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Experience scheme
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Figure: R. van Handel, J.K. Stockton, H. Mabuchi, IEEE Trans-AC, 2005
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Quantum filter equation

State space: {p € C2*2 | p >0, Hermitian , Tr (p) = 1}.

) 1
dpt = —iuloy, pldt+5(20zp02 — oZpt — pros)at

+(ozpt + ptoz — 2Tr (0zpt) pt) AW,
dW; = dyt —2Tr (O'zp() at

0 —i 10
=i o) 7Z7\0

where
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Stabilization problem

1
dpt = E(zazptaz - ngt - Ptgg)dt
+ (ozpt + ptoz — 2Tt (ozpt) pt)dW;,

Equilibrium states
10 00
pr =My = (o 0)= py =Ty = (o 1)-

Problem
To stabilize deterministically one of these states. J
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Stochastic Lyapunov theory

Stochastic system:
dx; = f(x¢)dt + o(x;)dw,  x(t =0) = xo,

Lyapunov funciton:

d oV 162V
aEV(Xt) = [,V(Xt) = E(Xt)f(Xt) + EW(XI)U(Xt)z <0.

@ Doob’s inequality: P (SUPg< oo V(Xt) > o) < YI0),

© Convergence in probability towards the invariant set included in
LV = 0 (Kushner’s theorem).
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Spin-1/2 case

) 1
dpt = —iuloy, pildt + 5 (20zp10z — oZpt — proz)at

+ (0zpt + ptoz — 2Tr (ozpt) pt) AW

Lyapunov function:

V(pr) =1 =Tt (pepr)?
LV(pr) = 2ufTr (iloy, pilor) } = 4T (pepr)? (1 = Tr (0291))°.

A possible approach:

up = =Tr (iloy. pdlp1)
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Spin-1/2 case (continued)
Invariant set

pt converges in probability towards the set {p1, p; }. The Lyapunov
function V takes it maximal value on p;: V(p;) =1 — Tr(pyp)? = 1.

Contrarily to the deterministic case, we do not have semi-global
stabilization.

Change of strategy

Q@ ur = —Tr (ifoy, prlpy) if T (por) = i

Q ur=1ifTr(ppr) <v/2;

Q ifpr e B={p:7/2 <Tr(ppy) <}, then ur = —Tr (i[ay, pelpy) if
the last entry of p; into B has been via the boundary Tr (pp;) = 7,
and u; = 1 if not.

M. Mirrahimi and R. van Handel, SIAM J. Cont. Optimization, 2007.
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Entangled states: experience scheme
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Example: two qubits

The Hilbert state space for two qubits is given by C? ® C2. One can
think of an entangled state of the form

N (mein+yem):

v
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Quantum filter equation

. . 1
dpt = —iuf (", pilat — iF[Fy, plattt 5 (2FzpiFz — Fpt — piF2)alt
+(Fzpt + ptFz — 2Tr (Fzpt) pe)dWA,
th = dyt — 2T|'(szt) at

2-qubit system:
@ The Hilbert space C? ® C? of dimension 4,
@ Angular momentum operators

FY =0, ®1d,
F? =ld @ oy,
FZ :O'z®|d+|d®0'z
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Stabilization problem

1
dpt = §(2szth—Fzzpt—pth)dt+(szt+pth—2Tr(Fth) pt)dW,

Equilibrium states

2 2
My, My, Moy (e +18%1=1).

Main obstacle

Degeneracy of the measurement operator at the target state: taking
the Lyapunov strategy as in the previous case, p; can converge
towards a state in the set {11y, M)y, Mayry48)11) -
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Symmetric and anti-symmetric entangled states

Symmetric entangled state:

=
PS = T (TD)+11)

Idea

We consider a dynamic stabilization by considering: uf = 1 + v/ and
u? = —1 + v2. Therefore, the uncontrolled system writes:

dpt = —i[FS") — F?, pylat
1
+ 5(2FzpiFz — F2p — ptF2)dt + (Fzpt + ptFz — 2Tt (F2pt) pr)dW,,

The only equilibrium state: n%(ITlHIlT))'
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Symmetric and anti-symmetric entangled states

Symmetric case
The feedback law

@ u =1-Tr (IR, plps) . 7 = 1 ~ T (iIF. ilos) i T (pps) >
Q ul =1, UF =0ifTr(pps) <

stabilize the symmetric entangled state pg = I'I%(mwm).

Anti-symmetric case
The feedback law

Qu=1-T (i[F}g)thlpAS) , up=1-Tr (i[F;Z),Pt]PAs) it Tr (ppas) > s

Q ul =1, U =0if Tr(ppas) < 7;

stabilize the anti-symmetric entangled state pas = I‘I%(‘m_lm).
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General entangled states

. , 1
dpt = —iu [F)), pildt — ’Utz[F;Sz)mt]dtJré(zePth — FZpt — piFZ)at
+(Fzpt + ptFz — 2Tr (Fzpt) pr)dWh,
dW[ = dyt — 2TI’(sz1) at
Target state: 1y 15//1)-

Obstacle
We can not remove the degeneracy exactly at our target. J

Here we propose a controllability-type result.
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General entangled states

A simplification

If the system starts at pg of the form My, = vgrpg With 9 € C?, the
above dynamics become equivalent to:

] 1
d”(/)t = —[(ug F}p) + u?F}gz))gb,dt = EFzzf(/}tdt F sztth,

P iy
2l

Idea

By considering exciting control fields, we remove all equilibriums
except a small neighborhood of the target state and we prove that, the
trajectories, almost surely, hit this small neighborhood in finite time.
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Support theorem
Strook-Varadhan support theorem
Consider the Ito SDE,
dXt = f(Xt)dt = O'(Xt)th,

and the associated deterministic controlled equation
d u u 1 u u u
at = f(x;') — éVO’(Xt )xi' + u(t)o(x).

Consider U the set of all piecewise constant functions from R to R,
and define
SX = {X.u D ue u}

the set of all controlled trajectories starting at x. The set Sy is the
smallest set of the continuous trajectories starting at x such that

P{we Q| x(w) € Sx}) =1.
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Support theorem: application

) 1
d’(/)t = —/(U; F}£1) + U?F}gz))l/)tdt - EFZZ'(/)tdt‘F FzidW,

P 1/)t1/)?.
[|14¢]|?

We consider the controlled deterministic equation:

dipy = —i(u} F§ + UFP)dt — Fupydt + UiFoy,

P et
[[41][?
We show that by taking (5] # |, | 2245228} | < 3, a102615, < 0)
a?— a2
ul = eb, U2 = €3, U,:QM

arap(82 — B3)’

the controlled system converges towards a state in an e-neighborhood of the
target state I, |1 |)+a(17)-

v
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Stabilization

Theorem

The following feedback laws ensure the stabilization in an
e-neighborhood of the target state M1 y45) 1)

“ — e Te[i[FY, prlpr] - for Vi(pr) < e
Up " =9 €6k fore < V(pr) <1-96 k=12
Vk for V(pr) >1 -4

Where ¢, ¢q, ¢, 51, 82,71, 72 € R, ¢k > 0, e > 0 sufficiently small and

B1Ba(af — o)

|51| 7é|/32|7 m

<1/2, oqa2B182 <0, (71,72) # (€61, €62).

v
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10 Random simulations of the 2-qubit system

Figure: Approximate stabilization of the .03-neighborhood of f IT1) + \/5 )
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