Adiabatic methods in
Quantum Control Theory

Gianluca Panati
Universita di Roma “ La Sapienza”

)La Sapienza
¥

Iniversita degli Studi di Roma

Workshop on Quantum Control
INSTITUTE HENRI POINCARE, Paris, December 8-11, 2010



Separation of time-scales

slow degrees fast degrees
of freedom of freedom

Fast degrees of freedom readjust e-istantaneuosly to the evolution of the slow
ones, where ¢ is the ratio between the two time scales.
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Examples from the microphysical world:

(i) molecular physics (Born-Oppenheimer approx)

nuclel | < |electrons

(i1) Bloch electron: an electron in a crystal with a slowly varying external
electromagnetic potential
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dynamics dynamics
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Adiabatic methods in

Quantum Control Theory ?



Part 1

Adiabatic decoupling in a prototypical example:
Born-Oppenheimer approximation

in molecular physics



The framework

K nuclei: coordinates x = (1,...,2x) ER* = X H, = L*(X, dx)
N electrons: coordinates y = (yi,...,yy) ER?*N =Y He = /\f\il LA(R3, dy;)

Hilbert space : H := L*(X) ® Ha = L*(X, H)

Molecular dynamics is described by the Schrodinger equation

0
1—Vy = Hpq Vs, s: microscopic time

0s

with Hamiltonian




The framework

K nuclei: coordinates x = (1,...,2x) ER* = X H, = LA(R3", dx)
N electrons: coordinates y = (yi,...,yy) ER?*N =Y He = /\i\;1 L*(R?, dy;

Hilbert space : H := L*(X) ® Ha = L*(X, H)

The Hamiltonian operator contains the following terms

P& ez QIRNELEG >
SEDI Vely) =D >
[z — 2y ; — |y; — y]]
k=1 l#k i=1 j#i

where eZy., for Z; € Z, is the electric charge of the k-th nucleus. A cut-off
on the coulomb singularity is sometimes assumed to get rigorous results.



The framework

The large number of degrees of freedom makes convenient to elaborate an
approximation scheme, exploiting the smallness of the parameter

e ~ 102

TV M

By introducing atomic units (h = 1, m. = 1) and the adiabatic parameter
e the Hamiltonian Hy,. reads (up to a change of energy scale)

Z AkarV +Z——Ay2+v<)+%n(x,y)

1=1

7

He(z)

For each fixed nuclei configuration = (x1,...,xx) € X the operator Hg(x)
is an operator acting on the space Hg.



The framework

If the kinetic energies of the nuclei and the electrons are comparable, then the
velocities scale as

We have to wait a microscopically long time, namely O(c™!), in order to
see a non-trivial dynamics for the nuclei. This scaling fixes the macroscopic
time scale t = ¢s.

In the macroscopic time scale, the Schrodinger equation reads

P N + Ha(z) | W Vo=
ot t — 9 x el ts t=0 — *0

We are interested in the behavior of the solutions as € | 0.



The band structure

o(H() ) Solution of the electronic structure problem:

He(z)xn(z,y) = En(z)Xn(2,y)
>(X)
E,(x)
E,(X)
E,()

Eigenvalue: E,(x)
Eigenfunction: Xn(x, ) € He

Eigenprojector:  B,(xz) = |xn(x)) (xn(x)]
Total projector: P, = {P,(x) }rex




A real-life example:
the hydrogen quasi-molecule

repulsive walls
around molecule
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The band structure

o(Hg(x) )

>(X)

E5(X)
E,(x)
E,(x)

The family {Ran P,(x)},cx, defines a
complex vector bundle over X \ C|
where C' is the crossing manifold.

Solution of the electronic structure problem:

Ho(z)xn(T,y) = Ey(z)X0(7,y)

Eigenvalue: E,(x)
Eigenfunction: Xn(T, ) € Ho = L*(Y)
Eigenprojector:  B,(z) = |xn(x)) (xn(x)]

Total projector: P, = {P,(7)}zex




The band structure

o(Hg(x) )

>(X)

E5(X)
E,(x)
E,(x)

Geometric information is encoded in the
Berry connection,

Aul@) = i (@), Voxal@)), -

defined over X \ C'.

Solution of the electronic structure problem:

Ho(z)xn(T,y) = Ey(z)X0(7,y)

Eigenvalue: E,(x)
Eigenfunction: Xn(T, ) € Ho = L*(Y)
Eigenprojector:  B,(z) = |xn(x)) (xn(x)]

Total projector: P, = {P,(7)}zex




The band structure

o(H() ) Solution of the electronic structure problem:

He(z)xn(z,y) = En(z)Xn(2,y)
>(X)
E,(x)
E,(X)
E,()

Eigenvalue: E,(x)
Eigenfunction: Xn(x, ) € He

Eigenprojector:  B,(xz) = |xn(x)) (xn(x)]
Total projector: P, = {P,(x) }rex

We focus on an isolated (non degenerate) energy band. We assume the initial
state is concentrated on the n-th band, i.e. in the closed subspace

Ran P, = {U € H: U(x,y) = p(x) xu(z,y) for p € L*(X)}



The band structure

o(Hg(x) )

5(4)
E4(4)
E,()
E;(9)

Solution of the electronic structure problem:

Ho(z)xn(T,y) = Ey(z)X0(7,y)

Eigenvalue: E,(x)

Eigenfunction: Xn(T, ) € Ho = L*(Y)
Eigenprojector:  B,(z) = |xn(x)) (xn(x)]
Total projector: P, = {P,(x) }rex

Transitions from an isolated band are O(e):

|(1 = P) e ™5 B Wol| = O(e)

We say that an isolated band is adiabatically protected against tran-

sitions.

> Note: the upper bound holds for any W such that || —ieV, V|| = O(1) < &,
corresponding to the fact that the kinetic energy of the nuclei is supposed
to be O(1), i. e. comparable with that of the electrons.



The band structure

o(Hg(x) )

5(4)
E4(4)
E,()
E;(9)

Solution of the electronic structure problem:

Ho(z)xn(T,y) = Ey(z)X0(7,y)

Eigenvalue: E,(x)

Eigenfunction: Xn(T, ) € Ho = L*(Y)
Eigenprojector:  B,(z) = |xn(x)) (xn(x)]
Total projector: P, = {P,(x) }rex

For a fixed band, the dynamics of the nuclei is governed by the Hamiltonian

9 K
€
Py H.P, = —— D Ay + Eylz) + Ofe)
k=1

in Ran P, & H, = L*(X). Notice the impressive dimensional reduction!

This is the time-dependent Born-Oppenheimer approximation.
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To prove the claim, one has to bound the difference

(e—iHEt/s B e—iPnHEPnt/s) P

The Duhamel formula yields

. . . tle .
(e—1H5t/5 B e—langpnt/g) P = e it/ / s ol H=5 (P,H.P, — H.) e~ inHePus p.

0
t/e
0 R

The commutator is
2
P HIP = | lle) (). =5 8] P =0
but the integration interval is O(e™!). Thus the naif approach fails.

A rigorous proof has been provided by [Spohn Teufel 2001|, elaborating on [Kato 1950].



For a fixed band, the dynamics of the nuclei is governed by the Hamiltonian
5 K
€
Py H.P, =~ > Ay, + En(z) + Ofe)
k=1
acting in Ran P, &2 H,, = L*(X).

What about higher-order corrections?



For a fixed band, the dynamics of the nuclei is governed by the Hamiltonian
5 K
€
Py H.Py = —= > Ay, + En(z) + Ofe)
k=1
acting in Ran P, &2 H,, = L*(X).
What about higher-order corrections?
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For a fixed band, the dynamics of the nuclei is governed by the Hamiltonian
5 K
€
Py H.Py = —= > Ay, + En(z) + Ofe)
k=1
acting in Ran P, &2 H,, = L*(X).
What about higher-order corrections?

The naitf expansion has no physical meaning since

(1= P,) e = p Wyl = Oe) > Ce

Questions:

(1) almost-invariant subspace: is there a subspace of H = H, ® H,j which
is almost-invariant under the dynamics, up to accuracy v ?

(i1) intra-band dynamics: is there any simple way to describe the dynamics
inside this subspace?



Almost-invariant subspace

Answer 1: to any globally isolated energy band E,(-) corresponds a subspace
of the Hilbert space which is almost-invariant under the dynamicsase | 0.

More precisely, one constructs an orthogonal projector II,, . € B(H) with
[1, . = P,+ O(¢e), such that Ranl, . is almost invariant under the dynamics,

i.e. for any N € N there exists Cy such that

|(1 = T0yc) e 5 0L, W] < O e (1 + [t + E) ol

H Ranll,

RanP ,=L*(X)



Almost-invariant subspace

Answer 1: to any globally isolated energy band E,(-) corresponds a subspace
of the Hilbert space which is almost-invariant under the dynamicsase | 0.

More precisely, one constructs an orthogonal projector II,, . € B(H) with
[1, . = P,+ O(¢e), such that Ranl, . is almost invariant under the dynamics,
i.e. for any N € N there exists Cy such that

I(1 = T0y,c) e 45 0L, ]| < Cwe™ (L (L + )| Woll.

Credits: [Sjostrand]|, [Emmerich Weinstein|, [Nenciu Sordoni| and [Martinez Sordoni|, [Pa-
nati Spohn Teufel]



The intra-band dynamics

Problem: no natural identification between Ran 11, . and H, = L*(X), then
no evident reduction in the number of degrees of freedom.

Solution: to construct a intertwining unitary operator

Un..:Ranll, . — H, = L*(X)

in order to map the intraband dynamics to the nuclei Hilbert space.



The intra-band dynamics

We construct a intertwining unitary operator

Ranll, . e W, L*(X)
Hn,&t He Hn,a [:[eff,e
Ranll, . —“° - H, = L}X)

Answer 2: the effective Hamiltonian }A[eﬁ,g = U, 11, . H 11, . Un_i acting
in L*(X) satisfies: for every N € N there exist Cy such that

H (e—iHe’f/€ UL it e UM) Hn,quOHH < One™ (14 [t W,

n,e

and, more important, ...



The intra-band dynamics

... the operator ﬁeff’(g is an e-pseudodifferential operator™: it is the e-Weyl
quantization of a function

Heff,s X x X' — R? <Q7p> = eff,E(QJp>

with expansion

Heg (¢, p) = ho(q,p) + ehi(q, p) + €2ha(q, p) + O(?)

ho(g,p) = 3p*+ E.(q) Born-Oppenheimer

hi(q,p) = ...

> Remark: the effective Hamiltonian operator [A{efhg is obtained by using
e-Weyl quantization

<q7p> . (ZC, Z'gvx>7 eia-qezﬂ-p . ei(a-x—l—ﬁ-(ian)).



The intra-band dynamics

The dynamics corresponding to the n-th energy band is described by the
effective Hamiltonian

Heg(q,p) = holq, p) + ehi(q, p) + €2ha(q, p) + O(£%)
where

ho(q,p) = %p2 + E,(q) Born-Oppenheimer

hi(q,p) = —ip- (Xn(q), Voxn(q)) = —p-As(¢g)  Berry connection

> Remark: the effective Hamiltonian operator [:[eff,E is obtained by using
e-Weyl quantization

<qu> . (CE, igvx)7 eia-qezﬂ-p . ei(a-x—kﬁ-(z’gV:c)).



The intra-band dynamics

The dynamics corresponding to the n-th energy band is described by the
effective Hamiltonian

Heg (q,p) = ho(q, p) + €hi(q, p) + €2h2<Q7p> + O<53>
where

holg,p) = 3p* + Eu(q)
hi(g,p) = —ip - (Xa(q), VoXal(@))y , = —p - Aulq)

el '

ha(g,p) = 3A%(a) + 5 (Vaxa(@), (1 = Pu(@) - Voxa(a))y,

~(p- Voxald): (Hala) = E(0)™" (1= P(@)) p- Voxal@))

el



Different quantization rules for the symbol (=function)
M: X xX*"—C

M(g,p) = (P Vxula), (Ha(a) — Eu(@)) (1 = Pu(@) p - VXal@))y,,
differ by terms of order O(e).

The simplest symmetric choice for M is presumably

3K1

(M) =3 é(mgk(az)(—ieaw)(—ieaxk) + (—igdy,) (~idy, Jmuy(e) ) ()
(k=1

where m is the r-dependent matrix

mu(2) = (Opxa(@), (He(@) — En(2)) " (1 = Pul@)) Orxa(@) )y

el



Experimental relevance of higher-order terms

Scattering exchange reaction: A+ BC — AB+ C

Simplest example: H+Dy—HD+ D

repulsive walls
around molecule
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Relation with the dynamics of the Wigner function

> Any wavefunction v € L?(R?) can be uniquely represented (up to a global
phase) by its e-Wigner function W.[¢)] € L*(R*" ) defined by

Wl0.p) = g7 [ €70+ 50 vla = So)d

The mapping ¢ — W_.[1)] is continuous from L?*(R%) to L?*(R*?).

[t is tempting to interpret W_[e] as a probability distribution over the
classical phase space, but sign oscillations appear.

> The advantage of the Wigner function is its relation with the expectation
values of semiclassical observables, i. e. observables which are the e-Weyl
quantization of “smooth” functions

a € CERY)  alw,—ieVa)llg <C Y 1105l = llallcw

la|<2d+1



Indeed for any a € C2°(R?*?) and any ¢ € L*(R?) one has

(] alz, —1eVa)v) porey = / a(q, p) Welv'](q, p) dgdp.

R2d

>Semiclassical dynamics in a band Consider the Hamiltonian dynamical

system
{ ¢ = Vpholq,p)
p=—V4ho(q,p)

and let ®f : R?? — R?? be the corresponding dynamical flow.

Then for any bounded time interval I and for any a € C°(R?*?) one has

/RMW (Welih] = Weliho] 0 @71) (g, p) dgdp| < Cr < [|allqyy ([0l

for any t € I.



Indeed for any a € C2°(R?*?) and any ¢ € L*(R?) one has
(V] a(z, —ieV)Y) 2 pa) = /R _, ala,p) Welv](q, p) dadp.

>Semiclassical dynamics in a band Consider the e-dependent Hamiltonian
dynamical system

{ ¢ =V, (ho(q,p) + €hi(q.p))
p=—V, (holq,p) + €hi(q,p))

and let ®f : R?? — R?? be the corresponding dynamical flow.

Then for any bounded time interval I and for any a € C°(IR?*?) one has

/de‘“f-”fﬁ> (Welur] — W] 0 ©1) (g, p) dadp| < € & ||al|cxy [0l

for any t € I.



Part 11

Possible application to

Quantum Control Theory



The intra-band dynamics with external controls

The original problem is now replaced by

a 2
igaqft = (—%Agg —+ Hd(l') —+ U(ZC, t)lHel) \Ijt, \Ift:() = \If()

where U(x,t) is an external control and ¢ is the macroscopic time. For
example

Ulx,t) =u(t) Wi(x) + - - - +uy(t) Wy(x).

Then the semiclassical dynamics is described by the effective Hamiltonian

Heg -(q.p) = ho(q,p) + €hi(q, p) + €2ha(q, p) + O(?)

holg,p) = 2p* + Eu(q) + U(t, q)

and higher-order corrections can be computed algorithmically.



In the adiabatic approximation isolated bands are approximately decou-
pled, i.e. different bands cannot be connected by the dynamics.

Adiabatic Quantum
decoupling Control




In the adiabatic approximation isolated bands are approximately decou-
pled, i.e. different bands cannot be connected by the dynamics.

Adiabatic Quantum
decoupling Control

One can exploit the existence of eigenvalue crossings, where transitions to
other bands are possible!

Adiabatic )
decoupling ) Quantum
> ~ Control
Transitions at ontro
conical crossings )




Outline of a general strategy

(i) Use the external controls to drive the system to a selected conical
intersection with prescribed focusing

> Tool: adiabatic theory, in particular space-adiabatic theorems, see
|Panati Spohn Teufel 03| or |Teufel book|.

> Advantages: small errors, uniform estimates in the initial datum

(ii) Use detailed information about the transition probability at the cross-
ing point

> Tools: multiscale Wigner functions, surface-hopping algoritms

> Trick: optimize the incoming wavefunction to obtain the desired
transition probability, up to reasonable errors



The standard model for the conical intersection

If the other bands are separated by a gap, by adiabatic decoupling and
linearization of the energy bands, one is reduced to consider ¥ (t) € L*(R? C?*)
satistying

. 82
Z€8t¢<q, t) — —EAq + < g; _qél ) ¢<Q7 t)

The matrix V(q) is analytic in g, with eigenvalues F1(q) = ++/¢ + ¢5.

>Dynamics at a conical intersection: an accurate description of the dy-

namics, as an approximated evolution group for ¢ < 1, is nowadays available
|[Hagedorn & Joye| |Fermannian & Gerard| |Lasser & Teufel|.
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Thank you
for your attention!!



