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Exercise 1

1. Remark first that f;(x) = 0 implies that £ = 0 and use the mean value theorem.

2. Consider V(x1,z2,2»3) = z%;—mi + Fi(x7).

3. Lasalle theorem and standard computations.

4. One should assume that F; tends to infinity as |z| tends to infinity. Choosing f1(z) = % creates

problems...

Exercise 2

Pure and mechanical computations. No tricks whatsoever.

Exercise 3

Check that (A, B) is controllable, U > 0 and @, W > 0. Notice that the trajectory to follow is actually
a trajectory of the control system for the input zero and starting from the initial condition (1,0, 3). The
system is not observable but when you do output tracking everything reduces to a 2D system where the
variable ”z” disappears. From then, pure computations.

Exercise 4

1. Yes, since it is Lie-bracket generated.
2.1 There are no abnormals since with one bracket all directions are generated.
2.2,2.3 See picture.
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Exercise 5

We will provide answers using several remarks. Set A, the reachable set from xg € R for the control
system & = 1+ ujz.



1. The function f verifies that, for every integer n and negative or zero real number z, then f(™(z) = 0.
2. Ay, is equal to R if 29 < 0, Ry if 29 = 0 and R if 29 > 0.
3. The region S = R} x R is invariant by the control system.

(To see 2., simply use appropriate constant controls.)

Then, for every qo = (z0,¥0) € R?, one has A, is equal to S plus the half-line R x {yo} if 2o < 0 or
the point (0,0) if 2o = 0. To see that first of all notice that if g1 € Ay, NS, then by 3., one never exits
S. Therefore, Ay, is equal to some subset of S plus the half-line R x {yo} if 2o < 0 or the point (0,0) if
zo = 0. It remains to show that Ay, is equal to S for every go € S. It is enough to show that, starting
from any gog € S, one can reach the vertical line defined by = = xg. If cos(zg) # 0, this is clear by taking
u; = 0 and uy = £1. If cos(zg) = 0, simply move horizontally to some g1 with cos(z1) # 0, then to any
point of the vertical line x = z; and then come back horizontally to any point of the vertical line z = xg
by controls (uq,0).

—
2

Exercise 6

The Reachable set and the optimal synthesis is shown in the following picture




