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Waveguide problem

» Scattering in time-harmonic regime of a plane wave in the acoustic
waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

Find v = u; + ug s. t.

Au+ku = 0 inQ,
Opu = 0 on 09,
ug is outgoing.
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Waveguide problem

» Scattering in time-harmonic regime of a plane wave in the acoustic
waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

Find v = u; + ug s. t.

Au+k?v = 0 inQ,
Opu = 0 on 09,
ug is outgoing.

» For this problem, the modes are

Propagating | wi(x,y) = e*"#% cos(nmy), Bn = VEZ —n2n2, n € [0,N — 1]
Evanescent | w(z,y) = e¥0% cos(nmy), Bn = vVn?n2 — k2, n > N.
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Find v = u; + ug s. t.

Au+k?v = 0 inQ,
Opu = 0 on 09,
ug is outgoing.

» For ke (0;m), + = etikz,
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» We have

The ... are expo.
decaying terms.
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Twy+... forx>+L !
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Waveguide problem

» Scattering in time-harmonic regime of a plane wave in the acoustic
waveguide 2 coinciding with {(z,y) € R x (0;1)} outside a compact region.

-- Q - Find v = u; + ug s. t.
w*’\/\/a’ Au+k?v = 0 inQ,
Rw—W+/ \—'—WT’UJ+ 8nu = 0 on 69,

ug is outgoing.

—L +L
» For k<€ (0;7), lonly 2 propagating modes w® = e, Set u; = w™.

» We have

The ... are expo.
decaying terms.

wy +Rw_+... forz<-L !
u= |
Twy+... forxz>+L !

DEFINITION: R, T' € C are the reflection and transmission coefficients.
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Invisibility
» At infinity, one measures only R and/or T' (other terms are too small).

» From conservation of energy, one has

IR|> + |T)? = 1.
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@ For T' =1, defect cannot be detected from far field measurements.
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» From conservation of energy, one has

IR|> + |T)? = 1.

DEFINITION: Defect is said | non reflectingif R=0 (|7 =1)
perfectly invisible if T =1 (R =0).

@ For T' =1, defect cannot be detected from far field measurements.

REMARK: less ambitious than usual
cloaking and therefore, more accessi-
ble. Also relevant for applications.
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Invisibility

» At infinity, one measures only R and/or T' (other terms are too small).

» From conservation of energy, one has

IR|> + |T)? = 1.

DEFINITION: Defect is said | non reflectingif R=0 (|7 =1)
perfectly invisible if T =1 (R =0).

@ For T' =1, defect cannot be detected from far field measurements.

REMARK: less ambitious than usual
cloaking and therefore, more accessi-
ble. Also relevant for applications.

¢

GOAL We explain how to use perturbative techniques to construct
geometries such that R =0 or 7' = 1.
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General picture

» Perturbative technique: we construct small non reflecting defects using

variants of the implicit functions theorem.
14 ()
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Outline of lecture 2

o A few notions of asymptotic analysis

9 Invisible smooth perturbations of the reference geometry

e Non smooth invisible perturbations of the reference geometry
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0 A few notions of asymptotic analysis
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Perturbation of the Poisson’s problem

» We study a first simple example with a perturbation in the equation.
For © a bounded Lipschitz domain and f € L2(£2), consider the problem

—Aus+eu. = f inQ

(%) Ug 0 on O0N.

» Forall e >0, (£.) admits a unique solution u. in H}(Q) (Lax-Milgram).
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Perturbation of the Poisson’s problem

» We study a first simple example with a perturbation in the equation.

For © a bounded Lipschitz domain and f € L2(£2), consider the problem

—Aus+eu. = f inQ

(Z2) us = 0 on 99.

» Forall e >0, (£.) admits a unique solution u. in H}(Q) (Lax-Milgram).

» We want to compute an expansion of u. to explicit its dependence with

respect to € as € = 0.

GENERAL PROCEDURE:

expansion.
Step II: we prove error estimates.

Step I: we propose an expansion (ansatz) and identify the terms of this

7 /51



Step I - ansatz

—Au. +eus. = f inQ

» Consider the ansatz
Ue = Ug + €U +52u2+...

where the terms ug, u1, ug, ... have to be determined.

u. = 0 on ON.
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» Consider the ansatz
Us = Ug + EUL +52u2+...

where the terms ug, u1, ug, ... have to be determined.

» Inserting the expansion in (£2;), letting ¢ tends to zero and identifying
the powers in €, we get

—Auy = f inQ Au; = wug in Aus = u; in§
ug = 0 on 0N u; = 0 on 0N uy = 0 on 99.
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Step I - ansatz

—Aus+eu. = f inQ
u. = 0 on ON.

» Consider the ansatz
Ue = U + EUY —|—52uQ—|—...
where the terms ug, u1, ug, ... have to be determined.
» Inserting the expansion in (£2;), letting ¢ tends to zero and identifying
the powers in €, we get

—Auy = f inQ Au; = wug in Aus = u; in§
ug = 0 on 0N u; = 0 on 0N uy = 0 on 99.

» Each of these problems admits a unique solution in H}(Q).

— This defines the expansion.
8 /51



Step II - error estimate 1/2

» The proof of error estimates generally relies on two points:
1) A stability estimate;
2) A consistency result.

Combining the two, then we get the desired error estimate.
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» The proof of error estimates generally relies on two points:
1) A stability estimate;
2) A consistency result.

Combining the two, then we get the desired error estimate.

1) Stability estimate. Green’s formula gives

/|Vu5|2+6|u6|2dx:/fugdx.
Q Q

From the Poincaré inequality

Ielliz@) < Cpllelluy @) = IVelliz@), Ve € Hg(Q),

we deduce the stability estimate, for all € > 0,

uellm@) < Cp | fllLz@)- (%)
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Step II - error estimate 1/2

» The proof of error estimates generally relies on two points:
1) A stability estimate;
2) A consistency result.

Combining the two, then we get the desired error estimate.

1) Stability estimate. Green’s formula gives

/|Vu5|2+6|u6|2dx:/fugdx.
Q Q

From the Poincaré inequality
Ielliz@) < Cpllelluy @) = IVelliz@), Ve € Hg(Q),

we deduce the stability estimate, for all € > 0,

uellm@) < Cp | fllLz@)- (%)

8' “The solution of (2.) is controlled uniformly (Cp is independent

of g, f) by the source term. .



Step II - error estimate

N
2) Consistency results. Set 4. := Z e"u, € Hy(Q).
n=0
Inserting the error u. — 4. in (), we obtain the discrepancy

N+1

(A +&)(ue — dic) = Ze”Aun+Ze Up_q) = —eV Ty

2/2

N -
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Step II - error estimate 2/2

N
2) Consistency results. Set i, := Z e"u, € H5(Q).
n=0

Inserting the error u. — 4. in (), we obtain the discrepancy

N+1
(A +e)(ue — ) = Ze”Aun+Ze Up_1) = —eN T uy.

Using this consistency result in the stability estimate (x), we find
[ue = ticlluy ) < Cpe™ Hun|L2()-

Noting that [[uy||Lz(@) < Cp [[un a1 @) < Cc3 [un—1lf1(q), finally we get:

ProroSITION: We have the error estimate

CRV 2N £ e

[|ue *’LALE”H})(Q) < (-
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0 A few notions of asymptotic analysis

@ Smooth perturbation of the domain

11 / 51



Smooth perturbation of the domain

» We perturb slightly (¢ > 0 is small) the geometry
I:=(-1;1) x {0} ch(x)

-

Locally 0. coincides with the graph of = — ch(z),
where h € 65°(—1;1) is a given profile function.

» We consider the Laplace problem in the perturbed domain

—Au., = f in Q.

(Z:) u, = 0 on 09..

» Forall € >0, (£.) has a unique solution u. in H}(Q.) (Lax-Milgram).
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Smooth perturbation of the domain

» We perturb slightly (¢ > 0 is small) the geometry
I:=(—1;1) x {0} eh(z)

-

Locally 9. coincides with the graph of x +— ch(x),
where h € 65°(—1;1) is a given profile function.

» We consider the Laplace problem in the perturbed domain

—Au., = f in €

(%) u, = 0 on 09..

» For all € > 0, (Z.) has a unique solution u. in H}(.) (Lax-Milgram).

What is the dependence of u. with respect to 2

— This question has been extensively studied in shape optimization.
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A first formal approach

» Let O be a fixed neighbourhood of the perturbation. To simplify, we
assume that f € L2(€).) is zero in O. In g, we consider the ansatz
Ue = U) +EUL + ...

where the terms ug, u; have to be determined.

» Observing that at the limit ¢ — 0, 2. converges to g, we get
—Aug = fin Qg —Au; = 0in Q
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» Let O be a fixed neighbourhood of the perturbation. To simplify, we
assume that f € L2(€).) is zero in O. In g, we consider the ansatz

Ue = U) +EUL + ...

where the terms ug, u; have to be determined.

» Observing that at the limit ¢ — 0, 2. converges to g, we get
—Aug = fin Qg —Au; = 0in Qg
ug = 0 on 9 ui(z,y) = —h(x)oyuo(z,0)1z(z,y) on 9Q.

» For the boundary conditions, for (z,y) € I, we can write
0=uc(z,eh(z)) = uc(x,0)+ch(z)dyuc(z,0)+ ...
= wug(x,0) + eui(z,0) + eh(z)dyuo(z,0) +....

This uniquely defines ug and u;.

— Let us see how to justify this formal calculus.
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Error estimates 1/3

L

~9_ To establish error estimates, we consider a change of variables to work
= in a fixed geometry.

» For all € € [0; 0], there is a smooth diffeomorphism

P, : QO — Qs

x = (x1,X2) = =P (x) =x+ep(x).
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Error estimates 1/3

L

\9_ To establish error estimates, we consider a change of variables to work
= in a fixed geometry.

» For all € € [0;¢¢], there is a smooth diffeomorphism

(-
b Q) o O > . _;)} )

x = (x1,x2) = x=0(x) =x+ep(x).

» With this choice, @, is a small perturbation of the identity.

» We can take ¢ supported in O, of the form
P(x) = (91(x), $2(x)) = (0, h(x1)p(x2))

where p is smooth, compactly supported and equal to one in a vicinity of 0.

> Observe that we have ®.|q, \z =1d.
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Error estimates 2/3

» SetU.=u.0®.,,V=vod,, F=fod.. We have
/ VuE~VUd;r::/ fvdzx
QE:‘PE(QO) Q.E:@E(QO)

& /(Id+e(D¢)T)_1VUE-(Id+s(D¢)T)_1VVJ¢de:/ FV Jp, dx.
Qo Qo
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» SetU.=u.0®.,,V=vod,, F=fod.. We have
/ Vug~Vvd;r::/ fvdzx
QE:‘PE(QO) QE:‘PE(Q(J)

& /(Id+e(D¢)T)_1VUE-(Id+s(D¢)T)_1VVJ¢de:/ FV Jp, dx.
Qo

Qo
D¢ — axl le 8X2 ¢)1 _ 0 0
Here Ox1 2 Oxy 2 pOs, b hdyp

Jo. = det(Id + eD¢) = 1 + chdx, p.
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Error estimates 2/3

» SetU.=u.0®.,,V=vod,, F=fod.. We have
/ VuE~VUd;r::/ fvdzx
QE:‘PE(QO) Q.E:@E(QO)

& /(Id+e(D¢)T)_1VUE-(Id+s(D¢)T)_1VVJ¢de:/ FV Jp, dx.
Qo

Qo
D¢ — axl le 8X2 ¢)1 _ 0 0
Here Ox1d2 Oy b2 pdah  hdep
Jo. = det(Id + eD¢) = 1 + chdx, p.

» Thus we obtain the problem

Find U. € H§(Qo) such that
—diV(O’,:VUg) = FJ@E in Qo

0. = Jo.(Id+e(Dg)) ' (Ad + e(Dp) ") ™' =1d + o1 + %02 + ...

with
FJp, = F 4 €hOx, pF.
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Error estimates 3/3

g Now the geometry is fixed and we have a pertubation in the equation.

» Considering the expansion
U.=Uy+eUy +€2Us + ... .,

we can prove the following error estimate with C' independent of ¢ € (0; q]

N
1Ue — Z‘gnUnHHé(Qo) = C€N+1Hf||L2(QO)~

n=0
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Error estimates 3/3

@ Now the geometry is fixed and we have a pertubation in the equation.

» Considering the expansion
U.=Uy+eUy +€2Us + ... .,

we can prove the following error estimate with C' independent of ¢ € (0; q]

N
1Ue — Z‘gnUnHHé(Qo) = C’El\urlHJc||L2(QO)-

n=0

» Since u. = U. o &1, this yields

N
lue = e"Un 0 @7z () < C eV fllz o)

n=0

Uoo¢;1+€U10(I);1:U0+€(U1*VU0'¢)+...

» Using that
Uo = uo, Uy — VU - ¢ =Uy — hpdg, Uy = uy,

finally we obtain | |lue — (uo + eu1) a1 (oo\0) < C 2| fllL2(00)-
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Comments

» This is only to give a flavour. Much more refined results exist in the
literature concerning shape optimization.

@® M. Pierre and A. Henrot. Shape Variation and Optimization. A
Geometrical Analysis. EMS, 2018.

¥ M.C. Delfour and J.P. Zolésio. Shapes and geometries: metrics,
analysis, differential calculus, and optimization. Society for Industrial
and Applied Mathematics, 2011.

» In particular:

- For this Dirichlet problem, smoothness assumptions of the geometry can
be considerably relaxed and result exist when € is only measurable.

- Higher order terms can be computed but then smoothness on f is required.
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Q Invisible smooth perturbations of the reference geometry

@ General scheme
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General picture

» Perturbative technique: we construct small non reflecting defects using

variants of the implicit functions theorem.
14 ()
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Sketch of the method

» For h € 65°(R), denote R(h) € C - 1 + h(z)
the reflection coef. in the geometry:
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Sketch of the method

» For h € 65°(R), denote R(h) € C - 1 + h(z)
the reflection coef. in the geometry:

Note that R(O) =0

(no obstacle leads to null measurements).
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Our goal: to find h # 0 such that R(h) = O.‘
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» For h € 65°(R), denote R(h) € C - 1 + h(z)
the reflection coef. in the geometry:

Our goal: to find h # 0 such that R(h) = 0.‘

» We look for h of the form h = ep with € > 0 small and p to determine.
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the reflection coef. in the geometry:

Our goal: to find h # 0 such that R(h) = 0.

» Taylor: R(ep) = edR(0)(p) + e2R(ep).

‘We can show that dR(0) : €5°(R) — C is onto‘ = uo, 41, 2 S.t.

dR(0)(po) = 0, dR(0)(p1) = 1, dR(0)(p2) =

» Take pu = pg+ T1p1 + Toue where the 7,, are real parameters to set:

7= (r,m)"
G*(7) = —e(Re R(ep), Sm R(ep)) .

0=R(en) < 7 =G(7) | where

G¢ is a contraction = the fixed-point equation has a unique solution 7.

Set A%l := eu°l. We have R(h*!) = 0 (non reflecting perturbation).
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Q Invisible smooth perturbations of the reference geometry

@ Dirichlet problem
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Calculus of the differential 1/2
- epz)

» We need to compute dR(0)(u) that is the term R; in the expansion
R(eh) =Ro+eR1 +....

22 / 51



Calculus of the differential 1/2

eulx
T (2) Aue +k%ue. = 0  in Q.
(2:) ue = 0 on 990,
ue —w' is outgoing

» We need to compute dR(0)(u) that is the term R; in the expansion

R(eh) =Ro+eR1 +....

» Inserting the expansion u. = ug + cuy + ... in (L),

22 / 51



Calculus of the differential 1/2

ep(z)

Aue +k%ue. = 0  in Q.

(Z) us = 0 on 00,
Q ue —w™ is outgoing

» We need to compute dR(0)(p) that is the term R in the expansion

R(eh)=Ro+eR1+....

» Inserting the expansion u, = ug +euy + ... in (&), we find
Aug+Kup = 0  inQ Aui +Kur = 0 in Qo
uo — w is outgoing u1 is outgoing.

22 / 51



Calculus of the differential 1/2

ep(z)

Aue +k%ue. = 0  in Q.

(Z) us = 0 on 00,
Q ue —w™ is outgoing

» We need to compute dR(0)(p) that is the term R in the expansion

R(eh)=Ro+eR1+....

» Inserting the expansion u, = ug +euy + ... in (&), we find
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» Inserting the expansion u, = ug +euy + ... in (&), we find
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up —w™ is outgoing uy is outgoing.
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Calculus of the differential 2/2
» We have ug = w4 and wuy is uniquely defined.
» Set Xy ={+L} x (—1;0) for L large enough. From the known formula

2iB1 R(ep) = Opuswt —u0,whdo, where 0, = £0, at = +L,
PEES
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- Working with symmetries, one checks that dR(0) : €5°(R) — C is onto .

- Error estimates allow one to prove that G° is a contraction of any
closed ball for £ small enough.
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Calculus of the differential 2/2

» We have ug = w4 and wuy is uniquely defined.
» Set Xip ={£L} x (—1;0) for L large enough. From the known formula

2iB1 R(ep) = Opuswt —u0,whdo, where 0, = £0, at = +L,
PEES

we infer that Ry =0, 2i81dR(0)(p) = Opuqw™ —u 0wt do.

Integrating by parts, finally we get the final result:
PRroOPOSITION:

i [F i
RO = 37 [ w()@y0" @.1)) do =

2

L .
/ w(z)ehr® de,
-L

- Working with symmetries, one checks that dR(0) : €5°(R) — C is onto .

- Error estimates allow one to prove that G° is a contraction of any
closed ball for £ small enough.

= | Thus we can create geometries €2, where R. = 0 for the Dirichlet pb.
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Comments

» We can check that h*°! = £°°! # 0 (work by contradiction).

» The invisible perturbation coincides with the graph of the function

sol

e(po + 5% + 73 p2)
where pg € ker dR(0) (remind that dR(0) : €5°(R) — C).

= There exist an infinite number of non reflecting geometries. ‘
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Comments

» We can check that h*°! = £°°! # 0 (work by contradiction).

» The invisible perturbation coincides with the graph of the function
e(po + 75 + 75 p2)
where pg € ker dR(0) (remind that dR(0) : €5°(R) — C).

= There exist an infinite number of non reflecting geometries.

» We can show that |75°!| + |75°!| = O(g). Therefore we can choose the
principal form of the non reflecting perturbation.

24 / 51



Numerical implementation 1/2

» We can solve the fixed point equation
7=G(7)
using an iterative procedure.
» Pick ¢ > 0, choose jg, 1, pi2 once for all. Set 7% = (0,0) and for p € N
Frtl GE(’FP)-
» Denote pP := po + 71 + 75 2. We obtain the recursive equation

PP = 7P _ 7Y (Re R(ep®), Im R(ep?)).
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Numerical implementation 1/2

» We can solve the fixed point equation
7=G(T)
using an iterative procedure.
» Pick ¢ > 0, choose jg, 1, pi2 once for all. Set 7% = (0,0) and for p € N
7PHL — GE(7P).
» Denote pP := po + 71 + 75 2. We obtain the recursive equation
PP = 7P _ 7Y (Re R(ep®), Im R(ep?)).

» Stop the algorithm when |R| < 1075, If it does not converge, decrease €.

g (We have to mesh a new domain Q at each step p > 0.)
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Numerical implementation 2/2

» An example of non reflecting perturbation obtained after 24 iterations

(e =0.2).

» The algorithm converges though ¢ is not that small!
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T =1 for the Dirichlet problem

» Can we use this approach to construct defects such that 7= 17
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T =1 for the Dirichlet problem

» Can we use this approach to construct defects such that 7" = 17

» Let us consider the quantity 7" — 1. Working as before, we obtain

PROPOSITION: . /L

aTOp) = 55 C

2 oL
= %/_Lu(x)dx.

» Unfortunately, dT°(0) : ¢5°(R) — C is not onto... But this was expected
due to conservation of energy !

w(@)dywt (x,1)0,w ™ (z,1) dx

» We note that we can impose Sm 7. = 0. With R, = 0 (three parameters
to tune) and conservation of energy, this implies 7. =1 or T, = —1.

‘ — for € small, necessarily one has T, = 1.

We can create geometries (). where 7. = 1 for the Dirichlet pb.

27 / 51



Numerics

» An example of perfectly invisible perturbation.

U —wT

wt

o
A
o

» The scattered field is exponentially decaying both at +co and this time
there is no phase shift for the transmitted field.
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Q Invisible smooth perturbations of the reference geometry

@ Neumann problem

29 / 51



Calculus of the differential 1/2
ch(z)

» We need to compute dR(0)(x) that is the term R; in the expansion
R(eh)=Ro+eR1+....
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» We need to compute dR(0)(x) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aug+Fk*ug = 0  inQo Auy +Kuy = 0 in Qo
m _ + . .
o —w" 1s outgoing

up is outgoing.
On the top wall, we have
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» We need to compute dR(0)(x) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aup+k*ug = 0 in Qo Aui +Kur = 0 in Qo
Oyuo = 0 on 909 on 09
uo —w™ is outgoing u is outgoing.

On the top wall, we have
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2 ue(x
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Calculus of the differential 1/2

, eh(z) )
Auc +k*ue. = 0 inQ.
(Z:) On.ue = 0  on 00
o) ue —w' is outgoing

» We need to compute dR(0)(x) that is the term R; in the expansion
R(eh)=Ro+eR1+....

» Inserting the expansion v, = ug +euy + ... in (£;), we find
Aug+Fk*ug = 0  inQo Auy +Kuy = 0 in Qo
Oyuo = 0  ondQ Oyur = h'(x)0zup  on O
uo —w™ is outgoing u is outgoing.

On the top wall, we have

"o 1+€21(h’(:):))2( _Shll(m) ):( (1) )+6( _h(;(x) >+

= 6%@“5(]"’ 0) We use that ug = w t
Vue(z,eh(z)) = Vue(z,0) + sh(:p)( 6§yu€ (. 0) +... o~

so that we get 0 = n. - Vue(z,eh(z)) = dyuo +¢ (Oyur —eh/(x)0zup) + .. ..
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Calculus of the differential 2/2

» We have ug = w4 and wuy is uniquely defined.
» Set Xy ={+L} x (—1;0) for L large enough. From the known formula

2ikR(ep) = / Opuswt — u0,wtdo, where 0,, = £0,, at x = +L,
Yt
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Yt
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Integrating by parts, finally we get the final result:

PROPOSITION:

L L
dR(0)(p) = —% ZL 0uh(@) (w* (x,0))2 do = _% [L 0o h(2)e® da.

- Again one can check that dR(0) : 65°(R) — C is onto.

- Error estimates allow one to prove that G° is a contraction of any
closed ball for £ small enough.

Thus we can construct geometries 2. where R. = 0 for the Neumann pb.
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Numerics for the Neumann problem 1/2

» An example of non reflecting perturbation obtained after 15 iterations
(e =04).

ue —wt

» Again, the algorithm converges though ¢ is not that small.
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Numerics for the Neumann problem 2/2

» Other example non reflecting perturbation.

IRt |
- IR |
AT I UL §
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Numerics for the Neumann problem 2/2

» Other example non reflecting perturbation.

TSIl
e
PIRIELE

» The defect lies below the line y = 1. Symmetrisation:
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T =1 for the Neumann problem?

PROPOSITION: We have
1 L
= Oppdywtw™ d
dT'(0)(p) T

1 L
= 7/ Oxprdz = 0.
2 ),
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T =1 for the Neumann problem?

PROPOSITION: We have
1 L
_ +,,—
dT(0)(n) = 5ok _L(?z,uazw w™ dx

1 L
= —/ Oxprdz = 0.
2 ),

A dT(0) is |null = the approach fails to impose T' = 1.
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e Non smooth invisible perturbations of the reference geometry

@ An example of singularly perturbed problem

35 / 51



An example of singularly perturbed problem

» Fora >0, a# 1, consider the 1D problem
eul(z) +ul(x) —a=01in Q:= (0;1)

(&) u:(0) =0, ue(1) = 1.
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(&) u:(0) =0, ue(1) = 1.

1—e /¢

» TIts solution is given by | u.(z) = az + (1 — a) T
e

» Let us try to write a representation of u. as before:
ue(z) = up +eur(x) +.... (%)
Inserting () in (), we find uj = a in Q, ug(0) = 0, up(1) = 1. Impossible.

» On the other hand, for x € (0;1], we have

lim u. () = dg(x) with to(x) = ax + (1 — a).
e—0

But since |Jue(z) — ao(x)nm@ =1 —al|, (u:) does not cv to dg in H(2).
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An example of singularly perturbed problem

» Fora >0, a# 1, consider the 1D problem
eul(z) +ul(x) —a=01in Q:= (0;1)

(&) u:(0) =0, ue(1) = 1.

1—e /¢

» TIts solution is given by | u.(z) = az + (1 — a) T
e

» Let us try to write a representation of u. as before:

ue(x) = ug +eur(z) +.... (%)

Inserting () in (), we find uj = a in Q, ug(0) = 0, up(1) = 1. Impossible.

» On the other hand, for x € (0;1], we have

lim u. () = dg(x) with to(x) = ax + (1 — a).
e—0

But since |Jue(z) — ao(x)nm@ =1 —al|, (u:) does not cv to dg in H(2).

The expansion () does not provide a good representation of u..
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An example of singularly perturbed problem

1—e /e

UE(SC) :al“‘r(l_a)m

to(z) = ax + (1 — a).

» What happens is that the function u. has a rapid variation near the
origin when € — 0:

Ue

e=0.2 1
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UE(SC) :al“‘r(l_a)m
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» What happens is that the function u. has a rapid variation near the
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e=0.01 }
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» Our expansion fails to provide a good representation of u. due to this
boundary layer phenomenon. We say that (£2;) is a singularly perturbed
problem.
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An example of singularly perturbed problem

1—e /e

UE(SC) :al“‘r(l_a)m

to(z) = ax + (1 — a).

» What happens is that the function u. has a rapid variation near the
origin when € — 0:

e=0.01 }
T

» Our expansion fails to provide a good representation of u. due to this
boundary layer phenomenon. We say that (£2;) is a singularly perturbed
problem.

» To approximate correctly u. near the origin, we will have to incorporate

terms which depend on the rapid variable z/e. ,
37 / 51



e Non smooth invisible perturbations of the reference geometry

@ Invisible clouds of small obstacles
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One small obstacle

Can one hide a small Dirichlet obstacle centered at M; ?

» Set Of := Mj +eO where M; € R x w and O is a bounded Lipschitz
domain. We consider the problem

Au. +k%u. =0 in Q. :=Q\ 05
(Z2.) ue = 0 on Q.
u. — w™ is outgoing.
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» Set Of := Mj +eO where M; € R x w and O is a bounded Lipschitz
domain. We consider the problem

Aue + k*u. =0 in Q. =0\ 05
(2.) u. = 0 on 99,

u. — w™ is outgoing.

» We obtain
R. = 0+e¢ (4imcap(O)w™(M;)?) + O(e?)
T. = 1+e¢ (dircap(O)|wt(M)?) + O(e?).
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One small obstacle

Can one hide a small Dirichlet obstacle centered at M; ?

» Set Of := Mj +eO where M; € R x w and O is a bounded Lipschitz
domain. We consider the problem

Aue + k*u. =0 in Q. =0\ 05
(2.) u. = 0 on 99,

u. — w™ is outgoing.

» We obtain
Re = 0+ E‘ (4ém cap(O)w* (M1)* ‘+ O(e Non zero terms!
T. = 1+ 6‘ (4im cap(O)|wT (M7)|? ‘-i- (cap(0) > 0)

= | One single small obstacle cannot be non reflecting. ‘
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Derivation of the asymptotic of u. 1/3
» To simplify, we remove the index ; of the obstacle. Consider the ansatz
e = up + (@) vo(e~ (x — M) + 6(u1 + (@) v (e (x — M))) T

where ¢ € 65°(Q0) is equal to one in a neighbourhood of M.
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» Inserting this expansion in (), first we find
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Derivation of the asymptotic of u. 1/3
» To simplify, we remove the index ; of the obstacle. Consider the ansatz
e = up + (@) vo(e~ (x — M) + 6(u1 + (@) v (e (x — M))) T

where ¢ € 65°(Q0) is equal to one in a neighbourhood of M.

» Inserting this expansion in (), first we find

A’U[) + kQ’U() =0 in QO =Rxw
ugp = 0 on 9
uo — wt is outgoing.

and so up = w"t (coherent since at the limit € — 0, the obstacle disappears).

> g serves to impose Dirichlet BC on dO¢ at order €°. For x € 00¢,
up(z) = uo(M) + (x — M) - Vug(M) + ... (note that x — M is of order ¢).

Therefore we impose vy = —u(M) on 90O .
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Derivation of the asymptotic of u. 2/3

» Introduce the fast variable £ = ¢~!(x — M). In a vicinity of M, we have

(Az + K2Id) (vo(e ™ (x = M)) +evi(e(x— M) +...)

:5*2m+5*1 Agv1 (&) + ... .
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(Az + K2Id) (vo(e ™ (x = M)) +evi(e(x— M) +...)

:5*2m+5*1 Agv1 (&) + ... .

» Therefore we impose Agvg =0 in R*\ O and so we take

vo(§) = —uo(M) W () -

where W is the capacity potential for O (W is harmonic in R? \ O, vanishes
at infinity and verifies W =1 on 00).
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Derivation of the asymptotic of u. 2/3

» Introduce the fast variable £ = ¢~!(x — M). In a vicinity of M, we have

(Az + K2Id) (vo(e ™ (x = M)) +evi(e(x— M) +...)

=2 [Agvo(§)]+ 7 Acvr () + ...

» Therefore we impose Agvg =0 in R*\ O and so we take

vo(§) = —uo(M) W (§) .
where W is the capacity potential for O (W is harmonic in R? \ O, vanishes
at infinity and verifies W =1 on 00).
> As [£] = +oo, we have
cap(0)
i

where @ := £ — —1/(4r|¢|) is the Green function of the Laplacian in R3,
cap(0) > 0, ¢ € R3.

W(¢) = +q-Ve(E) +0(¢] ™),
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Derivation of the asymptotic of u. 3/3
» Now, we turn to the terms of order ¢ in the expansion of u®

ue = up + () vo(e7(x — M)) + 6(111 —l—C(m)vl(a_l(x—M))) +....

» By inserting ug + ((x) vo(e~1(x — M)) into (£2.) and replacing vg by its
main contribution at infinity, we find that «; must solve

—Auy — Ky = — ([Ag, ¢ + KCId) <w+(M) iaﬁ(f\)}') in Q

up = 0 on 0.
where [A,, (¢ = Ay (Cp) — CArp =2V - V( + @A (commutator).
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Derivation of the asymptotic of u. 3/3
» Now, we turn to the terms of order ¢ in the expansion of u®

ue = up + () vo(e7(x — M)) + 6(111 —l—C(m)vl(a_l(x—M))) +....

» By inserting ug + ((x) vo(e~1(x — M)) into (£2.) and replacing vg by its
main contribution at infinity, we find that «; must solve

—Auy — K2y = — ([Ay, ]+ K2CTd) (wh (M) p(O) ) 40,
x— M|
up = 0 on 0.

where [A,, (¢ = Ay (Cp) — CArp =2V - V( + @A (commutator).

— This uniquely defines u; .
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Asymptotic of the scattering coefficients

» We consider the ansatz
REZR(]+€R1+... Tezﬂ)+ET1+....
» Set X1 ={£L} x w for L large enough. From the known formula
2ikR, = Opuwt —u 0wt do, 2ikT, = / Optzw™ —u0,w™ do,
4L

DI
where 0,, = 9, at x = £L,
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Asymptotic of the scattering coefficients

» We consider the ansatz
REZR()+€R1+... TE:,T()-FETl-’-....

» Set Xy ={+L} xw for L large enough. From the known formula

2ikR, = Opuwt —u 0wt do, 2ikT, = Optzw™ —u0,w™ do,
PSS 4L

where 0,, = 9, at x = £L, we obtain Ry =0, Ty =1,

2ikR, = Opurw’ —u 0, wtdo, 2kT, = / Opuiw~ —u10pw™ do.
DRSS

DI

Integrating by parts, finally we get the final result:

PRrROPOSITION: We have
R. = 0+e¢ (4imcap(O)wt(M7)?) + O(£?)
T. = 1+e¢e (4ircap(O)w™(M)?) + O(e?).
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Several small obstacles

o o » One small obstacle cannot be non
% reflecting. Let us try with TWO,
00
. . located at My, Ms.

2

» Weobtain R, = 0+ ¢ (4imcap(O) Z w(M,)?) + O(?)
n=1
T. = 1+¢(4imcap(O Z|w 3+ O(?).
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T 02& reflecting. Let us try with TWO,
) % B located at My, Ms.
2
» Weobtain R. = 0+ ¢/(4imcap(O) Z wt(M,)?) + O(£?)
n=1
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Several small obstacles

- - - » One small obstacle cannot be non
1 2& reflecting. Let us try with TWO,
located at My, Ms.

» Weobtain R. = 0+ ¢|(4imcap(O 3+ 0(e?)

HMM

T

1+ e (4imcap(O Z )+ O(e?).

i)’/_ We can find My, My such that R. = O(g?). Then moving OF from M to
§ " | My +e7, and choosing a good T € R® (fized point), we can get R. =0.

COMMENTS:

— Hard part is to justify the asymptotics for the fixed point problem.
— We cannot impose 7. = 1 with this strategy.

— When there are more propagating waves, we need more obstacles.
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Several small obstacles

- - - » One small obstacle cannot be non
1 2& reflecting. Let us try with TWO,
located at My, Ms.

» Weobtain R. = 0+ ¢|(4imcap(O 3+ 0(e?)

HMM

T

1+ e (4imcap(O Z )+ O(e?).

E\j/_ We can find My, My such that R. = O(g?). Then moving OF from M to
§ " | My +e7, and choosing a good T € R® (fized point), we can get R. =0.

COMMENTS:

— Hard part is to justify the asymptotics for the fixed point problem.
— We cannot impose 7. = 1 with this strategy.

— When there are more propagating waves, we need more obstacles.

g ‘ Acting as a team, obstacles can become invisible!
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e Non smooth invisible perturbations of the reference geometry

@ Perfect invisibility for the Neumann problem
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T =1 for the Neumann problem

» We study the same problem in the geometry 2.

> <o

[ . |
. Singular perturbation |
| of the geometry! [

- 1

> Weobtain R. = 0+e (ik Eizl(w(Mn))%an(khn)) +O(e?)

T. = 1+ (i/255, tan(kh,) ) +O(=2)

46 / 51



T =1 for the Neumann problem

» We study the same problem in the geometry 2.

> <o

: Singular perturbation
| of the geometry!
- !

> Weobtain R. = 0+e (ik Eizl(w(Mn))%an(khn)) +O(e?)

1:

1+e (i/z 2 tan(khn)) +0(e?)

1) We can find My, h, such that R. = O(¢?) and T. = 14+ O(e?) .




T =1 for the Neumann problem

>

We study the same problem in the geometry €2,

> € <o
§ £ . > 2 <o
R
Singular perturbation
o . . . e A of the geometry!
M Mo M3
IS -
We obtain R, = 0+¢ (zk S (wt(M,))? tan(khn)) +0(e?)

T. 14e (i/z 2 tan(khn)) +O(e2)

1) We can find My, hy, such that R. = 0(62) and T, =1+ 0(52) .

2) Then changing hy into hn + Tn, and choosing a good T = (11, 72,73) € R3
(fized point), we can get Re =0 and SmT. =0.




T =1 for the Neumann problem

» We study the same problem in the geometry 2.

> € <o
§ £ . > 2 <o
R
Singular perturbation
o . . . e A of the geometry!
M Mo M3
IS -
> Weobtain R. = O+4e (zk S (wt(M,))? tan(khn)) +O(e?)

T. 14e (i/z 2 tan(khn)) +O(e2)

1) We can find My, hy, such that R. = 0(62) and T, =1+ 0(52) .

9/— 2) Then changing hy into hn + Tn, and choosing a good T = (11, 72,73) € R3
= (fized point), we can get Re =0 and SmT. =0.

3) Energy conservation + [T. =14+ 0()] = Te=1.
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Numerical results

» Perturbed waveguide (Re (u(z,y)e )

|-liiﬁl-| [“:

» Reference waveguide (Re (u;(z,y)e *?))
0.45

20.22
IRTRTREINI-
022
045

47 / 51



Comments

» We could also have hidden gardens of flowers!
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0 A few notions of asymptotic analysis

e Invisible smooth perturbations of the reference geometry

e Non smooth invisible perturbations of the reference geometry
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Conclusion of lecture 2

What we did
1) Perturbation in the PDE. Recall the standard scheme

Step I: ansatz and identification of the terms of the ansatz;

Step II: error estimates (stability estimate + consistency result).

2) Smooth perturbation of the geometry. Use a change of variable to
show error estimates in a fixed geometry.

3) Construction of smooth and non smooth invisible defects in
waveguides.

Use the first term in the asymptotic whose dependence wrt the
perturbation is explicit and linear to cancel the whole expansion
by solving a fixed point problem.

Next lecture

& We will explain how to use resonant phenomena to construct large

invisible defects. i
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