THE EIGENVALUES AND EIGENVECTORS OF FINITE, LOW RANK
PERTURBATIONS OF LARGE RANDOM MATRICES

FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

Abstract. In this paper, we consider the eigenvalues and eigenvectors of finite, low
rank perturbations of random matrices. Specifically, we prove almost sure convergence
of the extreme eigenvalues and appropriate projections of the corresponding eigenvectors
of the perturbed matrix for additive and multiplicative perturbation models.

The limiting non-random value is shown to depend explicitly on the limiting spectral
measure and the assumed perturbation model via integral transforms that correspond
to very well known objects in free probability theory that linearize non-commutative
free additive and multiplicative convolution. Moreover, we uncover a remarkable phase
transition phenomenon whereby the large matrix limit of the extreme eigenvalues of the
perturbed matrix dilerk from that of the original matrix if and only if the eigenvalues
of the perturbing matrix are above a certain critical threshold. This critical threshold is
intimately related to the same aforementioned integral transforms.

We examine the consequence of this eigenvalue phase transition on the associated
eigenvectors and generalize our results to examine the singular values and vectors of finite,
low rank perturbations of rectangular random matrices. The analysis brings into sharp
focus the analogous connection with rectangular free probability. Various extensions of
our results are discussed.

1. Introduction

Let X,, be an n>n matrix with real eigenvalues A1 (Xy), ..., An(Xyn) and P, beannxn
matrix with rank r < n and real eigenvalues 64, ..., 0,. A fundamental question in matrix
analysis is the following [12, [2]:

How are the eigenvalues and eigenvectors of X, + P, related to the eigen-
values and eigenvectors of X, and P,?

When X,, and P, are diagonalized by the same eigenvectors then we have Ai(X,+P,) =
Aj (Xn)+A«(Pn) for appropriate choice of indices i, j,k [{1,...,n}. In the general setting,
however, the answer is much more complicated because the eigenvalues and eigenvectors of
their sum depend on the relationship between the eigenspaces of the individual matrices.
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In this scenario, one can use Weyl’s interlacing inequalities [20] to obtain coarse bounds
for the eigenvalues of the sum in terms of the eigenvalues of X,. When the norm of P,
is small relative to the norm of X, tools from perturbation theory (see [20, Chapter 6]
or [33]) can be employed to improve the characterization of the bounded set in which the
eigenvalues of the sum must lie. Exploiting any special structure in the matrices allows
us to refine these bounds [22] but this is pretty much as far as the theory goes. Instead of
exact answers we have a system of messy, coupled bounds. The eigenvector story is even
more convoluted.

Surprisingly, adding some randomness to the eigenspaces permits further analytical
progress. Specifically, if the eigenspaces are assumed to be isotropically random and “in
generic position with respect to each other”, then analytical elegance returns in the limit
of large matrices.

In place of eigenvalue bounds we have simple, exact answers that are to be interpreted
probabilistically. The results bring into sharp focus a remarkable phase transition phe-
nomenon of the kind illustrated in Figure[Il for the eigenvalues and eigenvectors of X,+P,,.
In this paper, we also uncover a similar phase transition behavior for the eigenvalues and
eigenvectors of X, (I +P,) and, in the case where X,,, P, are rectangular, for the singular
values and singular vectors of X,, + P,,. A precise statement of the results may be found
in Section

Examining the structure of the analytical expression for 8. and p in Figure [ reveals
a common underlying theme in the additive, multiplicative and rectangular cases. The
critical values 8., and p in Figure[T]are related to integral transforms of the limiting spectral
measure Lx of X,. It turns out that these G, T and D integral transforms that emerge
in the respective additive, multiplicative and rectangular cases are deeply related to very
well known objects in free probability theory [34, [19] that linearize (non-commutative)
free additive, multiplicative [34] and rectangular [9, [8] convolutions respectively.

The emergence of these transforms in the context of the study of the extreme/isolated
eigenvalue behavior should be of independent interest to free probabilists. This justifies
our anointment of the study of finite, low rank perturbations of large random matrices as
“spiked” free probability theory. In this framework, regular free probability theory would
correspond the study of full rank perturbations of large random matrices.

The development of spiked free probability theory is the main contribution of this
paper. In doing so, we dramatically extend the results found in the literature for the
eigenvalue phase transition in such finite, low rank perturbation models well beyond the
Gaussian [3], 4, 28, [21], [17), (13, 6], Wishart [16, 27, [25] and Jacobi settings [24]. In our
situation, the distribution px in Figure [ can be any probability measure. Consequently,
the aforementioned results in the literature can be rederived rather simply using the
formulas in Section [2 by substituting px with the semi-circle measure [35] (for Gaussian
matrices), the MarCenko-Pastur measure [23] (for Wishart matrices) or the free Jacobi
measure (for Jacobi matrices [14]). See Section [3 for some concrete computations.

The development of the eigenvector aspect of the story is another important contri-
bution that we would like to highlight. Generally speaking, the eigenvector question has
received much less much attention in random matrix theory and in free probability theory
despite impressive breakthroughs [11]. A notable exception is the recent body of work on
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a b P

(a) Largest eigenvalue p > b in blue when (b) Associated eigenvector
0> 0. when 0 > 6,

a b=p

(c) Largest eigenvalue p = b in blue when (d) Associated eigenvector
0 <0, when 6 < 0,

Figure 1. Informally speaking, suppose that the histogram of the eigen-
values of X, normalized to have area one, falls on the solid curve px in (a)
with largest eigenvalue b. Consider the matrix P, := 6uu™With rank r = 1
and largest eigenvalue 68(> 0 say). The vector u is an n %< 1 vector cho-
sen uniformly at random from the unit n-sphere. The largest eigenvalue of
Xn + P, will diledfrom b if and only if 8 is greater than some critical value
B.. In this event, the largest eigenvalue will be concentrated around p with
high probability. The associated eigenvector u will, with high probability,
lie on a cone around u as in (b). When 8 < 6;, a phase transition occurs
so that with high probability the largest eigenvalue of the sum will equal
b as in (¢) and the corresponding eigenvector will be uniformly distributed
on the unit sphere as in (d). For details, see Section 2.

the eigenvectors of spiked Wishart matrices [27, [21, [25] which corresponds to px being
the MarCenko-Pastur measure. In this paper, we extend their results for multiplicative
models of the kind X, (1 +P,) to the setting where Lk is an arbitrary probability measure
and obtain new results for the eigenvectors for additive models and the singular vectors
for rectangular models.
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Our proofs rely heavily on the derivation of master equation representations of the
eigenvalues and eigenvectors of the perturbed matrix and the subsequent application of
concentration inequalities for random vectors uniformly distributed on high dimensional
unit spheres to these implicit master equation representations. Consequently, our tech-
nique is simpler, more general and more transparently reveals the source of the phase
transition phenomenon than other proofs found in the literature.

The paper is organized as follows. In Section [2, we state the main results and present
the G, T and D integral transforms mentioned above, in Section [3, we give examples, and
the rest of the paper is devoted to the proofs (sketches of the proofs in Section [4, master
equations for the eigenvalues and eigenvectors of perturbed matrices in Section B, proofs
of the main results in Sections [al to [10] and proofs of technical results needed here in the
Appendix).

2. Main results

Let X, be an n>xn symmetric (or Hermitian) random matrix with eigenvalues A; (X,,) =
= Ay(Xp). We denote by px,, the empirical distribution on the set of its eigenvalues,
i.e., the probability measure defined as

1 n
Mx, = o > 3 xn):
=1

Assume that the probability measure iy, converges almost surely weakly, as n tends to
infinity, to a non-random, compactly supported probability measure px. Let the smallest
and largest eigenvalues of X,, converge almost surely to a and b which are, respectively,
the infimum and supremum of the support of px.

Let us fix a positive integer r and some non-random real numbers 6; = --- = 6, not
equal to zero. For each n, let P, be an n < n symmetric (or Hermitian) random matrix
independent of X,,, which non null eigenvalues are 8,,...,8,. Lets [{D,...,r} where
0= =20;>0>0s47=--=86,.

We suppose that either X, or P, is invariant, in law, by conjugation by any orthogonal
(or unitary) matrix.

For M an Hermitian n < n matrix, we denoted by A;(M) = --- = A,(M) the ordered
eigenvalues of M. Let =2 denote almost sure convergence. At last, let, for F a subspace
of an Euclidian space E and x [H, X, F Cdenote the norm of the orthogonal projection
of x onto F. We are now ready to state our main results.

2.1. Extreme eigenvalues and eigenvectors under additive perturbations. Let
us define

Theorem 2.1 (Eigenvalue phase transition). The extreme eigenvalues of X, exhibit the
following behavior as n — oo. We have that for each i =1,...,s,

N(%y &5 [CRA/B) i 1/8 < Gy (),
o b otherwise,
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while foreachi=s+1,...,r,

~ -1 - 1 - -
M (Ko 25 {f SB) 176> Gy (),

otherwise.
where

Gu(@) = [ ;2 4dux(®  for z Lsipppx,
is the Cauchy (or G) transform of pix.

Theorem 2.2 (Norm of eigenvector projection). Consider indices i [{L,...,r} such
that 1/6;, (B, (a™), G, (b™)). For each n, define

— Aig (Xn) if 6;, > 0,
") Aner—in O%n) i 65, <0,

and let x,, be a unit eigenvector of )Zn associated with the eigenvalue z,,. Then we have

()

-1
Xh, ker(8i 1o — Po) 125 ———
’ 0% Gpi. (P)
where p = G 1 (1/6;,) is the limit of z;
(b)
Xh, Gl ker(8;1, — Pn)[F3 0,
as N — oo,

Theorem 2.3 (Eigenvector phase transition). Suppose here that r = 1 and denoted the
non-null eigenvalue of P, by 8. Suppose that

1 _ Gl (b*)=—c0 if8>0
- a),G,. (b"), and Hx . '
e HIEUX( ) Hx( )) {Gﬁx(a_) - —oco If e <0.
For each n, let X, be a unit eigenvector of )Zn associated with either the largest or smallest
eigenvalue depending on whether 6 > 0 or 6 < 0 respectively. Then we have

X, ran(Pn) £ 0

Remark 2.4 (Subtlety regarding the eigenvector phase transition). Let us say a few
words about the hypotheses of Theorem [2.3. The strong hypotheses we make here (r =1
and a certain function has infinite integral), compared to the ones of Theorem [2.2], could
convey the impression that the phase transition for the localization of the eigenvectors
associated with the extreme eigenvalues of X,, + P, has not been treated in its full gen-
erality. Specifically, one might still hope that the statement of Theorem remains true
for an eigenvalue z, having limit p [{&, b} as long as —G (p), which is equal to [ 963,
is finite and that the statement of Theorem might stay true for arbitrary r.
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In fact, if stronger hypotheses on the manner in which the spectral measure of X, tends
to Uy as N —- oo were incorporated, then both of these theorems could be generalized
in this direction. Indeed, the key, in the proof of Theorem [Z2] is that

/ PO 0 () [ dux(® O
Zy =1t nooeo IR (Zn =t n-ee | (p—1)?
and the key, to generalize the proof of Theorem 23 for r > 1, would be to have

du{P

en =t —— lizj. (2)

1
P paPo )2 "7
(zn—12 J (zn—1)2

Simulations, however, suggest that stronger hypotheses on the Aj(X,)’s are needed to
generalize (1)) and (). That said, it appears that when the spacings between the A;(X,)’s
are more “random matrix like” than “independent sample like”, then () and (2) seem to
hold without imposing any particular requirements on .

2.2. Extreme eigenvalues and eigenvectors under multiplicative perturbations.
In this section, the hypotheses are the ones introduced at the beginning of Section[2l We
suppose moreover that for all n, X, is a non-negative definite matrix and that px 8 do.

Let us define
Xn = Xn(ln + Pn).

Theorem 2.5 (Eigenvalue phase transition). The extreme eigenvalues of X, exhibit the
following behavior as n — oo, assuming that pux & 8o. We have that foreachi=1,...,s,

Ny &5 [THi/B) i 178 < Ty (07),
o b otherwise,

while foreachi=s+1,...,r,

)\n—r+i (Xn) i-i

Tu‘xl(llei) if 1/6; > T, (@),
a otherwise,

where
t
T = [ 72qdx(®  for z Ihpp i

is the T-transform of px (defined in Section [2.4.2).

Theorem 2.6 (Norm of eigenvector projection). Consider indices i [{L,...,r} such
that 1/6;, (X, (a7), Ty, (b™)). For each n, define

I Nio (Xn) if 6;, >0,

A Ansr—io(Xn) if 8, <0,

and let x,, be a unit eigenvector of )Zn associated with the eigenvalue z,,. Then we have
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a)
—1

2pT 5 (p) + 65,

X, ker(8i, 1n — Pr) B1=2
where p = T 1(1/8;,) is the limit of z,;

b)
X, = ker(8;1, — Pn) (3 0

Theorem 2.7 (Eigenvector phase transition). Suppose here that r = 1 and denoted the
non-null eigenvalue of P, by 6. Suppose that

TL (b") =—co if8>0,

1 - +
5 ra,, @) Tu (™)), and {Tumx(a—) = —oo ifB<0.

For each n, let x, be an eigenvector of )2}, associated with either the largest or smallest
eigenvalue depending on whether 68 > 0 or 6 < 0, respectively. Then, by we have

X, ran(Pn) £ 0

The analogue of Remark [Z.4] also applies here.

Remark 2.8 (Eigenvalues and eigenvectors of a similarity transformation of X). Consider
the matrix S, = (I, + Pn)Y2Xn (1, + Pn)Y2. The matrix S, and X, = Xn (I, + Py) are
related by a similarity transformation S, = (1 + Pn)Y2X,(1 + P,)"Y/2 so that they share
the same eigenvalues and consequently the same limiting eigenvalue behavior in Theorem
25 Additionally, if x, is a unit norm eigenvector of X, then Yo = (I, + Py)Y2x,/ [
(I, + Pn)Y?x, % an eigenvector of S,. Consequently, we have

o (8, + 1)K, ker(8;, 1, — Pp) (21
[¥h, ker(Bi,1n — Pn) 1= B Ker (Gl —PEE T

It follows that we have the same phase transition and that when 1/8;; (T, (a7), Ty (b)),

a.s. e + l .S.
[vh, ker(8i, 1, — Pn) (2123 ~ 5T (o) TD © and v, Gz ker(8;1, — Po)F3 0

o " pux

so that we have proved the analogue of Theorems and [2.7] for the eigenvectors of S;,.

2.3. Extreme singular values and singular vectors under additive perturba-
tions. Let us now treat the problem of the extreme singular values and of the associated
singular pairs of vectors for rectangular random matrices. In the particular case where our
rectangular matrices appear to be square, our results also allow treat the case of smallest
singular valued.

For this section, we adapt the hypotheses introduced in the beginning of Section [2 to
the rectangular setting. For each n, X, is a real (or complex) n > m random matrix which

IThis particularity of the “square case” is due to the fact that for ¢ = 1, for any probability measure
p with support contained in (0, +o0), the function D, (c,-) is positive and increasing between 0 and the
minimum of the support of . (see Section [Z4.3 for more details).
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is not anymore symmetric (or Hermitian), with singular values 0,(X,) = - = 0,(Xp).
The integer m = n shall also tend to infinity@ in such a way that n/m tends to a limit

¢ [1q, 1].

Assume that the empirical distribution on the set of its singular values, i.e.

10
n Z 50] (Xn)
j=1

converges almost surely weakly, as n,m tend to infinity, to a non-random, compactly
supported probability measure px. Let the smallest and largest singular values of X,
converge almost surely to a and b which are, respectively, the infimum and supremum of
the support of .

For each n, P, is an n < m real (or complex) random matrix independent of X,,, which
non null singular values are 6; = --- = 6, (which are non-random and independent of n,
as in the Hermitian context).

We suppose that either X, or P, is invariant, in law, by multiplication, on both sides,
by any orthogonal (or unitary) matrix.

We define

For X an n x m matrix, we denoted by 0,(X) = --- = 0,(X) the ordered singular
values of X.

2.3.1. Singular values.

Theorem 2.9 (Singular value phase transition). The r largest singular values of the nxm

perturbed matrix X, exhibit the following behavior as n,m - oo and n/m - c. We have
that foreach i =1,...,r,

o, (Xn) as. D;i (c,1/6?) if 1/62 < Dy (c,b™),
b otherwise,

where
z Z l1—c
Dusx (¢, 2) = {/ mdu(t)} ' [C/ r_tzdu(t) L for z > b,
is the D-transform of px.

In the special case where a > 0 and m is always equal to n, so that n/m - 1, we also
have, for each i [{1,...,r},

(1/02)  if 1/62 < Dy, ("),

S, a.s D_l
Onrai(X2) 2% Mx,[0,a) )
n-1+1(Xn) a otherwise.

where Dy [0,2)(2) is defined as Dy, (1, z) above, but with z [0, a).

2To be as rigorous as possible, one should make m depend on n, thus write m,,. However, in order to
lighten the notation, we omit the index n and only write m.
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2.3.2. Brief review on pairs of singular vectors. Let X be an n < m matrix with entries
in the field K (which can be either R or C) with singular values 0; = --- = 0,. For
i=1,...,n, apair of singular vectors of X associated with g; is a pair (u, v) of non-zero
column vectors such that

= I, 1 Xv=ou and X 'd = gyv.
These pairs are closely related to the decomposition of
03
X =U vVE (U,V nxn, mxn matrices, UU= 1, =V VY),
On

since for all i = 1,...,n, the i-th columns of U and V form a pair of singular vectors of
X associated with g;. Note also that for such a pair (u, V),

u Ckar(o?l, — XXY and v Ckér(o?l,, — X™X).

2.3.3. Results in the singular vectors. Let us first consider a singular value 8;, of P, which
gives rise to a singular value z, of X, + P, with limit p ¥]d,b]. The following theorem
says that a pair of unit-length singular vectors (un,v,) of X, + P, associated with z,
somehow “keeps something” from the pairs of singular vectors of P, associated with 6;,.
Indeed, for all j = 1,...,r, the norms of the orthogonal projection of u, and v, onto
respectively ker(ejzln —P,PH'and ker(ejzlm — PP,) have positive limits for j = iy and
null limits for j & iy and the relation P,v, = 6j,un, though false in general, has a “non
null true component”.

Theorem 2.10 (Norm of projection of singular vectors). Consiger indices ip [C{1,...,r}
such that 1/6;, (0, D, (c,b*)). For each n, define z, = 0;,(Xn) and let (u,,v,) be the
corresponding pair of unit singular vectors of X,,. Then we have

a)

[T, ker(82 I, — P,PT212% %’ ®)
b)

(h, ker (82 Im — P1P) B155 —2¢p, (P) (4)

67 0:Dy., (¢, p)’

as n —- oo, where p = D} (c, 1/62) is the limit of z,, the probability measure
Fix = cpx + (1 —¢)d and

0D = [ .
Furthermore, in the same asymptotic limit we have
c)
[Oh, G ker(821, —PoPOTFS 0, and W, Gai ker(821, — PP, F3 0,
d)
[, (P)Pn(Vn) — Un, ker(82 1, — P, PYTE 0,
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e) in the case where a > 0 and m is always equal to n, a), b), ¢) and d) are also valid
for z, = On-1+is(Xn + Pn) and p = D" , (1/62).

Remark 2.11. Note that in the case where ¢ = 1 (as in Part €)), the quantities of (3)

and (4) are equal and reduce to
1

02 0y (P)
The quantity ¢, (p), which appears in Part d), also reduces to 1/8;,.

Let us now consider the pairs of singular vectors corresponding to extreme singular
values which are asymptotically in the boundary of the support of px, in the case where
r = 1. Here, unlike in the previous theorem, these pairs are asymptotically orthogonal to
the pairs of singular vectors associated with the non null singular value of P,.

Theorem 2.12. Suppose here that r = 1 and denote the unique nonzero singular value
of P, by 8. Suppose that

1/6 =Dy (c,b")  and 9 (b*) = —co. (5)

Let, for each n, (un,Vvy) be a pair of unit singular vectors of X, + P, associated with its
larger singular value z,,. Then

[, ker(8%1, — P,POTFS 0, and v}, ker(0l,, — PP F3 0.

This result stays true for the smallest singular value if m is always equal to n and instead
of the hypotheses of (&), one supposes that

a>0, 1/6°=Dy, py@) and ¢, (@)= —oo.
The analogue of Remark [Z.4] also applies here.
2.4. The G, T and D transforms in free probability theory.

2.4.1. The Cauchy or G-transform and its relation to additive free convolution. Let p be
a compactly supported law on the real line. Let us define

Gu(z) = /(:H__(tz

for z out of the support of p. Let [a,b] be the convex hull of the support of p. Since we
have

* 0,Gu(2) = — [ 2% out of the support of 1, which implies that Gy, is decreasing
on each of the intervals (—oo, a) and (b, +o0),
e G, <0on (—o0,a) and G, > 0 on (b, +o0),

e Gy(z) -~ Oas|z| - +oo,

it follows that Gy (a™) = lim;;, Gy (z) and Gu(b™) := lim,,, G,(z) exist in respectively
[-o0,0) and (0,+oo] and G, realizes decreasing homeomorphisms from (—oo,a) onto
(Gu(a™),0) and from (b, +o0) onto (0, G, (b™)).

In this paper, we shall denote by G;l the inverses of these homeomorphisms, even
though G, shall sometimes define other homeomorphisms on the holes of the support of

L.
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The so-called R-transform
_ 1
RU(Z) = Gpl(z) - E

is the analogue of the logarithm of the Fourier transform for the free additive convolution,
since for all probability measures uy, W, M1 [d is characterized by the fact that

Rul Lu—g(z) = RlJ-l (Z) + RHz (Z)
The coe Lciehts of the series expansion of R, (z) are the so called free cumulants of p (see

[26, 11).

2.4.2. The T-transform and its relation to multiplicative free convolution. Let pu 8 3, be
a law with compact support contained in [0, +o0). Let us denote by [a, b] the convex hull
of the support of p. Let us define the T-transform of p

t
Tu(2) = /;du(t)
for z out of the support of p. Since we have

* 9,Tu(z) = — | =gz dK(t) out of the support of p, which implies that T, is de-
creasing on each of the intervals (—oo, a) and (b, +o0),

e Tu<0on (—oo,a) and T, > 0 on (b, +o0),

e Tu(z) - Oas |z] - +oo,

it follows that T,(a™) := lim;4 Tyu(z) and T, (b™) = lim,,;, T, (z) exist in respectively

[-o0,0) and (0, +oo] and T, realizes decreasing homeomorphisms from (—oo, a) onto
(Tu(a™),0) and from (b, +o0) onto (0, T, (b™)).

In this paper, we shall denote by T“_l the inverses of these homeomorphisms, even
though T, shall sometimes define other homeomorphisms on the holes of the support of

M.
The so-called S-transform
1+z 1
e (6)
z T2

is the analogue of the Fourier transform for the free multiplicative convolution, since for
all probability measures 1y, 12, M1 [CHd is characterized by the fact that

SHl |—L—12—(Z) = SHl (Z)Suz (Z)

Su(z) =

2.4.3. The D-transform and its relation to rectangular additive free convolution. Let u
be a law with compact support contained in [0, +o0). Let us denote by [a, b] the convex
hull of the support of p. We define, for any probability measure T on the real line,
$:(2) = [ ZEgdt(t). For ¢ [0, 1], the D-transform with ratio ¢ of p is the function

Du(c,2) = ou(2)dcpra—cyso (2) (z >h).
For any fixed c, we have

e Dy(c,z) >0 for all z [(H, +o0),



12 FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

» for all z,

2 2 2 2
~0:D,(6,2) = Guna-o0o(0) | MO+ 0D | g+ (ORI, )

which implies that D(c, -) is decreasing on (b, +o0),
* Dy(c,z) - Oas |z| - +oo,

it follows that D, (c,b™) := lim,,, D, (c, z) exist in (0, +oo] and D (c, -) realizes a decreas-
ing homeomorphism from (b, +o0) onto (0, D,(c, b™)).

In this paper, we shall denote by D,,(c, -)~* the inverses of these homeomorphisms, even
though Dy (c, -) shall sometimes define other homeomorphisms between other intervals.

In the special setting where a > 0, Dy, [0,2)(z) is defined as Dy (1, z) but with z [0, a).
It defines another increasing homeomorphism from [0, a) onto [0, Dy, [0,5)(a7)).

The functiond
Du(c,z) = H,(1/2%) (8)

plays a key role in the computation of the rectangular free convolution (see [9, Th. 3.13]
or [8, Intro.]). Indeed, the rectangular R-transform with ratio ¢ of , defined to be

0 =0 (g 1)

—c—1+ [(c+l)2+4cz]1/2

where U(z) = 5 for c >0 and U(z) =z for ¢ = 0, is the analogue of the
logarithm of the Fourier transform for the rectangular free convolution with ratio c, since
for all probability measures [, Mo, U1 LeHb is characterized by the fact that

C|»11 @(Z) = Cul (Z) + ClJz(Z)'

The coe Lciehts of the series expansion of C,,(z) are the so called rectangular free cumulants
with ratio ¢ of u (see [7, Eq. (4.1)]).

2.5. Extensions.

Remark 2.13 (Phase transition in non-extreme eigenvalues). Theorem [2.1] can easily
be adapted to describe the phase transition in the eigenvalues of X, + P, which fall in
the “holes” of the support of px. Consider ¢ < d such that almost surely, for n large
enough, X, has no eigenvalue in (c,d) (which implies that (c,d) does not intersect the
support of px and that G, induces a decreasing homeomorphism G, (.q) from (c,d)
onto (G, (d7), Gy, (c¥))). Then almost surely, for n large enough, X, + P, has no
eigenvalue in (c, d), except if some of the 1/6;’s are in (G, (d7), G, (c™)), in which case,
every such 6; gives rise to an eigenvalue with almost sure limit G;i,(c,d)(llei) as n tends
to infinity.

Remark 2.14 (Isolated eigenvalues of X, outside the support of px). When X, itself
has isolated eigenvalues in the sense that the limit a of its smallest eigenvalue and the
limit b of its largest eigenvalue are out of the support of px, the phase transition occurs

3The functions H, and C,, are often defined only for ;. a symmetric measure, but in [10, Sect. 2], the
theory is adapted to non-symmetric measures.
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at the same values as in Theorem [Z.1l Indeed, everything, in the proof, still works, except
(22). 1t follows that for each i [{1,...,s},

lim Ai(X, + Pp) = G, 2 (1/6;) if 1/6; < G, (b™),

limsupAi(Xn +Pr) <b in the other case,

n- oo

and that foreach i {3+ 1,...,r},
lim An—r+i(Xn + Pn) = G, % (1/6;) if 1/6; > G, (a7),
liminf Ap—r+i(X, +Py) =a in the other case.

Remark 2.15 (Random matrices with Haar-like eigenvectors). Let G be an n>xm Gauss-
ian random matrix with independent real (or complex) entries that are normally dis-
tributed with mean 0 and variance 1. The eigenvectors U of the matrix X = GG/m, will
be Haar distributed. Informally speaking, when G is a Gaussian-like matrix in the sense
that its entries are i.i.d. with mean zero and variance one, then upon placing adequate re-
strictions on the higher order moments, we label the eigenvectors of X as being Haar-like.
Formally speaking, following the development in [30, [31),[32], when U is Haar-like, then for
non-random unit norm vector X, the vector U, will be close to uniformly distributed
on the unit real (or complex) sphere. Since our proofs rely heavily on the properties of
unit norm vectors uniformly distributed on the n-sphere, they can be easily adapted to
the setting where the unit norm vectors are close to uniformly distributed. Hence, we
assert without proof, the applicability of our results to the setting where X or P or both
have independent Haar-like distributed eigenvectors.

Remark 2.16 (Setting where eigenvalues of P, are not fixed). Suppose that P, is a
random matrix independent of X, with exactly r non-zero eigenvalues values given by
oM .., 0™, Let 8 2% §; as n — oco. Using [20, Cor. 6.3.8] as in Section .2, one
can easily see that our results will also apply in this case.

The analogues of Remarks [2.13] [2.14), [2.15 and [2.16] for the multiplicative and rectangular
settings also hold here.

3. Examples

We now illustrate our results with some concrete computations. The key to applying
our results lies in being able to compute the G, T or D transforms of the spectral measure
Mx and their associated functional inverses. In what follows, we focus on settings where
the transforms and their inverses can be expressed in closed form. In settings where the
transforms are algebraic so that they can be represented as solutions of polynomial equa-
tions, the techniques and software developed in [29] can be utilized. In more complicated
settings, one will have to resort to numerical techniques.

3.1. Random Gaussian matrices and the square additive case. Let X, be an
n>n symmetric (or Hermitian) matrix with independent, zero mean, normally distributed
entries with variance 2/n on the diagonal and ¢2/(2n) on the o Cdiagonal. It is known



14 FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

that the spectral measure of X, converges to the famous semi-circle distribution with
density
402 — x?
dux(X) = ———dx for x 20, 20].
P () = — > [[+20,20]

It is known that the extreme eigenvalues converge to the bounds of this support [1].
Associated with the spectral measure, we have
_z—sgn(z) z?—40?
GHX (Z) - 20_2 1

Gee, (£20) = 0 and G} (1/8) =0 + .

Thus for P, with r non-zero eigenvalues 8; = --- =05 >0 > 054y = --- = 6,, for any
fixed i CL4,...,s} (resp. i 3+ 1,...,r}), by Theorem [ZT], we have

for z [(Fo0, —20) [(do, +00),

2

B+ if 0;] >0

20( resp. —20) otherwise,

Ai(Xn + Pp) (resp. Ane1—i(Xn + Pp)) =3 { (9)
as n — oo, This result has already been established in [17] for the symmetric case and
in [28] for the Hermitian case. Remark explains why our results hold for Wigner
matrices of the sort considered in [28, [17]. Now, onto the eigenvectors.

In the setting where r = 1 and 6 := 8; > 0, let x, be an eigenvector of X, + P,
associated with its largest eigenvalue. By Theorem we have
1-% ife=o,

10
0 if 0 <o. (10)

X, ker(81, — Pn)E1<2 {
Figure [2 illustrates the agreement between theory and experiment and the asymptotic
nature of the eigenvector phase transition result.

3.2. Random sample covariance matrices and the multiplicative case. Let G,
be an n > m real (or complex) matrix with independent, zero mean, normally distributed
entries with variance 1. Let X, = G,GZm. It is known [23, [18] that, as n,m — oo
with n/m - ¢ > 0, the spectral measure of X,, converges to the famous Marcenko-Pastur
distribution with density

dux (X) = L\/(b — X)(X — @) I 5(X)dx + max (0, 1— E) 8o

2TCX C

V_ _
where a = (1— c¢)2and b = (1 + ¢)? are the end points of the support of px. It is
known that the extreme eigenvalues converge to the bounds of this support.

Associated with this spectral measure we have A

1 @EDE+D
Hx 7z !
—e—1+ —c—1)72—4
T (@) = 2=° 8‘/2(§ CoD A o ifraande=—1ifz=b),

V. ~
T (") = /¢, T,@)=-1c

4The most easy way to make these computations is to note that S,.(z) = (L +cz)~! (see the proof of
Theorem 1 of [8]) and to use (@).
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(a) Typical eigenvalues of X,,+ P,, with § = 4, and n = 500 when 1.x, converges to the semi-circle distribution.
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(c) The empirical averages for n = 50 and n = 500 versus the theoretical prediction in (I0).

Figure 2. The theoretical predictions in Section[3.1lfor the eigenvalues and
eigenvectors of X,, +P,, are verified using empirical averages of the relevant
quantities over 400 Monte-Carlo simulations. Here we have P, = 8u,u’-
and up, is a unit norm vector.
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When ¢ > 1, there is an atom at zero so that the smallest eigenvalue of X equals
zero. For simplicity, let us first consider the setting when ¢ < 1 so that the extreme
eigenvalues of X tend almost surely to a and b. Thus for P, with r non-zero eigenvalues
0= -=0,>0>0541 = =60, with I; := 6; — 1, for any fixed i [{1,...,s} (resp.
i (I3+1,...,r}) and c <1, by Theorem [Z5, we have

I (1+ c ) if||-—1|>\/6
)\|(Xn(|n + Pn)) (resp. An+l—i(Xn(|n + Pn))) _ai ! Ii_l ! .

b (resp. a)  otherwise,
asn —- oo, Consider the matrix S, = (1,+Pn)¥?X,,(1,+P,)*? which can be interpreted
as a Wishart distributed sample covariance matrix with “spiked” covariance I, + P,,. By
Remark [2.8] the above result applies for the eigenvalues of S, as well. This result for the
largest eigenvalue of spiked sample covariance matrices was establishedd in [3, 27] and for
the extreme eigenvalues in [4]. Now, onto the eigenvectors.

In the setting where r = 1, let us denote I; = 8; — 1 by I, and let be x, a unit norm
eigenvector of X, (I + P,,) associated with its largest (or smallest, according to whether
| >1orl<1)eigenvalue. By Theorem [Z7, we have

i if || — 1| = \/6,

ker(I1,, — 2)212% ¢ (-Dle@+D+1-1] ¢ 1
ottt : {0 if [l -1 < ¢, (11)

Let y, be a unit eigenvector of S, = (I, + P,)Y?X, (I, + P,)¥? associated with its
largest (or smallest, according to whether | > 1 or | < 1) eigenvalue. Then, by Theorem
2.7 and Remark [Z.8], we have

057 e V_
5 ker(ll, — Dy1s, ) T MIE=1= 6 (12)
0 if |l — 1] < "¢

This result has been established in [27]. We generalize it to the case where ~ < I,,.
3.3. The rectangular case.

3.3.1. Gaussian rectangular random matrices with non-zero mean. Let G, be an n xm
real (or complex) matrix with independent, zero mean, normally distributed entries with
variance 1/m. It is known [23] 18] that, as n,m —- oo with n/m []Q, 1], the spectral
measure of the singular values of X,, converges to the distribution with density

WA= (2 —1—c)?
B miex

dux (X) L aby(X)dX,

V_ V_
wherea=1— candb =1+ c are the end points of the support of pux. It is known
that the extreme eigenvalues converge to the bounds of this support.

5The model considered in [3], which takes into consideration the sample mean, is slightly di [eent from
the one of this section, but our results also apply to this model.
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Associated with this singular measure, we have, by an application of the result in [7,
Sect. 4.1] and the relationship in (8),

— — 1 1
DL = /e,

(o) @ DR _
¢ . Dy (c,b%) =&

Dux(c,2) =

Thus for any n x m deterministic matrix P, , with r non-zero singular values 6, =
... =0, (r independent of n,m), for any fixed i = 1, by Theorem [Z3, we have

[ATDCHD) i < o1/4
0i(Xn + Pn) 25 { V% 76 >c (13)

1+ ¢ otherwise.

as n — oo, This is a new result. Now, onto the singular vectors.

In the setting where r = 1, let u, be a unit norm eigenvector of )Zn,min% associated
to its largest eigenvalue, then, by Theorems [2.10 and 2.12, we have

1— S8 jf g > ¢/
[, ker(8%1, — PnmP, ) 2155 62(6%+¢) - (14)
’ 0 otherwise.

The phase transitions for the eigenvectors of )Zrﬁ'n)zn,m or for the pairs of singular vectors
of Xn.m can be similarly computed.

3.3.2. Square Haar unitary matrices. Let X,, be Haar distributed unitary (or orthogonal)
random matrix. All of its singular values are equal to one so that it has the spectral
measure

dpx (X) = 01,
with a = b =1 being the end points of the support of px.
Associated with this spectral measure, we have

Z2
= >
Dy (1,2) -1y forz=0,z81,
thus for all 6 > 0,
- 6+ 62+4 - -6+ 02+4

Thus for any n < n, rank r deterministic matrix P, with r non-zero singular values
8, = .-+ = 0, where neither r, nor the 8;’s depend on n, for any fixed i = 1,...,r, by
Theorem we have

as. 0+ 62+4

—0+ 02+4
Gi (XI"I + Pn) I 2 s

and  Ope1i(Xn +Pn) =2 5

while for any fixed i = r + 1, both 0;(X,, + Pn) and 0p+1-i(Xn + Pp) =3 1.
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4. Sketches of the proofs

Let us explain briefly how Theorems [2.1] and [2.3, about extreme eigenvalues and
associated eigenvectors of X + P, can be proved (the index n in X,, and P, has been sup-
pressed for brevity). Similar arguments can be used for the multiplicative and rectangular
models considered in this paper.

Consider the setting where r = 1, so that P = 8 uu','with u being a unit norm column
vector. Since either X of P is supposed to be invariant, in law, under unitary (or orthog-
onal) conjugation, one can, without loss of generality, suppose that X = diag(Ay, ..., An)
and that u is uniformly distributed on the unit n-sphere.

4.1. Largest eigenvalue phase transition. For any z [Clsuch that z is not an eigen-
value of X, we have

Zz—(X+P)=@z—-X)x(I—(@—-X)"'P),
so that z is an eigenvalue of X + P if and only if 1 is an eigenvalue of (z — X)~*P. But

(z — X)P = (z — X)" 0 uuthas rank one, so its only non-null eigenvalue is its trace,
which is equal to 6G,,,(z), where p, is a “weighted” spectral measure of X, defined by

n
Mn = Z |uk|?dx, (the uy’s are the coordinates of u). (15)
k=1
Thus any z out of the spectrum of X is an eigenvalue of X + P if and only if
1
Gy (2) = g (16)

Equation ([I8) describes the relationship between the eigenvalues of X +P and the eigenval-
ues of X, as illustrated in Figure[3. Here, u is a random vector with uniform distribution
on the unit n-sphere. Hence, for large n, we have that |u|?> = % with high probability,
so that we have g, = px and consequently G, (z) = G, (z). Inverting equation (1&)
after substituting these approximations yields the location of the largest eigenvalue to be
G5 (1/6) as in Theorem Z1L

The phase transition for the extreme eigenvalues emerges because under our assumption
that the limiting probability measure px is compactly supported on [a,b], the Cauchy
transform G, is defined outside [a,b] and unlike what happens for G,,, we do not
always have G, (b™) = +oo. Consequently, in settings of the sort depicted in Figure
4, when 1/6 < G, (b™), we have that )\1(>Z) = Ggi (1/6) as before. However, when

1/6 = G, (b™) then the phase transition manifests and )\1()2) = A (X) =h.
An extension of these arguments for fixed r > 1 yields the general result and constitutes
the most transparent justification, as sought by the authors in [3], for the emergence of

this phase transition phenomenon in such perturbed random matrix models. We rely on
concentration inequalities to make the arguments rigorous.

4.2. Eigenvectors phase transition. Let x be a unit eigenvector of X + P associated
with the eigenvalue z such that G,,,(z) = 1/6. From (X + P)x = zx, we deduce

(z—X)x = Buu'X
= (Bu'X).u (because u'X is a scalar),
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Figure 3. Graph illustrating how the relationship between the eigenvalues
of X = X + Buu™and the eigenvalues of X for some 8 and unit norm n <1
vector u is implicitly described by ([@8). Here, when n =5, Aq,..., A, are

7

(18)

the eigenvalues of X and A4, ..., A, are the eigenvalues of X. The function
Gy, (z) plotted is the Cauchy or G-transform of the probability measure i,
given by (I5).
implying that x is proportional to (z — X)~'u. Hence, since x has norm one and z — X
IS Hermitian,
z—X)"u
Vuz — X)~2u
and @ Cw ,
(uz — X)"tu)® _ G, (2) 1
X, ker(81 — P) 2= |u™X|? = —— = = .
- - n(t) dun (t)
uiz — X)u f(z“—t)z 62f(zu——t)2

Again, since Ui, = lix, if z=p >b, then [0 = [ X0 < co and we get

1 -1

= >0
62 [ 228 82GL (P)

X, ker(81 — P)[212%




20 FLORENT BENAYCH-GEORGES AND RAJ RAO NADAKUDITI

a

(@) When 1/0 < G, (b), M(X + P) - p= G, (3).

T T
________ Fm m m m m m m m e e e e g ——— - — - — o

®
-
X
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ofF— — " — " —:—"

(b) When 1/0 > G, (b), M\ (X + P) - b.

Figure 4. Graphical illustration of why a phase transition occurs for the
largest eigenvalue of X + P. The limiting probability measure px for the
eigenvalues of X is supported on [a,b]. The Cauchy or G-transform of
My is plotted outside the support. Following the argument in Figure
and Section [, the location of the largest eigenvalue is determined by the
relationship between 1/6 and G, (z) as shown. A similar argument can be
used to illustrate the phase transition for the smallest eigenvalues and for
the multiplicative and rectangular models considered in this paper.

On the other hand, if z = b and GfJ (b*) = [ G2 = co, then

X, ker(81 — P)[21<% 0.

Again, rigorous arguments rely on concentration inequalities.
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5. The exact master equations

In this section, we shall give r-dimensional analogues of the key-formulas (1&) and (17
given in the sketches of the proofs.

5.1. Eigenvalues and eigenvectors of X +P.

Proposition 5.1. Let X be an N x N matrix and P =V OV 5'with ® an R x R matrix
and V an N x R matrix which columns are orthonormal (i.e. such that V™ = Ig). Let
z be a complex number out of the spectrum of X. Let us define the (possibly null) spaces

E, =ker[zly — (X +P)], F,=ker[lr—VYz—X)"val.

a) Then the mappings
o, - F, - E, and Uy, : E, - F,
v B (z-X)voev w3 v

are linear isomorphisms, which are inverses one of each other. Moreover, for all v,w,
[} (v) = vIand O} (w) = D]

b) Let us denote N by n and R by r, lets us suppose that X = diag(A4,...,As) and
© = diag(8;,...,0;) and let us denote the entries of V by vy, 1<k =n, 1<l <r).
Then firstly, any z I L\, ..., A} is an eigenvalue of X +P if and only if the r < r matrix

I, —Viz—X)lvoe
is not invertible and secondly, for all i,j = 1,...,r, the (i, J)-th entry of this matrix is
ﬂi=j — ejGui,j (Z),

where y;; is the complex measure defined by

n
Hij = ka,ivk,j5>\k
k=1
and G, ; is the Cauchy or G-transform of y; ;.

Proof. Part b) follows directly from a) and from a straightforward computation of the
(i, j)-th entry of V 5z — X)"V@. Part a) is proved, for example, in [2, Th. 2.3] (the
assertions about the norms follow from the fact that for all w [H,, [ (w) = |w,|? +
-+ |w]?, where wy, ..., w, are the coordinates of w on an orthonormal basis having the
columns of V for first r vectors). 1

5.2. Eigenvalues and eigenvectors of X (I + P). The following proposition can be
proved in the same manner as Proposition 5.1

Proposition 5.2. Let X be an n x n matrix and P = VOV 5'with ©® an r x r matrix
and V an n x r matrix which columns are orthogonal (i.e. such that V¥ =1,). Let z
be an eigenvalue z of X (I + P) which is not eigenvalue of X. Let us define the (possibly
null) spaces

E, = ker[zl, — X(1 +P)], F, =ker[l, —V Xz —X)"1XVOa].
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a) Then the mappings

¢Z : FZ nd EZ and LIJZ : EZ nd FZ
v O z—X)vov w3 Vi

are linear isomorphisms, which are inverses one of each other. Moreover, for all v,w,
[} (v) = IvIand O} (w) = D]

b) Let us suppose X = diag(Ay,...,A,) and © = diag(8,,...,0,) and let us denote the
entriesof V by vy (1 =k <n,1<1<r). Then firstly, any z L {\;,..., Ay} is an
eigenvalue of X (I + P) if and only if the r < r matrix

I, —ViZz —X)'Xve
is not invertible, and secondly, for all i,j =1,...,r, the (i, j)-th entry of this matrix is
li=j — 8 Ty (2),
with
Mij = ZVk,in,j5Ak,
k=1

and Ty, ;(2) is the T-transform of ;.

5.3. Singular values and singular vectors of X +P. Firstly, let us state the following
well known theorem [20, Th. 7.3.7], which relates singular values and singular vectors
of non-Hermitian matrices with eigenvalues and eigenvectors of Hermitian matrices (see
Section for the definition of singular vectors).

Theorem 5.3. For 0,...,0, nonnegative real numbers, the singular values of X are
01,...,0q if and only if the n + m eigenvalues of

0 X
are 0y,...,0n,—01,...,—0, and m — n additional zeros. Moreover, for o a nonnegative

number, a pair (u,Vv) of unit-length vectors is a pair of singular vectors of X associated
with the singular value o if and only if [\ﬂ is an eigenvector of the matrix of (I9) for the

eigenvalue o.

The following proposition adapts, via Theorem 5.3, the master equation of Proposition
to the rectangular setting.

Proposition 5.4. Let us now denote N = n+m, with1 < n<m and R = 2r, let us
suppose that there exists 0 = (0y,...,0,),8 = (84,...,6;) such that for D = diag(o) and
Q = diag(8), we have

X = D On,n 0n,m—n

0m—n,n Om—n,n Om—n,m—n

0 D Onm—
n,Nn n,m—n e _ [Or,r Q
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Then the 2r x 2r matrix V 5z — X)™1V © can be written with four r x< r blocs

U=E,KQ U=Es:UQ
(20)
KEZKQ + 2L K=2,UQ
(the entries of this matrix can easily be interpreted as in b) of Proposition B.1], i.e. as
integrals of complex measures with support {0y, ...,0n} or {0y,...,0,,0}.

The proof of the proposition relies on a straightforward computation, inverting z — X
via the following elementary lemma, which we shall refer to several times in the paper.

Lemma 5.5. Let ¢, d be diagonal r < r matrices with positive diagonal entries. Then one

has
Vo V_ V_ Vo V. Vo V. R
0 ¢ = '\/E _'\/_C cd '\9_ '\/E _'\/_C and '\/E _ _C =E C 2 d
d o0 d d|]| 0 —cd| d d d d 2 |-z d”
In the particular case where ¢ = d, this can be reduced to
LN L @
1 -1) —*

SY- (DR GE )

6. Proof of Theorem [2.1] for the extreme eigenvalues of X, + P,

NlE NP
—_

6.1. First step: Setting where 0;’s are pairwise distinct. Note first that by the
definition of [(ske also [1, Cor. 5.4.11]), the random probability measure

1 n
=D Bkt
k=1

converges almost surely to px [Cdgl= px, so for any i fixed independently of n,
lIminf Aj(Xn +Pr)=b and limsup A—i(X, +Pp) < a. (22)
N - oo

n- oo

Let us write, for each n,

Xn = UL diag A", ..., AMyud py = U diag(@s, ..., 6:,0,...,00u"
The spectrum of X,, + P, is the one of
diag\{"™, ..., A™M) + UYL diag(®y, ..., 6:,0,...,00Uu" YL,
A/—’

denoted by Un
and since either X, or Py is invariant in law by conjugation by orthogonal (or unitary)
matrices, U,, is Haar-distributed and independent of A(™ := (}\(“), . }\(“)) (see the first
paragraph of the proof of [19, Th. 4.3.5] for more details). Let us denote by [u( n =1 the
entries of Uy,.

Since A (Xn) = band An(Xn) = a, we can focus on the eigenvalues of X, +P,, which
are out of [An(Xn), A1(X)]. By Proposition 5.1 b), these eigenvalues are the numbers z
out of [Ah(Xn), A1(Xn)] such that the r < r matrix

M(n,z) =1, — [ejGui(;) @) j=1
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is not invertible, where for alli,j =1,...,r, p{? is the random complex measure defined
by

n
n — T Q)
=1

By Proposition [11.3 for all i 8 j, the random complex measure pi(g) converges almost

surely weakly to zero and for all i, ui(f}) converges almost surely weakly to pux. Thus, by

the second statement of Lemma [I1.1] for all n > 0, the matrix-valued function M(n, )
converges to

Mg, () '=diag(l — 6:Gy, (), ..., 1 = 6:G ()
uniformly on {z [, d(z,[a,b]) = n}, almost surely. Now, the conclusion follows exactly
from Lemma [I1.4, which hypotheses are satisfied (hypotheses a), b), c) follow from the

definition of G, , hypothesis d) follows from Proposition 5.1l and from the fact that
Xn + Py is Hermitian and hypothesis e) has been checked above).

6.2. Second step: Extension to the general case. We have now to treat the case
where the 8;’s are not pairwise distinct. Fix ip [{ll,...,r} and € > 0. Assume for
example that ip < s (the other case can be treated in the same way). We denote, for
0>0,
_ G, (1/6) if 1/8 < Gy, (b™),
b in the other case.
Note also that the function G;;* is continuous on (0, G (b™)) and that limy,g,e+) G, (y) =

b, hence the function 6 B- pg is continuous on (0, o). Hence there is n > 0 such that for
all 6 >0,

|6 — Bis| =n =L]pel—po, | = €. (23)
Let us consider a family (67> --- > 8D, of real numbers such that for all i = 1,...,r,
;0> 0 and
Z(GP— 8;)? < min(n?, £2).
i=1
It implies that

Iper, = Poi, | <. (24)
Employing the notation in Section [6.1], for each k and each n, we define

PP= Ul diag(el ...,08%0,...,0)uM"
Note that by [20, Cor. 6.3.8], we have, for all n,

D AKn +P) = A(Xn +P))? < Tr(Py=Pn)* = ) (6/-6)° <& (25)

j=1

Since the theorem can applied to X,,+P . it follows that almost surely, for n large enough,
[Nio (X + P) — Py | = ¢ (26)

By the triangular inequality, we have

Nig (X +Pn) = Poy, | < 1Aig (Xn +Pn) = Xig (Xn + P)l + [Aig (Xn + Pr) = po;_| + [Pe;_ = sy, .
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thus, by ([@5), (Z8) and ([24), almost surely, for n large enough,
|Nig (X + PnE) - peiol < 3e.

7. Proofs of Theorems and for the extreme eigenvectors of

We shall use the following elementary lemma several times in the paper.

Lemma 7.1. Let us fir r = 1 and let us consider a sequence M (n) of r < r matrices which
converges, as n tends to infinity, to a matrix M. For each n, consider y, [ker M(n)
such that [yl 1. Then

yh, (ker M)'Ei—; 0.

Proof. Since for all n, [y} [ 1, one can suppose that y, converges to a limit y. Then
it su [ced to prove that My = 0, which follows from the fact that My = limM(n)y,. [

7.1. Proof of Theorem 221 Let us write, for each n,
Xn = UL diagA™, ..., AMyud py = U diag(@s, ..., 6:,0,...,00u"
The eigenvectors of X, + P, are U>((”) times the ones of
diag\{"™, ..., A™M) + U diag(ey, . . ., 6,,0,...,00 UM UL,

hence it su[ced to prove the result in the case where X, = diag()\(”),...,)\ﬁ”)) and
P, = Undiag(®y,...,0,0,...,0)U'with U, Haar-distributed. We denote the entries of
(n)

Un by [u{? Mi—1, its columns by c™ .., c™ and the n x r matrix which columns are

respectively C™, ..., & by V.

Let ro be the number of i’s such that 6; = 8;,. Up to a reindex of the 8;’s (which is
then no longer decreasing, but it is not a problem here), one can suppose that ip = 1,

0, = - =0,,. Foreach n, ker(8,1, — Py) is then the linear span of the ry first columns
of U,, namely Ci”), Cﬁ{,'). Since these columns are orthonormal, it su [ced to prove
that as n tends to infinity,
& 1 1
Q) _ —
|[Q;",x, 3 tends almost surely to — = (27)
21 RN ONNC 0
and
r
> @™, %,  tends almost surely to 0. (28)

Jj=ro+1

Let us introduce, for each n, for all z out of the spectrum of X,, the r < r random
matrix

M(n,z) =1, — [ejG“g})(Z)]ir,j:b
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where, foralli,j =1,...,r, ui(f}) is the random complex measure defined by
n
uy = kZW,i‘”)U§Tj)6A<kn>- (29)
=1

As in the proof of Theorem [2Z1] (end of the first step), for all n > 0, the random matrix-
valued function M(n, -) converges to

Mg, () :==diag(l = 0:G (), ..., 1 = 8:Gpy (1))

uniformly on {z [CQ; d(z,[a,b]) = n}, almost surely. Since z, tends almost surely to
G;i (1/6,), which is out of [a, b], it follows that M (n, z,) tends almost surely to

ero+1 er
B
9, 81

diag(0,...,0,1—
N——

o Zeros

Moreover, by Proposition .11 a), for n large enough such that z, is not an eigenvalue
of Xn, VX, is a vector of the kernel of the r x r matrix M(n, z,) with norm < 1. Since
for all n,

m](_n) 1 Xn

r('n) 1 Xn

Lemma [Z.1 allows to claim that (28) holds.
Let us now prove (Z7). By Proposition B.1] a) again, one has, for all n,

Xn = (zn —Xn) tVadiag(8y, ..., 6,V X,

r
= (Zn - )<n)_1 Z ej [Oj(n), Xn [Oj(n),
j=1

ro r
= (zn— Xn)_1 Z 0 EGj(n)’ Xn [Gj(n) +(zn — Xn)_l Z 0; |:Gj(n)’ Xn [Gj(n) :

=1 Jj=ro+1

J J

denoted by x/, denoted by x/4

Note that z, tends almost surely to p = G;i (1/6,), which does not belong to [a, b], and
that the upper and lower bounds of the spectrum of X, tend almost surely respectively to b
and a, thus almost surely, the operator norms of (z,—X,)~* form a bounded sequence. By
@28), it follows that [XFTtends almost surely to zero. As a consequence, since X} [ 1,

XY tends almost surely to one. Since 8; = - -+ = 6,, and z, — X, is Hermitian,
o
ol = 02> [, x, 0", x, LTz, — X)) 2C" (30)
ij=1 -

=] Gtz au @, with w7 defined by @)

By Proposition 113, for all i & j, p{? converges almost surely weakly to zero and for all
i, uf}) converges almost surely weakly to px. Thus, by the second statement of Lemma
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[I1.1, since z, converges almost surely to p Y1a,b], forall i,j =1,...,ro,

PO as [ A
(zn — 1)? ) -t
By (B0) and the fact that XY 1, @7) follows. 1

7.2. Proof of Theorem [2.3 Let us suppose that 6 > 0 (the other case can be treated

in the same way). Note first that G5, (b*) = —co implies that [ O(';‘ftg? = +oo0,

As in the proof of Theorem [2.2] it su [ced to prove the result in the case where X, =
diag\"™, ..., AM™) and P, = uMu™Swith u®™ a column vector uniformly distributed
on the unit real (or complex) n-sphere. We denote by ui“), ..., ud the coordinates of the
vector u™ and define, for each n, the random probability measure

n
(n) — u™2s.
M k§_1| k [Om-

Note that by the r = 1 case of Proposition b), the eigenvalues of X, + P,, which

do not belong to {}\5“), e ,)\ﬁ,”)} are the solutions of G, (z) = % By the elementary

remarks made on the Cauchy transform of a probability measure in Section [ZZ4.1] since
Iimm(n) Gum (t) = +oo, we know that the largest eigenvalue z, of X, + P, is > )\5”).
1

Reproducing the arguments leading to (L8] in Section (4.2)), we get

1
X, ker(81, — P,) A= o G
(zn—1)?
Thus it su [ced to prove that, as n tends to infinity,
()
/% tends almost surely to + oo. (31)

Note that by hypothesis, % > ey 0, converges almost surely to pix. Since, by Theorem
k

21, b — z, tends almost surely to zero, it follows that = >7/'_ 8 w,,_, , Which is the
Kk n

push-forward of this measure by the map t H- t+b—z,, converges also almost surely to
Mx (use, for example, the Fourier transform to see it). Hence, by (47),

n

~(n) .— (n2

R = kz: |ui | 6)\(k”)+b—2n
=1

tends almost surely to px. It implies that for any lower-semicontinuous function f : R -
[0, eo],

liminf / FOAA™ () = / £(0)dpix (). (32)

Equation (31)) follows, by application of @2) for f(t) = (b —t)~2. 1
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8. Proofs of Theorems 2.5HZ2.7] for the extreme eigenvalues/vectors of
Xn(l +Pp)

These proofs can easily be obtained adapting to the square multiplicative case the
proofs of the square additive case (using the master equation for the identification of the
eigenvalues and of the eigenvectors given by Proposition instead of the one given by
Proposition B.1)).

9. Proof of Theorem for the extreme singular values of X, + P,
9.1. First step: case where the 6;’s are pairwise distinct. Let us first suppose the
0i’s to be pairwise distinct.

Note first that by [9, Th. 3.13] (which extends easily to almost sure convergence), the
symmetrization of the random probability measure

l n
=D Do)
k=1

converges almost surely to px s [c0h = Px s, Where pix s denotes the symmetrization of
Mx. It follows that for any i fixed independently of n,

liminfo;( X, +Py)=b and limsupo,—i(Xn +Pp) <a.
Nn - oo

n - oo

Let us write, for each n,

o™ 0 -+ 0
o’ 0 0
[0, 0 - 0]
Pn:U|:(>n) O 0 8 8 VFSn)E’I
i 00 .-~ 0

with USY, U8 n = n orthogonal (or unitary) matrices and Vi, V™ m x m orthogonal
(or unitary) matrices. The singular values of X, + Py, is the same as the ones of

diag(@™, ..., o) on,m_n]+u§(”)%§,”) [diag(®y,...,6r,0,...,0) Opmon] VEO WL,

and since either X, or P, are biorthogonally (or biunitary) invariant in law, U&“)%F(,“)
and V>(<“)'9Ff“) are Haar-distributed [19, Lem. 4.3.10]. Let us denote by U, (resp. V,) the
N r (resp. m x r) matrix which columns are the first columns of USY"0™ (resp. of
VYY) Note that o™ := (0, ..., 6{"), Up, V,, are independent. Thus, from now on,
we suppose that for D, = diag(c{™, ..., 0%") and Q = diag(6y, ..., 6;), we have

Xn = [Dn 0n,m—n} ) Pn = UnQVnI;I
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with Dp, U, V, independent and U,,V, respectively n < r and m x r matrices which
columns are the r first columns of uniform orthogonal (or unitary) random matrices.

By Theorem B3, the positive singular values of X,, + P,, are the positive eigenvalues of
0 Xy + Ph
X=HpPH 0

(when n = m, one can replace positive by non negative in this sentence). Moreover,
0 Xo+Pa] _ [0 Xi], U 0][0 Q][U, O - (33)
X=pPH 0 S IXHo 0 Va| |Q2O0| [0 V5 -

Since 0;(X,,) tends to b and 0,(X,) tends to a almost surely, we can focus on the
eigenvalues of the matrix of ([33) which are out of [0,(X,), 01(Xn)]. By Proposition 511 b),
first part, and Proposition 5.4}, these eigenvalues are the numbers z out of [0,(Xy), 01(Xn)]
such that the 2r < 2r matrix

U2 KnQ U5, U0
M(n,z) =l — (34)
K2 KnQ + ILILLQ K22 U0

is not invertible, where K, is the n>r upper-block of V,, and L, the (m—n) > r lower one.
As mentioned in Proposition 5.4, the entries of this matrix can be interpreted as integrals
of complex measures. Using Proposition and the second statement of Lemma [I1.7]
one easily sees that for all n > 0, the matrix-valued function M(n, z) converges almost
surely uniformly on {z [d; d(z,[a,b] ({0}) =n} to

Mux (2) =1 — |:NOO(Z) N(()Z)} , (35)
with

N(z) = diag(®:19y.(2), ..., 0Py, (2)),
No(z) = diag (el¢cuX+(l—c)60(Z)’--'1er¢cuX+(l—c)5o(Z))

(in the case where m is always equal to n, one can replace [a,b] [0} above by [a, b]).

Now, as in the proof of Theorem [Z1], the conclusion follows exactly from a modified
version of Lemma [I1.4l Let us explain which version of this lemma we shall need here.
To treat the first part of our theorem, firstly replace the interval [a,b] of the lemma by
(—oo,b] and secondly replace the matrix Mg(z) defined in (&I) by My, (z), which, by
Lemma .5, is actually non invertible if and only if one of the 1/62’s equals Dy, (¢, z). To
prove the second part of our theorem (which concerns the case where m is always equal
to n), apply again a modified version of Lemma [L1.4 with the same matrix, where the
interval [a, b] is replaced by (—oo, 0] [[al +o0) and where the hypothesis c) is replaced by
the fact that

|ZI[I(‘)I Dy (1,2) =0.

9.2. Second step: the general case. The extension to the general case works exactly
as in the proof of Theorem [Z.1], using [20, Cor. 7.3.8 (b)] instead of |20, Cor. 6.3.8]. [ 1
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10. Proofs of Theorems [Z10 and [Z12 for the extreme singular vectors
of X, +P,

10.1. Proof of Theorem [2.10. We employ the notation introduced at the beginning of
the proof of Theorem [Z9 Since the pairs of singular vectors of X,, + P, are U>((”) lli”)m

times the ones of
D(n) + U(n)%(n)D(n)V (n)l%>((n),

from now on, we suppose that for D, = dlag(o(“) . (“)) and Q = diag(64, ...,0,), we
have

Xn=[Dn Onm-n],  Pn=UnQV,5

with Dy, Un, V,, independent and U,,V, respectively n < r and m x r matrices which
columns are the r first columns of uniform orthogonal (or unitary) random matrices.

Let us define, for each n,

On,n Dn On,m—n 0 Q Un On,r
Xr? = Dn on,n on,m—n , 0= |:§r)r 0 :| , Wh= on,r Knl,
Om—nn Om—nn Om—nm-n nr Om—nr Ln

where K,, the n x r upper-block of V,, and L, the (m — n) < r lower one. Then, by
Proposition 5.4, we have, for all z out of the spectrum of X,

U,FZ'ZDDZ KnQ U=t ZD2 UnQ
Walz = X7)7'Who =
KigZszKnQ + ILAENQ K22 UnQ
Let ro be the number of i’s such that 8; = 6;,. Up to a reindex of the 6;’s (which
is no longer decreasing, but it is not a problem here), one can suppose that iy = 1,

6, = =0,,. Then for each n, ker(621,, — P,P .Y (resp. ker(8?1,, — PP,))) is the linear
span of the rq first columns of U, (resp. of V,). We denote the columns of U, (resp. Vn)
by U, U™ (resp. V™, ..., V). Since these columns are orthonormal, to prove

b), it su [ced to prove that as n tends to infinity,

ro
Z |Iﬂ|j(”), vo[J3  tends almost surely to the RHS of (@). (36)

Moreover, for all column vector X, we have Pox = 377, 8; (%™, x U™, thus to prove d),
it su [ced to prove that

o
> 1010, () 4™, vy (3 [0, us 03 tends almost surely to 0. (37)

Note that a) follows also from (38) and (37). Indeed, (38) and (37]) granted, er‘;l |[Uj(“), un, 3
tends to 62¢,, (p)? times the RHS of (@), which is equal to the RHS of (@), because
du(P) by (p) = 1762 . To prove d), we have to prove that

r
> 10, ua @+ ™, v 3 tends almost surely to 0, (38)

j=|'0+1
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To prove e), it su [ced to remark that the following proof stays valid if a > 0, m is always
equal to N, z, = On+1-i(Xn +Pn) and p =D * ., (1/62).

Mx,[0,8)
So let us prove (38), ([37) and (38).
As in the proof of Theorem [29] for all n > 0, the matrix-valued function

M(n,z) := I — WKz — X)) w,0

converges almost surely uniformly on {z [Ql; d(z, [a, b] 40}) = n} to the matrix M, (z)
of (39) (in the case where m is always equal to n, one can replace [a, b] ({0} above by [a, b]).
Since z, tends almost surely to p := D} (c, 1/6%), which is > b (or in (0,a) (8, +oo) if
a > 0 and m is always equal to n), it follows that M (n, z,,) tends almost surely to M,,, (p).

The space ker(M,, (p)) is the set of vectors (Xi,...,Xr,Y1,...,Yr) such that for all
i=1,...,r,

Xi = 0id (P)yi and y; = 6idp, (P)Xi.

Note that ¢, (p)dp,. (P) = Dy (c,p) = 1/6, thus ker(M,, (p)) is the set of vectors

(X1,...,Xr,Y1,...,Yr) such that for all i = 1,...,r9, Xi = 019, (p)yi and for all i =
ro+1,...,r, Xi =Yy; = 0. Hence the orthogonal projection onto ker(M,, (p)) “i¢ the map
which maps any vector (Xq,..., X, Y1,...,Yr) ONto

(Xli LELI] 17r01 Xro+l1 LELILES | Xr1711 LEL I i7r01yr0+11 LEL I ,yr)y

where for all i, (X;,V;) = %%(l, =019y, (P))-

Let us define x,, = [3“} By the relations between eigenvectors and pairs of singular

n

vectors given in Theorem and by Proposition a), for n large enough such that z,
is not a singular value of X,,, WX, is a vector of ker(M(n, z,)), with norm < 2. Since
for all n, the 2r coordinates of W X,, are respectively

mfn)1 unm L] mr(n)l unml(n)avnm L | mr(n)lvnl—f_—l

Lemma [Z.1 allows to claim that (37)) and (38)) hold.

Let us now prove ([@8). Again, by the relations between eigenvectors and pairs of
singular vectors given in Theorem and by Proposition a), one has, for all n,

Xn = (Zn - XE)_anQWnQn

r
= @ —XN 6™, v +6; 0", u, 01",

j=1
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Q)
Yj } and V,V := |:V(n)

where we defined, for j = 1,...,r, G := {OJ
m,1

have x, = x5 + xI with
91(Zn - Xh)_l Z Iﬂl Q) y Vi m-] g —+ 91¢px (p)\7‘j(n))’

Xt =
j=1
ro
xeh = 01(zn — XM (U, un F 01y, (0) G, v OV,
i=1
r ~
+(zo = XD Y 6™, %[ + 6, 10", x, (4
j=ro+1

0
”1} For each n, we

Note that z, tends almost surely to p, which does not belong to [a, b] [0}, thus almost
surely, the operator norms of (z, — X,)~! form a bounded sequence. By @7) and (38),

it follows that X} fends almost surely to zero. Since u,, has norm one, the norm of the
n x 1 upper part of x5, that we shall denote by u, tends almost surely to one. By (1))

Zn Dn 0
z2—-D2  z3-D3 n,m-n
(Z — Xh -1 Dn Zn 0
n n - 722 D2 22—_D2 nm—n/| »
n n n n 1
Om—n,n 0m—n,n Z,
Dn o

Uj(n) + 610, (p) 2 —pz"i

hence
o
where for all j, Kj(”) is the j-th column of K

o
[ 2= 02y~ ™, v Y™, vy, [Toefy i, j),

n. It follows that

)

ij=1
where we defined, forall i,j =1,...,ro,
Coefn(l j) — U(n)l:l Zr21 U(n) eZq) (p)ZK(n)D Drzl K(n)
) o5 Novo 1 j
(22 D2)2 ] Hx (22 Dr21 2
M1 ZnDn )
Ki (22 — D2)? UJ

ZnDn
+el¢|JX (p)U(n)I:(I 2 : DZ)ZK(n) + elq)ux (p)
ro, a@s n tends to infinity,

By Proposition I1.3, for all i,j =1,...,
Coefn(i,j) =3 {
|Iﬂ|j(“), v [ tends to

1 1

Hence 3.2,
P o Ahx (O + 020y, (0)? [ oz i (1)

ifigj.

[ 2 b (O) + 020, (0)? [ el (®) i i =1,
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The following relations:

Pux (D) (P) = Dy (c,p) = 1/8;
2
2 [l ® = o)~ 85.0)

2
2 [ et ® =~ om0~ 45,0)

allow to recover the RHS of (3) easily. Thus (38) is proved. 1

10.2. Proof of Theorem 212l As in the proof of Theorem 210, the problem can be
reduced to the case where

Xn = [Dn Onm-n], P, = 6ufyP)t]
where Dy, uf?, v are independent, Dy, = diag(a\™, ..., o{") and u$’, v’ are uniform
random vectors of the unit spheres of respectively R”, Rm (or C",C™). Then, by the
relations between eigenvectors and pairs of singular vectors given in Theorem .3, by
Proposition 5] a) and by Proposition B4, for n large enough such that z, is not an
singular value of X,, we have

Zn Dn

Dn_ o
|:Un:|= #-D% 7-Di nmon [ vV u (P)]

_“Zn_ _Zn__ (0, .._
Vn #-DF  Z-DF nmon| g @)\ (P)
m—n,n 0m—n,n Z,

Let us denote by K,, the column vector of the n first coordinates of v, We have

22 D2
L= M= GV Wl Uiy gt + 01U Ky — 5y Ko
2,y ()i P ZnPn 2 P P e ZnDn ey
+02v ) Vou®P d,ud (2 = D2)2K +6%uy v @K(Z D2)2u .

Note that the hypotheses of the theorem imply that [ (bz“xt(;))z = +oo (and that [ (gyfg))z —
+oo in the last part of the theorem). One concludes as at the end of the proof of Theorem
23 that [u$d,| and |v§’'V,|? tend almost surely to zero as n tends to infinity, which is

the statement of the theorem. 1

11. Appendix: technical preliminaries needed for the proofs

11.1. Convergence of weighted spectral measures.

11.1.1. A few facts about the weak convergence of complex measures. Recall that a se-
guence (Mn) of complex measures on R is said to converge weakly to a complex measure
K on R if, for any continuous bounded function f on R,

[ f0du® —. [ foomo. 39)
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The following lemma shall be useful. It is well known for probability measures, but since
we did not find any reference on its “complex measures version”, we give a proof. Recall
that a sequence (un) of complex measures on R is said to be tight if

RIim sup |un|({t CHI; |t = R}) = 0.
— +oo n

Lemma 11.1. Let D be a dense subset of the set of continuous functions on R tending
to zero at infinity, endowed with the topology of the uniform convergence. Suppose that
the sequence (un) is tight, that (Jus|(R)) is bounded and that (39) holds for any function
f in D. Then (4,) converges weakly to p. Moreover, the convergence of (39) is uniform
on any set of uniformly bounded and uniformly Lipschitz functions.

Proof. Firstly, note that using the boundedness of (Jun|(R)), one extends easily ([39) to
any continuous function tending to zero at infinity.

Let us fix a continuous bounded function . For any continuous function g tending to
zero at infinity, we have

] [ fd—po)

/ (= ho)| < sup / £ — g)ld(Iu] + [knl),

which, with a good choice of g (relying on the tightness hypothesis), can be made as small
as we want. Thus the first statement is proved.

(40)

s/|f(l—g)|d(|u|+|un|)+ '/fgd(u—un) :

thus
limsup

n- oo

Now, consider a set A of uniformly bounded and uniformly Lipschitz functions and
€ > 0. Let M > 0 be such that for all f A, [f| < M. By tightness, there is R > 0 such
that for all n, M(Ju| + [un])({t CR; |t|] = R}) < €. Let g be a continuous compactly
supported function such that 0 < g <1 and g(t) = 1 for all t [(]#R,R]. For all ¥ A,
for all n, [ [f(1—g)|d(|n| + |pn]) < €. Thus by (@0), one can suppose that the elements
of A have all their supports contained in the same compact set. In this case, the result is
an straightforward application of Ascoli’s Theorem. 1

11.1.2. Convergence of weighted spectral measures.

Lemma 11.2. Let, for each n, U™ = @™, ....u{), v = ™ ... vi?) be the
two first rows of a uniform random orthogonal (resp unitary) matrix. Let also x™ =
<™, x) be a random family of real numbers independent of (U™, V (™M),

a) Suppose that for all n, x™ belongs to the unit euclidian ball of R". Then
UM 4 uMx™ 2 ) (41)

b) Suppose that for all n,k, [x{| =1 and that 2(x{" + -+ x{"”) tends almost surely
to a deterministic limit I. Then

U™ o uORx™ 2S5 (42)

¢) Suppose that for all n, k, |x(”)| < 1. Then as n tends to infinity,
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Proof. Firstly, by conditioning, one can suppose the x(™’s to be deterministic.

Let us first prove a) and b). Only U™ is involved in a) and b), thus since a uniform
random vector on the unit sphere of C" is a uniform random vector on the unit sphere
of R?", it su [ced to treat the real case. Now, let us recall a well-known concentration
result [5, Lem. 14.2ﬁ. Let g be a real-valued 1-Lipschitz function on the unit sphere of
R". Let my be one of its medians: both events {g(U™) = my} and {g(U™) < my} have
probabilities = 1/2. Then we have, for any € > 0,

P{gU™) —my| =€} < 1/ 2e € (=172
It follows that

E[g(U™)] — mg| < Eflg(U™) — my|] = /

t=0

+oo

P{lg(U™) — my| = t}dt < ?%

Thus, |g(U™M)—E[g(U™)]| = ;%L implies that |g(U™)—my| = ;£ and the following
inequality follows:

P{IgU®™) — ElgU®™))| = Ve | < \/n/2e (44)
2 n—1

As a consequence, if, for all n, g, is a 1-Lipschitz function on the unit sphere of R",
such that that E[g,(U™)] converges, as n goes to infinity, to a finite limit, then g,(U™)
converges almost surely to the same limit (indeed, by the Borel Cantelli Lemma, it su [ced
to prove that for any n > 0, the series >_4 P{|gn(U™)—E[ga(U™)]| > n} converges, which
follows from (@4)), applied with € =2 n—1n —m). For a), applying this principle for
On : U B X ulJdwhich gradient, x(™, actually belongs to the unit euclidian sphere,
allows to conclude. For b), use the function g, : u B Zudiag(x™)u, which gradient
at any point u of the sphere, is equal to diag(x(™)u, thus actually belongs to the unit
euclidian sphere.

To prove ), the strategy is quite dilerent. Let us define the random variable Z, =
v, x4+ T™y, ™WxY. Since Z,, is centered, by Chebyshev’s inequality and
Borel Cantelli’s Lemma, it su [ced to prove that E[Z}}] = O(n™2). We have

n
E[lzal= ) XMW x M xWE[UM U uPuMv vy Dy ],
ij k=1

Note that by definition of the Haar measure, E[u{u{"u{®uv{"v{"v{"v{™] = 0 when-

ever among i, J, k, I, one is di[erent of all others. It follows that
2 2 2 2 2 2
E[z}] = Bin(”) x}”) Equ{™ u}”) v vj(”) ]
ij
2 2 8 8 8 8.1
< 3% X" E e EN" EN D

¥ ~~

8
=Eu{™"]

Since, by [15], E[ui”)g] = O(n™*%), the conclusion holds. 1

6Usually, this result is stated for functions which are 1-Lipschitz with respect to the geodesic distance
on the sphere d(u,v) = arccosl, v[Jout using [, v[F 1 — [k« [2]2, it appears that [uu [ d(u, v).
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Proposition 11.3. Let, for each n, U™ = W™, ..., uM™), v = vV, .. vi) be the
two first columns of a uniform random orthogonal (resp. unitary) matrix. C0n5|der also

mn = n and a uniform random vector W™ = (w™, ..., w?) on the unit sphere of R™

(resp. C™), independent of UM, Let also AW = ()\5“), ., ANy be a random family of
real numbers independent of (UM, v @™ W) We suppose that n/m, — ¢ [0, 1],
Nn - oo
that
the sequence (ml?x |)\ﬁ”)|) is almost surely bounded, (45)

and that there exists a deterministic probability measure p on R such that as n tends to
infinity,
n

1
a E d,m converges almost surely weakly to . (46)
k

k=1

Then as n tends to infinity,

Hum = > pey |u(”)| d A converges almost surely weakly to p, 47

Hw o ©= Y pmy |W(n)|25x<n> + 3 W28 (48)
converges almost surely weakly to cp + (1 — ¢)do,

Hum oy = Y ey US‘)Vk )6A<n> converges almost surely weakly to 0, (49)

Hum wo = Y ey u,((”)wk )6A<n> converges almost surely weakly to 0. (50)

Proof. We shall use the first statement of Lemma [I1.Il Note first that by hypothesis
(@5), almost surely, all these sequences of complex measures are tight. Moreover, we have

n
Iy vyl = |Uﬁn)V;(<n)|5;\£n>1
k=1
thus, by the Cauchy-Schwartz inequality, we have [uym ym|(R) = 1. In the same way,
|Hy@ wo [(R) = 1. Since Yym, Uy o are probability measures, the same inequality holds
obviously for them.

The set of continuous functions on the real line tending to zero at infinity admits
a countable dense subset, so it su[ced to prove that for a fixed such function f, the
convergences of (7)), (8), (@9) and (&0) hold almost surely when applied to f. So let
us fix a continuous bounded function f on R. One can suppose that |f| < 1. The
convergences of (@7)) and (@8), applied to f, follow from an application of (42). The
convergence of (49), applied to f, follows from (43). At last, the convergence of (&0),
applied to T, follows from (41)). 1

11.2. A technical lemma. We shall need the following result. Note that nothing, in
its hypotheses, is random. We define, for z [CQ and E a closed subset of R, d(z,E) =
Miny 1|z — X|.

Lemma 11.4. Let us fix a positive integer r, a family 6., ...,0, of pairwise distinct
nonzero real numbers, two real numbers a < b, a function G which is analytic on C\[a, b]
and such that
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a) G does not take any real value out of R\[a, b],
b) for all z [[(F-o0,a) (A, +0), G(2) and GXz) <0,
c) G(z) tends to zero as z tends to infinity.

Let us define, for z [CCN\[a, b], the r < r matrix
Mg(2) = diag(1 — 8:G(z2),...,1—6,G(2)), (51)

and denote by z; > --- > z, the z’s such that Mg(z) is not invertible (p C{D,...,r} is
the number of 6;’s such that the equation G(z) = 1/8; has a solution).

Let us also consider two sequences an, b, with respective limits a, b and, for each n, a
function M(n, -), defined on C\[an, b,], with values in the set of r < r complex matrices
and which coe Lciehts are analytic functions. We suppose that

d) for all n, for all z CCN\R, the matrix M(n, z) is invertible,
e) for all n > 0, M(n,-) converges, as n tends to infinity, to the function Mg("),
uniformly on {z [d; d(z,[a,b]) =n}.

Then there exists p real sequences z,;, > ... > z,, converging respectively to z,...,z,
such that for all € (0, min;d(z;, [a,b])), for n large enough, the z’s in R\[a — €,b + €]
such that M(n, z) is not invertible are exactly z, 1, ..., znp. Moreover, for n large enough,
for each i, M(n, z,;) has rank r — 1.

Proof. Note firstly that by c), there exists R > 0 such that for z such that |z|] = R,
|G(2)| < min; ﬁ By d) and e), it follows that for n large enough, all the z’s such that

M (n, z) is not invertible are in [—R,R]. To conclude, it su [ced to prove that for all
c,d CRN\([a,b] C{2;,...,2,}) such that c <d <aorb<c<d, we have:

(H)  the number C.4(n) of z’s in (c, d) such that det M (n, z) = 0 tends to the cardinality
Ccqof the i’sin {1,...,p} such that c < z; <d.

(The assumption about the ranks following then from the fact that the set of matrices
with rank at least r — 1 is open in the set of r < r matrices).

To prove (H), by additivity, one can suppose that ¢ and d are close enough to have
Cc.qg =0 or 1. Let us define y to be the circle with diameter [c,d]. By a), det Mg(-) does
not vanish on vy, thus

Ceq=— dz=1i — — Uz,
“4 7 2in /. detMg(2) 2= 2im y detM(n,z) ?

the last equality following from e). Since C.4 = 0 or 1, no ambiguity due to the orders
of the zeros has to be taken into account here, and it follows that for n large enough,
CC,d(n) = Ccld. I:I

1 /azdetI\/IG(z) 1 [9,detM(n,z)
Y
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