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Prelude

Weyl chamber:
Ck={xeR: x; > x> > x}.
Interlacing: for x € Cx, y € Cx_1 write x < y if

X1 2 Y12 X022 Y1 = Xk

For x € RN, denote
Tn(X) = {(Tk,i)1<i<k<n € RNIN=-1)/2.. Tni=x;, 1<i<N}
Gelfand-Tsetlin polytope (assuming x € Cy):

GTn(x) ={T eln(x): x=Tn. =2 Tnoq, 2 T2 2 Th
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It is well-known that

N—1
Vol(GT(x)) =

k
H 1 T, i<Tk41 :1 Thg1,it1<Tk,i
TN(X) k=1 =1

=
(H kl> h(x)
where h(x) =

[Ticj(xi —



Note that

Ixsy = Jim exp(—e’x )
Consider the substitution:

X#y

1x<y < exp(—e*7)
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The quantum Toda lattice

The quantum Toda lattice is a quantum integrable system with
Hamitonian given by the Schrédinger operator

N

N—1
H= Z o 2 ; gXit1 =X,

I

It is closely associated with the Lie group GL(N, R).
More generally,

H=Ag—-2 ) e (),

simple v
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Givental’s integral formula

Givental (1997): The eigenfunctions of H are given by

where
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Recursive structure

Write H = HM, , = ¢V, Set H = a2/dx?, (" (x) = .
Define a kernel on RN x RIN-1) py

N—1 N—1
ol 5y) o0 (030 ) - X (o0 o))
1 i=1

Q) = [ APty

Givental’s formula is equivalent to:

M = QM)

Neil O’Connell (Warwick) Probability and the quantum Toda lattice Paris, June 2010 7128



An intertwining relation
Gerasimov et al (2006):
(HM —6?) 0 QM) = QM o HIN-1),
Equivalently,
(H" = ) Q" (x, ) = H VoM (x, y).

Combining this with

77777
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Some probability

The Schrédinger operator

N N—1
1 1 0? N
§H — § W _ § eX/+1 Xi
i=1 / i=1

is the infinitesimal generator of a Brownian motion in RV killed at rate
N-1
V(X) — Z exi+1_xi
i=1

when it is at position x.
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Some probability

This process can be conditioned to survive forever by a Doob
transform via the (positive) H-harmonic function .

The conditioned process has infinitesimal generator
1 1
£ = 590(x) " Hibo(X) = 54 + Vlog o - V.

Its transition kernel is given by

alx.y) = 2 pixp)

where p; is the sub-Markov transition kernel associated with H/2.
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Some probability

The intertwining relation becomes
£V 6 KN — K(N) o p(N-1).
where K(M) is the Markov kernel/operator
N), N1 AN
KM (x,y) =gV () (x, ).

This suggests that we can couple the Markov processes with
generators £N) and £(N-1),

Neil O’Connell (Warwick) Probability and the quantum Toda lattice Paris, June 2010

11/28



The coupled processes

Define a Markov process ((X(t), Y(t)),t > 0) taking values in
RN x RIN=1) as follows.

The process Y evolves as an autonomous Markov process with
generator £L(N-1). Let W be standard one-dim. Brownian motion,
independent of Y, and define the evolution of X via the SDEs

dXy = dY; + e Vidt
aXp = dYy + (XY — V1) di

dXn_1 = dYn_1 + (eXN*YN—1 _ eXN—ﬁYN_z) dt
dXy = dW — eXv—Yn-14t,
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The coupled processes

Theorem
Let (X, Y) be the above Markov process, started with initial law

N =8 x KN(x, ).

Then X is a Markov process (in its own filtration) with generator £N)
started at x. Moreover, for each t > 0, the conditional law of Y(t),
given {X(s), s < t; X(t) = x}, is given by KN)(x, -).
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The coupled processes

Proof.
The intertwining

L£N) o K(N) — g(N) o p(N=1)
extends to

LN o KIN) — g(N) , g(N)
where _

KM (x, (x,y)) = dx x KM(x,-)
and N—1 N
Gy =Ly + LY

is the generator of the process (X, Y). O
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A representation theorem

With a bit of extra work, it follows that a certain ‘exponential functional’
T W of a Brownian motion W in RN is Markov with generator £(V).

The first coordinate of 7 W(t) is given by log Z/V where

N
ZN = / exp (Z Wi(s) — W,-(s,-_1)> dsi ... dsy_1.
0=8p<81< - <Sy_1<SN=t

i=1

This is the partition function for (1+1)-dimensional directed polymer in
a random environment which was introduced and studied in O’C-Yor
(2001), Moriarty-O’C (2007).
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Definition of 7

Fori=1,...,N—1, and continuous 7 : (0,00) — RN, define

(@00 = (1) (1og [ @105 (& g1,

where ey, ..., ey denote the standard basis vectors in RV.
The operator 7 is defined by

T:('Zil O"'OTN7‘|)O"'O(IZV1 0'2’2)0'2’1.

The operators 7 and 7; are studied extensively in the papers
Biane-Bougerol-O’C (05,09), in a more general setting, where various
Lie-theoretic interpretations are given.
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The case N =2

When N = 2, the eigenfunctions 1, are given by

’
Yu(X) = 2exp <2(V1 + v2) (X1 +X2)> Koy —vs (26()(2_)“)/2)

and we recover the following:

Theorem (Matsumoto-Yor ’99)

Let (B;, t > 0) be a one-dimensional Brownian motion and

t
Zi = / e?Bs=Bigs.
0

Thenlog Z is a diffusion with infinitesimal generator

1d2 [d ) d
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Let 3 > 0, and define

N 52 N—1
Hs = Z i 22 Z @i =xi)
i=1 / i=1

’
Lg= §¢0(ﬂx)_1Hﬂ¢0(ﬂX) = %A + Vlog¢(5-) - V.
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Connection to random matrices |

As 8 — oo,
N—1 —1
BNIN=D20(8x) — (H k!) h(x)
k=1
where
o= T 0-x).
1<i<j<N
Thus,

1 1
Lg — é/7()()—1Ach(x) =54+ Vlogh-v
where A is the Dirichlet Laplacian in the Weyl chamber

C={xeRN: xy > - >xy}
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Connection to random matrices Il

The diffusion with generator £ has an entrance law given by

/J,t(dX) = 1/)0(X)19[(X)dx, t>0,

where ¢; is characterized by

N
/% )9:(x dX—eXp< Z ) X e RN,

The law of 7 W(t) is given by p: and

P(log ZN < u) = u({x e RN : x; < u}).
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Connection to random matrices Il

The fact that this characterizes ¥; follows from the Plancherel theorem
of Semenov-Tian-Shansky (cf. Kharchev-Lebedev) which states that

Frm | F(X)a(X)AX
RN

is an isometry from Lp(RN, dx) to Lo(tRN, s(\)d)\), where s()\) is the
Sklyanin measure defined by

’
s(\) = (zm)Nng ry— )™

In particular,
() = o) ([ 02065 925(3)an ) .
(RN
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Connection to random matrices Il

The probability measure on RN with density proportional to
exp(D_ Mt/2)s())
i

can be interpreted (up to factor of ;) as the law, at time 1/t, of the radial
part of a Brownian motion in the symmetric space of positive definite
N x N Hermitian matrices or, equivalently, the law of the eigenvalues,
attime 1/t, of an N x N Hermitian Brownian motion with drift

dag(N—-1,N-3,...,3—N,1—N).
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The law of the partition function

By Plancherel theorem, the functions A — v,(x), x € RN, are an ONB
for Lo(tRN, s(\)d)\). This fact, combined with a Mellin-Barnes type
integral formula for ¢, due to Kharchev and Lebedev (1999) yields:

Corollary
The probability density oflog ZN is given by

pi(a) :/N/SN71(7)0(%O)Q(%A)ea@”‘zz”")ezA?’/ZSN(A)dvd&
(R

where second integral is along vertical lines with Rt~; < R\, for all i, j,

(V) = o TPy = M)~ @A) = [T — ).
+k I

(2m )NN! ;
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Hypergroup property

Corollary
Foreachx,y e RN,

Ua(X) Ualy) Ya(2)
Bo00) voly) ~ Jaw vo(2)” (%)

where v*Y is a probability measure on RN,

The probability measure v*Y can be interpreted as the conditional law
of TW(s +t) given TW(s) = x, (TsW)(t) = y, where 0 < s < t and
TsW() = W(s+-)— W(s).

— “Tropical’ version of Bessel-Kingman hypergroup.
cf. Biane, Bougerol, O’C (2009).
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In the case N = 2 this is equivalent to:

_ [T o hitrwy
K, (2)K, (w) = 2/0 e K (
(Dixon and Ferrar 1933)

d
)



The wider context

The map W — (T W,...)is in fact a variation of the so-called RSK
correspondence, a combinatorial algorithm in the theory of Young
tableaux. It can be thought of as a ‘tropicalization’ of a certain
‘specialization’ of RSK introduced and studied in Bougerol-Jeulin (02),
O’C-Yor (02), Biane-Bougerol-O’C (05,09).
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Alternatively, it can be regarded as a specialization of ‘tropical RSK’
(Kirillov °00, Noumi-Yamada '04, ...)
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The wider context

The map W — (T W,...)is in fact a variation of the so-called RSK
correspondence, a combinatorial algorithm in the theory of Young
tableaux. It can be thought of as a ‘tropicalization’ of a certain
‘specialization’ of RSK introduced and studied in Bougerol-Jeulin (02),
O’C-Yor (02), Biane-Bougerol-O’C (05,09).

Alternatively, it can be regarded as a specialization of ‘tropical RSK’
(Kirillov °00, Noumi-Yamada '04, ...)

Tropical RSK is closely related to Dodgson’s (who’s he?) condensation
method for computing determinants.

Neil O’Connell (Warwick) Probability and the quantum Toda lattice Paris, June 2010 26/28



The wider context

When S — oo we recover the multidimensional version of Pitman’s
2M — X theorem obtained in Bougerol-Jeulin (02), O’C-Yor (02).
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The wider context

When S — oo we recover the multidimensional version of Pitman’s
2M — X theorem obtained in Bougerol-Jeulin (02), O’C-Yor (02).

Biane-Bougerol-O’C (05,09): the definition of 7 extends naturally to the
setting of complex semisimple Lie algebras, but the probabilistic and
intertwining structure in the general case is not yet fully understood.
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The wider context

When S — oo we recover the multidimensional version of Pitman’s
2M — X theorem obtained in Bougerol-Jeulin (02), O’C-Yor (02).

Biane-Bougerol-O’C (05,09): the definition of 7 extends naturally to the
setting of complex semisimple Lie algebras, but the probabilistic and
intertwining structure in the general case is not yet fully understood.

The quantum Toda lattice has a g-analogue which appears to have a
similar structure, and is an interesting direction for future research. In
the rank 1 case, the g-Hermite polynomials play a central role.

Neil O’Connell (Warwick) Probability and the quantum Toda lattice Paris, June 2010 27/28



References

F. Baudoin and N. O’Connell. Exponential functionals of Brownian motion and class one Whittaker functions.
arXiv:0809.2506v3

Ph. Biane, Ph. Bougerol and N. O’Connell. Littelmann paths and Brownian paths. Duke Math. J. 130 (2005), no. 1,
127-167.

Ph. Biane, Ph. Bougerol and N. O’Connell. Continuous crystals and Duistermaat-Heckman measure for Coxeter groups.
Adv. Math. 221 (2009) 1522—-1583.

Ph. Bougerol and Th. Jeulin. Paths in Weyl chambers and random matrices. Probab. Th. Rel. Fields 124 (2002)
517-543.

A. Gerasimov, S. Kharchey, D. Lebedev and S. Oblezin. On a Gauss-Givental representation of quantum Toda chain
wave equation. Int. Math. Res. Notices 2006, 1-23.

A. Givental. Stationary phase integrals, quantum Toda lattices, flag manifolds and the mirror conjecture. Topics in
Singularity Theory, AMS Transl. Ser. 2, vol. 180, AMS, Rhode Island (1997) 103—-115.

S. Kharchev and D. Lebedev. Integral representations for the eigenfunctions of a quantum periodic Toda chain. Letters in
Mathematical Physics 50 (1999), 53-77.

H. Matsumoto and M. Yor. A version of Pitman’s 2M — X theorem for geometric Brownian motions. C. R. Acad. Sci.
Paris 328 (1999) 1067—-1074.

N. O’'Connell. Directed polymers and the quantum Toda lattice. arXiv:0910.0069.

N. O’Connell and J. Moriarty. On the free energy of a directed polymer in a Brownian environment. Markov Process.
Related Fields 13 (2007) 251-266.

N. O’Connell and M. Yor. Brownian analogues of Burke’s theorem. Stoch. Process. Appl. 96 (2001) 285-304.
N. O’Connell and M. Yor. A representation for non-colliding random walks. Elect. Comm. Probab. 7 (2002).

Neil O’Connell (Warwick) Probability and the quantum Toda lattice Paris, June 2010 28/28



