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Preliminaries: The Lindblad-Kossakowski Equation (LKE)

Let p € D, be the density matrix of a quantum system with underlying state
space C", i.e. p€ C™" p=pl >0, and trp = 1. Its dynamics are given by

() p = —i[H, p] + L(p). (Lindblad-Kossakowski-Equation)

Here, H denotes the system’s Hamiltonian and £ allows for interactions with the
environment (= open quantum system).

Two equivalent representations of the interaction term L:

N
L(p) = 2Lpl}, — LiLip— pLiLi,  (Lindblad-Form)
k=1
wherer Ly,..., Ly € C"™"™ and N € N are arbitrary or, equivalently, ...
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The Lindblad-Kossakowski Equation (cont'd)

Two equivalent representations of the interaction term L:

N
L(p) = 2LiplL} — LiLep — pLLy,  (Lindblad-Form)
k=1
where Ly,..., Ly € C"™" and N < n? — 1, or equivalently,
n?—1
()= (16, G{1 +[Gp. G[I),  (GKS-Form)
Jok=1
where Gy, ..., Gy2_1 form an orthonormal basis of slc(n) and the GKS-matrix

A = (ajk)j k=1,...n2—1 is positive semi-definite.

The vector of coherence representation which transfers (X) to a (bilinear control)
system in R 1 will not be used in this talk.
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Preliminaries: Completely positive maps (CP-maps)

@ A linear map P : C"™*" — C"*" is positive if and only if
p=p'20 = P(p)=P(p) >0,
i.e. the set of all positive semidefinite matrices is invariant under P.
@ A linear map P : C"™*" — C"*" is completely positive if and only if
I, @ P:CP*P@C"™" — CP*P @ C"™" s positive for all p € N.
@ A linear map P : C"™*" — C"*" is unital if and only if P(I,) = I,.
@ A linear map P : C"™*" — C"*" is trace-preserving if and only if

trP(p) =trp forall pe C"",

Positive maps which are unital and trace-preserving are often called doubly
stochastic.
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Completely positive maps (cont'd)

o Any completely positive map P : C"*" — C"*" is given by

N
P(p) = Z Vip V), (diagonal Kraus-Form)
k=1

where Vi,...,Vy € C™" and N < n?

@ The forward flow of the LKE yields a one-parameter semigroup of completely
positive, trace-preserving maps.
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Preliminaries: Controlled LKEs

Introducing Hamiltonian controls to the LKE (in a semiclassical way) yields

(Xo) p= fi[Ho + Z ug(t)Hy, p} + L(p), (controlled LKE)
k=1

where t — ui(t) € U C R™ are arbitrary measurable, locally bounded control
functions.

General assumption: U/ =R™

Further notation:
@ R<7(po) := reachable set of po up to time T > 0.
@ R(po) := entire reachable set of pg
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Preliminaries: The majorization preorder

Let X and y be decreasing rearrangements of x € R"” and y € R", respectively.
Then, x is majorized by y (denoted by x < y) if and only if

n n
Si<h, Wt <h+n o D XK= ke
k=1 k=1
For density matrices we define

p<pl — ()‘17"'7>\n)<(ll""a/\;1)a

where A1,..., A, and Aj,... N/ are the eigenvalues of p and p’, respectively.
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Result |: The Majorization Theorem

Theorem | [H. Yuan, IEEE 2010]

Let (X) be any LKE. Then the following statements are equivalent:

(a) (X) is unital, i.e. £(I,) =0.

(b) The flow &, of (X) is monotonically majorization-decreasing,
i.e. ®(po) < Pr(po) for all t > t" and all pg € D,,.

Note: L(I,)=0 <« &(I,)=1,forallteR.

Let (X.) be any controlled unital LKE. Then one has

cl (R(po)) € {p € D | p < po} = conv O(po)

for all pg € D,,.
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Result Il: Reachable sets of 2-level systems

Theorem II[H. Yuan, IEEE 2010?]

Let n = 2 and consider a controlled unital LKE of the form

(Te)  p=i[oz + ul)on + u(e)oy, o] + L(p),

where 0,0, and o, denote the Pauli matrices. Then, for generic £ one has

cl (R(po)):{p €D, | p < po} = convO(po)

for all pg € D>.

1This result is not explicitly stated, but implicitly contained in the cited paper.
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Refined Majorization Theorem:

Unitary invariant norms and the von Neumann entropy

A norm || - || on C"*" is unitarily invariant if and only if

|lUXW| = || X]|| forall X € C"™" and all U, W € U(n)

Standard examples:

o [ X|2:= (trXJfX)l/2 = (tr |X|2)1/2 (Hilbert/Schmidt norm)
@ More general, let p € [1,00) and set

Xl := (tr|X|P)1/2, [X]|:= VXTX (p-norm)

Let p be a density matrix. The von Neumann entropy of p is defined by

N(p) := —tr(plogp).
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Refined Majorization Theorem: Statement

Theorem A

Let (X) be any LKE. Then the following statements are equivalent:

(a) (X) is unital, i.e. £(I,) = 0.

(b) The flow ®; of (X) is monotonically majorization-decreasing, i.e.
b (po) < P (po) for all t > t' and all pg € D,,.

(c) The flow ®; of (X) is monotonically norm-decreasing for all unitarily invari-
ant norms || - ||, i.e. [|[®:(po)|l < [|Pe(po)|| for all t > ¢ and all pg € D,.

(d) The flow @, of (X) is monotonically norm-decreasing for at least one strictly

convex, unitarily invariant norm, i.e. ||®:(po)|| < ||®+(po)]|| for all £ > ¢’ and
all pPo € D,.

(e) The flow ®; of (X) is monotonically increasing with respect to the von Neu-
mann entropy, i.e. N(®¢(po)) = N(®w(po)) for all t >t and all po € Dy,

vy
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Refined Majorization Theorem: Consequence

The semi-flow ®¢>q of (X) is a (weak) contraction semi-group with respect to all
unitarily invariant norm if and only if (X) is unital.

Theorem A generalizes several known results from the literature, e.g.

@ &, is purity decreasing if and only if (X) is unital. [Lidar, et al.]

@ The semi-flow ®;>¢ of (X) is a (weak) contraction semi-group with respect
to all p-norm if and only if (X) is unital. [Wolf, et al.]
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Refined Majorization Theorem: Proof

The essential ingredient to the proof of Theorem A is the following result:

Theorem (Uhlmann 1971, Ando 1989)

The following statements are equivalent:
(a) p=</p.

(b) p € convO(p'), where O(p') denotes the unitray orbit of p'.
(c) There exists a unital, trace-preserving, CP-map P with P(p') = p.

(d) There exists a unital, trace-preserving, positive map P (= doubly stochastic

map) with P(p') = p.
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Refined Majorization Theorem: Proof

“(a) = (b):" Ando (Thm. 7.1)

“(b) = ()"
@ “Monotonicity” implies ®.(I,/n) < I,/n for all t > 0.
@ However, 1,,/n < p for all density operators p.
@ Hence, ®¢(I,/n) =1,/n for all t > 0 and thus £(I,/n) = 0.

“(a) = ()" Ando (Corollary 7.8)
“(c) = ()" v/
“(a) = (e):" Ando (Thm. 7.4), Yuan (Prop. 5)
&) = ()"
o “Monotonicity” implies N(®¢(I/n)) > N(I,/n) for all t > 0.

o However, N(I,/n) > N(p) for all p € D, and N(I,/n) > N(p) if p # I,/n.
@ Hence, ®+(I,/n) =1,/n for all t > 0 and thus £ is unital.
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Refined Majorization Theorem: Proof

(d) = ()"
o Let || - || be any strictly convex, unitarily invariant norm. Then,
“Monotonicity” implies ||®.(I,/n)| < ||I,/n]|| for all t > 0.

e Moreover, I,/n < p for all p € D, and thus ||I,/n|| < ||®(I,/n)| for all
t>0.

@ Hence, ||I,/n|| = ||®(I,/n)| for all t > 0.
o Assume w.l.o.g. ®; (I,/n) =: p. = diag(r, ..., rn) # I,/n for some t, > 0.

Then
||I,,/n|| = H Z aﬂdiag(rﬂ(l),...,rﬂ(,,))H
TESn
< Z aﬂ'”diag(rw(1)7~-~7r7r(n))H = ||In/n||
TESH

with Zwesn ar =1and a, > 0.

@ This contradicts the strict convexity of || - ||. Therefore ¢,(I,/n) =1,/n for
all t > 0 and thus £ is unital.
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Generalized Reachability Result: Comments on Yuan's proof

Theorem Il [H. Yuan, IEEE 20107]

Let n = 2 and consider a controlled unital LKE of the form
(Te)  h= [ + ulthon + uy 8oy, 0 + L(p),
where o, 0, and o, denote the Pauli matrices. Then, for generic £ one has
cl (R(po)):{p €Dy | p = po} = convO(po)

for all pg € Ds.

@ Result Il in Yuan's paper is even slightly more general, as he actually
charaterized the closure of R<7(po) for any T > 0.

2see also footnote on page 10
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Generalized Reachability Result: Comments on Yuan's proof

@ One essential ingredient of the proof is the fact that the Lie algebra generated
by the control terms o, and o, coincides with the entire Lie algebra su(2)
and thus any SU(2)-matrix can be reached approximately in time T = 0.

Such systems will be called fast Hamiltonian controllable.

If the controlled LKE (X.) is generic, fast Hamiltonian controllable and unital,
then the closure of the reachable set of any pg € D, is given by conv O(pp).

@ Yuan's proof heavily exploits the fact that the adjoint action of SU(2) on
ho(2) := isu(2) ~ R3 can be identified with the action of SO(3) on R3.

Problem: " Adgy(,) & SO(n* —1)" for n > 3.
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Generalized Reachability Result: Simple double commutator case

A controlled LKE with Hamiltonian controls Hy, ..., H,, is called fast Hamiltonian
controllable if and only if

(iH1,...,iHm)Lie = su(n).

Theorem B

Let (X.) be a generic, fast Hamiltonian controllable, unital LKE and let £ be of
simple double commutator form, i.e.

‘C(p) = - [La [Lv ,0]]

for some Hermitian (nx n)-matrix L. Then the closure of the reachable set of any
po € D, is given by

cl (R(po)) = convO(po) = {p € D | p < po}-
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Simple double commutator case: Proof

@ Since (X.) is unital we obtain from the Majorization Theorem

cl (R(po)) C conv O(po)

@ Since (X.) is also assumed to be fast Hamiltonian controllable, it suffices to
show that all diagonal density matrices p = diag(s1,...,s,), 51 > -+ > s,

with p < po are contained in cl (R(po)

@ Again due to the fast Hamiltonian controllability we assume w.l.o.g. po =
diag(r,...,m), n>--->ry.
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Single double commutator case: Proof

@ Now, let pg and p be represented as follows:

n—1 n—1
po=lo/n+Y aD; and p=L./n+ D
=1 j=1

with 0 < Bi < aj and

D; := diag( 0,...,0 ,1,-1,0,...,0)= | ' _,
——

(j—1)—times

@ Using the identity
Ady: ad? Ady = adyi gy
¢
we can “turn” L to the form A Aa , x >0 in approx. time T = 0.

c
X

Dirr (Wiirzburg) QC-Workshop, Paris 2010 21 /33



Single double commutator case: Proof

@ Then, one has
4x2D;  forj=1

[L,[L,Dj]] = § —2xD; for j =2
0 forj >3
It follows R
e~ ¥tD; forj=1
eitadi(Dj) ={ e t_1D1 + D, forj=2
D; for j >3
and thus
, n—1
et (pg) = 7L 1 /n+ZaJ ) = g(t)asDs +1n/n+ Y 4D,
j=2

—4xt 1

where g(t) == e~ %"t 4 ©
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Single double commutator case: Proof

@ Since t — g(t) is a monotonically decreasing function with tlim g(t)=0,
— 00

there is some t* such that g(t*)a; = f1.
A1
<

@ Then continue with "oy and L’ := e with x’ > 0.

@ Recall that 0 < B < ajforall j=1,...,n—1.
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Generalized Reachability Result: general double commutator case

Theorem C

Let n > 3 and (X.) be any controlled unital LKE with £ is of general double
commutator form, i.e.

N
L(p) == _[L, Ly o],

Jj=1

where N > 2 and Ly, ..., Ly are generic Hermitian (nx n)-matrices. Then there
exist pg € D, such that the closure of their reachable set is in general a proper
subset of convO(po), i.e.

el (R(po)) S convO(po) = {p € D | p < po}

even if (X.) is fast Hamiltonian controllable.
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Auxiliary results: A useful inequality

Let H be any Hermitian (nx n)-matrix and let p be any positive semidefinite
matrix. Then one has

IH|13 det p < tr(p* HpH), (1)

where pf denotes the adjugate matrix of p.

Proof: One can assume that p is diagonal and positive definite,
i.e. p=diag(r,...,m) withrn > rn >--->r,> 0. Then, the identity
p* = p~ldet p implies that (1) is equivalent to

IH|13 < tr(p~"HpH).

2< (24+4)
oo

Now, the standard estimate

yields the desired result.
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Auxiliary results: A neat estimate

Lemma B

Let (Xc) be any controlled unital LKE. Moreover, let u(t) be any admissible con-
trol and p(t) the respective solution of (X¢). Then, the function t — det (p(t)) is
monotonically increasing.

The set {p € D, | detp # 0} is forward-invariant under (X.). \

Remark

Lemma B straightforwardly follows from a more general convexity result (Ando
Thm. 7.4) which yields

p=p = detp>detp.

However, the following proof provides additionally helpful information on the
“degree” of monotonicity.
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Generalized Reachability Result: A neat estimate

Proof: For simplicity, we assume that £ is in double commutator form, i.e.

L(p) =~ Z[Lj’ (L, pll.

Thus we obtain

Cdet(p(t) = Daet (p(t)) - p(1) = tr () i[H. p(1)] + L(o(1)) )

N
= Y w(FORLAeL - p(OLL — LiLe(t))

j=1

N
det (p(1)) (D 2I1L513 — 2tr LiLy) =o.
Jj=1

LemA
>
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General double commutator case: Proof

@ For simplicity, we restrict to the case n = 3 and N = 2. Consider

3/4 0 0 2/3 0 0
po:=10 1/4 0| and p.,:=| 0 1/3 0
0 0 O 0 0 O

Note that p. < po, det p.=det po, p.O(po) and [|p.|[<]|po]-

@ For generic L; and L, one has
2
>t (P*@LipLy — pliL; — LiLjp)) > 0 (2)
j=1

for all p € O(po).

@ Assume that p. € R(po). Then ||p.|| < ||po|l implies that the “minimal”
T > 0 to reach p, is bounded away from zero.
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General double commutator case: Proof

@ By inequality (2) and the compactness of p € O(pg) one can find a
neighborhood W of p € O(po) such that WU O(p.) = () and

Ztr (2LjpL; — pLiL; — L;iL;p)) > ¢ > 0.

@ A similar argument as before shows that p(t) cannot leave W in arbitrarily
small time T’ > 0.

@ Thus one can guarantee that detp(T’) > ¢’ := ¢T’, when leaving W, and
therefore by the monotonicity of t — det p(t) the solution p(t) is bounded
away from p,.
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Thanks for paying attention!

Merci de votre attention!
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Appendix: Some remarks on “dissipation” in open quantum systems

Problems:

@ What means “dissipation” in open quantum systems?

@ In what sense does a LKE model dissipation?

Answer: No idea!

Naive approach: In correspondence to the concept of dissipation in classical
systems, one would like to call an open quantum systems dissipative if and only if
the expectation value of the “total energy” decreases in time, i.e. t +— tr (Hp(t))
is monotonically decreasing for all initial values p(0) € D,,.

Problem: Let (X) be a LKE. For simplicity, we assume that L is of simple double
commutator form, i.e.

Lp) = ~[LILpl] L€ bo(n) = isu(n).
Then, one has ...
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Appendix: Some remarks on “dissipation” in open quantum systems

Then, one has

%tr(Hp(t)) = tr(Hp(t)) =tr (H(i[H (L, 1L, ] )
—tr (H[L,[L p(t)]]) = —tr ([L, [L, H]] p(1))

and thus

St (Hpo) <0 forall p(0) € Dy <= [L[LH]] 20 = [L[LH]] =

Therefore, the total energy is decreasing if and only if L and H commute. But
then the total energy is actually conserved and no “real” dissipation occures.

Better Concept: Taking the previous results into account. We suggest to call an
open quantum systems dissipative if and only if the function t — N(p(t)) is mo-

notonically increasing for all initial values p(0) € D,,.

Consequence: A LKE is dissipative in the above sense if and only if it is unital.
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