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Introduction 1/4

» Motivated by the study of quantum waveguides, we want to investigate
the properties of the Dirichlet Laplacian in thin domains.

» For € > 0 small, define the thin straight strip
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Introduction 1/4

» Motivated by the study of quantum waveguides, we want to investigate
the properties of the Dirichlet Laplacian in thin domains.

» For € > 0 small, define the thin straight strip

§%(0) == (—1;1) x (05¢)

-1 O 1

» Consider the spectral problem for the Dirichlet Laplacian
—Au = ANu in §¢(a)
u = 0 on 05¢ ().
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Introduction 1/4

» Another important example of application:
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Introduction 2/4

» Let us exploit symmetry wrt to the line x =0

o
and work on the part of the eigenfunctions.
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Introduction 2/4

» Let us exploit symmetry wrt to the line x =0

o
and work on the part of the eigenfunctions.

» This leads to consider in the trapezoid T¢

—Au = Mu inT®

the spectral problem with mixed BCs (79) u = 0 on X°
| du = 0 on I'®.

» Its spectrum forms a sequence of normal eigenvalues
D<A <A< <A <. = Hoo. -~



Introduction 3/4

» For a = 0, T¢ is a rectangle = explicit computations can be done.

For the first eigenvalues, one obtains, for n € N,

X = S (1272 (@) = cos(r(n +1/2)a)sin(my/<).

D] Al eigenvalues move to +oo as O(e~2) when € — 0.
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Introduction 3/4

» For a = 0, T¢ is a rectangle = explicit computations can be done.

For the first eigenvalues, one obtains, for n € N,
w2 2 2
A= = + (n+1/2)*n=, us, (x,y) = cos(m(n + 1/2)x) sin(mwy/e).

D] Al eigenvalues move to +oo as O(e~2) when € — 0.

» For o« # 0, let us do numerics with Freefem++.

4/ 35



Introduction 4/4

» Spectrum of (7¢) with respect to a € (—m/2;7/2) for £ = 0.02:
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- As in the rectangle, for all o, the eigenvalues behaves as O(¢~2) as € — 0.
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» Spectrum of (7¢) with respect to a € (—m/2;7/2) for £ = 0.02:
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- As in the rectangle, for all o, the eigenvalues behaves as O(¢~2) as € — 0.

- The spectrum is symmetric wrt a =0 = we study it for a € [0;7/2). .
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» Spectrum of (7¢) with respect to a € (—m/2;7/2) for £ = 0.02:
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Additionally, one observes that some eigenvalues dive at certain a.
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- As in the rectangle, for all o, the eigenvalues behaves as O(¢~2) as € — 0.

- The spectrum is symmetric wrt & = 0 = we study it for « € [0;7/2).
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Introduction 4/4

» Zoom for o € (1.3;0.487):
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» Zoom for o € (1.3;0.487):
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Additionally, one observes that some eigenvalues dive at certain a.

243

Goal of the talk

We wish to explain this phenomenon of diving eigenvalue and charac-
terize the angles at which it occurs.
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Outline of the talk

0 Preparatory work

e Asymptotic analysis at a fixed «

e Model problems at the critical angles

e Spectral breathing in periodic waveguides
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Asymptotic analysis - general picture

» Roughly speaking, at the limit € — 0, we will obtain a 1D model
problem, with an explicit dependence on «, on the segment I := (0;1).
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Asymptotic analysis - general picture

» Roughly speaking, at the limit € — 0, we will obtain a 1D model
problem, with an explicit dependence on «, on the segment I := (0;1).

D —
D 1

This is what we call the model reduction.

Which condition should we impose at O?

» To identify it, we will use techniques of matched asymptotic expansions
(see Post 05, Grieser 08).

» Classically, we will consider different expansions far from O and in a
neighbourhood of O that we will match in some intermediate regions.
8 /35



Near field problem 1/2

» To capture the rapid variations of the eigenfunctions close to O,
introduce the variables

(X,Y) = (z/e,y/e).
» Ase — 0, in the variables X, Y, Q¢ turns into the near field geometry Q:
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» To capture the rapid variations of the eigenfunctions close to O,
introduce the variables

(X,Y) = (z/e,y/e).
» Ase — 0, in the variables X, Y, Q¢ turns into the near field geometry Q:

10) ) B

and we are led to consider the problem with mixed BCs
—-Au = du in
u = 0 on X
du = 0 onI.
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Near field problem 1/2

» To capture the rapid variations of the eigenfunctions close to O,
introduce the variables

(X,Y) = (z/e,y/e).
» Ase — 0, in the variables X, Y, Q¢ turns into the near field geometry Q:

5 )
/r Q 1
0} by :

and we are led to consider the problem with mixed BCs
—-Au = du in
u = 0 on %
ou = 0 on I'.

Denote by A the unbounded operator of L2(£2) such that
D(A?) = {v e HY(Q)|Av € L3(Q),v=00n %, d,v =0 on '}
Aty = —Aw.
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Near field problem 2/2

Spectrum of A%:

f I
O )\1—=7r2

- The continuous spectrum of A% occupies the ray [72;+00).




Near field problem

2/2

Spectrum of A%:

I AV
T 7N

o

AV4
7N

)\1—=7r2

- Discrete spectrum depends on «. There holds
(Avishai et al. 91).

O’d(A
(J'd(A

- The continuous spectrum of A% occupies the ray [72; +o00
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Near field problem 2/2

Spectrum of A%:

} a3 X -
o M1 HN, Ay =2
- The continuous spectrum of A% occupies the ray [72;+00).
. aa(A) =0 ifa=0
- Discrete spectrum depends on «. There holds ca(AY) £ 0 if a0

(Avishai et al. 91).

Denote by
O<,u1<,u2§-~§u1v.<7r2, N € N,

the eigenvalues of oq(A%).
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Near field problem 2/2

Spectrum of A%:

f a3 X N -
o M1 HN, Ap =72
- The continuous spectrum of A occupies the ray [r2; +00).
: ca(AY) =0 ifa=
Discrete spectrum depends on a. There holds ca(AY) £ 0 if a0

(Avishai et al. 91).

Denote by
0<,LL1<,LL2S"'S,MN.<7T2, N, € N,

the eigenvalues of g4 (AQ) From vazarov-Shanin 14, Dauge-Raymond 12, We have

ProproOsSITION: N, depends on « and one has lim/ No(a) = +00.
a—m/2

Eigenfunctions associated with two eigenvalues of the discrete spectrum.:

B
I
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Near field problem at the threshold 1/2

» In the sequel, the properties of the problem

AW +72W = 0 inQ
(24) W = 0 onX
oW = 0 onl

i.e. at the threshold of the continuous spectrum of A%, will play a key role.
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i.e. at the threshold of the continuous spectrum of A%, will play a key role.

» For (&), we have the degenerated waves (their flux of energy through

a transverse section is zero)

wo(z,y) = sin(wy), wi (z,y) = xsin(my)
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i.e. at the threshold of the continuous spectrum of A%, will play a key role.

» For (&), we have the degenerated waves (their flux of energy through
a transverse section is zero)
For 7 =0,1,

wolw.y) =sin(y),  wile9) =Y | g s )~
» Define the wave-packets, with a non-zero flux of energy,

W+ = w1 — 1wy, W_ = wy + twy, +3m (fol W10, Wy dy) > 0.

One can prove that (&) admits a solution of the form EEci e

~ scattering ma-
W=W_+SWy+W,

trix S (a scalar

with S € C, W € H(Q). |Conservation of energy = |S| = 1. | ORI
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Near field problem at the threshold 2/2

AW+ m2W = 0 inQ
() W = 0 onX
oW = 0 onl

DEFINITION: Denote by X; the space of almost standing waves of (),
i.e. the space of bounded solutions of (£?;) which do not decay at infinity.
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Near field problem at the threshold 2/2

AW+ m2W = 0 inQ
() W = 0 onX
oW = 0 onl

DEFINITION: Denote by X; the space of almost standing waves of (),
i.e. the space of bounded solutions of (£?;) which do not decay at infinity.

X;={0} ifS#£-1

PROPOSITION: We have . .
dimX; =1 if S=-1.

Partial proof. If S = —1, then

W = W_+SW,+W
(x+i— (x—1i))sin(ry) + W = 2isin(ry) + W € X;. 0

» For all a € [0;7/2), we have |S| = [S(«)| = 1. But in general S(«) # —1.

Iz| For most angles «, there holds X; = {0}.
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@ Asymptotic analysis at a fixed «
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First main results

Pick o € [0;7/2). To simplify, assume absence of trapped modes for ().

THEOREM: There are constants C,,, §,, > 0 such that as ¢ — 0, we have:
Forn=1,...,N,:
S Cn 67(1+6n) V 7727l‘n/5;

A — e 2u,

For n = Ng +m, m € N* :

i) if X; = {0},

XS — (5_27r2 + m27r2>’ < Cp el

i) if dim X; = 1,

e — (5_27r2 + (m — 1/2)27r2)‘ < Cpedn.
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THEOREM: There are constants C,,, §,, > 0 such that as ¢ — 0, we have:
Forn=1,...,N,:
S Cn 67(14’5”) V 7727l‘n/5;

A — e 2u,

For n = Ng +m, m € N* :

i) if Xy = {0},

XS — (&‘_271'2 + m27r2> ’ < Cp el

i) if dim Xy =1,

e — (5_27r2 + (m — 1/2)27r2)‘ < Cpedn.

COMMENTS:
@ The asymptotics of the first N, eigenvalues is dictated by oq(A).
@ The behavior of the next eigenvalues depends on the existence or not of

almost stabilizing solutions.
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Elements of proof — first N, eigenvalues

For 1 <n < N,, let 1, € (0;72), v be an eigenpair of the discrete spectrum
of A%:

B

\‘[‘P’/_ Inserting (e =2y, v(-/€)) in (£2¢) only leaves a small discrepancy at
s x = 1 because v is exponentially decaying at infinity.
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Elements of proof — first N, eigenvalues

For 1 <n < N,, let 1, € (0;72), v be an eigenpair of the discrete spectrum

of A%:
e = T T

:@/_ Inserting (e =2y, v(-/€)) in (£2¢) only leaves a small discrepancy at
" | z =1 because v is exponentially decaying at infinity.

» Let A%, u® be the n-th eigenpair of (£¢). As e — 0, we can prove the
asymptotic expansion
ut(z) =v(z/e) +...
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Elements of proof — higher eigenvalues

For n > N,, let u® be an eigenfunction associated with Af,.

FAR-FIELD EXPANSION. Far from O, consider the ansétze, as ¢ — 0,

Ao=e2nP+k+..., u(z)=q(z)sin(ry/e) +... for x € I.

n
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—2,_2
n

Py+ry = 0 inl

Inserting it in (£2¢), we obtain (Z1p) (1)
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FAR-FIELD EXPANSION. Far from O, consider the ansétze, as ¢ — 0,

Ao=e2nP+k+..., u(z)=q(z)sin(ry/e) +... for x € I.

n

Py+ry = 0 inl
(1) =

@ We must complete this system with a condition at O. |

Inserting it in (£2¢), we obtain (Z1p)

We will find it by matching the far field and inner field expansions of u°.
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Elements of proof — higher eigenvalues

For n > N,, let u® be an eigenfunction associated with Af,.

FAR-FIELD EXPANSION. Far from O, consider the anséitze, as € — 0,

Ao=e2nP+k+..., u(z)=q(z)sin(ry/e) +... for x € I.

Py+ry = 0 inl
V(1) =

@ We must complete this system with a condition at O. |

Inserting it in (£2¢), we obtain (Z1p)

We will find it by matching the far field and inner field expansions of u*.

NEAR-FIELD EXPANSION. Close to O, consider the ansétze, as € — 0,
ut(2) = U%z/e) +eU'(z/e) +....

AU+72U = 0 inQ
(%) U = 0 onXx
oU = 0 onl.

Inserting it in (£2¢), we find
that U°, U’ solve
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Elements of proof — higher eigenvalues

For n > N,, let u® be an eigenfunction associated with Af,.

FAR-FIELD EXPANSION. Far from O, consider the anséitze, as € — 0,

Ao=e2nP+k+..., u(z)=q(z)sin(ry/e) +... for x € I.
By+ry = 0 inl
Inserting it in (£¢), we obtain (P1p) @ (1,;
’y =

@ We must complete this system with a condition at O. |

We will find it by matching the far field and inner field expansions of u*.

NEAR-FIELD EXPANSION. Close to O, consider the ansétze, as € — 0,

u®(z) = U%z/e) +eU'(z/e) +....

277 _ :
Inserting it in (£¢), we find AU+mU = 0 inQ
that U°, U’ solve (Z4) U =0 onX

7 aI/U = 0 on I

Take U° =@ W, U’ = ¢/ W where ¢, ¢ € R and W is the one above .
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Elements of proof — higher eigenvalues

» Let us match the two representations of u® in some intermediate region
where both © — 0 and /¢ — +o0:

VE < <2y/e
yam |
0 1
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» Let us match the two representations of u® in some intermediate region
where both © — 0 and /¢ — +o0:

VE<x <2/
=,

@)

1

FAR-FIELD EXPANSION AT

() sin(my/e)

ZERO. As & — 0, one has

(7(0) +7'(0)x +...) sin(7y/e)
(7(0) +&4'(0) £ + ... ) sin(my/e).
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» Let us match the two representations of u® in some intermediate region
where both © — 0 and /¢ — +o0:
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0 1

FAR-FIELD EXPANSION AT ZERO. As z — 0, one has

v(z) sin(mry/e) = (v(0) ++'(0)x +...) sin(ry/e)
= (7(0) +&7(0) £ +...) sin(my/e).

INNER-FIELD EXPANSION AT INFINITY. As z/e — +o0, one has

Wi(z/e) = W_(z/e)+SWi(z/e)+...
(i(1=8)+(1+8)Z+...) sin(ny/e).
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Elements of proof — higher eigenvalues

» Let us match the two representations of u® in some intermediate region
where both © — 0 and /¢ — +o0:

VE < <2y/e
yam | ]
0 1

FAR-FIELD EXPANSION AT ZERO. As z — 0, one has

v(z) sin(mry/e) = (v(0) ++'(0)x +...) sin(ry/e)
= (7(0) +&7(0) £ +...) sin(my/e).

INNER-FIELD EXPANSION AT INFINITY. As z/e — +o0, one has

Wi(z/e) = W_(z/e)+SWi(z/e)+...
= ((1=S)+(1+S)L+...)sin(ry/e).

» We conclude that we must impose

v(0) = % (1 - 8S), 0=c"(1+5S) and Y (0)=¢ (1+8S).
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Elements of proof — higher eigenvalues

7(0) = % (1 - 8), 0=c"(1+5S) and ¥(0)=¢c (1+59).

» Now the study depends on the value of S.
Case S # -1 & X; = {0}.
We take ¢ = 0 and impose (0) = 0, i.e. Dirichlet at O in (Z1p).
Solving (Z1p), we get
X o=e 22+ m2n? 4 ...

u(z) = sin(mmx) sin(wy/e) + ... far-field expansion.

18 / 35



Elements of proof — higher eigenvalues

7(0) = % (1 - 8), 0=c"(1+5S) and ¥(0)=¢c (1+59).

» Now the study depends on the value of S.

Case S # -1 & X; = {0}.

We take ¢ = 0 and impose (0) = 0, i.e. Dirichlet at O in (Z1p).
Solving (Z1p), we get

X o=e 22+ m2n? 4 ...

u(z) = sin(mmx) sin(wy/e) + ... far-field expansion.

Case S= -1 & dimX; =1.

We set 7/(0) = 0, i.e. Neumann at O in (£p), and take ¥ = —iy(0)/2.
Solving (Z1p), we get

Xo=e 272+ (m—1/2)272 +. ..

u®(z) = cos(w(m — 1/2)x) sin(ny/e) + ... far-field expansion.
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Critical angles

Are there a such that

S(a)=-1 & dimX;=1

54

(Z;) admits a bounded solution

which does not decay at infinity ®
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(&) admits a bounded solution

He)=—1 < dnXy=1 < which does not decay at infinity

v Yes, this is true for & = 0 because | Q(0)
AW +m2W = 0 inQ(0)
W(z,y) = sin(mry) satisfies W = 0 onX(0)
oW = 0 onl(0).
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Critical angles

Are there a such that

(&) admits a bounded solution

He)=-1 & dmgsl & which does not decay at infinity ©

v Yes, this is true for a = 0 because | Q(0)
AW +72W = 0 inQ(0)
W(x,y) = sin(ry) satisfies W = 0 onX(0)

oW = 0 onl(0).
» Moreover, computing the differential of o — S(«), one shows
PROPOSITION: If a* € (0;7/2) is such that S(a*) = —1, then
oS

—(a") #0.

= The critical angles o* such that S(a*) = —1 form a discrete sequence
O=op<al <---<ap<...

Numerically, we find non zero aj but proving their existence is an open pb.
19'/ 35



Numerics

» Eigenfunctions of (22¢) associated with the 5 first eigenvalues for ¢ = 0.02:

a=0
T ——
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Numerics

» Eigenfunctions of (£¢) associated with the 5 first eigenvalues for £ = 0.02:

a=0

L ———
|
| Note the Neumann

behaviour at O.

Eigenfunctions for A5, < 72 /e are localized at the tip,
eigenfunctions for A\ > 72 /e are not.

— -
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Numerics

» Numerically, to compute the critical angles, we need to approximate

W=W_+SW, +W

satisfying

AW + 72W
%%
oW

0
0
0

in ©

on XY

onI.
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» Numerically, to compute the critical angles, we need to approximate

R AW +72W = 0 inQ
W=W_4+SW,+W satisfying W = 0 onX
oW = 0 onl.
» At z = L, we have
oWy O((x —i)sin(my)) . 1
or or = sin(my) = L— iW+'
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» Numerically, to compute the critical angles, we need to approximate

R AW +72W = 0 inQ
W=W_4+SW,+W satisfying W = 0 onX
oW = 0 onl.
» At z = L, we have
oWy O((x —i)sin(my)) . 1
or Oz = sin(ry) = L—- iWJr'

» In practice, we solve the approximate problem

AW +m2W = 0 inQp ={z€Q|z<L} bounded domain
W =0 on ¥ N oY,
oW = 0 on T
81,(W — W_) = 7 1 (W — W_) at ¢z = L. transparent BC
—1
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Numerics

» Numerically, to compute the critical angles, we need to approximate

R AW +72W = 0 inQ
W=W_4+SW,+W satisfying W = 0 onX
oW = 0 onl.
» At z = L, we have
oWy O((x —i)sin(my)) . 1
or or = sin(my) = L— iW+'

» In practice, we solve the approximate problem

AW +m2W = 0 inQp ={2€Q]z <L} bounded domain
W = 0 onXnoQ
oW =0 onT
A 1 ~
O,(W-W_) = Lfi(W_W_) at z = L.

» Finally, from W we obtain an approximation of S.
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Numerics

» S(a) for 400 values of a € [0;0.487) in the complex plane

1

0.8

0.6

04

0.2

ot

-0.2

-0.4

-0.6

-0.8

We indeed have [S(a)| = 1.
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Numerics

» Phase of S(«) for a € [0;0.487)

3T ! e 7]
.
d .
0
L]
2 4
.
L[]
1r 4
.
0 . 4
.
1r ° b
.
° e
°
ok . i
L]
3
3L I I I I I ‘ \* 1
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Numerics

» Phase of S(«) for a € [1.3;0.487)
3F .’ T T T m|
2 ‘ bl
L]
1r 4
0 ° nl
1F e +
2 / .«
- J ,
3C I I I I A L& \“'

13 1.32 1.34 1.36 1.38 14 1.42 1.44 1.46 1.48 15
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Numerics

» Phase of S(«) for a € [1.3;0.487)

1.32 1.34 1.36 1.38 14 1.42 1.44 1.46 1.48 15

13

22 / 35

‘Numerically, we obtain a sequence («j) which accumulates at 7/ 2.‘




Numerics at a positive critical angle

» First eigenfunctions of (£¢) for ¢ = 0.02 and @ = af =~ 1.321:
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Numerics at a positive critical angle

» First eigenfunctions of (£¢) for ¢ = 0.02 and @ = af =~ 1.321:

M
A|

We indeed have a “Neumann behaviour” at O for the far-field of the
eigenfunctions associated to the A5, > 72 /g2,
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Initial picture

» Eigenvalues of (Z¢) wrt « € (1.3;0.487)

4
25 x10

PO
weee”

1 1 i H 1 1 1 1
) © ~ © [t} < © o~
< = < ~ < < < ~
o o o o o o o o

N e

k[

1.32 1.34 1.36 1.38 14 142 144 1.46 1.48 1.5

1.3
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Initial picture

» Eigenvalues of (Z¢) wrt « € (1.3;0.487)

252 10° ~
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| | I: \: |
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243 L. ] 0 o
| . | . e | |
Lo | i o
242 1L ® | L L L L Il L L 1 L g | 1

1.3 1.32 1.34 1.36 1.38 14 142 144 1.46 1.48 1.5

v/ We have identified the critical angles where an eigenvalue dives;
X We have not explained the phenomenon of diving eigenvalue.
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e Model problems at the critical angles
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Setting

Goal now:

To describe the transition between the model with Dirichlet at O
valid for « # o and the one with Neumann at O valid for a = .
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valid for a # o and the one with Neumann at O valid for a = of.

aj + 7€
0] 1

» For 7 € R and k € N, define the trapezoid
TS == T%(a, + T¢).

DS ’Both the small side and the angle of the tip depend on €.
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Setting

Goal now:

To describe the transition between the model with Dirichlet at O
valid for a # o and the one with Neumann at O valid for a = of.

aj + 7€
0] 1

» For 7 € R and k € N, define the trapezoid
TS =T (af + 7€).
’Both the small side and the angle of the tip depend on ¢.

» We denote with a subscript 7 all the quantities introduced previously:

0<A 1 <A< <A, <. = oo,

T,n —
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Setting

Goal now:

To describe the transition between the model with Dirichlet at O
valid for a # o and the one with Neumann at O valid for a = of.

aj + 7€
O 1

» For 7 € R and k € N, define the trapezoid
TS == T%(a, + T¢).

DS ’Both the small side and the angle of the tip depend on ¢.

» We denote with a subscript 7 all the quantities introduced previously:

0<)\.6r’1<)\,6’_’2§"'§)\6 <... _>+OO.

T,n —

» We wish to obtain an asymptotic expansion of the A7 ,, as & — 0. 26/ 35



Asymptotic analysis

» For an eigenpair (A2, uZ) close to w2 /&2, consider the ansétze

X = e mi4 4.
ui(z) = ~.(x)sin(ry/e) + ... (far-field expansion)
ui(z) = U%z/e)+eUL(z/e)+... (near-field expansion)

where the constants 7, and the functions ~,, U?, U are to be determined.
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» For an eigenpair (A2, uZ) close to w2 /&2, consider the ansétze

X = e mi4 4.
ui(z) = ~.(x)sin(ry/e) + ... (far-field expansion)
ui(z) = U%z/e)+eUL(z/e)+... (near-field expansion)

where the constants 7, and the functions ~,, U?, U are to be determined.

» Inserting it in (£7¢), we obtain

AUl + 7202 = 0 in Q(ag
8377 + anYT - 0 in I T + T 7(-) m (ak)
U = 0 on3X(al)
(1) = 0 0 *
0,0} = 0 onT(a})
AUL+ 72U, = 0 in Q(aj)
ul =0 on (o)
O,U, = —r0,U° — rs(02U° +72UY)  on I(a}). |
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Asymptotic analysis

» From the Taylor series
v (2) sin(my/e) = (7-(0) + 0xv-(0)x + ...) sin(wy/e)
= (%(0) + €9:7-(0) % +...) sin(my/e),

0 _ W = sin(nY) + W is the solution
we set Ur =1 (O)W ( of (#;) introduced before. ’
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» The Kondratiev theory guarantees that the problem for U, admits
solutions with the decomposition

UL(Z) = (Co+ C1X )sin(zY) + UL(Z)
where Cj (not unique), C; € R and UL € H(Q(af)).
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we set US =7 ()W ( W = sin(nY) + W is the solution )

of () introduced before.

» The Kondratiev theory guarantees that the problem for U, admits
solutions with the decomposition
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» We find ¢y = —27Bv,(0) with B:= / s((0sW)? — m*W?) ds.
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Asymptotic analysis

» From the Taylor series

v (x) sin(my/e) = (77(0) + 0xyr (0)z + ...) sin(mwy/e)
= (7(0) +|€0:7-(0) Z |+ ...) sin(ry/e),
_ W = sin(nY) + W is the soluti
we set US =W ( of (Wil)ni(gtr(zducedlls)efoies.o e )

» The Kondratiev theory guarantees that the problem for U, admits
solutions with the decomposition

UL(Z) = (Co+[C1.X |y sin(nY) + UL(Z)
where Cj (not unique), C; € R and UL € H(Q(af)).

» We find ¢y = —27Bv,(0) with B:= / s((0sW)? — m*W?) ds.
T(eg)

» Matching the terms in x at order e, we conclude that we must impose

| 827,(0) = =27 B, (0) |
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Model problem at positive critical angles

» Finally, for v,, we obtain the model problem with Robin BC at O

8:%77’ +n% = 0 in 1
(Z1pb) 7w(1) = 0
8177'(0) = 727—3'77'(0)'
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Model problem at positive critical angles

» Finally, for v,, we obtain the model problem with Robin BC at O

8377 +n% = 0 in 1
(‘@{D) ’YT(D =0
0,7,(0) = —27B,(0).

THEOREM: Consider a positive critical angle o and some 7 € R.
For n = Ng +m, m € N*, there are constants C, d > 0, s.t. as ¢ — 0,
2., — (67272 + )| < C&°,

where 7, ; is the m-th eigenvalue of (7).

29 / 35



Model problem at positive critical angles

» Finally, for v,, we obtain the model problem with Robin BC at O

8377 +n% = 0 in 1
(‘@{D) ’YT(D =0
0,7,(0) = —27B,(0).

THEOREM: Consider a positive critical angle o and some 7 € R.
For n = Ng +m, m € N*, there are constants C, d > 0, s.t. as ¢ — 0,
2., — (67272 + )| < C&°,

where 7, ; is the m-th eigenvalue of (7).

Solving explicitly (#]p), we find

: 2 .
lim m,=m lim 70y, =m"r
T——00 T——00 ’
4522 and for m > 2, i 122
~ —4B°T = — .
Mr oo Jim 7, (m—1)"7m
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Model problem at positive critical angles

T .
» Spectrum of (#],) wrt 7:
A T IR
200 j_‘.——__-\\\_‘—
150 feescsssssassesscsssssomemmmonmnnnse T T TTTTTTTT
100 :‘rt}::’_‘_‘:::::—:::
e
o
-50 -
-100 -
<+ Models the diving eigenvalue
-150 -
200 ‘ ‘ ‘ ‘
-30 -20 -10 20 30
. . . -
Solving explicitly (#]p), we find
lim = 72 li = m2n?
m,r m N,y =M™

T——00

T——00

T—+00

m,r ~ _4327-2

and for m > 2, . 5 o
lim 7y, = (m—1)7%
T—+00
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Model problem at of =0

» Around af = 0, the previous model is not interesting because B = 0.

@ ‘ The asymptotic analysis must be adapted.
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Model problem at of =0

» Around af = 0, the previous model is not interesting because B = 0.

E ‘ The asymptotic analysis must be adapted. ‘

THEOREM: For 7 € R, work in the geometry T (af + 71/).
For n € N*, there are constants C', § > 0, s.t. as ¢ — 0,

e — (€727 +m,0)| < CE°,

where 7, - is the n-th eigenvalue of the problem

8277’ +ny, = 0 inl
(*@{D) ’77'(1) =0
9:v-(0) = —272D~,.(0) (D >0).
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Model problem at of =0

» Around af = 0, the previous model is not interesting because B = 0.

‘ The asymptotic analysis must be adapted. ‘

THEOREM: For 7 € R, work in the geometry T (af + 71/).
For n € N*, there are constants C', § > 0, s.t. as ¢ — 0,

[Xer = (€727 +1m0,0)| S CE°,

where 7, - is the n-th eigenvalue of the problem

8277’ +ny, = 0 inl
(*@{D) ’77'(1) =0
9:v-(0) = —272D~,.(0) (D >0).

Solving explicitly (#]p), we find

T—=+o0 T—+o0

Mar ~ —4D%7*  and for n > 2, lim 9y, =(n— 1)27T2

oU
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Model problem at of =0

» Spectrum of (7)) wrt T:

200

150

100

50

-50

-100

-150

-200

0

L e I I I I I I )
-5 -4 -3 -2 -1 0 1 2 3 4 5

Solving explicitly (#]p), we find

m~ ~ —4D*r*| and forn > 2, lim n,,=(n-—1)7"

T—+o0

30/ 35



Model problem at of =0

» Spectrum of (7)) wrt T:

200 /—\

150

100 /—-\

50 e e

0

\tter behavior at the origin
-50 -
ook Remark: It is natural to
obtain a symmetric picture
-150 g wrt 7 at af = 0.
00 S S
-5 -4 -3 -2 -1 0 1 2 3 4 5

Solving explicitly (#]p), we find

Mar ~ —4D?7*| and for n > 2, hm e = (@@= 1)272-
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Numerics

» Spectrum of (£7¢) with respect to a € (—n/2;7/2) for ¢ = 0.02:
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This explains the mild behavior of the diving eigenvalue at o = 0.
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Numerics in the broken strip

» Eigenfunctions for a varying around aj and € = 0.02:

Eigenfunction 2 Eigenfunction 4

Eigenfunction 3
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And for the Neumann Laplacian?

» Consider the problem with Neumann BCs

—Au = Mu in T(a)
Ou = 0 on 0T¢(w).

_

0] 1
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And for the Neumann Laplacian?

» Consider the problem with Neumann BCs
—Au = Mu in T(a)
Ou = 0 on 0T¢(w).
_
(@) 1
» In this case, the near field problem at the threshold simply writes

AW = 0 in Q)
oW = 0 ondQa).
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And for the Neumann Laplacian?

» Consider the problem with Neumann BCs
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» Consider the problem with Neumann BCs

—Au = XNu inT(a)
Ou = 0 on 0T¢(w).
a
:
(@) 1
» In this case, the near field problem at the threshold simply writes
= 0 inQ«a)

AW
oW = 0 ondQa).

PROPOSITION: For all «, one has dim X;(a) =1 (due to constants).

= For all o, Neumann should be imposed at O for the 1D model problem.

g No large variation of the behavior of eigenvalues when varying a.
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0 Preparatory work

@ Asymptotic analysis at a fixed «

© Model problems at the critical angles

e Spectral breathing in periodic waveguides
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Conclusion

What we did

We studied the asymptotics of the spectrum of the Dirichlet
Laplacian in thin broken strips.

- All eigenvalues go to +o00 as O(s?);

- The behavior of the first eigenvalues depends on the discrete
spectrum of the near field operator;

- The behavior of the next eigenvalues depends on dim Xj.

When varying a, an eigenvalue dives at critical angles which are the
a* such that dim X;(a*) = 1.
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Conclusion

What we did

& We studied the asymptotics of the spectrum of the Dirichlet
Laplacian in thin broken strips.

- All eigenvalues go to +o00 as O(s?);

- The behavior of the first eigenvalues depends on the discrete
spectrum of the near field operator;

- The behavior of the next eigenvalues depends on dim Xj.

& When varying «, an eigenvalue dives at critical angles which are the
a* such that dim X;(a*) = 1.

‘ Possible extensions and open questions

e
o
1) We can work similarly in quasi 1D periodic waveguides. Z1£52222222
2) Can one find examples of Q2 such that dim X; = 27 S

3) Can one work with other models, i.e. AAu — k*u = 0+Dirichlet BC?
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Thank you!

@ P. Cacciapuoti, P. Exner, Nontrivial edge coupling from a Dirichlet network
squeezing: the case of a bent waveguide, J. Phys. A, Math. Theor., vol. 40,
26:511-523, 2007.

L. Chesnel, S.A. Nazarov, Figenvalue falls in thin broken quantum strips,
arXiv:2508.08403, 2026.

L. Chesnel, S.A. Nazarov, On the breathing of spectral bands in periodic
quantum waveguides with inflating resonators, M2AN, 59:2171-2206, 2025.

D. Grieser, Spectra of graph neighborhoods and scattering, Proc. Lond. Math.
Soc., vol. 97, 3:718-752, 2008.

) ) &) &

S.A. Nazarov, Transmission conditions in one-dimensional model of a
rectangular lattice of thin quantum waveguides, J. Math. Sci., vol. 219,
6:994-1015, 2016.

@ O. Post, Branched quantum waveguides with Dirichlet boundary conditions:
the decoupling case, J. Phys. A Math. Theor., vol. 38, 22:4917, 2005.
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Setting

» We consider the propagation of waves in a 2D thin periodic quantum
waveguide I1¢.

> Start with some domain  C R? which coincides with the strip R x (0;1)
outside of a bounded region (the resonator).
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Setting

» We consider the propagation of waves in a 2D thin periodic quantum
waveguide I1¢.

> Start with some domain  C R? which coincides with the strip R x (0;1)
outside of a bounded region (the resonator).

» Shrink € by a small factor € > 0 to create the unit cell
W= {z=(2,y) €R?*|z/e € Qand |2| < 1/2}

» Define the periodic waveguide

¢ .= {z e R?| (z — m,y) € w®, m € Z}.
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Setting

» In II* we consider the spectral problem for the Dirichlet Laplacian

(%)

—Au®

uE

A us

0

in II¢
on OII®.

» Denote by A the unbounded operator of L2(II¥) such that

D(A?) == {v € Hy(I?) | Av € L*(11°)}

and Afv = —Aw.

2/2

» A° is positive and selfadjoint. Moreover, due to the periodicity of the
geometry, A has only continuous spectrum.
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Setting

2/2

» In II* we consider the spectral problem for the Dirichlet Laplacian

(%)

—Au®

ut’;‘

A us

0

in II¢
on OII®.

» Denote by A the unbounded operator of L2(II¥) such that

D(A?) == {v € Hy(I?) | Av € L*(11°)}

and Afv = —Aw.

» A° is positive and selfadjoint. Moreover, due to the periodicity of the
geometry, A has only continuous spectrum.

Goal of the section

We wish to study the lower part of o(A¢), the spectrum of A%, as e — 0.
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Reduction to a problem in the unit cell 1/2

» The Floquet Bloch transform

1 inj .
u(z) = U (z,n) = WZ eut(x +j,y), neR,
JEL

converts (£2¢) into a spectral pb set in w® with quasi-periodic BCs at
x==1/2

—AU®(z,m) = X(n)U(z,n) z €W
e Us(z,m) = 0 2 € Ow® N OTI*
PN peCajagm) = @02 e (—e/2e/2)
0:U*(=1/2,y,m) = €0, U°(+1/2,y,m) y€ (—/2;¢/2).
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Reduction to a problem in the unit cell 1/2

» The Floquet Bloch transform

1 o
W) o US(5m) = oy S e™Wut (e +jy), nER,
JEZ

(2m)

converts (£2¢) into a spectral pb set in w® with quasi-periodic BCs at
x==1/2

—AU®(z,m) = X(n)U(z,n) z €W
e Us(z,n) = 0 2 € dw® N III*
) e g = @0 (t1/2mm)  ye (e/ze/2)
U (=1/2,y,m) = €"0,U°(+1/2,y,m) ye€ (—¢/2¢/2).

» It suffices to study (£¢(n)) for n € [0;27) .

» For n € [0;27), the spectrum of (27¢(n)) is discrete, made of the
unbounded sequence of real eigenvalues

0<XM <M < <A<
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Reduction to a problem in the unit cell 2/2

» The functions

n = Ay (1)

are continuous so that the
spectral bands

1180

1160
- M,,u "'”/h\""-.._.“
. o N""-».,_“'
1120
o
S,

1100 -

1080 e -
. -
1060 //

Ty = {A;(n), n € [0;2m)}

are compact segments in [0; +00). b " : : y s 6

» Finally, we have | 0(A%) =

U

peN=:={1,2,... }
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Reduction to a problem in the unit cell 2/2

» The functions

n = Ay (1)

are continuous so that the
spectral bands
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1160

1140
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1100
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1060

Ty = {A;(n), n € [0;2m)}

1040

1020

are compact segments in [0; +00).

1000

980

0 1 2 3 4 5 6

» Finally, we have | 0(A%) =

U

peN*:={1

2,0}

g To study the behaviour of o0(A®) as e — 0, we have to consider
the asymptotics of A7 (n) as e — 0.
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Asymptotic analysis
» For p € N*, denote by aj,_ < a, the bounds of the spectral band Tj:
Y5 = la;,_;a,,].

P

» Working as in the first section, we can establish the

THEOREM: There are constants cp— < ¢cpt, Cp,0p > 05s.t. ase — 0,
Forp=1,...,N,:
For p= Ny +m, m € N*:

i) if X; = {0},

asy — (5_27r2 +m?n? + Ecpi)‘ < Cpeltis;

it) if dim Xy =1, ‘a;i — (5_27T2 + cpi>) <Gy g,
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Comments

@ Due to the Dirichlet condition, all bands move to +oo as O(e72).
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Ig occurs only for very narrow intervals of frequencies.
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Comments

@ Due to the Dirichlet condition, all bands move to +oo as O(e72).
9 The first N, spectral bands become extremely short, in O(e‘c/ ).

(3) Concerning the next ones, the behaviour depends on dim X;:

When dim X # 1, the T are of length O(g). Moreover, between T}, and
Y51, there is a gap whose length tends to (2m + 1)72.

Generically, the propagation of waves in II° is hampered and
IE occurs only for very narrow intervals of frequencies.

When dim X; = 1, the situation is very different because asymptotically
the 19, are of length ¢, — ¢,—, with in general ¢, > ¢p—.

For particular €2, waves can propagate in II¢ for much larger
E intervals of frequencies than above.
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Spectral breathing

Then we can describe the
change of o(A®) when
perturbing the inner field
geometry around a €
where dim X; = 1.

— Note that we make a pe-
riodic perturbation of TI¢.

43 / 35



Spectral breathing

Then we can describe the
change of o(A®) when
perturbing the inner field
geometry around a €
where dim X; = 1.

— Note that we make a pe-
riodic perturbation of TI¢.
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Spectral breathing

Then we can describe the
change of o(A®) when
perturbing the inner field
geometry around a €,

where dim X; = 1.

— Note that we make a pe-
riodic perturbation of TI¢.

4300
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4000
oy Illmmummmmm.... i
30508099000 0000 0000 0000000000000 s0000see flts00sn0ens
.
: L
3900 ! 1
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3850 ! '
1 1
1 1
s500 ! ‘ ‘ |
15 2 25 3

)
3.5

» By deriving model problems as in the previous section, one shows:

- When perturbing the near field geometry around 2, the spectral bands
expand and shrink = breathing phenomenon of o(A®).

- In the process, a band dives below 72 /&2, stops breathing and becomes

extremely short.
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Numerical illustration

» We start from the inner field geometry

1.6

that we shrink by a factor ¢, cut at x = +1/2 and periodize.

» We use Freefem++ to compute the spectrum of (£¢(n)) in the
corresponding unit cell for different values of H.
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Numerical illustration

H=28
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