions: for every d > 1, we associate
in a quite natural way to each *-infinitely divisible distribution u a distribu-
tion IF’Z on the space of d x d Hermitian matrices such that ]P)Z * P = IPZ*V
The spectral distribution of a random matrix with distribution IP’Z converges in
probability to W (1) when d tends to +00. It gives, among other things, a new
proof of the almost sure convergence of the spectral distribution of a matrix
of the GUE and a projection model for the Marchenko—Pastur distribution. In
an analogous way, for every d > 1, we associate to each x-infinitely divisible
distribution w, a distribution ]Lg on the space of complex (non-Hermitian)
d x d random matrices. If p is symmetric, the symmetrization of the spec-
tral distribution of |M;|, when M is ]LZ -distributed, converges in probability

to W(p).

Introduction. Free convolution B, defined in Bercovici and Voiculescu
(1993), is a binary operation on the set of probability measures on the real line,
arising from free probability theory (u B v is the distribution of X + Y when
X,Y are free and have distributions g, v). It is associative, commutative and
continuous with respect to the weak convergence. A probability measure u on R
is said to be H-infinitely divisible if for every n > 1, there exists a probability
measure [, on R such that M?” equals to u.

It is shown in Bercovici, Pata and Biane (1999) that there exists an homeomor-
phism W from the set of x-infinitely divisible distributions to the set of H-infinitely
divisible distributions which associates to every classical (resp. free) limit theorem
a free (resp. classical) analogue. Indeed, for every *-infinitely divisible distribu-
tion u, for every sequence (u,) of probability measures, for every sequence (k)
of integers tending to infinity, the sequence ,qu" tends to u if and only if the se-
quence ;LE,H kn tends to W(w).

The proofs in Bercovici, Pata and Biane (1999) rely on integral transformations
and complex analysis. We will, in this article, construct a matricial model for
the H-infinitely divisible distributions, and present in a more palpable way the
bijection W.
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Let w be an x-infinitely divisible distribution. Let (u,) be a sequence of
probability measures and (k,) a sequence of integers which tends to infinity
such that the sequence Mﬁk” tends weakly to u. Let, for d > 1 and n > 1,
(@5” (resp. K;") be the distribution of U diag(Xy 1,..., X, a)U* [resp. of
Udiag(X, 1,..., Xn,a)V], where U, V are independent unitary Haar distributed
random matrices independent of the i.i.d. random variables X,, 1, ..., X, 4 with
distribution w,. We will prove, in Section 3 (resp. Section 7.1), that the sequence
((Q4"y*kny [resp. ((K4")*m)] converges weakly to a probability measure P
(resp. ]LZL ). The main results of this article are the following ones: the spectral
distribution of a random matrix with distribution }P’g converges in probability
to W(u) when d tends to infinity, and so does the symmetrization of the spectral
distribution of |My| when M, is distributed according to Lg . So we have
constructed matrix models which go from x-infinitely divisible distributions to
H-infinitely divisible distributions when the dimension goes from one to infinity.
What is more, for all *-infinitely divisible distributions w, v and all d, IPZ*V =
]P’Z * P} and LZ = IL,ZL * ;. This property (and the fact that all formulas depend
analytically on d, so could be extended to noninteger d) opens the perspective
of a continuum between the classical convolution * and the free convolution H
for infinitely divisible mesures [M. Anshelevich has already constructed such
a continuum in Anshelevich (2001), but the model we present here does not
interpolate his construction]. T. Cabanal-Duvillard, in Cabanal-Duvillard (2004),
has studied at the same time as the author the distributions P/;, and has proved the
same result, but with different methods (processes, measure concentration, integral
transforms).

At last, in the case where u is the standard normal distribution, W () is the
semi-circle distribution with center zero and radius two, and the distribution IP)Z
is closely related to the one of the GUE, so that the convergence of the spectral
distribution of a matrix with distribution IP’Z implies Wigner’s result. Likewise, the
distribution ]Lg is the one of a matrix with independent Gaussian entries, and we
have a new proof of the convergence of the spectral distribution of the Wishart
matrix with parameter 1 to the Marchenko—Pastur distribution.

In the same way, in the case where u is the classical Poisson distribution, this
result allows us to see the Marchenko—Pastur distribution as the limit spectral
distribution of a sum of independent rank-one projections.

The text is organized as follows. In Section 1 we recall a few results about
infinitely divisible distributions and about their classical and free cumulants. In
Section 2 we explain the choice of the model (i.e., of the distributions }P’g and ILZ ).
In Section 3 we construct the distributions ]P’Z“ . Finally, the convergence in
probability of the spectral distribution of a random matrix with distribution IP’Z
to W(w) is proved in two steps. In the first one, we show the convergence when the
Lévy measure has compact support, and in the second one (in Section 6), we extend
this result using approximation and compound Poisson distributions. The first step
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is achieved with the moment method, and is divided into two steps: convergence
of the mean of every moment in Section 4, almost sure convergence in Section 5.
The distributions Lg are constructed in Section 7.1, the convergence in probability
of the symmetrization of the spectral distribution of |M,|, when My is distributed
according to ]LZL , 1s also divided in two steps.

1. Preliminary results about infinitely divisible distributions.

1.1. Definitions and the bijection W. The results of this section concerning
classical probabilities are in Gnedenko and Kolmogorov (1954) and in Petrov
(1995); the results concerning free probabilities are in Bercovici and Voiculescu
(1993) and in Bercovici, Pata and Biane (1999), except the continuity of the
inverse of the bijection W, which is shown in Barndorff-Nielsen and Thorbjgrnsen
(2002). A probability measure 1 on R is said to be *-infinitely divisible (resp.
H-infinitely divisible) if for every n > 1, there exists a probability measure wu,
on R such that u)" (resp. /,LEH”) equals @, which is equivalent to the existence of
a sequence (u,) of probability measures, of a sequence (k;) of integers tending to
infinity, such that Mﬁk” (resp. ;LEH k”) tends weakly to u.

We can characterize *-infinitely divisible distributions (resp. H-infinitely divis-
ible distributions) with their Fourier transform (resp. their Voiculescu transform).
A probability measure p on R is x-infinitely divisible (resp. B-infinitely divisible)
if and only if there exists a real y and a positive finite measure G on R such that
its Fourier transform /& (resp. its Voiculescu transform ¢,,) has the form

. itu 1+ u?
() = [yt me_q — ]dG }
() eXP{IV + ueR[@ T2 2 (u)
(1) =—% for u=0
141z
(resp. ou() =y —i—/ dG(t)).
teR 7 —1

In this case, the pair (y, G) is unique, and we denote y = vy G (resp. vé’G).

REMARK. There exists other parametrizations of x-infinitely divisible distri-
butions: for example, denoting y' = vy, o2 =G{0}), L(A) = n 11‘—;‘2 dG(u) for
all Borel set A of R\ {0}, one has [ eR\{O}(l Au?)dL(u) < oo, and fi(r) =

u

. 2,2 . .
exp(iy't — %5 + fyeryo) (€™ — 1 — {1i2) AL (w)).

We now give the definition of W, referred to in the Introduction.

THEOREM 1.1 (Bercovici—Pata’s bijection). We endow the set of positive
finite measures on R with the weak topology; the subsets {x-infinitely divisible
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distributions} and {B-infinitely divisible distributions} are also endowed with the
weak topology.

1. The maps

R x { positive finite measures} — {x-infinitely divisible distributions},
(v, G) > v1C

and

R x { positive finite measures} — {x-infinitely divisible distributions},
v.G
(v, G) = vy
are homeomorphisms and we have
y+v'.G+G' _ ,v.G , V.G
V) =v/" xv) Y,

vé-ﬁ-y’,G—l—G’ _ Ué’G = l)é/’G,.
2. Let us define the map \V, from the set of x-infinitely divisible distributions to
the set of H-infinitely divisible distributions, which maps, for all (y, G), the
v.G v,G
measure vy to the measure vy . Then
(a) WV is an homeomorphism called Bercovici—Pata’s bijection,
(b) for all u, v *x-infinitely divisible distributions, ¥ (u x v) = ¥ (u) H W (v),
(c) Dirac measures are invariant under W : W (8,) = 4,4,
(d) W(N(m,r?)) is the semi-circle distribution with mean m and variance r>
which is Wy, 2 (x) dx, with

>

Wi 2r (X) = py— (41’2 —(x — m)2)1/21|x—m|§2rv
(e) W, restricted to the Cauchy type, is the identity: foralla > 0, V(C,) = Cg,
1 adx

where C, = T 2l

(f) for all sequence (u,) of probability measures on R, for all sequence (k;)
of integers tending to infinity, the sequence uﬁk" converges weakly to a
x-infinitely divisible distribution | if and only if M,?k" converges weakly
to V().

REMARK 1.2. In the text, the positive finite measure G is called the Lévy

measure of v} ' and vé’G. We will use the two following properties:

1. If the Lévy measure of a H-infinitely divisible distribution v has compact
support, then so does v [see Hiai and Petz (2000)].

2. w59 s symmetric if and only if v} Y s symmetric, if and only if G is
symmetric and y = 0.
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1.2. Classical compound Poisson distributions, approximation of x-infinitely
divisible distributions by sx-infinitely divisible distributions with compactly
supported Lévy measures.

DEFINITION 1.3. Let A be a nonnegative real, p be a probability measure
on R. Then the sequence of probability measures on R

)\‘ )\‘ *n
((1 _ —>5o+ —p) Y
n n

*
p.A?

75 (1) = exp(L(p(1) — 1)),

where p is the Fourier transform of p.

converges weakly to a distribution noted 7 , , with Fourier transform

) G .
REMARK 1.4. n;‘ 5 18 vy with

u

G=A d , :A/
1+l/t2 ,0(14) Y ue

R 1+ u? do(w).

We introduce now the compactly supported approximations of the positive finite
measure G.

DEFINITION 1.5. Let, for G positive finite measure on R, t > 0, GV, G, be
the positive finite measures on R defined by

GYA)=GAN[-1,1]),  G((A)=G(A\[t,1])

for all Borel set A of R.
We define A; > 0, the probability measure p; on R, and a; € R with

1+ u? 11+ u?
)“f = 2 dG(u)v Pt = — 2 th(l/i),
ueR\[-1,1] U At U
a; = —/ (1 /u)dG (u).
ueR\[—1,t]
We will use the following approximation:
0
) V>0 v}k”G=vZ+a"G’ *”;,,At’

because one observes that 7, , = veH with

2
u u
H=Mm dp;(u) = Gy, o :At/ueRmdpt(u) = —as.
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1.3. Partitions, moments and cumulants of infinitely divisible distributions.
For every probability measure u, we will denote, when it is defined, by m,, (1)
the nth moment of w, which is [ x" du(x). In this case, we will denote by &, (1)
[resp. R, ()] its nth classical (resp. free) cumulant. Recall that [see Section 4 of
Speicher (1994) or Section 2.5 of Hiai and Petz (2000)]

(3) m =Y []eviw ,

wePart(k) Ver

denoted by € (1)

(4) my=Y_ ] &wviw) .

meNC(k) Vern
N ——
denoted by R (1)

where Part(k) denotes the set of the partitions of {1, ..., k} and NC(k) denotes
the set of noncrossing partitions of [k] = {1, ..., k} (a noncrossing partition of
a finite totally ordered set [ is a partition 7w of I such that there does not exist
x <y <z<tel with x and z belonging to the same class and y and ¢ belonging
to another class).

We will need the following proposition [part of which was proved in Barndorff-
Nielsen and Thorbjgrnsen (2004), but the proof we give here is shorter]:

THEOREM 1.6. Let u be a x-infinitely divisible distribution with compactly
supported Lévy measure, and let, for n integer, i, be a probability measure such
that " = . Then for each k > 1, the sequence (n x my(t,))n tends to (),
which is equal to K (V(u)).

PROOF. By (3), one has

nxmiu)=n Y. J[eviw)= > n'""Fle(u) =) + o).

nePart(k) Ver Cpvi(w)/n  ePart(k)

Let us denote v, = ,UE". By part 2.(f) of Theorem 1.1, the sequence (v,) con-
verges weakly to W (u). By Holder and Minkowski inequalities in tracial noncom-
mutative W*-probability spaces, every moment of v, is bounded uniformly in #,
so the cumulants of v, tend to the cumulants of W (u). But by (4),

nxmu)=n Y [ &)= 3 n' &),

———
meNC(k) Ver Ry (on)/n meNC(k)

which tends to

38R (W () = Re (W ().
7eNC(k) U
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2. Free convolution and random matrices, choice of the models. For v
probability measure on R, denote by v, the symmetrization of v, which is the
probability measure defined by v(B) = %(U(B ) + v(—B)) for all Borel set B.

For M Hermitian matrix, we will denote by s its spectral distribution, that is,
the uniform distribution on its spectrum (with multiplicity).

For M complex (possibly non-Hermitian) matrix, denote by fi|y the sym-
metrization of the spectral measure of |M|, where |M| = +/M*M is the unique
Hermitian nonnegative matrix such that M can be written M = U|M|, with U
unitary.

If M is a random matrix, s is a random probability mesure on the real line.
For (M;)4 sequence of random matrices, we will use the notion of convergence in
probability for the sequence (i p,) of random probability measures.

The rest of this section may be skipped by the reader who wants to go straight to
the result. We will only explain the choice of the models, that is, is of the family’s
IP’g and Lg of distributions.

Let us now explain in detail the choice of the family of the distributions ]P)g ,
the distributions of the random Hermitian matrices. We would not go into as much
detail for the distributions L, which we construct in a similar way.

The following theorem is proved in Voiculescu (1991) and in Pastur and
Vasilchuk (2000) under more restrictive hypothesis, which can easily be removed
using functional calculus.

THEOREM 2.1. Let n be a positive integer. Let 1, ..., W, be probability

.....

Hermitian random matrices. We suppose that for all i =1, ..., n, the distribution

of Mg(li) is invariant under the unitary group’s action, and [, ) converges in

d .
probability, when d — oo, to ;. Then the spectral distribution of Y ', M;’)
converges in probability, when d — oo, to w1 B --- B u,.

Let us consider a sequence (u,) of probability measures on R and a
sequence (k) of integers tending to +oo such that Mﬁk” converges weakly to
a probability measure 1 on R. Let, forn e N, d € N*, (M c(li,)n)lsiskn be a family of
independent copies of a random Hermitian d x d matrix My ,, whose distribution
is unitarily invariant. For every n € N, we suppose that py,, converges in
probability, when d — oo, to ;.

Then we know that, for every n € N, the spectral distribution of Zf”zl M(%

converges in probability, when d — o0, to MEH kn,

Let us suppose that, on the other hand, for every d € N*, Zf’;l M [(li)n converges
in distribution, when n — 00, to a random matrix M.

We know, by Theorem 1.1, that ,u;',ak” converges, when n — oo, to the
image W (1) of u by Bercovici—Pata’s bijection.
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A natural question is the following: does the spectral distribution of My
converge in probability, when d — oo, to W(u)?

In other words, is the limit, when d — o0, of the spectral distribution of the
limit, when n — oo, of Zf"zl Mc(;’)n equal to the limit, when n — oo, of the limit,
when d — oo, of the spectral distribution of Zfil M C(II’L?

The answer of this question is affirmative in our model [My, = U x
diag(X,.1,..., Xn.q)U*, U unitary Haar-distributed, independent of the i.i.d.
random variables X, 1, ..., X, 4 with distribution p,]. It can be summarized in
the following diagram:

n—oo
M 4oy 2
| |
d goes to 0o d goes to 0o
2 \
spectral law: n—>00  gpectral law:
Bk, -
I W)

The choice of this model is supported by the three following remarks:

1. Ford,n>1,if u, = ,lr(l/ln/)n%’

i) 1 _dx
i1 M

dn 18 7 14x2°
2. For any fixed d > 1, Zf"zl M 6(,’),1 converges in distribution, when n — oo, to a

the expectation of the spectral distribution of

distribution P, which depends only on p = lim,_, & ik,
3. For every pair (u,v) of x-infinitely divisible distributions, similarly to the
relation

W(pxv)=W(p) BY(Q),
we have, for every d > 1,
]P’Z*]P}}:IP’Z*U.

This property (and the fact that all formulas depend analytically on d, so could
be extended to noninteger d) opens the perspective of a continuum between
the classical convolution * and the free convolution H for infinitely divisible
measures.

Let us now explain how to construct the distributions Lg . The following
theorem is easily obtained combining the results of Haagerup and Larsen (2000)
and Hiai and Petz (2000), and using functional calculus.

THEOREM 2.2. Let n be a positive integer. Let W1, ..., L, be probability
Q)

measures on R. Let, ford > 1, (M ;");=1,....n be a family of random d x d matrices

with every MC(;) having a distribution invariant under the left and right actions
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of the unitary group. We suppose that, for every i = 1,...,n, the distribution
of M d)ls invariant under the left and right unitary group’s actions, and that

the symmetrization [Ll M) of the spectral distribution of |M, @ )| converges in

probability to ;.
Then the symmetrization of the spectral distribution of

S M
i=1

converges in probability, when d tends to infinity, to w1 B --- B w,,.

Let us then consider, for u symmetric x-infinitely divisible distribution,
a sequence (u,) of symmetric distributions and a sequence (k,) of integers

converges weakly to w. Let d be a

kn

which tends to infinity such that )
positive integer. If for all n, (M (’) Wi=1,...k, 15 a family of independent copies
of Udiag(X1y,..., Xq)V, where U V X1, ..., Xg are independent, U and V are
unitary Haar-distributed, and X1, ..., X are distributed according to u,, then it
appears that

Z (t)

converges in distribution to a distribution IL“ which depends only on .
We will show that if My is distributed accordmg to LY 4 then 17, converges in
probability to W(u).

3. The distributions }P’g . [ denotes expectation. For any distribution P and
any function f on a set of matrices, Ep(f(M)) denotes [ f (M) dP(M). Tr denotes
the trace.

THEOREM 3.1. Let u be an *-infinitely divisible distribution. Let (u,) be a
sequence of probability measures on R and (k,) a sequence of integers tending
to 400 such that the sequence i, " converges weakly to . Let, for d > 1 and
n>1,Qu" be the distribution of U diag(X, 1, ..., Xn.a)U*, where U is a Haar-
distributed unitary random matrix, independent of the ,,-distributed i.i.d. random
variables X 1, ..., Xn.d-

Then the sequence (((@5")*]‘") of probability measures on the space of d x d
Hermitian matrices converges weakly to a distribution IF’Z .

Moreover, Fourier transform of the distribution IP’Z on the space of d x d
Hermitian matrices with the scalar product (M, N) — TrMN is given by this
Sformula: for every Hermitian matrix A,

5) EIP’Z (exp(i TrAM)) = exp(E(d x ¥, ((u, Au)))),

where

kn
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o Y, is the Lévy exponent of |, that is, the unique continuous function f from R
into C such that f(0) = 0 and the Fourier transform of u is expo f,

e (-, -) is the usual Hermitian product of e,

e u={(uy,...,uq) is a uniformly distributed random vector on the unit sphere

of C4.

It appears clearly that, for w,v =-infinitely divisible distributions, IP’Z *
Py, =P4™.

PROOF. We will show the pointwise convergence of the Fourier transform
of the distribution (@g”)*k" on the space of d x d Hermitian matrices. Let A
be a d x d Hermitian matrix with spectrum a € R?. Let F, (resp. F) be the
Fourier transform of ,un ®d (resp. 1®4). Then, when n tends to infinity, k, (F, — 1)
converges (uniformly on every compact set of R¢) to the Lévy exponent ¥ of u®¢
(ie., to wl?d, where v, is the Lévy exponent of ).

We have

E qpiny-in (eXp(i TrAM)) = (Egyen (exp(i TrAM)))"
Recall Qg” is invariant under the unitary action, so
E qiinyvin (eXp(i TrAM)) = (Equn (exp(i Tr(diag(a) M))))""

Qg” is the distribution of Udiag(Xy 1, ..., X».4)U*, where U is a Haar distrib-
uted unitary matrix, independent of the u,-distributed i.i.d. random variables
Xntsoos Xna.So

]E(@Zn)*kn (exp(i TrAM))

= (E(exp(i Tr(diag(a)U diag(X,, 1. ..., Xn.a)U*))))"

:< <exp( 2 )))k
(S )

which can be written

(sl (Emr), ) -))

(recall [d]={1,...,d}).
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But &, (F,, — 1) converges uniformly on every compact set to i when n — oo,
so we have

d
E qinysn (exp(i TrAM)) 2 exp (E (vf (( > axlug, |2> )))

It implies that (Qg”)*k" converges in distribution to a probability measure }P’g
and that the Fourier transform of IP’Z , evaluated on a d x d Hermitian matrix A
with spectrum a € R?, is given by

d
Eps (exp(i TrAM)) :exp(E(xﬂ((ZaHuMlz) )))
4 k=1 le[d]

But § = y®9, s0

(6) EPZ (exp(i TrAM)) = exp(E(d x ¥, ((Z, a)))),
where (-, -) is the usual scalar product of R and Z = (lu1)?, ..., lug|?), with
u=(uy,...,ug) auniformly distributed random vector on the unit sphere of cH,

Recall that the distribution of u is invariant under the unitary action, so
E(d x ¥,((Z,a))) =E(d x ¥, ((u, Au))). U

REMARK 3.2 (The Poisson case). One can already identify ]P’s when
u = P(A) is the classical Poisson distribution with parameter A (denoted 715“1’ 2
in Section 1.2). It is easy, using Fourier transform, to see that, in this case, IP’Z is
the distribution of
X (d))
> ualoug(ky*,
k=1
where (uq(k))k>1 is an independent family of uniformly distributed random vec-
tors on the unit sphere of ce, independent of the & (dA)-random variable X (d1).

Explicit computation of the Fourier transform of Pg —the Gaussian case. In
this section we give the distribution, the moments and the Fourier transform of
the random variable Z appearing in (6) of the Fourier transform of ]P’g . In the
following, we will only need the moments of Z.

PROPOSITION 3.3. Let u be a random vector of the unit sphere of C?
with uniform distribution. Then the distribution of Z = (Ju1|?, ..., |ug|?) on the
standard d-symplexe is the uniform distribution, that is, for every bounded Borel
function f,

E(f(url?, ..., lual®)

1 1—xi -9 % d-1
:(d—l)!f / / flxn oo xam, 1= ) x| dx.
x1=0 Jxp,=0 xXq4-1=0 i=1
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To prove it, write u as a renormalized Gaussian standard vector on C4, and do
an appropriate change of variables.
We deduce, by induction on d, the following:

PROPOSITION 3.4. Ford > 1, forua € N4, denoting s =), o,

[ (i) (d— D!
E e 2y = (g — 1)\ —=L < (o) ————
([P0 g Py = (@ = DI EE e < 60 s
REMARK 3.5. When p = N(0, 1), that is, ¥, (1) = —%, Proposition 3.4
allows us to compute the Fourier transform. It appears then that, when M,
1

has distribution }P’fj , My has the distribution of Ny + ﬁX .1 ;, where N, €

GUE(, #) [GUE, 02) is the Euclidean space of Hermitian d x d matrices

endowed with the standard Gaussian distribution with variance o2] and X is a real
standard Gaussian random variable independent of N,;.

Proposition 3.3 allows us also to compute, by induction on d, the Fourier
transform of the random variable Z.

PROPOSITION 3.6. Letd > 2 be an integer and let a € R4 be such that the ay
are pairwise distinct. Then

d iaj
E(exp(i{a, Z)) = —(d — 1)!'Y ¢

j=1

Mot 7ailac—aj)

This proposition, together with the formula
EPZ (exp(i TrAM))

iuTr(A) } 1 + u?

:exp{inr(A)—i—d GETS Y dG(u)},

E eiu(Z,a) -1
ueR|: ( )

—E—(<ZZ’“>2) for u=0
gives us the explicit computation of the Fourier transform of IP’Z .

4. Convergence of the kth moment of the mean spectral distribution to the
kth moment of ¥ (x) when the Lévy measure has compact support.

4.1. Statement of the result, preliminaries for the proof.

PROPOSITION 4.1. Let u be an x-infinitely divisible distribution with com-
pactly supported Lévy measure (in the sense of the definition given at Remark 1.2).
Then we have

VkeN, EPZG Ter) —mp (¥ () = 0(2).
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Notation and preliminaries. Let, for n € N*, u, be a probability measure on R
such that ;" = p. Let us consider, ford > 1 and n > 1, (MC(;’)n)lf,-Sn 1.1.d. random
matrices with distribution Q“ ". Then we know by Theorem 3.1 that, for d > 1, the

sum of the M él)n s (i =1, ..., n) converges in distribution to IP’Z“ when n — oo. We
know, by Theorem 1.6, that, for all k € N*, the sequence nmy (u,) is bounded, and

SO
1 k (i)
Vk>1,Yd=>1 EPZ(ETrM >_ lim E( ((ZMM> ))

Let us then fix k € N*.

4.2. Computation of Eps(éTer) and proof of Proposition 4.1. Let us

define, ford,n > 1,

1 k
i = gTr<E( 1 M;{,y»))

femkr=1

We have

We will transform this sum by summing on the partitions.

We denote by Bij(/) the set of permutations of a set /. Consider a partition 7
of [n] (we have defined [n] = {1, ..., n}) and k € [n]. We denote by 7 (k) the index
of the class of k, after having ordered the classes according to the order of their
first element [e.g., m(1) =1; 7 (2) =1if 1 Z 2 and r(2Q)=2if 1 % 2]. We denote,
for [, n nonnegative integers, by Afw the number of one-to-one maps from [/] to [n],
thatis,n(n — 1)---(n — [ + 1).

The following lemma will be used quite often in the text.

LEMMA 4.2. Consider k,n € N*. Consider ¢ : [n]* — C such that
Vfelnl*.VoeBij(n)  ¢(oof)=a(f).
Then
Yo=Y ATle(x),...,7K).

felnlk  ePart(k)

By this lemma, we have

o=y ¥ AlnlnM«w»)

7 ePart(k) r=1
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1 r r

7eNC(k) r=1 7 ePart(k) r=1
7w ¢NC(k)

denoted by vy,
denoted by wy

LEMMA 4.3. Let w be a partition of a totally ordered finite set 1. Then the
following assertions are equivalent:
(i) m is noncrossing,
(i1) there exists a class V of w which is an interval, and 7 \ {V} is a non-
crossing partition of I \'V.

Using several times Lemma 4.3 and integrating successively with respect to the
different independent random variables, we have

1
vd,n=ETr( > An”|HM|V|(Mn)'Id>

7 eNC(k) Vern

reNC) I __vern
|
By Theorem 1.6, for every k > 1, one has
Jim < mic(pn) = K (W ().
So for every d,
dim vgn= > [T &vi(¥ @) =me(¥(w).
TeNC(k) Ver

To treat the term wy ,, let us expand the trace:

o=y $ 8 are(TeE,,.)

nePart(k) jeld r=1
TENCK) jii1:=ji

k
1 7] MEO)
== > Al > AdE| ]G, )eyris |
m ePart(k) tePart(k) r=1
7 ¢NC(k)

where for each t € Part(k), p(k + 1) =t().
Using the fact that (Ma%)ls,- <n are independent copies of a matrix with
distribution Q” ", we deduce

wan=7 Y AT A ] Egp < [T Mo, r(r+”)

nePart(k) tePart(k) Vern rev
7w ¢NC(k)
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-y Afm» Al I1 E( > H(uz(r),l,ﬁr(rﬂ),l,Xn,l,)),
nePart(k) tePart(k) Vern le[d]V reV
7 ¢NC(k)

where U € Uy is Haar-distributed and independent of (X, 1,...,
applying Lemma 4.2,
wd,,,_ Sooalrl 3 Al

nePart(k) tePart(k)
w¢NC(k)

X 1_[ E( Z Alial 1_[(uf(r),a(r)ﬁf(r-H),a(r)Xn,a(r)))

Vern oePart(V) reVv

1148

Xn.a). So,

integrating with respect to the X, ;’s,

wd,n— Z A|n| Z Altll—[ Z Alal

7 €Part(k) tePart(k) Ver oePart(V)
T ¢NC(k)
X E( 1_[ (Mr(r),a(r)ﬁz(r+1),a(r))> l_[ my|(in)
reVv veET

denoted by oy 7.

_ 1
d
7 €Part(k) sw tePart(k)
T gNC(k) "=

o], 1-
X 1—[ Z A ol O‘d,r,o 1_[ nmlvl(ﬂn) )
Ven oePart(V) n—00 \U‘ veo :f—"
— S (1)

by Theorem 1.6

when n — oo, for every m ¢ NC(k), for every V € m, the only remaining o €

Part(V) is {V}.
So one has

1
Eps (3 Tr Mk) — mi (¥ ()

1 J—
7 ePart(k) T €Part(k) Ver reVv
7 ¢NC(k)

where u = (u1, ..., ug) is a uniformly distributed random vector of the unit sphere

of C4,
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Using the invariance of the distribution of # under the action of diagonal unitary
matrices, one sees that forall k,/ >0, i € [d]k,j e [d], if

k [
E(]‘[ui, ]‘[zzj,) #0,
r=1 r=1

then k = [ and there exists a permutation ¢ of [k] such that for all 7, i, = js ).
So the preceding formula can be written

1
Ep (3 Ter) — m (¥ (1))

1
=7 > > Al ] ¢|V|(M)E( [1 Mr(r)ﬁr<r+1>>,

w ePart(k) Teacc(r) Vern reVv

7 ¢NC(k)
where for any finite totally ordered set / (in which the following element of any
element x < max [ is denoted by x + 1 and max I + 1 = min /), for any partition
of I, acc(ir) is defined to be the set of w-acceptable partitions, which is the set of
partitions 7 of / such that

VVern,d¢p €Bij(V),VreV t(r)=1(¢p(r) +1).

LEMMA 4.4. Let I be a finite totally ordered set, i, T be partitions of I such
that:

e 7 has a crossing (i.e., T is not noncrossing),
e T is w-acceptable.

Then we have

(N ||+ |z| < [1].

PROOF. We prove the lemma by induction on the cardinality of / (which is
not less than four because 7 has a crossing).

e If the cardinality of I is four, then we can suppose I = [4]. We have
m = {{1, 3}, {2, 4}} and the inequality (7) is easy to verify because there are only
three m-acceptable partitions:

{[41}, {12}, {3.4}}, {14}, {2, 3}}.

e Suppose the inequality (7) proved when the cardinality of I is p, and
consider / with cardinality p+ 1, and 7, T partitions of I such that 7 has a crossing
and t is w-acceptable.

e If 7 and 7 have no singleton class, then their cardinalities are not greater
than |/|/2 and (7) is verified.
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e If m has a singleton class {a}, then t(a) = t(a + 1). This implies that if
one removes the element a in I, the class {a} in 7 and the element a of its class
in 7, then 7 stays m-acceptable (and, clearly, = keeps a crossing). So, by induction
hypothesis, we have (|| — 1)+ |t| < |I]| — 1.

e If 7 has a singleton class {b}, denote by V the class of b in 7= and by ¢
the permutation of V such that forall r € V, 7(r) = t(¢(r) + 1). We must have
¢b)+1=b,sob—1 ~ b. Remove the element b in I, the class {b} in T and the
element b of V. Then, clearly, 7 keeps a crossing. Define ¢ to be the permutation
of the “new” V by

2oy o), if¢p(r) #0b,
d)(r)_{b—l, if ¢ (r) = b.

Then for all » in the “new” V, r and q~>(r) are in the same class of the “new” .
It implies that t stays m-acceptable. So, by the induction hypothesis, we have
lZl+(zl =D =H—-1 O

Now recall Proposition 3.4: for & € N, denoting s = 3", o,

d
Hizl(ai!) < (s!)s (d—1)! .
(s+d—1)! (s+d—-1)

But for r, T € Part(k), with t w-acceptable, for all V € m, there exists o € N9 such
that > ; ; = |V| and

E(uy [ -+ Jug|**d) = (d — 1)!

E( [ ur(r)ﬁr(r+1)) =E(u1 - |uq)®).

reVv

So, by Proposition 3.4 we have

B (oM ) = i)

1 d-—1)!
=5 X X AldMewl [TavY e
 ePart(k) Teacc() Ver (l | - )
T¢NC(k)
Let C be real such that
d—-1! _
Vd>1,Vselk N —2 < Cd".
> s € [k] (S)(s+d—1)!—

We then have

d

1
By (5 TrM* ) - mk(\v(u))‘

1 -
<= > Y dldmewicTla.

7 ePart(k) teacc(r)
7w ¢NC(k)
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But according to (7), for all w# ¢ NC(k) and for all T € acc(rr), we have |t|+ || —
k <0, so Proposition 4.1 is shown.

5. Convergence in probability of the spectral distribution to ¥(x) when
the Lévy measure has compact support.

5.1. Statement of the result and preliminaries to the proof.

PROPOSITION 5.1. Let pu be an x-infinitely divisible distribution with com-
pactly supported Lévy measure (in the sense of the definition given at Remark 1.2).
Then the spectral distribution of a random matrix with distribution IP’Z converges
in probability to V() as d tends to infinity.

Notation and preliminaries. We keep the notation and the objects introduced
in Section 4.1. We consider a sequence (M) of random matrices defined on
the same probability space such that for all d, My has distribution IP’Z , and we
will prove the almost sure weak convergence of the spectral distribution of My
to W(w). It implies Proposition 5.1. Since W(u) is determined by its moments,
the weak convergence of any sequence of distributions to W(u) is implied by the
convergence of all moments to those of W (u).

Let us fix k > 1. 'We will show that almost surely,
1 k d—o0
p TrM; — mp(W(w)).
Var denotes the variance.
Recall that by Borel-Cantelli’s lemma, a sequence (Y;)4eN of square-integrable
real random variables converges almost surely to a real / if >_;(E(Yy) — 1?2 and
>4 Var(Yy) are finite.

But we know that EPZ(éTer) —mp(¥(n) = 0(%). So it suffices to show
that

1
ZVar]pu (— Ter> < 0.
d d
d
We will show that Var]pg ( % TTM* =0 (d%) using the formula

k
1 1 n ,
® v (Grort) = (gLt )
i=

denoted by V.,
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5.2. Computation of Varpg (é Tr M*) and proof of Proposition 5.1.  'We have

1 k
vn,d:E< 5 gTr<nM;f,y») ( I M;-{;;r»))
r=1

feln]? r=k+1

(2 = TrnM;f;’”))z-

fe[n]" r=1

Let us apply Lemma 4.2:

1 k
Vad= Y. Af'E((ETrnMc(fn(r)))( Tr ]‘[ Mf,f”)»
r=I1

1 ePart(2k) r=k-+1

k
- ¥ A|”1|A|’T2|]E< Tr]_[M(’”(”))) (%r]‘[Mj,’fj“”).
r=1

1,7 Part(k)

We split the sum into two parts: in the first one we sum over the partitions of [2k]

which can be split into two partitions 7r; and 7 respectivly of {1,..., k} and of
{k+1,...,2k}, in the second one we sum over other partitions of [2k],
Vod= Z [Alml-i-lﬂzl _ A|7TI|A|772|]
) n n n

71 ,mpePart(k)

1 & ey (m2(r))
E|:2Tr1:[Md7E 4 Trl_[M T2

7 €ePart(2k) r=k+1
Ji<k<j,i%j
Let us expand the trace:

1
— Z (Allﬂ1|+|ﬂ2| _ A}|17T1|A|nﬂ2|)

71,7y €Part(k)

(()) (())
<o 3 Mo, ) 2 1))

Vn,d =

jeldk r=1 jeldlk r=1
Je1:=]1 Jr1:=]1
1 (71(1)) (7 (k))
+— > AT E(MT) (M)
2 11 b3 dnJje i
d 7 €Part(2k) jeld*
Ji<k<j,i%j

« (M) (MO

JaN d,n )]Zkvjk+1]'
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We apply Lemma 4.2 once more:

1
Vid=— Z (Alnﬂl\Hﬂzl — ALNlIA\nnzl) Z AldfllAldle
71,y €Part(k) 71, Tp €Part(k)
: (1 (r)) £ (m2(r))
mr o (r
X E|: n(Md,n )rl(r),rl(r+1):|E|: H(Md,n )Iz(r),tz(r+l)i|
r=1 r=1

1 2k
I7] (7 (r))
+ ﬁ Z Alnﬂl Z Ad E|: H(Md,n )r(r),f(r+1)i|’
m ePart(2k) tePart(2k) r=1
Ji<k<j,i%j
where for any partition t of [k], t(k 4+ 1) denotes t(1), and for any partition t
of [2k], 1 <r <2k + 1, we define

(), ifs ¢ (k+1,2k+1},
i) =1 (1), ifr=k+1,
tk+1), ifr=2k+1.

Since (M d. n)1<l<,, are independent copies of a matrix with distribution Qd , We
have

1
— Z (Alnn1|+|ﬂ2| _ ALJI]IAInnz\) Z AgI‘AE{Z‘

Vn,d =
my,mpePart(k) 71,72 €Part(k)
X ]_[ EQZ” |: 1_[ Mn (r),m (r+1)] l_[ EQZ” |: H M‘[z(r),tz(r+l):|
Vem rev Ve, reVv
! 7l
o 2 Al 2 Al [ EBe| [T Meey e
 ePart(2k) tePart(2k) Vern reVv
Ji<k<j,ij
1
= il Z (ALmIH?Tzl _ AlnﬂllAlnﬂz\) Z A|dTI\A|de\
my,mpePart(k) 71,72 €Part(k)
x [1 E[ > 11 ”n(r),lrﬁfl(r+1),ern,lri|
Vem le[d]V reV

X l_[ E|: Z 1_[uTZ(r)»lrﬁTZ(r‘f'l)Jranlr:|

Vem le[d]V reV

1
+ d_2 Z A|n77| Z A|T| l_[ E|: Z l_[ Uz (r), lrut(r+1)l Xn lrj|,

7 ePart(2k) tePart(2k) Vern le[d]V reV
Ji<k<j,i™~j
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where U is a unitary Haar-distributed random matrix, independent of (X, 1, ...

Xn.d)- So, after application of Lemma 4.2,

Vad=— Z (AL”'H"”Z' _ A\nﬂllA}Iszl) Z AlimAlim

m1,mpPart(k) 71,72 €Part(k)

x I1 E( > Ald(ﬂ 1_[un(r>,a<r>ﬁn<r+1>,o<r)Xma(r))

Vem o €Part(V) reVv

x I1 E( > Alf' 1_[Mrz(r),a(r)ﬁn(rﬂxa(r)Xma(r))

Vem oePart(V) reVv

1 7]
by Al Y 4
7 ePart(2k) tePart(2k)

Ji<k<j,i%j

X 1_[ E( Z Aldal 1_[ "r(r),a<r)ﬂf(r+1>,a(r>Xn,a(r)),

Vern oePart(V) reVv

integrating with respect to the X, ;’s,

|71 [+]72] |71l 4 |2l
V, 4= i Z An — An An Z AlTl 4172l
n, d2 nlmil+lm2| d “d
m1,mePart(k) 71,72 €Part(k)

< [T > ”“'”'A'dUIE[ I1 ”fl(r),U(r)ﬁru(r+1),o(r)j| [ 17> mp(un)

Vem oePart(V) reVv veo

X l_[ Z n1—|0|A|d‘T|IE|: l_[ ufz(r)’g(r)ﬁfz(r+1),g(r):| l_[ n x m|v|(an)

Vem oePart(V) reVv veo
1 Ay 7l 1—[o| 4lo]
n T —|o o
+ 2 o 2 Al X Ay
7 ePart(2k) tePart(2k) Vem oePart(V)
Ji<k<j,i™~j

X E|: l_[ ur(r),a(r)ﬁf(r—f—l),a(r)] l_[ n X mlvl(/an)-

reVv vEo
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Let n tend to infinity:

+lm2| |71l 4 |2l
I Al Amlay .
_ 1l 4 Il
Vi = d2 Z PEAERER] Z Ag Ay
11,7 €Part(k) 71,72 €Part(k)
=0

<I1 ¥ aceaf

Vem oePart(V) n2>>08|1(r|

X E[ l_[ ”fl(r),a(r)ﬁfl(r+1),6(r)} l_[ n X miy|(n)
S ———

revV veo 00
— &y (1)

by Theorem 1.6

I T aela

Vem oePart(V) ni>)08|lg|

X E[ l_[ “rz(rm(r)%(rﬂ»a(r)} l_[ n X myy|(n)
———

rev veo n—0oo
— &y ()

by Theorem 1.6

1 AlTl

_ n 7| I—|o| 4lol
DS D SNTE | B S
mePart(2k) — — tePart(2k) Ver oePart(V) n1>)08|1(7|

Ji<k<j,i~tj" =51

X E|: H ”t(r),a(r)ﬁf(r+1),a(r):| H n X my|(tn)
NS

rev Uea n—oo
T ()

by Theorem 1.6

when n tends to infinity, for every partition 7 (or 7 or m3), for every V € m, the
only resting o € Part(V) is {V'}. So one has

V. L
arpg E T
1 _
=5 > >oAl T A$¢|V|(M)E( [1 uz(r>uf<r+1>>’
wePart(2k) tePart(2k) Ver rev
Ji<k<j,i%j
where u = (uq, ..., ug) is a uniformly distributed random vector of the unit sphere

of C4,
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But recall that by invariance of the distribution of # under the action of diagonal
unitary matrices, for all k,[ >0, i € [d]¥,j € [d], if

k l
E(]_[ui, zzj,i) #0,
r=1 r=1

then k =/ and there exists a permutation ¢ of [k] such that for all 7, i, = jg ).
So the preceding formula can be written

1 k
Varpg E TrM

=7 > > A‘dfldlnl I1 ¢IVI(M)E< I1 uz(r)ﬁf(rﬂ)),

wePart(2k) teadm(w) Vern rev

Ji<k<j,i%j

where adm(7r) is defined in the following way (splitting the set [2k] in two disjoint
sets [k], [2k] \ [k]): for any pair (I, J) of disjoint finite totally ordered sets, for any
partition w of I U J, adm(rr) is defined to be the set of m-admissible partitions,
which is the set of partitions 7 of / U J such that

YV en, ¢ eBij(V),VreV t(r)=t(p(r)+1),
where for any x € I (resp. x € J), x 4+ 1 denotes the element following x in /

(resp. J).

LEMMA 5.2. Let (I,J) be a pair of disjoint finite totally ordered sets, m, T
partitions of 1 U J such that:

. . N
o thereexistsi €l,je J,withi~ j,
o T is w-admissible.

Then we have

&) [l + Izl < [+ | ]].

This inequality can be proved by induction, the proof is analaguous to the one
of (7).
Recall (Proposition 3.4) that for « € N?, using the notation s = Y, a;,

MLi@h _ s @=D)!
(s+d—D! = "7 (s+d—1D

But for every 7, t € Part(2k), with T w-admissible, for every V € m, there exists
o € N? such that > ;i =1V]and

(10)  E(luy[*' - Juq*™) = (d — 1)!

E( [1 um)ﬂmn) =E(uy [ - - ug|*).

reVv
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So, by (10), we have

1 k
Varpu | = TrM
a\d
1 7l d—1)!
< Ag'd™ TT e qvipVl————.
- 72 Z d V(L
d 7 €Part(2k) Ven (V]i+d—-1
Ji<k<j,i~j
teadm(r)
Consider C < oo such that
d—1)!
Yd=>1,Vs e [2k] (s!)si( ) <Cd~*s.
(s+d—1)!
We have
1 —
Val =<+ Yoo dd e, lcimlak,
7 €Part(2k)
Ji<k<j,i%j
teadm()

But according to (9), for every 7w € Part(2k) such that there exists i < k < j with
i~ j and for every m-admissible T € Part(2k), we have |t| + |7| — 2k <0, so

1 k 1
Varpg (E TrM ) = 0(?)

and Proposition 5.1 is proved.

5.3. Applications to GUE and sums of independent projections. This section
is not necessary for the rest of the text.

Proposition 5.1 contains the almost sure convergence of the spectral distribution
of the matrices of GUE(d, d+r1) to the semi-circle distribution, where GUE(d, 0'%)
is the Euclidean space of d x d Hermitian matrices with the scalar product Tr(- x -),
endowed with the standard Gaussian distribution with variance o 2.

Indeed, let (Ng)qgen+ be a sequence of random matrices such that for every d,
the distribution of N, is the one of a matrix of the GUE(d, #1) [we do not do
any hypothesis about the joint distribution of (Ng)gzen+]. Let X be a real Gaussian

standard random variable, independent of (N;)sen+. We have seen to Remark 3.5
that for d € N*, M; .= N; + J% - I; has distribution Pg(o’l). We have proved
that pp, converges almost surely to the centered semicircle distribution with

variance 1. So uy,, which is equal to 6 __x  * pp,, converges almost surely to
Vd+1
the centered semicircle distribution with variance 1.

Another consequence of Proposition 5.1 is the following one. Recall that for
all & > 0, the Marchenko—Pastur distribution with index A is the image, by the
Bercovici—Pata bijection, of the classical Poisson distribution & (A) with index A.
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PROPOSITION 5.3.  Let, foralld > 1, (uy(k))x>1 be an independent family of
uniformly distributed random vectors on the unit sphere of C¢. Then for all A > 0,
the spectral distribution of

d/
> ua(kyug(k)*

k=1
converges in probability to the Marchenko—Pastur distribution with index A when
d, d’ tend to infinity and the ratio d'/d tends to \.

The proof of this result, which uses tools introduced in the following section, is
in the Appendix.

6. Convergence in probability of the spectral distribution M; to W(u)
without condition on the Lévy measure.

6.1. Convergence in probability of a sequence of random distributions to a
deterministic distribution. We will denote, for z € C, by %z and Jz its real and
imaginary parts. Let us define, for v probability measure on R,

fr:Ct={zeC;3z>0} = C,

/ dv(u)
Vil ane .
ueR U — 2

Then f, is a holomorphic function on C*, | f,,(z)| < é and the map

{probability measures on R}> > RT,

(i1, w2) = sup{| fu, (2) = fu, (2)|; Sz > 1}

is a distance which defines the weak topology.
So, for (My)q>1 sequence of Hermitian random matrices and p probability
measure on R, we have equivalence between:

(1) the spectral distribution of 1z, converges in probability to p,
(i1) for every € > 0,

1
E Tr(mz(Md)) - fp (2)

P( sup > 8) e 0,

Sz>1
where, for M Hermitian matrix and z € C\ R, R, (M) = (M — z)~ .
6.2. Statement of the theorem and scheme of the proof.
THEOREM 6.1. Let u be an x-infinitely divisible distribution. Let, for d > 1,

My be a random matrix with distribution IP’Z .
Then the spectral distribution [y, of My converges in probability to W ().
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Scheme of the proof:

1. Notation, approximation of M, by M.
2. Upper bound, for a > 0, of P(rg(N;) > da) uniformly in d > 1.
3. Conclusion.

6.3. Proof of Theorem 6.1.

6.3.1. Notation, approximation of Mq by M. Let y, G be such that u = v,,l/’G.

Recall [equation (2)] that for r > 0, denoting:

1. By G and G, the positive finite measures on R,
G(A)=G(AN[—1,1]), Gi(A)=G(A\[-1,1])

for all Borel set A of R.
2. The a; the number — [, g\ [, 1] LdG ).

+a ,GO —4;.G
3. By s, nu; the measures vy 71 vy 00

>

we have the following:

(i) = s %1y, so for every d, My has the distribution of M/, 4+ N/, where M,
and N}, are independent random matrices with respective distributions IPZ "and P}/,
(i1) v, is the weak limit, when n — o0, of

)"l‘ )"l‘ *n
(=5 n)
n n

with

1+u? 11+ u?
= SAGW).  p= o dG ).
ueR\[—t,t] U AU

So for all d > 1, the distribution IP’Z’ of N :1 is the weak limit of the distribution

of >0, N;:g), where, for every n > 1, (NZI”S) )1<i<n are independent copies of
Udiag(Xp 1, ..., Xn.q)U™* with:

(@) (Xu.1,..., Xpn,q)11.d. random variables with distribution

A by
Q——)%+—m,
n n

(b) U wunitary Haar-distributed random matrix, independent of (X, 1,
ces Xnod)-
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6.3.2. Upper bound, for a > 0, of P(tg(N}) > da) uniformly in d > 1. We
denote by rg(M) the rank of a matrix M.

Let a be a positive real.

Rank is a lower semi-continuous function, so

E(rg(N))) < nlgg()E(rg(ZNZi;’)))

i=1

n
; £,(0)
= nhlgoE(Dng,n >)

i=1
- 0
T 1,3
= lim_ ;E(rg(Nd,n )
=

= nli)lgonE(rgUdiag(Xn,l, s Xn.a)U™)

d
= lim,n )P 70)
= lim nd P(X,,1 #0)

= lim nd~t
n—>oo n
- d)\,[

So we have
E(rg(N))) < di.
We deduce, with the Chebyshev inequality, that, for every a > 0,

1 A
(11) P(rg(N}) > da) < %E(rg(Nfl)) < ;’

6.3.3. Conclusion. Let ¢, n be positive reals. Let us show that there exists an
integer dp such that, for every integer d > do,

1
7 Tr(R:(Ma)) — fww (2)

P( sup > 8> <n.

Jz>1

Choice of t > 0. When ¢ tends to 400, the real a; tends to 0 and the positive

. ,GY
finite measure G? converges weakly to G. So, by Theorem 1.1, vgéﬂ’ " converges

weakly to vé’G. In other words, W (u,) converges weakly to W(u). So there exists
T, > 0 such that, for all t > T},

(12) sup | fu(u) (2) — fun (@) < %

Jz>1
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When ¢ tends to +00, the real A; tends to 0, so there exists 7, > 0 such that, for
every t > T,

&n
13 A < —.
(13) =1
Let t = max(Ty, T»).
For every d > 1, we have

1
P<(\Sup1 ETI'(%z(Md)) — Jw(@)| > 8)
= P( sup 1 Tr(R, (M} + ND) — fu (@) > 3)
Jz>1
and
1 t t
TR M+ ND) = S 2)
1
(14) <|3 Tr(R, (M}, + N} — ‘ﬁz(MclJ))’

1
|3 THOMD) = Sy Q)]+ g @) = Fuo @)

Let us deal with the first term of the sum (14):

We know that for every complex d x d matrix M, |é TrM| < ”dﬂ rg(M), where
||M]| is the operator norm of M associated to the canonical Hermitian norm on ce,
and [|R; (M} + Nj) — R (M) || < IR (M), + NI + 1R (M) < % <2.

Moreover, for all pair M, N of Hermitian matrices, for all z € C\ R, R, (M +
N) — R, (M) = —R, (M + N)NR,(M). So rg(iRZ(Mfi + Natl) - ZRZ(Mé)) <
rg(N)).

So

1 t t t 2 t
(15) b Te(R, (MY, + N') mz(Md»] < S ra(N)),

but foralld > 1,

L Tr(R, (M} + N — SRZ(M;,))‘ > g) < P(‘%rg(N},)

)
> _
-3

‘ de
_ P(|rg(zvd>| > —)

P( sup

Jz>1

6

t

6
<— bydlD
&

=

by (13).

NSRS
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By inequality (12), the third term of the sum (14) is < § as soon as 3z > 1.

Let us now deal with the second term of the sum (14). The Lévy measure of u;
(in the sense of the definition given at Remark 1.2), which is G?, is compactly
supported. By Proposition 5.1 and by the other results of Section 6.1, there exists
an integer dy such that, for every d > dp,

1
S THOMD) — fun@)] 2 5) <.

P< sup

Jz>1

Then for all d > dy, replacing the terms of the sum (14) by the upper bounds we
just gave, we have

1
p( sup | = Tr(R: (M) — fwio ()| > s) <TiTho
Sz>1 d 2 2
So, we have
1
lim P( sup = Tr(R;(Ma)) — fu ()| > s) =0,
d— o0 z>1 d

and Theorem 6.1 is proved.
7. Study of the non-Hermitian model.

7.1. The distributions Lg . This section is the analogue, for non-Hermitian
matrices, of Section 3. The distributions Lg are defined by the following theorem,
the proof of which is analoguous to the one of Theorem 3.1 using the polar
decomposition of non-Hermitian matrices and the bi-unitarily invariance of the
distributions Kg "

THEOREM 7.1. Let u be an x-infinitely divisible distribution. Let (j1,) be
a sequence of probability measures on R and (k,) be a sequence of integers
tending to +00 such that the sequence Mﬁk" converges weakly to . Let, for d > 1
andn > 1, Kg” be the distribution of UDiag(Xp. 1, ..., Xn.a)V, where U,V are
independent unitary Haar-distributed d x d random matrices, independent of the
Wn-distributed i.i.d. random variables X, 1, ..., Xn 4.

Then the sequence ((Kg”)*k") of probability measures on the space of d x d
complex matrices converges weakly to a distribution Lg .

Moreover, the Fourier transform of Lg on the Euclidean space of complex d x d
matrices endowed with the scalar product (M, N) — R (Tr M*N) is given by the
following formula: for all complex d x d matrix A,

(16) ELZ (exp(iN(Tr A*X))) = exp(E(d x ¥, (R((u, Av))))),
where:

o Y, is the Lévy exponent of i,
e (-,-) is the canonical Hermitian product of C¢,
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o u=(Uy,...,uqg), v=_~"1,...,0q) are independent random vectors, uniformly
distributed on the unit sphere of C2.

REMARK 7.2. 1. Notice L)} « LY, = L™,

2. When u = N(0, 1), ]Lf; is the distribution of a matrix [M; ;] with (RM; ;,
SM; j)<i,j<a N(O, ﬁ)—distributed 1.i.d. random variables.

3. The same construction can be done with rectangular bi-unitarily invariant
random matrices. It leads, when the dimensions of the matrices tend to
infinity in a certain ratio, to probability measures which are infinitely divisible
with respect to a certain convolution. The studying of this convolution has
led the author to construct a new noncommutative probability theory, called
the rectangular free probability theory, which allows us to understand the
asymptotic behavior of rectangular random matrices, as free probability theory

describes the asymptotic behavior of square random matrices. It might give rise
to a publication.

7.2. Convergence of the kth moment to the kth moment of W(u) when the

Lévy measure is compactly supported. The purpose of this section is to show
the following result:

PROPOSITION 7.3. Let u be a symmetric x-infinitely divisible distribution
with compactly supported Lévy measure. Then for all integer k,

1
By ns () — mi (W) = 05 ).

PROOF. First, for every complex d x d matrix M, for all integer k, my(it|m|)
is null if £ is odd and is equal to éTr(MM"‘)k/2 if k is even. As u is symmetric,
W (w) is symmetric. So it suffices to show that, for all k € N*,

1 1
By (5 T M) = mar ) = 0 )

Let, for n € N*, u, be the probability measure such that p)" = u. Consider,
ford>1landn>1, (M [(J’,L)lfifn i.i.d. random matrices with distribution K/".
Then we know by Theorem 7.1, that, for every d > 1, the sum of the M L(il’)n’s

(i=1,...,n) converges in distribution to Lg when n goes to co.
We know, by Theorem 1.6, that, for all kK € N*, the sequence (n x mg(i,)), is
bounded, and so that, for all k, d € N*,

a7 E(ma(im)) = lim E( ((Z (l))(z WF))IC)
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Let us fix k € N*.  We are going to use (17).
Let, ford,n > 1,

k
1 n . n .
i :E(E Tr<(ZM;{;><ZM;ﬁ;*)> )
i=1 i=1

1 k _
bd,HZETr(E( > [IMYe 1>>M;,-f;2r>>*)).

fell,... n)kr=1

We have

Let us transform this sum using partitions (Lemma 4.2). Moreover, from now on,

we do not write anymore the index d in M[(ii)rl,

1
bin = Tr<E( S Al Y EO) @) ) Mén@k))*)).
7 ePart(2k)

But
EMV* M0 - M) = E(MDMD* - MV) =0 = mog 1 () L,

21+1 alterned factors 21+1 alterned factors

E(M, "M, - M) = B(M, MY - M) = oy () .

21[ alterned factors 21 alterned factors

So, for w € NC(2k), using many times Lemma 4.3 and integrating successively
with respect to the different independent random variables, we obtain

1
’ Tr(E(MT Oy @) g GO TR0y — (1)

n

Proceeding then like in Section 4.2, we show easily that

By (mo (i p1)) — mox (W (1))

1
= E Z Aldr‘dlﬂlqzn(ﬂ) l_[ E( l_[ Ur(r)Vt(r+1) l_[ ﬁr(r—}—l)sr(r)),

,7ePart(2k) Vern reVv reVv
7T¢NC(2k) r odd r even
with t(2k + 1) = t(1) and where u = (uy, ..., ugq),v = (v1, ..., vg) are indepen-

dent uniformly distributed random vectors of the unit sphere of C¢. But as we
have already seen, by invariance of the distribution of # under the action of unitary
diagonal matrices, for every pair (7, ) of partitions of [2k], if

l_[ E( l_[ Uz (r)Vz(r+1) l_[ ﬁz(r+1)57(r)>

Vern reVv reVv
r odd r even
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is nonzero, then for every class V of m, there exists ¢, permutation of V, which
maps odd numbers to even numbers and vice versa, such that forall r € V, t(r) =
(¢ (r) + 1). It implies that 7 is m-acceptable. Using inequality |t| + || < 2k
[equation (7)], the inequality on the moments of a uniform random vector on the
sphere of cd (Proposition 3.4), we deduce, as in Section 4.2, that

1 1
-~ Z Aldrldlﬂletn(ﬂ) 1_[ E( l_[ Uz (r)Vr(r+1) 1_[ ﬁr(r-i—l)vr(r)) = 0(5)
7, T ePart(2k) Vern reVv reVv
T ¢NC(2k) r odd r even
So
~ 1
VkeN ELg(mk(MlMl))_mk(w(ﬂ)):O(E)- 0

7.3. Convergence in probability to V(i) when the Lévy measure has compact
support. The purpose of this section is to show the following result:

PROPOSITION 7.4. Let u be a symmetric x-infinitely divisible distribution
with compactly supported Lévy measure (in the sense of the definition given at
Remark 1.2). Let, for each d, Mg be a random matrix with distribution Lg .

Then the symmetrization of the spectral distribution of |My| converges weakly
to W () when d goes to infinity.

PROOF. We will show inequalities that would imply almost sure convergence
of the symmetrization of the spectral distribution of |My| to W () if the matrices
M, (d > 1) were defined on the same probability space. So let us suppose that
the matrices are defined on the same probability space. We keep the notation and
objects introduced in Section 7.2. Since W (u) is symmetric and determined by its
moments, the convergence of a sequence of symmetric distributions to W (u) is
implied by the convergence of all the moments of even order to those of W (u).

Let us fix k > 1. We will show that almost surely,

1 d—
y Tr(MM)* =3 mog (W ().

But we know that

By (M) = mar o) = 0(5).

So it suffices to show that

1 ok 1
VarLZL <E Tr(MM™) ) = O(E)
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We will do it using the formula

k
1 A 1 @\ X g0
Var]Lg <g Tr(MM™) ) :nli)rgoVar<g Tr((é lMd’n X;Md’" .
= =

Proceeding like in Section 5.2, we obtain

1 * k
Var 3Tr(Mde)
1 _ _
=7 > Aldrldm'@n(u) I1 E( [T urryvie+n [1 vr(r)uf(r+1)>,
7,7 €Part(4k) Vern rev rev
3i<ok<j.i%j rodd reven
where u = (uy,...,uq),v = (v1,...,vq) are uniformly distributed independent

random vectors of the unit sphere of C?.
But for all couple (7, T) of partitions of [4k], if

1_[ E( 1_[ Uz (r)VE(r+1) l_[ Ur(r)ﬁf(rﬂ))

Ver reVv reVv
r odd r even
is nonzero, then for all class V of m, there exists a permutation ¢ of V, which
maps even numbers to odd numbers and vice versa, such that for all r € V,
t(r) = T(¢(r) + 1), which implies that t is w-admissible. Using the inequality
|T| 4+ |7| < 4k [equation (9)] and the inequality on the moments of a uniform
random vector on the sphere of C¢ (Proposition 3.4), we deduce, as in Section 5,
that Vargx (7 Ti(M M) = 0(37). O

REMARK 7.5. Inthe case where u = N (0, 1), we have a new proof of a well-
known result: the spectral distribution of a Wishart d x d matrix with d degrees
of freedom converges almost surely, when d tends to infinity, to the distribution
of X% when X is a centered semi-circular random variable with variance 1, which
is [see Speicher (1999)] the Marchenko—Pastur distribution with parameter 1.

7.4. Convergence in probability of [i\m,| to W (1) in the general case.

THEOREM 7.6. Let u be a symmetric *-infinitely divisible distribution. Let,
ford =1, My be a random matrix with distribution ]LZ .

Then the symmetrization ji|m,) of the spectral distribution of |My| converges in

probability to W ().

The proof is quite similar to the one of Theorem 6.1.
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PROOF OF THEOREM 7.6.

Notation, approximation of Mg by M. Let G be the symmetric positive finite
measure on R such that u = vS’G . Recall [equation (2)] that, for ¢ > 0, if:

1. GY and G; are the positive finite measures
GY(A)=GAN[-1,1),  G(A)=GA\[-1,1])

for all Boroel set A of R.

0,G
2. ur=v, " and v, = vg’G’,

then we have:

(i) n = py * vy, so for all d > 1, My has the same distribution as M/, + N},
where M) and N} are independent random matrices with respective distribu-
tions Lg "et IL;’,

(i1) v, is the weak limit, when n — oo, of

)\-[ )\-[ *n
((L——>%+~—m)
n n

1+ u? 114 u?
= 4G, = G (w).
ueR\[—t,f] U AU

t

for

So for all d > 1, the distribution ]L:l’ of N 0’, is the weak limit of the distribution
of Z?:le{,S)’ where for all n > 1, (N;:E,f))lfifn are independent copies of
Udiag(X, 1, ..., Xn,q)V with:

(a) (Xu.1,...,Xp,q) 11.d. random variables with distribution (1 — %)50 +

M
7p[a

(b) U,V unitary Haar-distributed random matrices, independent of
()(n,17"'7)(ﬂ41)

In the same way as in Section 6.3.2, we show that, for all a > 0,
t At
(18) P(rg(N}) > da) < —

Let us denote, for p probability measure on R, p? the distribution of X> when X
is a random variable with distribution p.

Consider ¢, n > 0.

Let us show that there exists an integer dy such that, for all d > dj,

>8>§n.

1
- Tr(mz(M;Md)) - f\p(u)2 (2)

P( sup

Jz>1
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Choice of t > 0. When t tends to 400, the measure G? converges weakly

0
to G. So, by Theorem 1.1, V%G’ converges weakly to V%G. In other words, W (j4;)
converges weakly to W (u). So W (u;)? converges weakly to W (w)2. Hence, there
exists 77 > O such that, for all r > T},

£
(19) SUp | fiy 2 () — fugup @] < 5.
Jz>1 3

When ¢ tends to +00, the real A; tends to 0, so there exists 7> > 0 such that, for all
t>1,

(20) A < —.

Let t = max(Ty, T»).
For all d > 1, we have

1
P( Supl _Tr(%Z(M;Md)) — f\p(M)Z(Z) > 8)
Jz>
1
= P( sup] —Tr(R (MJ* + NJYM,+ ND)) — fo @] > 8).
Jz>
Hence,

1
TR (M 4+ NI+ V) = Fag @

1 1% 1% t t tkpgt

1
+ ’ETr(mZ(Mé*MZl)) — fq,(ut)Z(Z)' + |f‘P(Mt)2(Z) - f\p(M)Z(Z)|.

But for all pair (M, N) of Hermitian matrices, for all z € C\ R, R,(M + N) —
R, (M) =—R,(M+ N)NR,(M).
So denoting A!, = M*N) + NJ*(M/, + N}), we have

1
TR+ NI+ ND)) = fogo @

1) < |$Tr(mz(<M§* + NP (M) + Né))A&%(Mé*M&))‘

] IE3 t
+ 'ETF(%z(Md M) = (2@

+ | fu)2 @ = fuq2@)]-

The conclusion is similar to the one of Section 6.3.3. [
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APPENDIX

We prove Proposition 5.3. Denote ZZ/: 1 ua(K)ug(k)* = Ng 4. As explained in
Section 6.1, it is equivalent to prove that, for every ¢ > 0,

1 d,d —
P( sup |~ Tr(R: (Ng,a)) — fupoy @] > 8> =220
3z>1 d'Jd>=\

By Proposition 5.1, (5 (1)) is the limit of the spectral distribution of a random
matrix with distribution Pf(k). But, as noticed in Remark 3.2, Pf(}‘) is the
distribution of

X(d))

Mg:= )" ug(ugk)*,

k=1
where X (d1) is a P (dA)-random variable, independent of the sequence (u4(k)).
So it suffices to prove, that for every ¢ > 0,

d,d'—oco

d'Jd~h

0.

1
P< sup |~ Tr(R;(Ng.a) — SRZ(Md))‘ > 8)

Jz>1

But it was noticed in Section 6.3.3, equation (15), that

1 2
‘2 Tr(R;(Na.a') — %z(Md))‘ = Z18WNaar = Ma),
which is not greater than %lX (dA) — d’|, which converges in probability to zero,
by the weak law of large numbers.
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