Regularization by free additive convolution, square and rect-
angular cases
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Abstract. The free convolution & is the binary operation on the set of probability measures on the real
line which allows to deduce, from the individual spectral distributions, the spectral distribution of a
sum of independent unitarily invariant square random matrices or of a sum of free operators in a non
commutative probability space. In the same way, the rectangular free convolution @, allows to deduce,
from the individual singular distributions, the singular distribution of a sum of independent unitarily
invariant rectangular random matrices. In this paper, we consider the regularization properties of these
free convolutions on the whole real line. More specifically, we try to find continuous semigroups (p+)
of probability measures such that po = do and such that for all ¢ > 0 and all probability measure
v, ueBv (or, in the rectangular context, pu:m@,v) is absolutely continuous with respect to the Lebesgue
measure, with a positive analytic density on the whole real line. In the square case, for m, we prove
that in semigroups satisfying this property, no measure can have a finite second moment, and we give
a sufficient condition on semigroups to satisfy this property, with examples. In the rectangular case, we
prove that in most cases, for p in a @8,-continuous semigroup, u®,v either has an atom at the origin or
doesn’t put any mass in a neighborhood of the origin, and thus the expected property does not hold.
However, we give sufficient conditions for analyticity of the density of um,v except on a negligible set
of points, as well as existence and continuity of a density everywhere.
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1. Introduction

It is a very natural question to study the spectrum of the sum of two matrices, being given the spectrum
of each of them. Such a question can of course have many different answers depending on the relations
between the eigenspaces of the two matrices. If they are the same, but for instance the eigenvalues are
independent and say equidistributed inside each matrix, the spectrum will simply be given by the classical
convolution. If, on the contrary the eigenspaces are chosen as arbitrarily as possible with respect to each
other, which corresponds to conjugating one of the matrices with an independent unitary matrix following
the Haar measure, Voiculescu [V91] proved that in the limit where the size of the matrices goes to infinity
while the spectral measure of each of the two matrices converges weakly, the outcome only depends on
these limiting measures and is given by their free convolution. More precisely, if we let Ay, By be two

sequences of N x N Hermitian matrices with eigenvalues (a¥)1<;<n and (bY)1<i<n respectively, such

K2

that the spectral measures LY := % vazl 5a£\r and LY := % Zfil 5b£v converge to probability measures
ua and pp as N goes to infinity, and if Uy follows the Haar measure on the unitary group and is
independent of Ay and By, then the spectral measure of Ay + UnByUjR, converges towards the free

convolution pamup of py and pp.

One of the authors, F. Benaych-Georges [BG1], generalized this convergence to the case of rectangu-
lar matrices. In this case, Ay a and By a are N x M matrices and we assume that their singular values
(for N < M, the singular values of an N x M matrix C are the eigenvalues of vVCC*) converge towards
va and vg. We let, for C = A or B, uc be the symmetrization of vo: pc(A) = %(Vc(A) + vo(—A)).
We consider Uy and Vj; following the Haar measure on the NV x N and the M x M unitary matrices
respectively. Then, F. Benaych-Georges proved that, if N/M converges to some A € [0, 1], then the sym-
metrization of the empirical measure of the singular values of Ay s + UnBn,amVar converges towards a
probability measure pam,up.

Free convolution naturally shows up in random matrix theory since important matrices such as the
Gaussian ensembles are invariant under conjuguation under the unitary group and therefore can always
be written as Uy By Uj, for some Haar distributed matrix Uy, independent of By, or have asymptotically
the same behaviour (for instance matrices with independent equidistributed entries, see [D]).

Convolution is a standard tool in classical analysis for regularizing functions or measures. In this
article, we study the regularizing properties of free (square and rectangular) additive convolution. Because
we wish to be able to regularize measures by perturbations as small as desired, it is natural to regularize
them by processes p:, ¢ > 0 such that u; tends to dg as t goes to zero. To simplify, we shall consider
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more precisely processes corresponding to infinitely divisible laws x®*, as constructed by Bercovici and
Voiculescu [BV93] (see also Nica and Speicher [NS96]).

Such issues are naturally related with the possibility that the density vanishes, since the density is
then likely [B1] to have some infinite derivative at the boundary of the support.

Hence, we shall more precisely ask the following question: can we find p (likely a free infinitely
divisible law) such that

(H) For any probability measure v, psv (or in the rectangular case um,v) is absolutely continuous
with respect to the Lebesque measure, with a density which is analytic and which does not vanish on R.

Such questions already showed up in several papers. In [V93], D. Voiculescu used the regularizing
properties of free convolution by semi-circular laws to study free entropy for one variable. In [GZ, BiV01],
regularization by Cauchy laws is used to smooth free diffusions in one case, and to study Wasserstein
metric and derive large deviations principles in the other. In fact, it was shown in [CDG] that free
convolution is the natural concept to regularize a free diffusion since the result will still be a free diffusion,
but with a different (and hopefully more regular) drift. Free convolution by Cauchy laws is well understood
since it coincides with standard convolution with Cauchy laws. In particular, Cauchy laws satisfy (H).
The drawback is that Cauchy laws do not possess any moments, and thus do not allow a combinatorial
approach by moments. In section 3.2, we show that it is in fact impossible to find a B-infinitely divisible
probability measure p satisfying (H) and with finite variance. In fact, we can then construct another
probability measure v such that the density of umsr vanishes at a point where its derivative is infinite. As
a positive answer, we provide in section 3.1 sufficient conditions for a probability measure p to satisfy
(H). They require that p has either none or infinite first moment.

In the rectangular case, we exhibit in section 4.3 a sharp transition concerning the behaviour of the
free rectangular convolution of two measures at the origin. If ({0})+v({0}) > 1, we prove that ums,v({0})
is positive. This generalizes a similar result of Bercovici and Voiculescu in the square case ([BV98]). More
surprisingly, when p({0}) +v({0}) < 1, we show the existence of a nonempty open neighbourhood of the
origin which does not intersect the support of the density of um,v, for any infinitely divisible law p and
any probability measure v.

This phenomenon is related to the repulsion at the origin of the spectrum. Such a repulsion was
also shown to hold at the finite matrices level in the square case by Haagerup [Ha01] (by adding a form
of Cauchy matrices) and by Sniady [Sni02] (by adding Gaussian matrices). Our result is less strong since
it is clear that the rectangular case carries naturally a repulsion of the origin (as can be seen on the
Pastur-Marchenko laws) and it holds only asymptotically. However, we find rather amazing that it holds
for any infinitely divisible law p and any probability measure v.

This interesting phenomenon shows that (H) cannot hold in the rectangular case. We thus show
a weaker result in Corollary 4.6 and Proposition 4.10 by giving sufficient conditions for analyticity of
the density of um,v except on a discrete set of points, as well as existence and continuity of a density
everywhere.

Acknowledgments. The authors would like to thank Professor Hari Bercovici for useful discussions
and suggestions, and his encouragements during the work on this paper.

2. Prerequisites in complex analysis and free probability background

2.1. Complex analysis

Let D := {z € C: |2z| < 1}. We denote by <tlim,_.,, f(2), <f(w), or

lim f(2)

z——w
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the limit of f at w € 0D along points inside any angle with vertex at w and included in D, and name it
the nontangential limit of f at w. Unconditionnal limit at w corresponds to limit taken over any path in
the domain D which ends at w.

We will denote C* = {z € C:SJ(z) >0}, C~ ={2 € C:3(z) <0} and R = [0, +00). The notion
of nontangential limit extends naturally to maps defined on a half-plane. Moreover, since the rational
transformation z — Z_z of the extended complex plane C U {co} carries the upper half-plane onto the
unit disc, most properties of analytic functions defined in the unit disc transfer naturally to functions

defined on C*.

We shall use in our paper several results describing the boundary behaviour of analytic functions
defined in the unit disc or the upper half-plane. Let us first cite a theorem due to Lindeldf, (theorem
2.20(i) in [CL66]).

Theorem 2.1. [Lindelof] Let f be a meromorphic function on the upper half plane such that there are at
least three points of CU {oo} which are not attained by f on the upper half plane. Consider a € RU {oo}
such that there is a path 7y : [0,1) — C* with limit a at 1 such that

= lim f(3(1))

exists in C U {oc}. Then the nontangential limit of f at a exists and equals .

Recall that if f is a function from a subset D of CU {0} into CU {0}, for all z in the boundary of
D, the cluster set C(f,z) of f at z is the set of limits in CU {oo} of images, by f, of sequences of points
in D which tend to z. For any subset D’ of D, Cp/(f, z) denotes the cluster set of the restriction of f to
D’. For the particular case when D = or D = C*, we define the nontangential cluster set C*(f,xq) of
f at g € 9D in the following way: let I'(«) be the angle with vertex at xg bisected by the perpendicular
on 0D at xg, with opening o € (0, 7). Then

CA(f> IO) - U(xE(OJr)CF((x) (fa IL‘())-
Thus, the existence of nontangential limit of f at zo means that C(f, zo) contains only one point.

The following result (see e.g. Theorem 1.1 in [CL66]) concerns the connectivity of a cluster set.

Lemma 2.2. Let D be a domain in C (i.e. an open connected set) and assume that D is simply connected
at the point x € D (i.e. x has a basis of neighbourhoods in C whose intersections with D are simply
connected). If f: D — CU {oo} is continuous, then C(f,x) is connected.

It is known from Fatou’s Theorem (see [CL66]) that bounded analytic functions on D have good
boundary properties, namely the nontangential limit of such a function exists at almost all points (in the
sense of linear measure) of the boundary of D. However, the set of points where the nontangential limit
does not exist can be also quite rich in some situations, as the following theorem shows (see e.g Theorem
4.8 in [CL66))

Recall that a subset of a metric space X is said to be residual, or of second Baire category if it isn’t
contained in the union of any sequence of closed subsets of X with empty interior.

Theorem 2.3. If the real or complex function f(z) is continuous in |z| < 1, and if for 0 € [0,2x], {Gp} is
a rotation by the angle 6 of a continuum Gy such that Go N {|z| = 1} = {1}, then Cg,(f,e"?) = C(f, ")
on a residual set of points € on {|z| = 1}.

This theorem says for us that for a function that has no unconditional limits at the boundary, the
nontangential limit must fail to exist sometimes.
We will use this result in connection with the following theorem of Seidel (Theorem 5.4 in [CL66]).

Theorem 2.4. Assume that f: D — D is analytic, and has nontangential limits with modulus one at
almost all points 6 in some given interval (01,02) C OD. Then for any 0y € (01,02) either f extends
analytically through 6y, or C(f,0) = D.
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Another useful auxiliary result is Theorem 5.2.1 from the same [CL66]:

Theorem 2.5. Let f be meromorphic in the domain D bounded by a smooth curve y. Consider zg € v and
suppose also that f extends in a meromorphic function in an open set containing y\{z0}. Then we have
0Cp(f,20) C Cy(f,20), where DA denotes the boundary (in CU{oo}) of A C CU {o0}.

We shall also use the following theorem, which can be seen as a "nontangential limit” version of the
analytic continuation principle (see [CL66]).

Theorem 2.6 (Riesz-Privalov). Let f be an analytic function on D. Assume that there exists a set A of
nonzero linear measure in 0D such that the nontangential limit of f exists at each point of A, and equals
zero. Then f(z) =0 for all z € D.

Consider now an analytic function f: D — D. The Denjoy- Wolff point of f is characterized by the
fact that it is the uniform limit on compact subsets of the iterates f°" = fo fo---o f of f. We state
| S
n times

the following theorem of Denjoy and Wolff as it appears in Milnor’s book [M99], as Theorem 4.2. Recall

that an hyperbolic rotation around some point zy € D is a function of the form z — ew%, 0 € R.

Theorem 2.7. Let f: D — D be an analytic function. Then either f is a hyperbolic rotation around some
point zg € D, or the sequence of functions f°" converges uniformly on compact subsets of D to a unique
point w € D, called the Denjoy- Wolff point of f.

Note that if the analytic function f: D — D is not a hyperbolic rotation and has a fixed point ¢ € D,
then ¢ has to be the Denjoy-Wolff point of f. In fact, the Denjoy-Wolff point w € D can be equivalently
characterized (see Chapter 5 of [Shal]) by being the unique point that satisfies exactly one of the following
two conditions:

(1) |w| <1, f(w) =w and |f'(w)] < 1;
(2) |w| =1, <lim,_,, f(z) = w, and

Since the unit disc is conformally equivalent to the upper half-plane via the conformal automorphism
of the extended complex plane z — 27, the above theorem and equivalent characterization of the Denjoy-
Wolff point applies to self-maps of the upper half-plane C* := {z € C: 3z > 0}, with the difference that
when infinity is the Denjoy-Wolff of f, we have

< lim f(2)/z > 1.

Z2—00
2.2. Free convolution, related transforms

2.2.1. Cauchy transform and Voiculescu transform. We now recall some basic notions about free con-
volution. Let us remind the reader that for a probability 1 on R, we denote G, its Cauchy-Stieljes
transform

G.(z) :/ ! du(x), zeC\R

Z—x

and F,(z) = 1/G,(z). Note that F,,: C*—C*.

The following theorem characterizes functions which appear as reciprocals (in the sense of multi-
plication) of Cauchy-Stieltjes transforms of probabilities on the real line. For the proof and an in-depth
analysis of the subject, we refer to [A65], Chapter 3.

Theorem 2.8. Let F': C™ — C* be an analytic function. Then there exist a € R, b > 0 and a positive
finite measure p on R so that

1+t
F(z)=a+bz+/ t* 2

R —Z

dp(t), ze€CT.
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Moreover, F' is the reciprocal of a Cauchy-Stieltjes transform of a probability measure on the real line if
and only if b =1. The triple (a,b, p) satisfies a = RF (i), b =lim, 4 F(iy)/iy, and b+ p(R) = SF(3).

Remark 2.9. An immediate consequence of Theorem 2.8 is that for any probability measure o on R, we
have SF,(z) > Sz for all z € CT, with equality for any value of z if and only if ¢ is a point mass. In this
case, the measure p in the statement of Theorem 2.8 is zero.

The function F}, can be seen to be invertible in a set of the form
Lo ={2€C:|z| > M, |z > a|Rz|}
for some M, > 0.

The Voiculescu transform of p (see paragraph 5 of [BV93]) is then given on F},(I'y ar) by ¢,(2) =

Fol(z) -z

The free convolution of two probability measures p and v on the real line is then characterized by

the fact that
¢HEHV(Z) = ¢M(Z) + d)u(z) (21)
on the common component of their domain that contains i[s, +00) for some large enough s > 0 (for details,

we refer again to [BV93].) Note here that Voiculescu’s transform ¢, and the so-called R-transform are
related by R, (z) = ¢.(1/2).

Another useful property of Cauchy-Stieltjes transforms of free convolutions of probability measures
is subordination: for any p, v, there exist unique analytic functions wy,ws: CT — CV so that G, (w1 (2)) =
Gu(wa(2)) = Gumu(z) for all z € CT and limy,_, ;o w;(iy) /iy = 1, j = 1,2. This has been proved by Biane
in [Bi].

In the following, we shall also need the following lemmas.

Lemma 2.10. [Fatou’s theorem] Let f: CT — C be an analytic function. If C\ f(CV) contains a half-line,
then f admits finite nontangential limits at Lebesgue-almost all points of the real line.

This lemma follows from Theorem 2.1 of [CL66], and conformal transformations.
Lemma 2.11. Let v be a probability measure on the real line.

(i) For almost all (with respect to the Lebesque measure) real numbers x, the nontangential limit, at
x, of —%%GV exists and is equal to the density, at x, of the absolutely continuous part of v (with
respect to the Lebesque measure).

(ii) Let I be an open interval of the real line. Then we have equivalence between:

(a) The restriction of G, to C* extends analyticaly to an open set of C containing CT U I.

(b) The restriction of v to I admits an analytic density.
Moreover, in this case, the density of the restriction of v to I isx € I — 7%%‘GV(IL'), where G, (x)
is the value, at x, of the extension mentioned in (a) of the restriction of G, to CT.

Proof. Part (i) is Theorem 3.16 from Chapter II of [SW].

(ii) Suppose (a) to be true. Let us define, for t > 0, C; = %.It is the law of tX when X is
a Cp-distributed random variable (hence a standard Cauchy variable), and thus converges weakly to dg

when t tends to zero. Let us also define, for ¢ > 0,
—13G, (z+it) ift>0o0rxel,
in the other case.
Then for all ¢t > 0, p; is the density of v * C;, and converges weakly (i.e. against any continuous bounded
function) to v as ¢ tends to zero. So it suffices to prove that for all f compactly supported continuous

function on I, [ f(z)pi(x)dz tends to [ f(x)po(x)dz when ¢ goes to zero, which is an easy application of
dominated convergence theorem.
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Suppose (b) to be true. It suffices to prove that for all € I, there is £, > 0 such that the
restriction of G, to CT admits an analytic extension g, to CT U B(z,&,). (We denote by B(x,e;) the
open ball of center z and radius £,.) Indeed, in this case, since for all z,a’ € I, g,, g, coincide on
B(z,e,) N B(a',e,,) NCT, one can define an analytic function on

Ct U (UgerB(w,e4))
which coincides with G, on C* and with g, on every B(z,&;). So let us fix x € I.

Without loss of generality, we may assume that (1) = 0, (2) the analytic density function f of v
is defined analytic on [—c, c] for some ¢ > 0, (3) this function has radius of convergence > ¢ with power
series f(t) = Y .° ;ant™, and (4) the support of v is contained in [—c,¢| (since for all finite measures
vi1,V2, Gy 4v, = Gy, + G, and G,, is analytic outside of the support of v1). It will be enough to show
that G, extends analytically through (—c,c). Let log be the analytic function on C\{—it; ¢t € [0,400)}
whose derivative is . For any |z| < ¢, z € C", we have the integral

G,(z) = szt / Zan dt / Zann_z7L+Z dt

[l h—o
n—l j+1 j+1
= fZan JZ(:) Cj—i(—IC) + 2"[log(z — ¢) — log(z + ¢)]
0 n—1 i ;
eIt (_c>]+1
nz" | [l 1 —c)] — n e
(Za ) og(z 4 ¢) —log(z — ¢)] ngoa jgoz 1

(We can commute integral with sum because the function of t — |f(¢)/(z — t)| is obviously bounded
uniformly on (a neighbourhood of, even) [—¢, ], for any z in a compact subset of C* N B(0,¢) and the
sum is absolutely convergent because of the power series condition.) We claim that in fact this formula
defines an extension of G, on B(0,¢). Indeed, the first sum is obviously convergent, while for the second

(L oyitt
we have \2”_3%| <t 2|c3+1|JJrl = QCJH so, since

Zan "+1Z—<oo

(recall the radius of convergence), so must be the second term in the sum above, for all |z| < ¢. Thus,
the function G, admits an analytic extension on an open set containing C* U (—c, c¢), and the formula is
given above. [

Lemma 2.12. Let v be a probability measure on the real line with support equal to R and which is concen-
trated on a set of null Lebesgue measure. Then the cluster set of the restriction of its Cauchy transform
to the upper half plane at any real point is the closure, in CU {0}, of the lower half plane.

Proof. Let us apply the upper half-plane version of theorem 2.4 to the opposite of v’s Cauchy transform.
Since by (ii) of lemma 2.11, for all real number z, —G, does not extend analytically to x, the theorem
will imply what we want to prove. Indeed, part (i) of lemma 2.11 implies that the imaginary part of G,
has a null nontangential limit at Lebesgue-almost all points = of the real line. Since by Lemma 2.10 G,
admits a finite nontangential limit at Lebesgue-almost all x € R, it follows that —G,, satisfies the upper
half-plane version of Theorem 2.4. This completes the proof.

O

Lemma 2.13. The set of symmetric probability measures on the real line with support R and which are
concentrated on a set of null Lebesgue measure is dense in the set of symmetric probability measures for
the topology of weak convergence.

Proof. Let D be the set of symmetric probability measures on the real line with support R and which are
concentrated on a set of null Lebesgue measure. Since the set of symmetric probability measures which
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are finite convex combination of Dirac masses is dense in the set of symmetric probability measures, it
suffices to prove that for all real numbers a, 3(6_, + &,) is in the closure of D. This is clear, since if
v € D, then for all € € (0,1), 355(6_4 + ) +ev € D. O

2.2.2. Free infinite divisibility. One can extend the notion of infinitely divisible law from classical con-

volution to free convolution: a probability measure p is said to be H-infinitely divisible if for any n € N

there exists a probability pu, so that u = p,sBp,@- - - 8u,. It can be shown that any such measure embeds
—_——

n times
naturally in a semigroup of measures {u®: ¢t > 0} so that ¢ — u® is continuous in the weak topology,
pBm = for all n € N, g = 0o, and @5+t = Bs@ Bt for all st > 0. It follows easily from (2.1) that
for any t > 0, we have ¢,@: (2) = t¢,(2) for all points z in the common domain of the two functions.

In [BV93], Bercovici and Voiculescu have completely described infinitely divisible probability mea-
sures with respect to free additive convolution in terms of their Voiculescu transforms.

Theorem 2.14.

(i) A probability measure p on R is B-infinitely divisible if and only if ¢, has an analytic extension defined
on CT with values in C~ UR.

(i) Let ¢: C* — C~ UR be an analytic function. Then ¢ is a continuation of ¢, for some B-infinitely
divisible measure u if and only if
)

z—— 00 z

=0.

In the following lemma, we describe some properties of free convolutions with H-infinitely divisible
measures.

Lemma 2.15. Let p be a probability which is not purely atomic, and v an arbitrary probability measure.
We know that there exist two subordination functions wi and wy from CT into Ct so that F, ow; =
F, owy = Fym,. Moreover:

(1) wi(z) + wa(z) = Fumu(2) + 2, 2 € CT;
Assume in addition that p is B-infinitely divisible. Then

(2) wy is the inverse function of H(w) = w + ¢,(F,(w)), w € CT, so in particular it has a continuous
extension to R U {oo} and wy(x) is finite for all x € R. Moreover, wy(z) is the Denjoy- Wolff point
of the function g,: CT — C*, g,(w) =w + z — H(w), for all z € CT UR;

(3) F,, has a continuous extension to R U {oc}, analytic outside a discrete set in R, and F,,(z) is finite
for all x € R;

(4) wo and F,m, extend continuously to R. Moreover, if F m,(x) € R, then so are wi(x) and wa(x);

(5) If all existing nontangential limits of ¢,, at points of R belong to C~, then F,(xz) € C* for all x € R.

Remark 2.16. (4) already shows that at x € R such that Fm,(x) # 0, psv is absolutely continuous with

respect to Lebesque measure, with density :(f*‘;“‘l (x). Note also that at a point x such that Fum,(z) =0,
ey

Lemma 2.15 (4) implies that wa(xz) € R, and by the definition of wa, together with Lindeldf’s Theorem
2.1,

0= Fum(z) = ligl F(wa(2)) = lim  F,(z).

g z;;»<iw2(0)
Since p is infinitely divisible, Proposition 5.1 (1) of [BBO5] then guarantees that two(0) is an atom of Bt
for allt < 1.
Proof. Item (1) has been proved in [BV98], and can be easily checked from (2.1) and analytic continuation.

Item (2) is a direct consequence of the fact that H satisfies the conditions imposed on the function
denoted also H in Theorem 4.6 [BB05] (namely it is analytic in C*, it decreases the imaginary part,
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and its derivative has strictly positive limit at infinity - in this case equal to one). Hence, by Theorem
4.6 [BBO05] (2), H is invertible from wq(CT) onto C* and, since by (2.1), F, = F,g, o H, its inverse is
exactly wy. Moreover, by Theorem 4.6, part (2) of [BB05], w; extends continuously to R with image in
C* UR, while part (3) of the same theorem guarantees that wy(z) is the Denjoy-Wolff point of g, for all
z2€CTUR.

Item (3) follows from Proposition 2.8 (a) in [B2].

We prove now (4). Assume that there exists 2o € R so that C(F,a,,x¢) contains more than one
point (and hence, by Lemma 2.2, is a continuum). Since by (2) wq(zg) is finite, Theorem 4.1 of [B1]
allows us to conclude that if C'(F,@,,20) N CT # @, then F,m, extends analytically to zo, providing a
contradiction. Thus, C(F,m., zo) contains either an interval, or the complement of an interval, in R. By
(2) wi(xo) exists and then, by (1), wi(zo) € R. By definition, for any ¢ € C(F,@m,, o) in such an interval
there exists a sequence {z¢}, C CT converging to zg so that lim, . Fym,(25) = c. Using (1) we obtain

lim wo(z;) = lim Fyum.(z;,) —wi(zs) + 2, = ¢ — wi(xo) + xo.
n—oo n—oo

Now part (3) of the lemma allows us to conclude that
¢= lim Fe, () = lim Fu(wa(:5)) = Fy(c — wi(zo) + a0),

for all ¢ in an interval. The analyticity of F), outside a discrete subset of R implies (by analytic contin-
uation) that F,(z) = z — (zo — wi(2o)) for all z € C*, 50 pt = 03w, (2)» contradicting our hypothesis.
The continuity of wy on the real line follows now immediately from (1) and (2).

To prove item (5) assume that F),(z) € R. We know that equality z = F},(2) + ¢, (F,.(2)) extends
to R. If ¢, has no nontangential limit at the point F),(z), then, since the continuity of F,, guarantees
the existence of lim,_., ¢,,(F),(z)), Lindel6f’s Theorem 2.1 provides a contradiction (¢, has limit along
the path F,(z +¢R™) but not nontangential, at F),(z)). If ¢,, has nontangential limit at F,(z), then, by
hypothesis, it must be complex, so obviously SF),(z) = =<, (F,.(z)) > 0. Contradiction again. [

2.3. Rectangular free convolution, related transforms

2.3.1. Introduction to the rectangular free convolution and to the related transforms. We recall [BG1]
the construction of the rectangular R-transform with ratio A, and of the rectangular free convolution @,
with ratio A, for A € [0, 1]: one can summarize the different steps of the construction of the rectangular
R-transform with ratio A in the following chain

b G, —>Hu(z):/\Gu( >2+(1—/\)\/ZGM<1) .

VZz

sym. prob. Cauchy
measure transf.
z
CH(Z):U(H1 _1>7
n(2)

rect. R-transf. with ratio A
where for all z = pe?, with p € (0,400),0 € [0,27), \/z = p'/?e"/? (note that /- is analytic on C\R™T),
and U is the inverse of T'— 1, where

A -1+ [(A+1)2 +4x2] 7

2

T(z)=Az+1)(z+1), ie. U(z) = (when A =0, U(z) = z),

where z — z'/2 is the analytic version of the square root on the complement of the real non positive half
line such that 1'/2 =1 (i.e. for all z = pe?, with p > 0,0 € (=7, 7), 2%/ = p'/2e¥/2),

Note that the rectangular R-transform with ratio 1 (resp. 0), for symmetric distributions, is linked
to the Voiculescu transform by the relation C,(z) = v/2¢,.(1/v/z) (resp. Cu(2) = zp,(2), where p is the
push-forward of i by the function t — t2).
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The rectangular free convolution of two symmetric probability measures p,r on the real line is
the unique symmetric probability measure whose rectangular R-transform is the sum of the rectangular
R-transforms of p and v, and it is denoted by pm,v. Then, we have

C/VLEEAV = Cp, + Cy' (22)

If A =0, pm,v is the symmetric law which push-forward by ¢t — ¢? is the free convolution of the push-
forwards by t — t2 of 1 and v, and if A = 1, it is psv.

Remark 2.17. [How to compute pu when we know C,, ?] First, we have z/H'(z) = T(Cy(2)), for z €
C\R™ small enough. From this, we can compute H,(z) for z € C\R™ small enough. Then we can use the
equation, for z € C\R™,

1 1 1 \? 1 1
SHu(z) = A <\/2G,L(\/E)> +(1- )\)EG#(ﬁ). (2.3)

Moreover, when z € C\R™ is small enough, 1/+/z is large and in C~, so %Gu(ﬁ) is close to 1. LH,,(2)
is also close to 1, and for h,g complex numbers close to 1,
A—1+((A=1)2+4x2)2

h=MXg?+(1-Ng<eg=V(h), withV(z) = N =U(z—1)+1.

So one has, for z € C\R™ small enough,

1 1 _ Hy(2)
G2 = V(=

Note that the function ﬁGu(%) is analytic on C\R™, hence

(- (50) 1 o ()

admits an analytic extension to C\R™. Note that one cannot assert that this extension is given by the same
formula on the whole C\R™, but we know, by analytic continuation, that if one denotes this extension
by M, one has, for all z € C\R™,

H, .
2AM,(2) + 1+ NP=(—1)2%+ 4)\¥, or, equivalently, H,(z) = 2T(M,(z)).
Let us observe that M, (z) = 1,(vz) = ¥,2(2), where 1, (2) = [ 2. du(t) is the so-called moment
generating function of g, and p? is the probability on [0,+00) given by [ f(t)du?(t) = [ f(t*)du(t)
for all Borel bounded functions f. Hence, as noticed in Proposition 6.2 of [BV93], M, maps the upper
half-plane into itself and the left half-plane iC* into the disc with diameter the interval (u({0}) — 1,0).

(b) H, maps C\ R" into itself and maps i«C*t N C* into {C*. Indeed, for z € C*,

)= 6 (2 ) | 26 () + - wvE |
eC+ eC+

and the product of two elements of CT cannot belong to RT. (As a consequence, Lemma 2.10 guarantees
that the restriction of H to the upper half-plane has nontangential limits at almost all points of the positive
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half-line.) The second statement follows from part (a) above and the definition of T let z = x + iy be so

that x < 0 and y > 0. Then
tz z
z dif(t)+1| = / dp®(t)

z(l—tx) —ty> . 1 ,
/[0,+oo) (1 —tx)? + (ty)* e+ y/[o,+oo) (1 —tx)? + (ty)? 4 (0)

Since z < 0, the real part of the above expression is negative, as, since y > 0, its imaginary part is
positive. From (a) above,

2(My(z) +1)

Hy () = 2T(M,(2)) = (M (2) + D(AM,(2) + 1).

Since M,,(z) belongs to the upper half of the disc of diameter (p({0}) — 1,0), AM,(z) + 1 belongs to
C* N (—iCt), so that the product of AM,,(z) + 1 and z(M,(z) + 1) must belong to iC™.

(¢) Using the two previous remarks, we observe that if there exist r,¢ € (0,+00) and a sequence
{zn}n C CT so that lim,,_ o0 2, = 7 and lim, .o H,(2,,) = ¢, then the set {M,,(z,,): n € N} has at most
two limit points, either both negative (if 7 > ¢) or one negative and one non-negative (if » < ¢). Indeed,
the formula above guarantees that

n—oo

. —(14+ N+ /r(1—=X)2%+4)
lim M, (z,) € NG .

(d) Let us define two properties, for functions defined on C\ R*.

(P1) Vz € C\RY, f(Z) = —f(2).

(P2)  VzeC\RT, f(z) = f(2).

It is easy to see that /- has the property (P1) and that for © symmetric probability measure G, (1//z)
has also property (P1), hence H,, has property (P2). As a consequence, in view of (b), H,(R™) C R~ and
H,(iCt) CiC*. Similarly, H, " also satisfies property (P2) and hence also C, satisfies property (P2),
so, in particular, C\,((—a,0)) C R for any a > 0 so that (—a,0) is included in the domain of C,,.

(e) Let us denote by z¢ the largest number in (—o0,0) so that H) (zg) = 0 (we do not exclude
the case zo = —o0). Since H,(0) = 0 and H/,(0) = 1, H,' and C,, are defined, and analytic, on the
interval (H,(xo),0), and moreover, C,,((H,(zo),0)) € R™. Indeed, H, " is obviously defined and analytic
on (H,(z0),0), and as H,(R™) C R~ (by (b) and (d) above), we have > 0 for all x € (H,(x0),0).

Hi ' (x)

Thus, C,(z) =U (H;‘ﬁ(z) — 1) is defined and analytic on (H,(x¢),0).
To show that C,((H,,(x0),0)) € R~ it is enough to prove that U (H‘T(:c) - 1) < 0 for any = € (z9,0).
(As observed in Remark 2.17, the derivative of H,, in zero is one, so that H, is increasing on (zo,0).)
This statement is due to the inequality H*T(x) <1, x € (%9,0). Now, 1/y/x € iR~ and p is symmetric, so
G,(1/y/x) € iR*, which implies that |G, (1/v/z)| = SG,(1/y/z) for all z < 0. Remark 2.9 implies that

1 1 1 1
—| = -%—= < -QF, <) =—,
‘\/5 Ve Ve gq, <ﬁ>

o) ‘ﬁGu (%)‘ < 1, for any u # dg, z < 0. Thus, 0 < ﬁGu (%) <1, =z < 0. The definition of H,

and the fact that 0 < A < 1 imply now the desired result.
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(f) We have
Jim H(@) = (-3 [2du(t) (=0 it u({0) > 0)
i e ngop? + (1 - V(o). (2.5)

T——00 X

This follows from the definition of H,, together with the monotone convergence theorem: recall that

H,(x) Gu(1/VE) + (1= NWaG,(1/v/7)

2

1 1
A ———dp(t) | + (1= Niv]a] [ = du(t)
[ == ==

. Vil o
- A( eir u()) (=) [ 3 )

(We have used the fact that y is symmetric in the last equality.) Since lim, o 7 +t2‘z| = Xqo3(t) and

the convergence is dominated by 1, (2.5) follows.

||

Now observe that the functions f,(t) = TeEp © < —Lt €R, satisfy Sy (&) > foo () M 21| > |22,
fo(t) < t72 and lim, o f.(t) = t72, t € R, with the convention 1/0 = +oc. So by the monotone
convergence theorem,

lim /ﬂd (t):/t_2 du(t) € (0,400].

z——oo [ 1+ t?|z]
If [¢72du(t) < 400, we deduce that
V| . _1
— 1 2 1 — d
m_, oo/ 1—|—t2\ | ) z_IEloolx\ L0 lm 1+t2\x|
so that indeed lim, o H, () = —(1 — ) [¢t~2du(t). This is also true when [¢=2du(t) = +oc.

2.3.3. Free rectangular infinite divisibility. As for the free convolution, for any A € [0, 1], one can extend
the notion of infinitely divisible law to rectangular free convolution with ratio A: a symmetric probability
measure 4 is said to be m,-infinitely divisible if for any n € N there exists a symmetric probability u,, so
that p = pp®,\pn®, - - - 8, Uy It can be shown that any such measure embeds naturally in a semigroup of

n times
measures {u®rt: ¢t > 0} so that t — p®! is continuous in the weak topology, u®»'/" = p,, for all n € N,

po = 0o, and pBrGFT) = ;Bxsg Bt for all s,¢ > 0. It follows easily from (2.2) that for any ¢ > 0, we
have € m,+(2) = tC,,(z) for all points z in the common domain of the two functions.

In [BG2], the infinitely divisible probability measures with respect to @, are completely described
in terms of their rectangular R—transforms.

Theorem 2.18. A symmetric probability measure on the real line is @, -infinitely divisible if and only if
there is a symmetric positive finite measure G on the real line such that C,, extends to C\R™ and is given
by the following formula:

2
Vze C\RY,  Cu(2) = z/ 1 a6(). (2.6)
R 1— 2zt

In this case, G is unique and is called the Lévy measure of p.
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Remark 2.19. It would be useful, in order to know if the measures to which Lemma 4.1 can be applied
are all m,-infinitely divisible, to know if, as for the Voiculescu transform and s-infinite divisibility, any
symmetric probability measure whose rectangular R-transform extends analytically to C\R™ is actually
|, -infinitely divisible. Unfortunately, the proof of the analogous result in the square case involves the
fact that the Voiculescu transform of any probability measure takes its values in the closure of the lower
half-plane, and we still did not find the analogue of that fact in the rectangular context.

In the following we shall describe some more or less obvious consequences of Theorem 2.18. First we
record for future reference the geometry of the preimage of the complex plane via T'(z) = (Az+1)(z+1):

Remark 2.20. (i) 77'({0}) = {—1/A, =1} and T"(— (XA + 1)/2)) = 0;

(ii) T((—o0, —1/X]) = T([-1,+00)) = RT, and T is injective on each of these two intervals;

(iii) T((=1/A, —(1 +N)/2\]) = T([—(1 + X)/2X, —1)) = [-(1 — A\)?/4),0) and T is injective on each of
these two intervals;

(iv) T(—(1 4+ N)/2A +iRT) = T(—(1 + A)/2A —iRT) = (=00, —(1 — A\)?/4)\] and T is injective on each
of these two sets;

(v) RT(x + iy) = 0 iff \y? = (Az + 1)(x + 1). In particular, the pre-image of the imaginary axis
is an equilateral hyperbola whose branches go through —1 and —1/\ and the tangents at these
points to the hyperbola are vertical. More general, RT(x + iy)/ST(x + iy) = ¢ > 0 if and only
if 22 — y? — 2cay + (1 + %) (z —cy) + % = 0. That is, the pre-image via T of any non-horizontal
line going through the origin is an equilateral hyperbola going through —1 and —1/X and whose
tangents at these two points are parallel to the line cy = x.

Let us denote K1 = {z € CT: Rz > —(1+N)/2A}, Ko ={z € CT: Rz < —(1 + \)/2)\}, K3 ={z €
C:Rz>—-(1+N)/2)\}, Ky={2€C: Rz < —(1+N)/2A}.

Note that using the formula T'(z) = A {(z + %)2 - (14_)\2)2} , one easily sees that K; = T-1(C*T)N

(C+,K2 = T‘l((C_) N C+,K3 = T‘l((C‘) NC,Ky= T‘l(C+) NnC-.

Lemma 2.21. Let u be a @, -infinitely divisible probability measure. Then

1. H, is the right inverse of the analytic function C\R' 3 w — W, hence injective;
n

2. p({0}) > 0 if and only if limy,—, oo Cp(w) € (—1,0]. In that case,

—(1-=X)+ \/(1 —A)2+4\T ( lim Cﬂ(w)>

w——00

u({0}) = ) =14+ lim C.(w), (2.7)

w——00

or, equivalently, lim C,(w)= p({0})— 1.
w——00
3. m>arg H,(z) > arg z for all = € CT, with equality if and only if p = 6o. In particular, C,,(H,(CT)) C
Kl ;
4. H,, is analytic around infinity whenever lim,_,_ o, C(z) < —1.

Proof. By the definition of C),, Theorem 2.18, parts (d) and (e) of subsection 2.3.2, and Remark 2.17
we obtain that T(C\,(H,(z))) = H,(z)/z for all z € (—00,0), and, by part (b) of subsection 2.3.2 and
analytic continuation, for all z € C\ R™. This proves item 1.

We prove now item 2. Since the case u = dq is trivial, we exclude it from our analysis. This allows us
to assert that the Lévy measure of p has a positive mass, hence, by (2.6), that C),((—00,0)) C (—00,0).
Note that (2.6) implies also that lim,,_,_ C,(w) exists in [—00,0). As H,((—00,0)) C (—00,0), (by (b),

(—1,0).
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Using part (f) of subsection 2.3.2 and part (1) of this lemma,

({012 + (1= Np({0}) = T Hy(o)/x = lim_T(Cu(H,(x)).

Tr——00

If 1({0}) > 0, then by (f) of subsection 2.3.2, lim,_._, H,(z) = —oo, hence
T( lim_ Cu(w) = lm_T(Cuw) = lim_T(Cp(Hy(2)) = M({0})? + (1~ Nu({0}) € (0, 1),

so, since C),(H,((—00,0))) € (—1,0), we have lim,, . Cp(w) = u({0}) — 1 € (—1,0).

Conversely, assume that lim,,—, o C,(w) € (—1,0). We claim that lim,_, . H,,(z) = —occ. Indeed,
assume to the contrary that this limit is finite, and denote it by ¢ € (—00,0). Then we have 0 =
limg oo Hy(z)/x = limy—._ o T(Cu(Hy(2))) = T(Cu(c)), so that C,(c) = —1 or —1/X. But C}, is
increasing on (—o0,0) (it follows easily from the differentiation of (2.6)), and we have assumed that
lim,_,_o Cy(x) > —1. This is a contradiction. The statement concerning the mass at the origin follows
since by (2.5)

0 < Ap({0H)? + (1 = M)u({0}) = lim Hyu(@) = lim T(Cu(Hu(2))) = lim T(C,(w)).

r— —00 x T— —00 wW— —00
To conclude, one can easily deduce (2.7) from the previous equation.

To prove item 3, we claim first that H,(C*) C C*. Assume this is not the case: there exists a point
z1 in the upper half-plane so that H,(z;) € C~ UR. Observe that by the relations

Vo € (0,7), lin% H,(z)/z=1, (2.8)

|arg z—7|<a

there is a point zg € C* so that H,(z9) € C*. Consider a segment 7 uniting 2z and z;. Then there must
be a point z. € v so that H,(z.) € R and H,([20,2:)) C C*. Since H,(C\ RT) C C\ R, we must
have H,(z) < 0. But then C,(H,(z.)) < 0, so T(C,(H,(z:))) € R. Thus, we contradict the relation
H,(z) = 2z,T(C,(H,(z))). This assures us that H,(C*) C C*.

To conclude the proof of item 3, we have to prove that H,(z)/z € Ct whenever z € C*. This is
equivalent to T(C),(H,(z))) € CT whenever z € CT, i.e., since by (2.6), C,,(CT) C C*, to C,,(H,(CT)) C
K. Note first that by (2.8), there are some points z € C* for which H,(z)/z € C*, i.e. C,(H,(2)) € K;.
Hence the inclusion C,,(H,(C*)) C K; can fail only if C,,(H,,(C")) intersects the line —(1+\)/2X\+iR™,
so that there exists a point wy € C* with the property that T'(Cy,(H,(wo))) < 0. But then we obtain
that H,,(wo) = woT(Cy(H,(wp))) € C™, a contradiction. This proves item 3.

We proceed now with proving item 4. As observed in the beginning of the proof of item 2, we must
have C,,(H,((—00,0))) C (—1,0), so that lim,_,_o C,,(H,(x)) > —1, hence the hypothesis

lim Cy(z) < -1

r— —00

implies lim,—, oo Hy(x) = ¢ € (—00,0) (note here that the limit exists by (2.5)). Thus, H,(z) is analytic
around infinity if and only if

H,(1 if
Wu:zeC\(O,—l—oo)H{ w(1/2) 1 2% 0,
c if z=0,

extends analytically around zero. The relation H,,(z) = 2T(C,,(H,(z))) allows us to write
1
W(z) = Z(ACL(Wu(2)) + D(Cu(Wp(2)) + 1),

hence for z € C\R™ small enough so that (1 — X\)2 +4X\2W,(2) ¢ R,

€W, () - A= LHAZ A DA
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This relation holds for z in I N (—o00,0), where I C R is a small enough interval centered at zero, as
1 # 8. Thus, let us define f: I x (I +¢) — R, by
—A =1+ [(1— )2+ 4rzw]/?
(zw) = Culw) ~ sl
2\
(recall that ¢ = limg—,_ o H,,(z) < 0, hence if I is small enough, f is well defined). This function satisfies
f(z,W,(2)) =0 for all z € IN(—00,0). Hence f(0,c) = lim,yo f(z, Wy.(z)) = 0. We observe that
z
Ow ; =C - )
few) = Culw) = (A =3 5 Deui 2
so that 0y, f(0,w) = C},(w) > 0 for all w € (I +c) N (—00,0). Thus, the conditions of the implicit function
theorem are satisfied, so we conclude that there exists a unique real map g, analytic on some subinterval
J of I, centered at zero, so that g(0) = ¢ and f(z,g(x)) = 0 for all z € J. The uniqueness guarantees

that g(z) = W,(x) on their common domain, and hence it is an analytic extension to the interval J of
W, (z) = H,,(1/%). This concludes the proof. O

3. The square case

Below, we prove that free convolution is regularizing, namely that we can find a set of probability measures
(roughly B-infinitely divisible distribution whose Voiculescu transform is sufficiently nice) such that any
probability measure, once convoluted by one of these measures, has a density with respect to Lebesgue
measure which is analytic and positive everywhere. The fact that we require the density to be analytic
everywhere or positive everywhere will be seen in Proposition 3.4 to impose that these regularizing
measures have no finite second moment. We shall give also some examples of such measures after the
proof of the Theorem.

3.1. A result of analyticity

Theorem 3.1. Let i be a H-infinitely divisible distribution. Assume that the Voiculescu transform ¢,
satisfies the following conditions:

1. For any x € R, either <lim,_., ¢,(z) € C~, or ¢, has no nontangential limit at x;
2. Bither (i) <lim,_ oo ¢, (2) = 00, or (ii) <lim,—e ¢u(2) € C~, or (iii) C*(¢,,o0) contains more
than one point.

Then pmv has a positive, everywhere analytic density for all probability measure v.

Proof. We have, on a neighbourhood of infinity,
FyH(2) 4+ ¢u(2) = 2+ 6u(2) + 6u(2) = 2 + $umu (2) = Fog, (2)-

We replace z by F,m,(z), for z in an appropriate truncated cone I'y s - see 2.2.1 above (possible since
Fmu(2) is defined on the whole upper half plane and is equivalent to z as z goes to infinity in a nontan-
gential way), and get

2= Su(Fumn(2)) = FJ (Fua (2))-
Applying F, in both sides and using analytic continuation (recall that ¢, extends to C* by Theorem
2.11), we obtain
Fue(2) = Fy (2 — ¢ (Fumu(2))), z€CT. (3.1)
We will show that F,m, extends analytically to R, and Fjg,(xz) € C* for all 2 € R. This will imply

the theorem according to Lemma 2.11. Let us fix a real number . Observe first that the existence of a
continuous extension with values in C* UR U {co} of F,m, at x is guaranteed by Lemma 2.15, (4).

We are first going to prove that we do not have lim,_,, Fym,(2) = oo (i.e lim,_, |[Fum,(2)] = 00).
Suppose that this happens. Then we have
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r—wi(r) = limz—wi(2) = limw(2) = Fu(w(2))
= Zh_Ig ¢”(Fu(w2(z))) = Zh_Ig (bu(FuEEV(Z))
= lim ¢,(w) (3.2)

w—— 00

We have used part (2) of Lemma 2.15 in the first equality, (1) of Lemma 2.15 in the second equality,
definition of ¢,, and Theorem 2.14 in the third, and Lindel6f’s Theorem 2.1 in the lastequality. We next
show that any of the three hypotheses of Theorem 3.1.(2) are in contradiction with (3.2).

Indeed, if (i) holds, then (3.2) implies that  —w; () = oo which contradicts part (2) of Lemma 2.15.
(iii) clearly can not hold since (3.2) implies that C*(¢,,, c0) contains only one point. Finally, assume that
(i) of item 2 of our theorem holds. Then, (3.2) implies that w;(z) € C*. Thus, we get the contradiction

o0 = lim Fm,(2) = lim F,(w1(2)) = F,(wi1(z)) € C*

We next prove that ¢ = lim,_., Fj,m,(2) cannot be real. So, we assume ¢ € R and obtain a contra-
diction based on the fact that we then have

¢ = lim Fyy(2) = i Fy(= = 6,(Fau () € R, (3.3)
We observe first that lim,_,, ¢, (F@.(2)) exists. Indeed, we see as in (3.2),
lim ¢, (Fumo (2)) = lim we(z) = Fl(w2(2)) = lim 2 —w1(2) = 2 — wi (@)

If ¢, has nontangential limit at ¢, then by our assumption from item 1, it must belong to the lower
half-plane. Lindel6f’s Theorem 2.1 guarantees that lim._., ¢, (Fum.(2)) equals the nontangential limit of
¢u at ¢, so

lim F, (2 = ¢u(Fuz () = By (@ — lim ¢, (w)) € C*,

Z2—X
<<
contradicting equation (3.3).
If ¢,, has no nontangential limit at ¢, then it is obvious from the existence of lim,_., ¢, (Fumv(2)),

of ¢ =lim,_., Fjm,(2), finiteness of ¢, and from Lindel6f’s Theorem 2.1 that ¢ must belong to the upper
half-plane.

Hence, we have proved that, for any = € R, ¢ = F g, (2) = lim,_., Fjm,(z) € C*. We finally prove
that Fjm, extends analytically in the neighbourhood of z € R by using the implicit function theorem.
Note that the hypothesis that <lim,_; ¢,(z) € C~ for all ¢ € R for which this limit exists implies that p
is not a Dirac measure, hence that ¢, (C*) C C~. Let us introduce the function f(v,w) = F, (v — ¢, (w)),
defined on

{(v,w) €C xC"; Sv > F¢,(w)},
which contains (CT UR) x C*. One has
flz.e)=Fy(x = ou(c)) = Zh_lgFu(z — Ou(Fumv(2))) = zh_rg Fusu(2) = c.

In other words, ¢ is the Denjoy-Wolff point of the function f(x,-). Since f(x,-) is not a conformal

automorphism of C*, we have
’8810 flz, 0 <1

(and in particular # 1). So with g(v,w) = w — f(v,w), we have

%Q(I,C) 7& 0,

hence, by the implicit function theorem, there exists an analytic function L, defined in a connected
neighborhood V of = and a neighborhood W of ¢ such that for all (v,w) € V. x W,

g(v,w) =0< w= L(v).
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By (3.1) the function L coincides with the function Fg, on V N C*, so the function F,m, admits an
analytic extension to V, with value ¢ € C* at z. Lemma 2.11 allows us to conclude. [

Examples. In this series of examples, we provide explicit examples of measures satisfying the hypotheses
of Theorem 3.1.

1. We give here an example of a Voiculescu transform that satisfies condition (i). Let

¢u(z)zz_~_l_\/> 26@,
where /¢ is the natural continuous extension of the square root defined on C\ [0,+00) so that
vV/—1 =i to RU{oo}. Theorem 2.14 guarantees that ¢,, is the Voiculescu transform of a EB-infinitely
divisible probability. Clearly S¢,(z) < 0 for all z € CT UR, ¢,(c0) = oo, and ¢, is obviously
continuous on CT, so ¢, satisfies the condition (i) in the previous theorem. Moreover, we have

; B 1

inf Séu@)l = lim 5oy =0
This also shows that u is not a convolution with a Cauchy law. It is an easy exercise to observe, based
n (2.1), that ;1 = A;@Ag, where \; are both infinitely divisible, Ay is a H- stable distribution (see
[BV93]) whose density is given by x — ‘/;LT x € [1/4,00), and Fy, () = (z—i++/(z +1)2 — 4)/2,
zeCt.

2. We observe that, if ¢,, extends continuously to RU{oo}, condition (ii) in the above theorem can be
reduced to requiring that p is the free convolution of some probability measure by a Cauchy law.
Indeed, since ¢, is continuous on R U {oo}, if ¢, (z) < 0 for all z € R and ¢, (c0) € —C*, then
Q¢ (x) must actually be bounded away from zero (by continuity). By Theorem 2.14, there exists
¢ > 0 so that ¢,(z) + ci = ¢u(z) — (—ci) is still a Voiculescu transform of an infinitely divisible
distribution, say 7. Then ¢,(2) = ¢, (2) + (—ci), and €(2) := —ci is the Voiculescu transform of a
Cauchy distribution.

3. The example of probability measure that satisfies condition (iii) will be constructed in terms of the
Voiculescu transform, as an explicit limit of compactly supported probabilities, each whose density is
an algebraic function. Specifically, we will construct two sequences {ay }, and {t,}, of real numbers
and functions f,,(2) = a, ﬂ*ﬁ‘j z € C\{tn}, so that g, = Z?:l f;j converges on the upper half-plane
to the nonconstant analytic function g and Cig, (g, 00) = iCir, (Sg, 00) D i[7, 4+00].

Let us recall that the R-transform of the free Poisson law with parameter k is Rp(z) =

K
75 SO

that its dilation by ¢ has an R-transform given by 1 R,(%) = £ (2) = Ru(1/2), we can

write

a = — . = — —
L 1—z t

1—&—% a z+t a %—&-t ) _t%—i—a a
it ¢t 12 t|l-2 B

so we conclude that f,, is just minus the Voiculescu transform of the translation with a,/t, of the
dilation with 1/, of the free Poisson law of parameter 5 + a,.

First let us enumerate some properties of the functlons fn-

(j) y — Sfn(iy) is a smooth function from [0, +00) into itself and S f, (iy) = an, yt(QliZZ)’

(jj) maxyepo,+o0) Sfnliy) = Sfnlitn) = an(1+12)/2t,. Moreover, the function y — S f, (iy) increases
from zero to a, (1 +t2)/2t, on the interval [0, ,], after which it decreases back to zero;

(jij) There are exactly two points y,\ and y,, , right and left, respectively, from t,,, so that S f,, (iy;,") =
Sfn iy, ) = 1. We have

n(1412) \/a2 1+1¢2)2 — 442

n i

so that limy; |~ ¥, = 1/ay. Moreover, for any a,, > 0, y,; < 2/a,, and if 0 < a,, < 1, then we also
have 1/a, <y, .
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Let us observe also that if we replace f, by the sum
ap 1+ 2t, a,1—zt,

fn(2) = 2 t,—2z 2 —t,—2z

then we do not change the imaginary part of f,,(iy), while we insure that R f,, (iy) = 0 for all y > 0,
so from now on we will replace f,, with this new function. (This will correspond to the free additive
convolution of two free Poisson laws as above.)

Let a1 = 1, t; = 2. Choose 0 < as < a1/2 so that &y (zﬁ) < 1/10 and i > t1. Item (jj)

guarantees that we can make such a choice. Choose to > t1 so that Sfa(ita) = as(1 +t3)/2ty > 2.
This condition can be fulfilled because of item (jj). Observe that the monotonicity of &f,(i-) on

[tn + 00) implies that Sf1(iyy ) < Sf1 (zi) < 1/10.
Assume now that we have constructed a;, t;, 1 < j < n —1 so that 0 < a; < a;_1/2,
fi—1 (zi) <1/10971, i >tio1, t; >tio1, Sf;(it;) = a;(1 +t?)/2tj > j,and y; > i, for all j

between 1 and n — 1. We choose 0 < a,, < a,—1/2 small enough so that S f,_1 <Zi) < 1/10"‘1,

2an,
i > t,_1, (using item (jj) above), and t,, > t,,_1 large enough so that Sf,, (it,) = a,(1+t2)/2t,, >
n. As before, construction is permitted by using item (jj).

Observe now that the sequence {ay, },, constructed this way is positive, decreasing, and satisfies
1< Y2 a, < 2. Moreover, {y, } is, by item (jjj), in its own turn an increasing sequence, and
Y, >tj for all j <mn so that Sf;(iy,) < Sfi(iy;1q) < Sfj (zﬁ) < 1/107, by monotonicity of

J
Sf; on [t,,+00). Thus,

1 1 1 10
S iy~ e, [ by
\y(fl+f2+ +fn—l+fn)(zyn)< 10+102+ 1071 +1< 9

On the other hand, for any m > n, we have

O4B) (48 an (L+2)0E+(55))
"2, + (yn )2 "2 4 (yn)? an (L+12)(E2, + (yn)?)
—_——

Sfn(iyn )=1

an (LHE)E+(2))

Sfm(iy, ) =a

< m
T ay (14+t2)t2,
4
< 2a7m (1 + 22)
an antn
1 1
<

om—n—1 + 2m7n73n2’

so that S(fnt1 + fate + -+ fm)(iy, ) < 4 for all m > n, when n > 1 is large enough. (We
have used in the last inequality the fact that the choice of ¢, so that &f,(it,) > n implies that
an > (2nt,)/(1 +t2) > n/t,, so that 1/n > 1/(ant,), and our choice that a, < a,_1/2, n > 1).
Also, S(fi+ fo+ -+ fa—1 + fo)(tn) > Sfn(it,) > n, for all n € N. As seen before, Rf,(iy) =0
for all y > 0.

Now, it is easy to verify that (1 + t,2)/(t, — z) are uniformly bounded on, say, [0, 1], so
that 220:1 fn is convergent and the limit g is an analytic self-map of the upper half-plane. We
observe that Sg(iy,, ) < 44 10/9 < 7, Sg(it,) > n, and Rg(i[0, +00)) = {0} for all n € N, while
limy, 00 tn, = lim,, o0 ¥, = 00. Thus, ¢ has no radial, hence no nontangential, limit at infinity.

At the same time, since all — f,;s are Voiculecu transforms, so is —g.

We next consider the case where we do not restrict ourselves to regularizing measures which are
infinitely divisible.

Theorem 3.2. Let pu be a Borel probability measure on R so that the function h,(z) = F,,(z) — z satisfies
the following property:
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(H) For any x € RU {oo}, either <th,(x) does not exist, or <h,(zx) € CT;

Then for any Borel probability measure v on R which is not a point mass, usv is absolutely continuous
with respect to the Lebesgue measure and has a positive analytic density with respect to the Lebesgue
measure.

Remark 3.3. For x = oo, (H) is in fact equivalent to the fact that either <(¢,(c0) does not exist or
<P (00) belongs to CT. Indeed, as observed in [BV93], z + ¢,,(z) belongs to a neighbourhood of infinity
for sufficiently large z in some truncated cone I'q ar. Thus, by the definition of ¢ and h, h,(z+ ¢, (2)) =
—¢u(2) for sufficiently large z in such a cone. Since z + ¢,(z) tends nontangentially to infinity when z
tends nontangentially to infinity, <¢,(oco) exists iff <h,(oco) exists, and they are equal. The significance
of this fact for our problem will be seen in the next subsection.

Proof. We claim first that <Fj,m,(x) exists and belongs to the upper half-plane for all z € R. Indeed,
with the notations from Lemma 2.15, by Theorem 3.3 of [B1], the nontangential limits of w; and wy at
x exist. As observed in part (1) of Theorem 3.3 in [B1], if <ws(x) € CT, then the result is true. Assume
first that <tws(z) € R. Theorem 2.1 guarantees that if <F,m,(z) = <(F), o ws)(x) exists, it must equal
the nontangential limit of F), in <ws(x), so the nontangential limit of b, in <ws(x) exists, and hence, by
(H), belongs to the upper half-plane.

Suppose the nontangential limit of F),, and hence of h,,, in <ws(x) does not exist. Then by Theorem
2.1, hy, ows has no nontangential limit at «. But by part (1) of Lemma 2.15 and definition of h,,, we have

Wi (e) =z + lim hy,(w2(2)),
o

which implies that <twq () does not exist, contradicting Theorem 3.3 of [B1].

The last possible case is when <ws(x) = co. As before, if <(h, ows)(z) exists, then by Theorem 2.1
it must coincide with <th,(<wz(x)) = <th,(00), so, by our hypothesis (H), it must belong to the upper
half-plane. Thus, <wq(z) € CT, so that, by Theorem 3.3 in [Bl], <F,m,(z) € C*. Assume now that
<I(hy o ws)(x) does not exist, so that there exists an infinite set W of points ¢ € C* UR for which there
is a sequence {z¢}, converging to = nontangentially so that lim,,_ . (h, o w2)(2) = c. But then

wi(z) = lim wi(z) = nh_)rr;c w1(z8) = nll—>nolo zp +hy(we(zy)) =2 +c
<

for any ¢ € W. This contradicts the existence of the nontangential limit of w; at z.

This establishes the existence of nontangential limits of F,m, at all points € R and the fact that
<Fumy(z) € CT for all z € R. We claim that <ws(z) € C*. Indeed, it is easy to see that <ws(x) is
finite, since otherwise we would have, by Lemma 2.15, Theorem 2.1 and Theorem 2.8, that <(F,@, (z) =
UF, ows)(x) = <F),(<wa(x)) = <F,(00) = oo, which is a contradiction. Thus, by Lemma 2.15, part
(1), we have that <tw;(z) is also finite. Moreover, at least one of <ws (z), <wz(z) must then belong to the
upper half-plane. Remark 2.9 guarantees that in fact both must be in the upper half-plane. Theorem 3.3
of [B1] and Lemma 2.11 concludes the proof. O

3.2. A result of non existence of analytic densities

Proposition 3.4. Assume that i, a B-infinitely divisible probability so that p®* has no atoms for somet < 1
(the existence of u®t for t < 1 is guaranteed by the infinite divisibility of u), has finite second moment.
Then there exists a probability measure v on R so that the density of usv is not analytic everywhere.
Moreover, the density of usv vanishes at a point.

Remark 3.5. e Note that the fact that the density of usv may easily vanish inside the support of the
measure was already foreseen by P. Biane in [Bi], Proposition 6, where he proved that if v is a
probability measure with continuous strictly positive density on | — €,0[U]0, [ for some € > 0 such
that

/xfzdz/(x) < 00
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and p = oy s the semicircular variable with covariance t, then %(O) =0 fort > 0 small enough.
Our proof extends this phenomenon to any B-infinitely divisible probability measure p with finite
second moment, under the (technical) hypothesis that wB has no atoms for some t < 1.

o In the case where the probability measure pu has a finite second moment, by theorem 1.8 and remark
1.1 of [BGOG6], if m, v denote respectively the mean and the variance of i, one has, as z goes to
infinity non tangentially, ¢,(2) = m 4+ v/z + o(1/z), hence the second hypothesis of theorem 3.1
cannot be satisfied. However, the existence of a finite second moment for p has no incidence on
the first hypothesis of theorem 3.1. Indeed, as it will be explained in the proof of proposition 3.4,
up to a translation, ¢, can be expressed as the Cauchy transform of the finite positive measure
do(t) = (1+t?)dG(t), where G is the Lévy measure of . Hence up to the addition of a real number,
the non tangential limit of ¢, at any real number x only depends on the restriction of G to a
neighborhood of x, which, by proposition 2.3 of [BG06], is independent of the existence of a finite
second moment for .

Proof. First note that by theorem 3.1 of [BB04], the hypothesis that ¢ has no atoms for some t < 1
implies that p has no atoms. Hence by Remark 2.16 or Theorem 7.4 of [BV98], for any v which is not a
point mass, pusr has a density.

Observe that if the density of usr has a hole in the support (meaning a nontrivial interval on which
it is zero), it cannot be analytic on R by the identity principle. Similarly, the set of zeros of the density
must be discrete in R. Thus, we may assume that p satisfies these two conditions, since otherwise we
would readily obtain the probability measure v of the proposition by taking v = §, for some a € R.

The strategy of the proof is as follows; we first show that g : z € Ct—F,(—¢,(z)) has infinity
as Denjoy-Wolff point under a certain condition. Regarding F),m,(0) as a fixed point of this map will
guarantee that either F),q, (0) is infinite or belongs to R. We will show that under some hypothesis on v,
it has to be infinite, which will prove that %(O) = 0 and also that d’;f” is not analytic at the origin.

To study the Denjoy-Wolff point of g, we first shall write both ¢, and F, as (roughly speaking)
Cauchy-Stieljes transforms of some measures o and p on R.

Recall ([BV93]) that there exists a real number v and a positive finite measure G on the real line,
called the Lévy measure of u such that for all z € CT,

6,(2) :’y—i-/R LEE 6.

z—1t

By proposition 2.3 of [BGO06], the finiteness of the second moment of u is equivalent to the finiteness of
the second moment of its Lévy measure G. Thus, we can represent the Voiculescu transform of p as

%(z)z’y—&—/ )dG(t):'y/+/ do(t)

RZ—t RZ_t7

1+ ¢2
z—1

dG(t)=ry+/(t+ z€Ct,
R

where v/ € R, do(t) = (1 + t?) x dG(t). Because G has finite second moment, o has finite mass. By a
translation of y, we may assume that 4 = 0, so that ¢, is simply the Cauchy transform of the positive
finite measure o.

Let v be a Borel probability on R. By Theorem 2.8, we can write the reciprocal of its Cauchy

transform as
1+t dp(t t
Fl,(z):a—i—z—i—/ +de(t):a+z—|—/ p()+/ z dp(t),
R R R

t—=z t—2z t—2z

for all z € CT, where a € R, and p is a positive finite measure. We will show that if v is so that
p({0}) > o(R), then the density of pumr vanishes at the origin. So let v satisfy this condition. We have by
Theorem 2.14(ii)

o B(=ouliy) dp(t) . —¢u(iy) tdp(t)
Lo 17; B yEIEM/R W+ o) v Zy /R t+duliy) (34)
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Observe that ¢, (iy) approaches zero nontangentially when y tends to infinity. Indeed, since limy_, ; » iyp(iy) =
o(R) > 0, we have lim,_. ;o yR¢,(iy) = 0, limy 40 ySP,(1y) = —co(R), so, given 0 < € < o(R)/2,
there exists y. > 1 so that for all y > y., we have |yR¢,(iy)| < e, |c(R) + yS¢,(iy)| < e. Thus,
1Souliy)l _ [ySouliy)| _ o(R) —¢

= 1
Rou (i) WRouly) ~

for all y > y.. Now,

. tdp(t) ) / ou(iy)
lim ——— = lim 1— ——2—]dp(t) = p(R) — p({0}).
Jim [ [ (1= 22 ) dotn) = o(®) - (o)
Since, by Theorem 2.14 above, lim,_, o ¢, (iy)/iy = 0, we conclude that the second limit in the equation

(3.4) vanishes.

On the other hand, if we denote f,(t) = m, teR,y>1,then lim,_ 4 f,(t) = ﬁX{o}(t)
pointwise, where x 4 is the characteristic function of A. Also,

2 _ 1 ! !
WOF = P R )P + PG = PSo )~ o

for all y > y.. So by the dominated convergence theorem,

[0 o0
y—+o0 Riy(t+¢;t(iy)) U(R) .

By (3.4), we conclude that

i F (i) /iy = P

which insures that the analytic function g: Ct — C* defined by g(z) = F,(—¢,(z)), has infinity as its
Denjoy-Wolff point.

cCt
), the

We next show that this implies that F,g, (0) belongs to RU{oo}. So, we suppose that F),a, (0
to get a contradiction (Fjm, extends continuously to R by Lemma 2.15 (4)). Note that by (3.
relation F,(z — ¢, (Fumv(2))) = Fumu(2), gives, by letting z going to zero nontangentially,

Fy(=¢u(Fusv(0))) = Flumv(0). (3.5)
Thus, F,m,(0) should be a fixed point of g in C*, and thus its Denjoy-Wolff point; this is in contradiction
with the previous statment that the Denjoy-Wolff point of g is infinity. Hence one has F}m, (0) € RU{co}.

)
1

Observe that F,m,(0) # 0. Indeed, by Remark 2.16, this equality would imply that tw2(0) is an
atom of u® for all ¢ < 1, contradicting the hypothesis.

Thus, SF,m,(0) = 0 and F,m,(0) # 0, so that SG,m,(0) = 0. Part (4) of Lemma 2.15 tells us that
F, @, is continuous on R. In particular, since F,m,(0) # 0, G @ () will be continuous and finite for « in
some open interval I around zero. Lemma 2.11 (i) guarantees that umy will have a continuous density on
I which vanishes at zero.

We show below a more precise statment to prove the breaking of analyticity at the origin when
p({0}) = o(R), namely that F}m,(0) = co.

So, assume now that p({0}) = o(R). Then we claim that in fact F,m,(0) = co. Indeed, by Lemma
2.15 (2), w1(0) is the Denjoy-Wolff point of the function go(w) = —¢,(F,(w)). We next show that this
point must be the origin.

Indeed, observe that F,(iy)/iy goes to one as y € RT goes to infinity. Hence, F), (iy) approaches
infinity nontangentially when y — +4-o00. Thus, since ¢, approaches zero nontangentially at infinity,
go(y) = —¢,(F,(1y)) converges to zero as y goes to zero yielding go(0) = 0. Also,

i 900 _ o =0u(Fiy) _ limy—o 0 (B Fiy) _ o(®) _ |

y—0 iy y—0 iy lim, .o —iyF, (iy) -~ p{0})
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The Denjoy-Wolff theorem and the remarks following it imply that zero is the Denjoy-Wolff point for g,
so by uniqueness of the Denjoy-Wolff point, wq(0) = 0.

We know that F), has infinite nontangential limit at zero (because we supposed that p has an atom
at zero), so this, coupled with the equation F,g,(2) = F,(w1(2)), with the existence of the limit of F),a,
at zero and Lindel6f’s Theorem 2.1, implies that Fj,m, (0) = oo.

Observe that w; is not analytic in zero. Indeed, if it were analytic, it would have a finite derivative in
zero. However, with H the function given in Lemma 2.15(2), the previous estimates show that H(0) =0

and
H(0) = Tim ) _ iy ZOu v (@)
y—0 1y y—0 Y

implies, by Proposition 4.7 (5) in [BBO05], that lim, .o w1 (iy)/iy = wi(0) = 1/H'(0) = co. As a conse-
quence, G @, is not differentiable at the origin, since if it were

lim —G”EV(iy) — G”EHV(O) = —-lim-———

y—0 iy — 0 v—0 iy F, (w1 (iy))
lim ——— L — - wl.(iy)
v=0 wi(iy)F(w(iy) iy
The second factor above has just been shown to converge to infinity. For the first factor, observe that
<lim,_o2F,(z) = p({0}). Since y — w1 (4y) is a smooth path in the upper half-plane ending at zero,
Theorem 2.5 guarantees that there exists a subsequence y,, — 0 so that lim, . w1 (iy,) F, (w1 (iyn)) =
p({0}). So the limit above either does not exist, or is infinite. In both cases, we conclude that G @, is
not differentiable at zero. Thus by lemma 2.11, the density of usmv is not analytic in zero. 0O

=0

The above proposition provides a large class of examples of free convolutions whose densities have
cusps in their support (points where the density vanishes and is not analytic), and relates this phenomenon
to the finiteness of second moments. We show below that it is possible that the density of pmr vanishes
at a point, but is still analytic.

Proposition 3.6. Let p be the semicircular distribution. Then, there exists a probability measure v on R
so that the density p(x) = d’;f” () vanishes at the origin, is strictly positive on | — €,0[U]0, €[ for some
€ > 0 but is analytic at the origin.

Proof. Let p be the semicircular distribution, so that ¢,(z) = 1/2z, z € Ct. We claim that v given by
its reciprocal Cauchy-Stieljes
-1 1
Fl,(z):z—I—i—l—i—Z z_—f, zeCt,
Z+1 z

will satisfy the properties of the proposition.

Indeed, with the notations from the proof of the previous proposition,

- o 1 . w(w + 1)
go(w) = =9u(Fy(w)) = 2(w+i_1+w7i _;) 2w+ diw? — 4(1 4 i)w — 23

w1 w

for all w € CT, so in fact gg extends analytically around zero, and moreover
g0(0) = uljiinogo(w)/w =1/2<1=|g,(0)] <1 and go(0) = 0.
Thus, zero is the Denjoy-Wolff point of gg, and, by Lemma 2.15 (2), we conclude that w;(0) = 0.

We next show that wy extends analytically around the origin. In fact, the function H(w) = w +
¢u(F,(w)) has, by Lemma 2.15.(2), wy as right inverse. At the same time, H extends analytically around
zero, and H'(0) =1 — % = % # 0, so H is locally invertible around zero. The analyticity of w; around the
origin follows from the implicit function theorem.

We now conclude that G, vanishes at the origin, is analytic in a neighborhood of the origin and
has negative imaginary part in a neighborhood of the origin (except at the origin itself); this will prove
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the lemma according to Lemma 2.11. Now, F}, is meromorphic around zero, with a simple pole at zero, so
G,(0) = 0 and G, is analytic around zero. By Lemma 2.15, we have 0 = G, (0) = G, (w1(0)) = G, (0),
and Gum,(2) = Gy (w1(z)) is analytic on a neighbourhood of zero in C. We finally show that G,g, has
positive imaginary part in | — e, 0[U]0, €[ for some € > 0. For that, since Goa,(2) = G, (w1(2)), it is enough
to show that G,(z) has negative imaginary part for z so that 0 < |z| < € (since w; is analytic and null
at the origin).

But, a straightforward computation gives
1 r(r+1) B r(r+1)
CF,(r) r3 422 =20+ Dr—i  (r3—2r)+i(2r2 —2r — 1)’

SO ) )
-1
r(r ) <0

Cx —
R ) N T

for all r e R\ {0,1}.

We notice that in fact we have only used, with the notations from the previous proposition, the
facts that p({0}) > o(R), that G, is analytic around zero, and ¢, around infinity. Thus, a much larger
class of such pairs of measures u, v provide an analytic density around zero which is zero in zero. [

Remark 3.7. Note that our construction of the example in the proposition above were based on the fact
that p({0}) > 0. In that case, F,(z) ~._o —<p({0}). This is equivalent to the fact that [t 'dv(t) =0

and
1 1
/ﬁ”@:mw»

Therefore, if 1 is an infinitely divisible measure with finite second moment and positive density, and if
we denote again by o the finite measure on R given by
1+tz 1412
0u@) =+ [ TdGw =+ [ @+
R ”— t R z—t

where ' € R, do(t) = (1 +t%) x dG(t), we have shown that we have three possibilities, which follow the
mntuition

zeCt,

G = + [ 20

Rz—t’

L Iff t%du(t) < 1/o(R), so v does not put much mass in the neighborhhood of the origin, psv has a
density which vanishes at the origin but has a finite derivative at the origin. The proof was detailed
above in a specific example in the last proposition but could be generalized.

2. If [ t%dl/(t) = 1/0(R), which corresponds to a critical amount of mass around the origin, the density
has a cusp at the origin (at least under the asumptions that uBt has no atoms fort < 1).

3. If v({0}) > 0, we have an analytic strictly positive density in zero whenever 1B lacks atoms for
Fy(2)
z
which is obviously false, by (2) of lemma 2.17 of [B1]. Thus if F,m,(0) € R, then w(0) € C* (by
lemma 2.15), which is impossible, and if F,m,(0) = oo, then F,m,(0) is the Denjoy- Wolff point of g
(equation (3.3)), which is also impossible because —¢,(c0) = 0 and F,(0) = 0. Thus, Fm,(0) must

belong to C+.

all t > 0. Indeed, if one assumes v({0}) > 0, then lir% = 0o would imply lin}) 2Gy(z) =0,

4. The rectangular case

4.1. Main result

We shall fix A € (0,1), and assume that all probability measures are symmetric. We prove here an
analogue to Theorem 3.1 for the rectangular convolution, which says that the restriction to the upper
half-plane of the function H extends continuously to RT, analytically outside a closed set of Lebesgue
measure zero. We shall see that this implies that pm,r admits an analytic density on the complement
of that set. Unlike for the square case, we did not succeed to get rid of this closed negligible set where
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the density could stop being analytic. We however can give sufficient conditions so that the density is
continuous everywhere (Corollary 4.6). Examples which satisfy our conditions are provided in section
4.2. Moreover, as we shall discuss later, the density often vanishes around the origin, which is, in the
rectangular setting, a very specific point. A consequence of this fact is that the full strength of Theorem
3.1 cannot be achieved in the rectangular case: given a m,-infinitely divisible probability u, there exists a
symmetric probability measure v # dg so that the density of um,v is not everywhere analytic. We shall
study this phenomenon in the last paragraph.

Our main tool will be an ad-hoc subordination result for the functions H:

Lemma 4.1. Let p,v be two symmetric probability measures on R. Assume that the rectangular R-
transform C,, of p extends analytically to C\ RY (this happens for ezample if p is &, -infinitely di-
visible - see Theorem 2.18). Then there exist two unique meromorphic functions wy,ws on C\ RY so
that Hy,(wi1(2)) = Hy(w2(2)) = Hum,v(2), wj(2) = wj(2), z € C\ R, and lim,jow;(x) =0, j € {1,2}.
Moreover,

(i) wa is injective and analytic on C\ RT; it is the right inverse of the meromorphic function k(w) =

H, (w) i
IO, (o)) @ € CARTS

(i) argz < argws(z) <m, z € CT.

Proof. There exists an € > 0 so that for z € (—¢,0), by taking w = H,m,,(2) in relation C,a, ,(w) =
Cy(w)+ Cy(w), we have

H =] V(Z) ) H =] V(Z)
U<“*1 —C,(H,g.,2)=U D A aranm— T
: Ao G = U\ T (0 2)
Applying T in both sides gives

T [U (W - 1) - CM(HMEAV(Z))} = f%

By part (b) of section 2.3.2, H,a,,(z) doesn’t vanish on C\R™, hence in the interval (—&,0) where the
previous equation is valid, its left hand term doesn’t vanish. So on (—&,0) we have
HUEEA,U.(Z)
H (2
T [0 (P22 - 1) - Cp(Hus,(2)]

This equation holds for z € (—¢,0), and, by analytic continuity, in all points of the connected component
of the domain of analyticity of the right hand term which contains (—¢,0). Thus, if we denote f(z,w) =
ToE—T=c, )y and let wa(2) = f(z, Hum,v(2)), we have proved that H,am ,(2) = H,(w2(z)) for z in

H,uﬂﬂ)\ll(z) :HV (41)

some domain containing the interval (—e,0). We shall argue in the following that this equation can be
extended to all points of C\ R*.

Note that since C), is analytic on C\R™, by (b) of the section 2.3.2, C\,(Hug,,(2)) is defined on
C\R™. Moreover, by (a) of the section 2.3.2, 2 — U (M — 1) admits an analytic extension to
C\R™*, denoted by M, ,. So any point z of C\R" which is in the boundary of the domain of the right
hand term of (4.1) satisfies either
HVEHAM(Z)

T2 — CoFan @] © 8 0 T Mumw () = CulHmy (20)] =0

wa(z) =

e We first discuss the case when v has the property that for any x in R, the Cauchy transform of v
does not extend continuously to x. This happens for example if v is concentrated on a set of Lebesgue
measure zero and has support equal to R, according to Lemma 2.12.

Consider the connected component of the domain of the right hand side of (4.1) that contains (—e, 0).
Assume first that 2o € C\R™, and yet zq is in the boundary of this component, which implies that either
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wa(z9) € [0,400) (because of part (b) of section 2.3.2), or T [Ms,,(20) — C.(Hus,0(20))] = 0. The
functions H,s,, and wy are analytic and, respectively, meromorphic, in zg and Hym,,(20) € C\ RT.

Observe that if the first situation occurs, there must exist a whole (1-dimensional) analytic connected
variety V' given by the relation wa(.) € (0, +00) to which zg belongs because ws is open as a meromorphic
function. But now for any point { € V', we will have that

HIJEE (Z)

lim H,5 ,(z) = lim H, Al = lim H,(ws(2)).
P 2¢ T [Myus, 0 (2) — Cu(Hpum, 0 (2))] 2¢

The left hand-side exists always and equals H,g, ,(¢), while the right hand side cannot exist at least for

a set of second Baire category - Theorem 2.3. Specifically, wo(V') must be (by the identity theorem for

analytic functions) a nontrivial interval in (0, +00); for any r € wo(V'), we have a ( € V.C C\ Ry so that

w2(¢) = r, and so, by Lindel6f’s theorem 2.1, since H,m,,(¢) = lim,_¢ H,(w2(2)), we have

Hyi5,,/() = lim H, (wa(2)) = lim H,(w).

Theorem 2.3, together with the equation above, implies that there is a point of wo(V') where the cluster
set of H,, is a single point. Hence by (2.4), we have a contradiction with the fact that for any z in R, the
Cauchy transform of v does not extend continuously to z.

Assume now that zq is so that T [Muz, ,(20) — Cu(Huz, v (20))] = 0. Observe that since zg is assumed
to be in C\ RY, H,m,,(20) € C\ RT by the section 2.3.2, (b). Hence the function w, is meromorphic

Hom, . (2)
M@, (2)=Cpu(H,m, , (2))]
Consider now a small enough ball W C C\ RT around zq so that zg is the only pole of wy in W, and
consider a connected component of the intersection of this ball with the domain of the function in the
right hand side of (4.1). Clearly wo(W) is a neighbourhood of infinity and W will contain p > 1 analytic
varieties that are mapped by wg onto (—oo, —M) U (N, +00), for some large enough M, N > 0 (p is the
order of the pole at zp). The preimages of (N, +o00) divide W into p sectors. By (4.1), if a point in one
of these sectors belongs to the connected component of the domain of the right hand term of (4.1) which
contains (—e¢,0) then all that sector will belong to it, and the two (distinct or not! - it might be a slit
circle, if p = 1) boundaries of the sector are mapped inside R*. Thus, we are reduced to the previous
case.

on a neighbourhood of 2, with a pole at z5. We conclude that lim,_, 7 = o0.

We conclude that wa(2) = f(2, Hum,»(2)) maps C\ R into itself.

e We now generalize the previous result to any probability measure v. To this end, we can approxi-
mate in the weak topology arbitrary symmetric probabilities v with probabilities concentrated on a set of
zero Lebesgue measure and which have total support, according to Lemma 2.13. Since @, is continuous,
Hug, ., converges to Hys,,, and hence f(z, Hum,p,(2)) : C\RT—=C\R" converges to f(z, Hum,.,(2)).
This implies that either f(z, H,m,,(2)) takes values also in C\ RT, or it is constant. But it cannot be
constant, by equation (4.1) and by the fact that H,g,,(2) is equivalent to z as z tends to zero in C\R™
(see [BG1], proposition 4.1). Hence f(z, H,m,,(2)) takes values in C\ R*. This proves that wy maps
C\ R into itself, and thus the equation H, ows = Hyg,, holds on C\ R*.

e We finally show that wo satisfies the announced properties.

First, it follows immediately from the definition of we and part (d) of subsection 2.3.2 that wy(Z) =

wa(z) for all z € C\ R*. The uniqueness of wy on (—¢,0) and the analyticity of we in C\ R proved
above shows that wy is uniquely defined on all C \ R*.

We prove next properties (i) and (ii). As shown above, H, o wy = H,ag,,, so that for ¢ > 0
small enough, by subsection 2.3.2 (a), M, (w2(z)) = C,(H,(w2(x))) = C,(Hum, (7)), = € (—¢,0).
Thus, T [C,, (H, (ws(2))) + My (@2(2))] = T [Co(Hy, () + Co (o (@))] = T [ (Huy (@) =
T [Mys, ()] . Now it follows immediately from the definition of k in Lemma 4.1 and subsection 2.3.2
(a) that k(ws(z)) = 2 for 2 € (—¢,0), € > 0 small enough, and by analytic continuation, for z € C\ RT.
This proves (i).
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Let us recall that li%wg(l‘) = 0 and, by the definition of T" and properties of the function H,

Hym,v
1i%w27(x) = [T(0)]~* li%%(x) = 1. Also, for £ > 0 small enough, wy((—¢,0)) C (—00,0). Thus, the
T xT

derivative of the analytic function ws on the interval (—e, 0) is positive for € > 0 small enough, and so there
is a small enough cone £ with vertex at zero and bisected by the negative half-line so that wy (ARNCT) C C*
and wy(ANC~) C C~. Clearly, since wo(C\ RT) C C\ RT, wo(Ct) € C* implies that there exists a
point zg € C* with the property that ws(29) € (—o00,0). Assume such a point exists. Then from the
equation (4.1) and subsection 2.3.2 (d) we obtain that H,m,,(20) € (—00,0), so that T'(M,m,.(z0) —
C.(Hus,v(20))) > 0. As observed in Remark 2.20, this requires that Mg, ,(20) — Cp(Hus,»(20)) € R.
Since, by the same subsection 2.3.2 (d), we have C,(R™) C R, it follows that Mg, ,(20) € R. But
then, according to subsection 2.3.2 (a), H,am,,(20) = 20T(Mus,,(20)) € R, a contradiction. We have now
proved that wy preserves half-planes, and thus argws(z) < 7 for z € C*.

Next we show that ws increases the argument. It is known from Theorem 2.8 that

1+1¢
wg(z):a-i-bz:—f—/jclp(t),ze@Jr
Rt*Z

for some a € R, b > 0 and positive finite measure p on the real line. Since wa((—00,0)) C (—0o0,0
and ws is analytic on the negative half-line, p must be supported on R*. Moreover, 0 = lim, o wa(z) =
a+limgqo [ 2E2dp(t) = [ +dp(t) + a. Thus, a = — [, +dp(t). We conclude that

t—x
1+1tz 1+1tz 1
b dop(t) = b — 2 ) dp(t
arvet [T a0 = [ (AR5 1) anto
t?+1 )
= z|b+ — " dp(t) ).
( /R+t(t—z) p()

It is trivial to see that the factor in the parenthesis above maps CT into itself. Thus, argws(z) > arg z.
This proves (ii). Let us define

wg(z)

HP‘E'AV(Z)

z +.
Tilm o, (5) - My ()] - F

wi(z) =

This function is obviously defined and meromorphic on C \ R™ and analytic continuation shows
immediately that for z € (—¢,0)

Hyg, . (2)
T[MME%\V(Z) - CV(HMEEAV(Z))]’
so that, as for wy, H,(w1(2)) = Hyum,,(2). This equality obviously extends by analytic continuation to
C\ R*. However, we do not exclude the possibility that H, has an analytic continuation through the
positive half-line that does not coincide with the one provided by the formula in the subsection 2.3.1.

w1 (Z) =

It follows easily from the definition of w; and subsection 2.3.2 that wy(z) = w;(2) for all z € C\R™
and lim1o wy(z) = 0. The uniqueness of wy is determined by the same argument as in the case of wy. O

Next, we study the boundary behaviour of the restriction of the subordination function ws to the
upper half-plane.

Lemma 4.2. Let p,v and we be as in the Lemma 4.1. Then wo|c+ extends continuously to (0,400).

Proof. Throughout the proof we will consider only ws|c+ and we will denote it as ws. Assume that
r € (0,400) is so that the cluster set C(wz,7) of wy at r is nontrivial, and hence, by Lemma 2.2 an
uncountably infinite closed connected subset of C* UR U {oo}. Consider first the case when there exists
at least one element ¢ € C'(wq,7) N (CT U(—00,0)), and thus, by connectivity of C(ws,r), infinitely many.
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Fix such a point ¢, and let {zr(f)}neN C C* be a sequence with the property that lim,,_, 2o

limy, oo wa(27) = c. Passing to the limit in the equation k(w2 (24)) = 2\, where k is the function from
Lemma 4.1, provides k(c) = r for all ¢ € C(we,r) N (CT U(—0c0,0)), and hence, by analytic continuation,

for all c € C\R". This implies that k is the constant function r, an obvious contradiction to Lemma 4.1.

= r and

If C(wa,7) € R U {oo}, then C(wa,7) NRT must be a nontrivial closed interval, by Lemma 2.2.
As wy maps CT into itself, for all ¢ € C(ws,r), with the possible exception of two points, there exists a
sequence {ZT(LC)}RQN C C* so that lim,—eo zy(lc) =7, lim,_ s wg(zgc)) = c and Rws (zﬁlc)) = ¢. As shown in
subsection 2.3.2 (b), H, has nontangential limits at almost all points of RT, and by Lemma 2.10, so do
M, and C},. Thus, k must have nontangential limits at almost all points of R*. We have obtained that

for Lebesgue-almost all points ¢ € C'(wa, r),

r=lim 29 = lim k(ws(=(")) = lim k(w),
<

so that k has constant nontangential limit » on a set of nonzero Lebesgue measure. This, according to
Theorem 2.6, implies that k is the constant function r, providing the same contradiction as before.
Thus, ws|c+ extends continuously to (0,+00). O

Now we are ready to prove our first continuity result.

Proposition 4.3. Let u,v be two symmetric probability measures on R, pu # dg. Assume that p is @, -
infinitely divisible. Then for any x € (0,400), the limits

i Msyl@) and i Hue @)

exist in CU{occ}. The first limit belongs to CT UR U {oo}.

Proof. We will follow idea from the proof of the theorem 3.1. Assume that r € (0,4+00) is so that
C(Myum, ., r) is nontrivial. Consider first the case when C(M,a,,,7) NCT # &, and thus, by Lemma 2.2,

is uncountably infinite. Let ¢ € C(Mug,,,r) NCT and {z,(f)}neN C C* be so that lim,_. 2o

lim,, oo M#EAV(ZW(LC)) = ¢. We know from Lemma 4.2 that wo(r) := lim,_., wa|c+ (2) exists in C+. Using
the definition of wy and subsection 2.3.2 (a), we have:

=r and

Hyg (2
wa(r) = lim wy(zl¥) = lim ( )”EE* (zn ) B
n—oo n—oo T |:MH,EEAV(Z7LC ) _ CH(HIJ‘EH/\V(ZTLC ))i|
- lm AT (Mo (1)
n—oco {Muw(z;@) - cu(zx)T(Mumw(zP)))}

. rT(c) . . .
B T[C—CH(TT(C))]’ € C(MMEEIXV7 )OC .

Thus, the meromorphic function g,: C* U (=1/\,—1) UC~ — C U {oo}, given by g.(c) = %

is, by analytic continuation, constant, equal to wa(r)/r. It is trivial to observe that this implies ws(r) &
{0, 00}.

We shall express C), as a function of s = T'(c) to obtain a contradiction. Indeed, consider ¢ €
—1-A+[(1-2)%+4xs]?

(—5x —3,—1). Then s = T(c) if and only if ¢ = D\ ,s € (22=X=X71),0) (recall
the notations from section 2.3.1.) Thus,
1= A+ [(1 =) +4xs]
S _ Sl (L Ve o (4.2)

wa () 2\
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As it is known that C,((—00,0)) € (—00,0) and lim,1o Cp,(x) = 0, we conclude that for s € (— (1;\\)2 ) 0)

close enough to zero,

ST [(1 = N2 4 4rs])

T
2X

—C,(rs)| €R,

so that wo(r) € R\{0}. Thus, since limz1o Cy(x) = 0, (4.2) is equivalent to

1/2
N (U L PV L S [(1—A)2+4M§fm}
Cu(rs) = o — ) .

But this implies either that wa(r) = r, so that C,,(s) = 0 and thus p = d, or that C,, is not analytic in
the point —M € (—00,0), an obvious contradiction.
Now consider the case when C(Myg,,,r) € RU {oo}. By subsection 2.3.2 (a) and Remark 2.20,

in this case C(H,s,,,7) C [_w

,—I—oo} is a nontrivial interval. As in the proof of Lemma 4.2, for

any d € C(Hum,v,7) \ {— T(l ’\) ,00}, with the possible exception of two points, there exists a sequence
{zgd)}neN C C7T so that hmnﬂoo zgd) =7, lim, oo Hugg*,,(ng )) =d and ?RHMEEAZ,(Z,(L )) =d,neN.

Let us observe that, by subsection 2.3.2 (a) and (c), we have

n—oo )\

1o A (1= )24 4xd]M?
lim M,U.EEAV(Z(d))E{ [( 5 ) r] ,

where we have the sign plus when HMEAV(Zé )) tends to d from C*, and the sign minus when H,gm,, (2

(d) )
n
tends to d from C~. By dropping if necessary to a subsequence, we may assume that lim,, o M, , (2 ﬁld )
exists. It is clear from the definition of the cluster set and the above considerations that C(H,am,.,7) \

{- (14)\’\ ,00p € AL UA_, where

1—\)?
Ay =<deR)\ {% co}: 2D, en € CF so that hm 2D = %Huaaw(znd)) =d, ;,

lim H/Lag y( (d )) =d H/LEE‘)\V( ) € (CJr

n—

r(1—N)?

A_=(deR\{ D

;00}: H{Z( )} en C C™ so that hm z(d) =, %HHE)\V( (d)) =d,
i oy, (249) = d, Hyp, o (27 € €

are two (not necessarily disjoint) sets. Thus, at least one of A, A_ has nonzero Lebesgue measure. Denote
C: the restriction of C), to the upper half-plane and C); the restriction of C), to the lower half-plane.

Assume first that A, has nonzero Lebesgue measure. Then again

Hys, o (51"
wa(r) = lim wa(2f) = lim P g @
nee " OOT|:MMEE>\U(Z71 )7CM(HNEH>\V(ZTL )):|
d
= ; 5 d€A+
L _ a]l/2
p oo )1
w——d

By the Riesz-Privalov Theorem we obtain again that
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Sl A+ [ = N2+ ard)

— +
o =d, deCm.

wo(r)T

—Cyi (d)

Recalling that C), extends analytically to the negative half-line and considering values of d € (—o0,0)
close enough to zero, we observe as before that wa(r) € R\{0} and by analytic continuation

a1v2 d 12
[(1 —A)2+4A} {(1 — A2 +4X }
Co(d) = r B wa(r)
: 2\ 2) ’
providing the same contradiction as in the previous case.
Assume next that A_ has nonzero Lebesgue measure, so that
Hy, o (24"
wo(r) = lim wy(2(Y) = lim (uz)MEEA e ()
n—oo n— oo T |:M;J,EE>\V(Z7L ) _ C/,L(H},LE‘)\Z/(ZTL )):|
d
; , deA_.
1y _ - d 1/2
g [a 2§)Z+4)\T] — lim C (w)
w——d

Exactly as for A, we obtain that ws(r) € R\{0}, and, from the Riesz-Privalov Theorem, the formula

(=22 4422 4 (=2 pa 2] Y7
Cu(d) = (1= 4] 2E\( ) “2(”] , which provides again the same contradiction.

Thus, we have established that the limit
Myg,,(z) = lim Mg, ,(2)

z—x,zeCt
exists for any x € (0,400). The existence of the similar limit for H,qg,, follows immediately from
subsection 2.3.2 (a), and since Mg,,(Ct) € C* U {0}, it follows that M,s,,(z) € CT UR U {oo}.
O

Corollary 4.4. Under the assumptions of Proposition 4.3, the absolutely continuous part (with respect
to the Lebesque measure) of um,v is continuous outside a closed set of zero Lebesgue measure, and its
singular part, if it exists, is supported on a closed subset of R of zero Lebesque measure.

Proof. Recall that, by part (1) of Lemma 2.17 in [B1], the nontangential limit of the Cauchy trans-
form of pm,v is infinite for almost all points in the support of the singular part of um,r. Thus, using
Proposition 4.3 and the equality Mg, ,(2) = %Guﬂﬂw (%) — 1 from subsection 2.3.2 (a), we can
state that the support of the singular part of um,v is concentrated on S = S+ U S~ U {0}, where
St ={z € (0,400): Mya,,(1/2*) = 0o} and S~ = —S+.

By the Riesz-Privalov Theorem (Theorem 2.6) it follows that the set ST must be of zero Lebesgue

measure, and by Proposition 4.3, it follows that ST, being the preimage of a point via a continuous map,
must be closed in (0, +00). This proves the second statement of the corollary.

The first statement follows from Lemma 2.11 (i): the Cauchy transform G a,, extends continuously
and with finite values to R\ S, so that the density of um,v with respect to the Lebesgue measure is
continuous on this set. O

Next, we show that, under some stricter conditions imposed on the rectangular R-transform of p,
we can guarantee that um,v has much better regularity properties. This will follow as a corollary of the
proposition below.

Proposition 4.5. We assume, in addition to the hypotheses of Proposition 4.3, that
lim [C,(2)]*/z # 0.
r— —0Q
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Then for any x € (0, +00),
Mg, (x) = lim Mg, (r) and Hyg,,(z)= lim H,m,,(2)

z—z,2€Ct z—z,2€Ct

are finite.

Proof. Fix z € (0,400). The existence of the limits has been established in Proposition 4.3. We shall
prove the statement for H,g,,, and the statement for M,m,, will follow from subsection 2.3.2, (a). We
shall prove that this limit is finite by exploiting the asymptotic behaviour of C, o H,,, and M g, , as

H,g,, tends to infinity in order to obtain a contradiction.

Let ¢ = H,@m,,(x). Assume towards contradiction that ¢ = oo. Let £ = lim,_,, w2(z), where the limit
is considered from the upper half-plane (the limit exists by Lemma 4.2). By Theorem 2.1, together with
the above, this implies that

lim H,(z) = oc.
z?i
Subsection 2.3.2 (a) guarantees that if H @, ,(2) tends to infinity as z tends to z, then so does M@, , ()
and moreover Hym, ,(2)/Mum,,(2)? tends to Az as z — z. Also, since T(Mm,,(2)) and Hyum,,(2) =
\/H z
2T (My,z,,(2)) belong to C\ R* for z € C*, we have lim,_., #*"(i)) = v Az. We will use this fact to
N
determine the possible values of /.

Let us observe that the existence of ¢ guarantees the existence of k := lim;_, o, C,,(t)/V/t. Indeed,
as the limit of H,g,, at t is infinite, and

= im Ao, (2)
6= z—>i,z€(c+ )\(M,LLEEI/\I/(Z) — C;L(H;LEE/\V(Z)))z + (1 + )‘)(M,U,EE/\V(Z) — C;L(HMBH/\V(Z))) +1

_ (L GulHeuG))
= A( o .m Hu%,,(z)) : (4.3)

On the other hand, as C), satisfies argC),(z) € (argz,7), (by (2.6)) Cu(2) = Cy,(z) for z € C*, and
C,(R™) € R7, it follows that Theorem 2.1 applies to the map w — C“T(:’) Thus, k := lim,_, C“T(f)
exists and is purely imaginary (k = i|k|) since C,,(x) is negative for = negative. Thus, (4.3) gives

1

M= —F————.
((Az)=2 —ilk[)?

It follows immediately from equation (4.1) and analyticity of H, on C* that when |k| € (0, +00),
¢ € C* and we obtain the contradiction with the fact that co = H,(¢).

Assume that k is infinite. Then ¢ = 0. But this contradicts Theorem 2.1 and Remark 2.17: indeed,

we obtain that the limit at zero of H, along wy(z) = T 5 (ng”((zz, =] (as z — x from the upper
pHyv p\H By v

half-plane) is infinite (by (4.1)), while the limit at zero of H, along the negative half-line is zero.

This completes the proof of the proposition since k is not zero if and only if we have lim,_, _ [C),(2)]?/z #
0. O

Corollary 4.6. Under the assumptions of Proposition 4.5, um,v is absolutely continuous with respect to
the Lebesgue measure and its density is continuous.

Proof. Since by Proposition 4.5 M,m,,(x) exists and is finite for all 2 € (0,+00), the corollary is a
consequence of a variant of Lemma 2.11 (which states the existence of a continuous density of a measure
with Cauchy transform which extends continuously to the real line) and the following propositions 4.12
and 4.13 (which, with lemma 2.21 (b), allow us to claim that ps,» has no atom at the origin). O

In the following we discuss the issue of analyticity for the density of um,v.
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Lemma 4.7. Under the hypotheses of Proposition 4.3, if we(x) € CT, then there exists an € > 0 so that
M@, extends analytically to (x —e,x) U (z,2 + ¢).

Proof. By continuity of wy, guaranteed in Lemma 4.2, there exists > 0 so that wa([x —n,z +1n]) C CT
is a nontrivial curve in the upper half-plane. We claim that in fact ws is injective on [z —n, x +n)]. Indeed,
if we assume that vy, v € [z — 7, x + 7] satisfy wa(v1) = w2 (va), then, since k is meromorphic on C\ R,
we obtain v; = k(wa(v1)) = k(wa(ve)) = va.

Let us observe that again since k(ws2(z)) = 2 and k is meromorphic on C \ RT, the set {w €
wa([x =,z 4+ n)): k(w) = oo or ¥ (w) = 0} is discrete in wa([x — 1,z + 7]). If wa(x) belongs to this set,
then there exists an 0 < & < 7 so that wa((z — €, 2)) Uwa((x, 2 4 £)) does not intersect this set. Thus by
the inverse function theorem ws extends analytically through (z —e,2) U (x,x + €). Otherwise, we apply
the inverse function theorem to a neighbourhood of wy(z) to obtain the same result.

Since Hym,, = H, o ws and H,, is analytic on C\ RT, the statement of the Lemma follows directly
from subsection 2.3.2 (a).

O
Lemma 4.8. Under the hypotheses of Proposition 4.3, assume that
HMEH)\V(I) = Z_,];igéc+ HHBEAU(Z) S C \ R

for some x € (0,+00). Then wa(x) :=lim,_,, wa|c+(z) € CT.

H,m,,(v)
T[Mu@, ., (z)—Cyu(H,m, , ()
assume to the contrary that wy(z) = co. Then, by Theorem 2.1 and subsection 2.3.2 (f)

Proof. The equality we(x) =

] assures us that wy(z) cannot be infinite. Indeed,

Hyg, (x) = lim Hym, ,(2) = lim H,(w2(2)) = lim H,(r) € [-00,0),

Z—X Z—X r——00

a contradiction to our assumption on H g, , ().

Assume first that H,g, ,(z) € CT. We show next that wp(x) € R. Clearly by subsection 2.3.2 (d),
wa(z) & (—00,0]. Assume again towards contradiction that wo(z) € RT.

Then Hﬂ%”(z) =T (Mg, () and T [Myz,,(z) — Cp(Huz, »(x))] belong to the same half-line x
originating at zero and passing through the point H,g,,(z) € C*. Thus both points Mg, ,(z) and
M, (w2(x)) = Mug,»(x) — Cpu(Hum,(x)) belong to the same hyperbola H described in Remark 2.20
(v) whose tangents at the intersection with —1/A and —1 are parallel to x. Call these tangents 77,
and 77. In particular, since H,m,,(z) € CT, we have that M,m,,(z) € H N Ky (recall the notations
from Remark 2.20), and since wy(CT) C C*, we have M, (wz(x)) € CT UR, and so M, (ws(x)) =
M#EEAV(.%) — C#(H#EEAU(‘W)) eHN Kl.

Now let us recall that 7 > arg C\,(H @, ,(x)) > arg Hym, ,(x) > 0, so that Mg, ,(2) —C(Hus, » (1))
has imaginary part strictly less that the imaginary part of Mg, ,(z), so on H N K7 it must be below
M@, (x). But at the same time —C\,(H,z,,(r)) is in C~ and to the right of the line x U —x. Since
the tangent 7; is parallel to x U —x, adding this number to Mg, ,(x) will give a point in the upper
half-plane that is necessarily at a greater distance from 7; than M,m,,(x), and thus it cannot be on
H N K in between —1 and Mg, ,(x) (as this part of the hyperbola is closer to 77 than Mg, ,(z) is),
which provides a contradiction. Thus, if Hygm,,(z) € CT, then wo(x) € C*.

The case when H,gm,,(x) € C~ is similar, and we will only sketch the proof. Indeed, then it is
clear that, since Mg, ,(x) € CT (it cannot be in R because of section 2.3.2 (a)), we must have, with the
notations from the previous case, Mg, , () € HNK,. Now, —7 < arg C\,(Hyum, (7)) < arg Hym, »(v) <0,
and so, as above, SMym,,(x) < S[Mum, () — Cu(Hum,(x))]. This time, however, we obtain that
—Cy(Hyus,v(2)) € C*, and to the right of x U —x. Thus, since 7y, is parallel to x U —x, the point
Mym,,(x) — Cu(Hyum, (7)) will either be closer to 77,5 and on its left side, or it will be on its right



32 Serban Belinschi, Florent Benaych-Georges and Alice Guionnet

side. But the part of H N K3 which has an imaginary part greater than the imaginary part of M,a, , ()
is on the left side of 77,5 and farther away from 7;,5 than M,g,,(z) is. Contradiction again. Thus, if
Hyum,,(x) € C, then wy(x) e CT. O

Lemma 4.9. Under the hypotheses of Proposition 4.3, assume that x € (0,400) is so that

14+ A

M -
2\

wsw() = lm Mz ,(2) € i(RT\ {0})

z—z,z€Ct

Then wo(z) € Ct.

Proof. The proof of this lemma is immediate. Indeed, by Remark 2.20 and subsection 2.3.2 (a), we have
Hym, ,(z) € (—oo,—(1 — X\)2/4)], so that C\,(H,m,,(z)) < 0. But

H,g, ., (x)
T [MuEAu(x) - Cu(Huﬂﬂxv(x))] 7

wo(x) =

so by Remark 2.20, wo(x) € CT. O
We can now prove the analogue of Theorem 3.1 for the rectangular case.

Proposition 4.10. Let p and v be as in Proposition 4.5. Assume in addition that the restriction of C,, to
the upper half-plane extends continuously to (0,+00) and Cy|c+(z) € CT for all x € (0,400). Then ps,v
is absolutely continuous with respect to the Lebesgue measure, and there exists an open set U C R so that
(us,v)(U) =1 and the density h(z) = w is analytic on U.

Proof. We shall use the notations from Proposition 4.5. We know from Proposition 4.5 that H,g,, ()
is finite for any x € (0,+00). Fix such an x. We show first that H,m,,(z) € (0,+00). Assume towards
contradiction that H,m,,(z) > 0. By Proposition 4.5 m := M,m,,(x) exists and by subsection 2.3.2 (a),
is real. We know that C,,(H,s,,(z)) € C* by hypothesis. Thus, using (4.1), we get that

Hym, ,(2) )
M/LEEIXV(Z) - CM(HHEHAV(Z))]

. Hys,0(2) |
T [m— Cu(Hus, ()]
Now, by our hypothesis on C,,, we have m — C\,(H @, ,(x)) € C~. Thus, from the definition of T, T'(m —

Cu(Hum, (1)) & [—(1 — X)?/4X, +00) D [0, +00). We have reached a contradiction since H,(C\RT) C
C\R™ by section 2.3.2, (b).

Thus, H,s,,((0,400)) C C\ (0,+00). In particular, Mg, ,(z) € CT U [-1/\,—1].
Since [—1/X, —1] is a closed set and M,z ,, is continuous on (0, +o0), the set S = {z € (0, +o0): M,m,,(1/2?) €

[-1/A, —1]} is closed in (0,400). We claim that the set S satisfies (um,v)(S) = 0. Indeed, the equality

Mum,,(1/2?) = 2Gm, () — 1, Lemma 2.11 (i) and the closeness of S make the claim obvious.

Hyg, (x) = lim H,(wz(2)) = lim H, (T[

zZ—T zZ—XT

We claim next that for any z € S, wy(1/2?) € C*. Indeed, = ¢ S implies that either Mg, ,(1/2?) €
i(RT\ {0}) — 152, and then the statement follows from Lemma 4.9, or M@, ,(1/2%) € K1 UK> and then
the statement follows from Remark 2.20 and Lemma 4.8.

Now by Lemma 2.11 (ii), Proposition 4.5 and Lemma 4.7 the statement of the proposition follows.

The possibility of the existence of an atom at zero will be discarded in the next section.

O

4.2. Examples

We have a whole family of measures satisfying the previous proposition and corollary. In particular,
we are going to see that all @m,-stable distributions with index strictly smaller than 2 work. Recall that
m,-infinitely divisible measures and their Lévy measures where introduced in section 2.3.3.
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Proposition 4.11. Let G # &y be a symmetric positive finite measure on the real line, whose restriction
to (0,+00) admits an analytic positive density. Let p be the my-infinitely divisible measure p with Lévy
measure G.

Then the restriction of C,, to the upper half-plane extends analytically at any point x of (0,400)
and satisfies 3(C,(x)) > 0.

Proof. Let p be the density of the restriction of the positive measure G to (0,+00). By theorem 2.18, C),
extends analytically to C\R™ by the formula

(L4 £)p(t)
1— zt2

Culz) = = (G({O}) +2 /O dt) = G.(1/2),

where 7 is push-forward of the measure (1+t2)dG(t) by the function ¢t — ¢?, and G, denotes the Cauchy

transform of 7. Note that 7 is a positive Radon measure, and that its restriction to (0, +00) admits the

(+wp?) o)
u?2

density u — (0, +00). This density is analytic, hence by (ii) of lemma 2.11 (which extends

easily to positive measures on the real line which integrate ﬁ, as 7 does) and by the fact that the
behavior of G, on the lower half-plane can be deduced from its behaviour on the upper half-plane by the
formula G, () = G-(-), the restriction of C), to the upper half-plane extends analytically at any point x
of (0,400) and satisfies, by (i) of lemma 2.11,

O

It is proved in [BG2] that there is a bijection between the set of symmetric *-infinitely divisible
distributions and the set of m,-infinitely divisible distributions, which preserves many properties, as limit
theorems and the fact of being stable. Hence, for all « € (0,2), the set of m,-stable laws p, with index
‘17(1

« is the set of m,-infinitely divisible laws which Lévy measure is of the type tlf 7= dx, where ¢ can be

any positive constant, so proposition 4.11 can be applied to them. In fact, an application of the residue
formula gives the rectangular R-transform with ratio A of the m,-infinitely divisible law p, with Lévy

dz: for all z € C\RT,

‘w‘l—a

measure T+a2

™

“gnrar

Cu.(z) =

)

where the power is defined on C\R™ in relation with the argument with value 0 on the positive half line.
For a € [1,2), 11 satisfies the hypothesis of Proposition 4.10. As a consequence, for any positive number
t, the same holds for the t-th power, with respect to m,, of p,. In deed, if one denotes this measure by
pt, (it should be denoted by pa>’, but this notation is a bit hard to swallow), one has Cut (z) =tC, (2).

A matricial model for the measures pf, was given in [BG2], section 5.

Moreover, for any positive ¢, the density of u} has been computed in section 4.2 of [BG2]:

L“tl(x)f t 17t2()\—1)2 5
dx - w2+ 22) 422
on its support Supp(uf) = R\ (—@, @)

Remark however that the "rectangular Gaussian laws”, i.e. the m,-stable laws with index 2, which

are symmetric square roots of dilations of Pastur-Marchenko laws, which are the laws ub, ¢ > 0, satisfying

Cy (2) = tz, do not satisfy the hypotheses of Proposition 4.3 since Cy ((0,00)) C (0, 00).
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4.3. Study of the density around the origin

In this section, we study the existence of a hole around the origin in the support of the free convolution
pm,v. Since in our approach the origin itself is a very specific point, we shall study separately the existence
of an atom at the origin and then existence of a set [—¢, €] which does not intersect the support of um,v.

Some of the considerations of this section do not require the assumptions of Proposition 4.3.

Proposition 4.12. 1. For all symmetric probability measures p,v, (um,v)({0}) > p({0}) + v({0}) — 1.
2. Assume that p is ®y-infinitely divisible (v is still an arbitrary symmetric probability measure). If

(nm,v)({0}) > 0, then u({0}) +v({0}) > 1 and (u=\v)({0}) = p({0}) +v({0}) — 1.

Proof. We prove item 1. Consider a sequence p,, > n of positive integers such that

n/pn — A

n—oo
and, on a probability space €2, an independent set of random variables
(Xi)iz1, (Ya)iz1, (Un)n>1, (Va)n>1
such that
- each X; is distributed according to p,
- each Yj is distributed according to v,

- for all n, U, is an n by n Haar-distributed unitary random matrix,
- for all n, V,, is a p,, by p, Haar-distributed unitary random matrix.

Let us define, for all n,

a) M, to be the n by p, random matrix with |X1|,...,|X,| on the diagonal, and zeros everywhere
else,
b) N, to be U, times the n by p, random matrix with |Yi|,...,|Y,| on the diagonal, and zeros

everywhere else times V,.

Let, for all n, d,, (resp. d,,,d!!) be the random variable equal to the number of null singular values

of M, (resp. N,, M, + N,). Note that d,, + (p, — n) = dimker M, d,, + (p, — n) = dimker N,
d” + (pp, —n) = dimker M,, + N,,. Note also that since ker M,, N ker N,, C ker(M,, + N,,), one has

dim ker M,, + N,, > dim ker M,, N ker N,, > dim ker M,, + dimker N,, — p,,,

hence
d;:"‘(pn_n) Zdn'f'(pn_n)'i_d;"_(pn_n)_pna
ie.
d) >dy,+d, —n. (4.4)
Note that the singular values of M,, (resp. of N,,) are |Xi|,...,|Xn| (resp. |Yi|,...,|Yn]), hence

by the law of large numbers, the symmetrization of the singular law of M, (resp. of N,,) converges
almost surely weakly to u (resp.v). Thus by theorem 4.8 of [BG1], the singular law SL(M,, + N,,) of
M,, + N,, converges in probability to um,v in the metric space of the set of probability measures on the
real line endowed with a distance which defines the weak convergence. So for almost all w € €2, there is a
subsequence ¢(n) of the sequence SL(M,, + N, )(w) which converges weakly to pm,v. For such an w, one

has
1!

d
(1) ({0}) > limsup SL(M () + Nop(ny) (@) ({0}) = limsup ;(;) (4.5)

n—00 n—oo ( )

Note moreover that for all n, d,, (resp. d},) is the number of 7’s in {1,...,n} such that X; = 0 (resp.
Y; = 0), hence the law of large numbers implies also that for almost all w € Q

dn(w) d,, (w)

= oy,

— v({0}). (4.6)
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Putting together (4.4), (4.5), (4.6), one gets (um,v)({0}) > pn({0}) + v({0}) — 1.

Let us now prove item 2. First of all, we exclude the case v = §p, which is trivial. The strategy will
be to use Lemma 2.21 and the description of atoms given in 2.3.2 (f) together with the formula (4.1) to
prove the equality (us,v)({0}) = n({0}) + v({0}) — 1. We shall first prove that lim, . Cp(x) > —1.

Note that by 2.3.2 (f), our hypothesis implies that lim, .o Hm,, () = —oo. So we will prove that
if lim,—, oo Hym,»(z) = —00, then lim, . Cy(x) > —1. For future use, we prefer to prove now that
limg . oo Cpu(x) > —1 under the hypothesis lim, .o Hyum,,(z) = —o0o than under the stronger one of

the proposition.

Assume thus that lim, . H,m,,(z) = —o0o. Recall first equality (4.1) :

HVEB (Z)
e (-00,0) Hymule) = y , -
;0N T [MHEEA,,(Z) — CN(HNEEAV(Z))}
where Mz, ,(2) is the analytic extension of U M — 1) which can be found in 2.3.2 (a)(and which

allows us to claim that lim, . _ . Mg, () exists and is equal to pm,v({0}) — 1).
Equality (4.7) together with the continuity of H, on (—oo,0] and the hypothesis wglzloo Huz,(z) =
—oo imply that
lim Ay, ()
a==00 T [Mym,»(2) — Cu(Hym,w())]
(indeed, for any sequence z, of negative numbers which tends to —oo, since by 2.3.2, for all n, y, :=
H;LE)\U(ITL)
T[MMEHAV(wn)_Cu(H;LEEAu(In))
a finite limit, which is impossible). So by 2.3.2 (f) we obtain

T(v({0}) - 1) A({0})? + (1 = Nr({0})

= —

] € (—00,0), if g, doesn’t tend to —oco, a subsequence of H,m,,(2,) will have

= lim Lu(f)

B im T(Muﬂﬂw(gj) - OH(HMEE‘)\V('I))) H“agk,,(z)

N JUL*OO Huaaku(x) H (T(MMEHAV('I) - CH(HMEBAV(@‘))))
e v e AN

—lim T(Myyu (@) — Cu(Hym, o (1),

Thus, lim,_, o T(Mpm, () —Cpu(Hus, »(2))) € [0,1]. Note that (2.6) allows us to claim that lim, . _ ., C(z)
exists in [—o00,0], hence by above, M@, , () — C,(Hum,,(x)) has also a limit | = (u=,v)({0}) — 1 —
limy,—, oo Cp(w) > —1 as x goes to —oo. Since T71([0,1]) = [-+ — 1, —5] U [-1,0], one has [ € [-1,0],
hence | = v({0}) — 1. We conclude that

lim Cu(w) = lim_ Cu(Hus,(2)) = (um,0)({0}) — 1 - (1({0}) — 1) € (~1,0],

as claimed. Moreover, this equality together with Lemma 2.21 implies that u({0}) — 1 = (um,v)({0}) —
v({0}), which is equivalent to item 2. [

Proposition 4.13. Let u be ®,-infinitely divisible and v be arbitrary. Assume that v({0}) + u({0}) < 1.
Then supp(us,v) has a hole around the origin.

Proof. Let us denote r := lim, . o Hym, () (which exists and belongs to [—00,0) by 2.3.2 (f)). The first
step in our proof will be to show that under our hypothesis, r > —oo. Then we will view r as the Denjoy-
Wolff point of a certain self-map of the left half-plane iC", and use this fact to see Wy, (¢) = Hum, »(1/2)
as an implicit function which is defined on a neighbourhood of zero and extends H,g,,(1/x) from the
left half-line. Finally, we will argue that on a small enough interval, H,s,,(1/z) € [—(1 — \)?/4Az, 0] for
all z > 0 small enough, which is equivalent to the existence of an open neighborhood of the origin which
does not intersect the support of um,v (as can be checked by using lemma 2.11 and remark 2.17).
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We shall prove that r is the Denjoy-Wolff point of f; if

filz) = H, (M) L telo1].

First, we claim that f; is defined on the left half-plane iC*, and moreover that f;(iC*T) C iCT for
all t € [0,1]. Indeed, from Theorem 2.18 it follows that C,(Ct) C C* and argC)(z) > argz for any
z € Ct. Thus, since 0 < A < 1,and 0 < ¢t < 1, 7 > arg(Cu(z) +t—1) > argCp(z) > argz and
7> arg (Cu(2) +t — §) > arg Cu(z) > arg z, so that arg T[—t—C,(z)] € (2arg z,2n) for all z € CTNiCT.
We conclude that arg (W) € (argz,2m —argz) C (7/2,3w/2) for any z € C* NiC*, so that
w maps CT NiC* in C*. Since iC* is invariant under the maps z + 1/z and z + Z, and
(T[ftfcm)]) _ T==C(3))
z z

2.3.2 (d), H,(iC*) C4iC™T, our claim is proved.

, we conclude that z — =——=2~— maps iC" into itself. Since, by subsection
T[ t Cu (Z)]

By the last remark, we also have that f;(Z) = fi(2), for all ¢ € [0,1], and hence in particular
ft((—O0,0]) C (_0070]'

We next show the existence and uniqueness of the Denjoy Wolff point of f; as a consequence of
Theorem 2.7. In fact, f; is not a conformal automorphism of {C*. Indeed, there are only two conformal
automorphisms of §C* which fix (—o0, 0] up to multiplication by positive scalar; the identity and z — 1/z.

The case az = H, (m) can be discarded since as z goes to zero along the negative half-line,
"

C,(2)/z converges to [(1+t?)dG(t) by monotone convergence theorem (with G the Lévy measure of p)
and so y(z) := m € (—00,0] goes to the constant

. X . 1 2 !
T Cu@)] NG § (e (0-v fEsnawcn) e

x

which is null only if [(1+¢?)dG(t) is infinite. If this constant does not vanish, we obtain a contradiction
since H, does not vanish on (—o0,0). If it vanishes, we write aT[—1 — C,(2)] = H, (y(2))/y(z) with y(z)
negative going to zero as z goes to zero. This is in contradition with the fact that H,(z)/z goes to one
(see Remark 2.17). The case a/z = H, (m) leads also to a contradiction by letting z going to
zZero.

The uniqueness of the Denjoy-Wolff point given by Theorem 2.7 implies that this point can only
belong to [—o0,0] since fi(Z) = fi(z). We shall first show that zero cannot be the Denjoy-Wolff point of
f1, and secondly we show that infinity can be the Denjoy-Wolff point of f; only when p({0})+v({0}) > 1.

For zero to be the Denjoy-Wolff point of f1, we would first need to have lim,o f1(z) = 0. Since
H, vanishes on (—00,0] only at the origin, we must have by (4.8) that the Lévy measure of y has
infinite second moment. The second requirement for zero to be the Denjoy-Wolff point of f; is that
limgq0 f1(x)/z € (0,1]. But

- file) (T[—l—mcmn) 1

lim~——~+* = lim — .

10 T U e e o ) T[-1—-Cu(x)]
= lim Ay (@) - lim L = 00,

0 T 210 T[—1 — C(2)]

HV(I)

since limg1o =%

f1.

=1 and lim;y9 Cp(x) = 0. We conclude that zero cannot be the Denjoy-Wolff point of

Now we show under that under our condition v({0}) + p({0}) < 1, fi cannot have infinity as
Denjoy-Wolff point (recall that (um,v)({0}) = 0 by Proposition 4.12 under this assumption.) The two
requirements that fi; must verify to have infinity as Denjoy-Wolff point are lim, ., f1(z) = —oo and
lim, .o fi(z)/x € [1,+00). The continuity of H, on (—oo,0] translates the first requirement into
limg—— oo m = —oo and lim,_, o, H,(2) = —oco. Applying 2.3.2 (f) and the above, we obtain:
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im 1@ t (m) :
T— —00 x T =00 m T[_l B C#(x)]
_ lim M lim ;
T ot Tz et T-1 = Cu(a)]
1
= (w{0})?*+ (1 = Nr({o}) - X2+ (= 1)e

T(v({0}) - 1)

T(—c—1) ~’
where ¢ := limg,_o Cp(x) € [—00,0). To have lim,_,_ fi(z)/z > 1, we must have v({0}) > 0 and
¢ > —oo. Thus, we may write

T(w({0}) = 1) =2 T(=c—1),

which implies, since T is increasing on [—1,+00), that 1 > v({0}) > —c. Using Lemma 2.21 (2) we
conclude that v({0}) + u({0}) > 1.

Thus, v({0}) + u({0}) < 1 implies that f; has a Denjoy-Wolff point s € (—o0,0). We claim that
s = r. Indeed, by taking limit when z — —oo in equation (4.1), using Proposition 4.12 and the fact that
limg oo Mym,,(2) = (pm,v)({0}) — 1 = —1, we obtain that

r

= (st A0 )

where, if r = —o0, the second term must be also understood as a limit.

We finally show that r cannot be infinite, which will imply with (4.9) that » = s. By Theorem 2.7,
f1(s) € (=1,1). By continuity of f;, there exists § > 0sothatif D = {y : |[z—s| < 8}, p:=supp |fi(z)| <1
and therefore fi(D) C {y : |y — s| < pd} C D. Since f; converges to f; as t — 1 uniformly on compact
subsets of iC*, there exists ¢ > 0 so that f;(D) C D and moreover f; is not an hyperbolic rotation for all
1 —¢e <t < 1. Thus, by Theorem 2.7, f; has a unique Denjoy-Wolff point and it must be in D (has can
be seen by iterating f from a point in D). Thus, the Denjoy-Wolff points of f; converge to s as t — 1.

Now, since lim,_, o M@, (7) = —1 as pm,v({0}) = 0, for = large enough we have Mg, ,(z) €
(—=1,e — 1). From equation (4.1) it follows that

Hoso () = fort o) (Hsyo ()

and therefore H,g, , () is the Denjoy-Wolff point of f_M/,LEE’)\V(I). Thus we conclude that r = lim, .o Hum, ,(7) =
s, which proves our claim.

Let us define Wyg,,(2) = Hum,,(1/2) and

oo = 1 = =)~

It is easy to observe that for < 0 close to zero, we have g(z, Wya,,(x)) = 0, as the formula Mg, ,(2) =
U(H,m,,(2)/z — 1) must hold for all z € R™. Moreover, there obviously exists a small enough interval I
centered at zero so that g is actually defined on I x (I 4+ ), and of course, by equation (4.9), ¢(0,7) = 0.
Let us differentiate g with respect to w:

sten) = 1 ()
y TU(zw — 1) = Cp(w)] = wT'[U(zw — 1) = Cp(w)][2U" (zw — 1) — C} (w)]

TU(zw = 1) = Cu(w)]?

-1
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Since U is differentiable in —1, and T'[—1 — C,(r)] # 0, we have

r ) T[-1 = Cyu(r)] — rT'[-1 = Cu(r)][=C(r)]
T[=1—=Cu(r)] T[=1=Cpu(r)?
Since we have shown that |f;(r)| < 1, we conclude that 9,,9(0,7) # 0, so we can apply the implicit
function theorem to it in the point (0,r) to extend W,a,, to a small neighborhood of the origin. Then,
Woa,v(x) = Hyus,,(1/) takes its values in a finite neighborhood of r € (—o0,0) which is included into

[—(1 — X\)?/4)z,0] for sufficiently small 2, and hence pm,v put no mass in a open neighborhood of the
origin. U

~1=f(r) -1

dwg(0,7) = H,, (
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