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What I Hope to Describe	

A short description of the Law-Eberly controllability result 

A technique for establishing estimates on optimal transfer times 

A related problem involving systems with additional symmetries. 

The use of modes to study time-optimal paths on a  sphere  

An interpretation of optimality in terms of wave speed 

The possibility of a “turnpike  theorem” for time optimal  
control on the sphere    



Outline	

1.  The Law-Eberly model for a harmonic oscillator with spin 

2.  Controllability via overlapping invariant subspaces 

3.  A Liapunov-type lower bound on minimum transfer time 

4.  Lattice models, waves, wave speed and dispersion  

5.  Some long chain asymptotic estimates on optimal transfer  



Part 1: The work of Law and Eberly 



The harmonic oscillator 

ψ



Two basic points 



Two basic points 



Harmonic oscillator + spin 



From Bloch, B. & Rangan 



Rotate within an invariant subspace until the solution 
lies in the overlap and then switch to the motion which  
produces a rotation in the second family of invariant 
subspaces 



•  The scheme just described is suitable for 
establishing controllability but appears to be 
slower than necessary in that it uses the 
controls to follow segments lying on a 
series of great circles which are 
perpendicular in the sense of spherical 
geometry. This gives a speed of 2/π per 
step.   

   What about the time optimal problem? (2 
per step.)   

The time optimal problem 



Part 2: The simplified models 



First of Three Simplified Models: Toeplitz 

There is a ground state. A+B is Toeplitz  and Σ(A+B) Σ =A-B   





Second Model: Laurent  

No ground state.  A+B is Laurent and Σ(A+B) Σ =A-B. 



Law-Eberly scheme no longer 
establishes complete controllability 
because there is no ground state.  
Standard basis elements can be 
reached from standard basis 
elements.  



Third  Model: Circulant with n even  

No ground state. A+B is circulant and Σ(A+B) Σ =Α-Β  



Third  Model: Circulant  

Complete controllability  must be studied by other means. 

Law-Eberly scheme no longer 
establishes complete controllability 
because there is no ground state.  
Standard basis elements can be 
reached from standard basis elements 



Part 3: Probability flow estimates 



The starting point 

Let A = −AT be a tridiagonal operator;

A(u, v) =





0 a1 0 0 0 0 ...
−a1 0 a2 0 0 0 ...
0 −a2 0 a3 0 0 ...
0 0 −− a3 0 a4 0 ...
0 0 0 −a4 0 a5 ...
0 0 0 0 −a5 0 ...
... ... ... ... ... ... ...





Then φ(x)xT [N,A]x changes as

φ̇ = −2(a1x1x2 + a2x2x3 + a3x3x4 + · · ·



Getting a bound 



Part 4:  Lattice models and waves 



A Lattice model 



A Lattice model 

The controllability question can be established by other means. 



Part 5:  Asymptotic analysis 



Recall from before 

No ground state. A+B is Toplitz 









The wave equation provides intuition 



The d’Alembert traveling waves 
From the point of view of the wave equation
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It is natural to try to identify the wave traveling
to the left and the wave traveling to the right.
The maximum wave speed would be the square root
of the largest eigenvalue of A2. In the case of the
Laurent operator the “media” is not dispersive
but the other cases correspond to dispersive media–a
pulse will not maintain its shape.





Traveling waves: circulant case 



Traveling waves: circulant case 

Now restrict the unit circle to the n roots of unity 



• Recall the famous ``turnpike theorem" in 
economics which describes the optimal 
tradeoff between personal  consumption and 
savings in terms of an initial ``establish the 
right conditions" phase, followed by a steady 
policy for the bulk of the time, and a final 
``use it all up" end game. 

• Here we can expect something similar.  In 
the first phase we steer to the fastest mode, 
follow the fastest mode until we are near the 
desired location and then disassemble the 
non dispersive fast mode into the desired 
end state. 



Going from the initial circulant coefficients to the highest  
wave-speed circulant coefficients . 

time 



Concluding remarks 
• We have presented rather few new 

“results”, but… 
•  Lattice problems were introduced and we 

illustrated how control systems involving  
them lead to nice questions. 

• We have described a wave equation point 
of view and illustrated its use.  

• Unlike traveling waves associated with 
Toda’s problem, however, here it seems 
that one can not avoid dispersion. 


