HIGH-ORDER APPROXIMATION OF STOCHASTIC DIFFERENTIAL
EQUATIONS IN TOTAL VARIATION

Clément Rey ]

ABSTRACT. We present a method for approximating solutions of Stochastic Differential Equations
(SDEs) with an arbitrary weak order of convergence. This approximation is constructed for bounded and
measurable test functions. Specifically, we show that, by exploiting the standard weak approximation
properties of numerical schemes for smooth test functions (such as first-order weak convergence for
the Euler scheme) we can achieve convergence for simply bounded and measurable test functions at
any desired rate. This is done by constructing a tailored approximation for the semigroup of the SDE
obtained by evaluating the scheme (e.g., Euler) on a random time grid. Convergence is established by
relying on the regularization properties of the scheme, which hold under a weak uniform Hoérmander
condition.

Keywords : Monte Carlo methods, Numerical methods for SDE, Discrete time Markov processes,
Hormander properties, Limit theorems for bounded measurable test functions.
AMS MSC 2020: 60J05, 65C05,65C20,35H10, 60F17.

CONTENTS

(L.__Introductionl

[2.  The distance between semigroups|

[3._Proof of Theorem 2.1

[References| 1

Ut O W

1. INTRODUCTION

In this article, we focus on the approximation in total variation of a R%-valued (d € N*) random variable
Xr, T > 0 where (X;);>0 is a solution to the inhomogeneous Stochastic Differential Equation (SDE)

t N ot
(1.1) X, =20 +/ Vo(Xs, s)ds + Z/ Vi(X,s)dW?, t >0,z € RY,
0 —Jo
where (W})i>0,i € {1,...,N}) are N € N* independent one-dimensional standard Brownian

motions and V; € C°(R%GR?), i € {0,...,N}. When for every i € {0,...,N}, V; does not depend
on the time, i.e. its second variable, the SDE is said to be homogeneous.

Let v > 0 denote the desired weak rate of convergence. For any 7' > 0 and sufficiently large n € N*| we
demonstrate that for a specific approximation functional operator Qf 1, there exists C' > 0 such that for
every measurable and bounded function f,

(12 sup [E[f(Xr) X0 = a] ~ Q3.0 (@)] < o1/
zERC n
where || f||oc = Sup,ega |f(x)] is the supremum norm of f. The operator QS,T, whose construction
will be made explicit below, provides a weak approximation of order v for the semigroup associated
with (X;)¢>0. Moreover, QS’T f(z) can be evaluated using a Monte Carlo estimator, such that the
computational cost of simulating each sample is of order n, comparable to that of an Euler-Maruyama
scheme with time step T'/n.

The algorithm employed to construct QQ’T is derived from the one that was presented in [3] and is

based on a combination of discrete time approximations X;[’l of l’ which are built using random time
grids I, h € {1,...,r}, for r € N* deterministic (refer to [3], Section 3.1.3 for the construction of the
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random time grids). More specifically, given h, we consider a sequence of independent random variables
Z ]h € RV, j € N*, and we assume that Z jh, are centered with covariance one and independent of II;,. We

construct the R%-valued process (XtHh)teHh using the generic scheme

II II i [
(13) Xt;}il = ¢(Xt?h7t?a (t?-i-l - t?)2Z_;I+17t_}jI+1 - t?)a XO € Rd

for I, = {t;-‘,j € N} with
P € C®(RY xRy x RY x [0,1;RY) and V(z,t) € R x Ry, (x,t,0,0) = z.

Considering for instance the Euler scheme of ([1.1)), we have
N
Wlat, 2 y) = 2+ Vola, Oy + 3 Vil £)2
i=1
The Euler example is standard but many other scheme such as the one developped e.g. in [16] or

[20]. In this construction IIj, is supposed independent of ((Zth)jeN* Jhel,...rp- The time ), | —t" between

T

.....

two successive discrete time values is chosen randomly in {<7,] € N}. It is shown in [3] that we can use

the following representation formula: For every x € R?,

T
(1.4) Qi rf@) =3 cnBLF(XIM X = )
h=1

where the coefficients ¢, € R, r € N and the law of II;, are given explicitly depending on the value
of v in . This representation formula enables the Monte Carlo estimation of QQ’T f(x) by sampling
M € N* independent realizations of quh’, h e {1,...,r}. The simulation complexity for computing Q&T
using M Mounte Carlo samples is of order Cy.qpng = M xn xr x C(v) where C(v) depends on v. Note that
a standard approach on deterministic time grid of size % is Cget = M x n and then Cyop = . E?OO(Cmnd)

underscoring the great numerical interest of this random grid approach as v can be arbitrarily high.

In [3], the authors also proved a restrictive version of (1.2). In particular, they showed that (1.2)) holds
with || f||oc replaced by ||f||co,x that involves the supremum norm of f but also of its derivatives up to
order K € N*. More specifically,

An C

(1.5) sup |E[f(X7)|Xo = 2] = Q. rf ()] < — || flloc.x-
rcR4 n

The main interest of this method arises for large values of v. Actually, for small v, (1.5) can usually

be obtained by a Lindeberg type argument (also referred to as Duhamel’s principle), which relies on a

smooth short time approximation of the form

(1.6) Bl (Xets) = f((2,,V/62,8))|X; = 2]| < C|f ]| o0,50° T

where a > 0 is referred in this paper as the weak smooth order of the scheme 1. If @ > v, one can
simply chose Q&T = QO%;T where for every measurable f and every x € R?, Qif(x) = ]E[f(Xt%)|Xs% =
x], s,t € o= {k%, k € N} is the semigroup arising from the Markov process X% defined on the

r
homogeneous deterministic time grid with time step % (we use X % as short notation for X™" defined as

in (1.3) with II,, = 7 ). For the Euler scheme we have a = 1 (see [21]), but various higher weak smooth
order methods exist (see e.g. [20], [16], [2],[18]). However, the attainable value of a remains limited or
achieving higher o generally requires substantially increased computational complexity

The algorithm introduced in [3] exploits relation on random time intervals and combines numerical
schemes defined on random time grids to construct Q", which depends on a and v and ensures that
holds. The idea of combining approximation methods to enhance convergence rates also appears in a
broad range of techniques for computing expectations of the form E[f(X7)|Xo = x]. The Multi-Level
Monte Carlo (MLMC) method (see [11l [@]), which extends the statistical Romberg approach of [I3],
combines schemes with different and carefully chosen time steps to achieve higher-order approximations.
Similarly, the Richardson-Romberg method constructs high-order approximations by exploiting asymp-
totic expansions of the weak error (see, e.g., [I7]). Moreover, MLMC and Richardson-Romberg techniques
can be combined to further improve efficiency, as demonstrated in [I4]. Additional developments related
to these approaches are discussed in the non-exhaustive list of works [15] [7} [10] [1, 22]. We also refer the
reader to [4, T2, ] for further developments in the field of unbiased simulation method.
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The main goal of this article is to show that the result from [3], namely , is true with K = 0 meaning
that holds. We emphasize that Q&T is not necessarily a probability measure. When considering
total variation convergence for schemes on deterministic homogeneous time grids, several results already
exist. Essentially, those results prove the convergence in total variation with rate 1/n® assuming that
is satisfied. In contrast with the case K € N*, one way to prove total variation convergence is to use
regularization properties on the semigroups arising from X or X %, which are themselves obtained under
elliptic or Hérmander type assumptions. For instance, [6] addresses the scenario where 4 is the Euler
scheme of a homogeneous SDE satisfying weak uniform Hérmander property. That work also provides an
expansion of the error for bounded measurable test functions, enabling the use of Richardson-Romberg
extrapolation. Concerning generic schemes (which encompass the Euler scheme but also many more
buildings) of inhomogeneous SDE which are simply specified by a transition function, such as X o , some
results were also already established. In [5], the uniform elliptic case is studied, while in [19], the weak
local Hormander case is addressed. For generic schemes, an additional hypothesis with form is
required to achieve order « for the total variation convergence. It is worth noting that it is shown in [19]
that, even without assuming , the convergence in total variation error of such generic schemes to
X7 happens with at least order ?, € > 0, for any € > 0, under the same assumptions that guarantee
n

regularization properties.

However, the total variation order of convergence cannot go beyond the standard weak smooth order «
of the scheme given by . For instance, the Euler scheme cannot converge faster that % for the total
variation distance and the only way to improve the convergence remains to increase the value of n. The
interest of the article is to show how, without increasing n, in the weak uniform Hérmander setting, the
method proposed in [3] can be applied to improve the total variation order of convergence from nl to
n—l,, for any v even when considering only schemes of weak smooth order a with o < v.

In this paper, we do not discuss further the representation formula (1.4)). We refer to an alternative
equivalent representation, which only involves the discrete time semigroups

5 5 & z
Qiif(x) =E[f(Xy)[Xg" =], Vsitemn,
el
where X =7 is a short notation for X7 " where T = {k%, k € N}. The aforementioned representation
formula is given in (2.2)). Our approach is to show that (1.2)) can be obtained using an abstract Lindeberg
T

inspired decomposition combined with regularization properties satisfied by Qg (see Theorem ﬂ and

Theorem . Then, we propose sufficient assumption on the function 3 and ((Zjh)jeN*)he{l,..i,r}

T
such that the required regularization properties of Qg”lt hold under a weak uniform type Hormander

assumption. Those properties were demonstrated in [I9] and are restated in our context in Proposition
Combining those regularization properties with the result from Theorem we establish (1.2) in
the main result Theorem 2.11

The article is organized as follows. Section 2 introduces the framework under which Theorem is
established. Section 3 is devoted to the proof of Theorem In particular, we develop an abstract
framework to establish the convergence and derive the key intermediate results Theorem [3.I]and Theorem
2.2l

2. THE DISTANCE BETWEEN SEMIGROUPS

In this section we present our main result concerning the approximation of Pr by establishing (|1.2)
in Theorem We first introduce our framework, then the construction of ¥ and then state this
Theorem.

2.1. Framework.

Notations. Throughout this paper the following notations will prevail. We work on a probability space
(0, F,P). We fix T > 0 and n € N*. For | € N we will denote 8!, = T'/n! and for § > 0 we consider the
time grid 7% = {k6, k € N}, with the convention 7% = R, . We also fix the parameter o > 0, 5 € N and
v € N*. Along the article, we will also introduce the quantities m, p, £, k and q that depend on «, 3
and v.

For d € N*, we denote by M;(R?), the set of measurable and bounded functions defined on R¢ with
values in R. Moreover, C4(R?), ¢ € NU {400}, is the set of R-valued functions admitting derivatives
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up to order ¢ and such that all those derivatives (including order 0) are continuous and Cf(R?) (resp.
C4(RY), C{(R?)), ¢ € NU {+0oc}, is the set of functions belonging to C¢(R?) such that all the derivatives
(of order 0 to ¢) are bounded (resp. have compact support, are bounded in L, (Rd)).

For a multi-index v = (v%,--- ,7%) € N? we denote |y| = ' + ... + 4% and if f € CM(R?), we define
Nf = (o) .. (0" f = 8311 5‘;:f(x) Finally, we introduce the following norms for functions
f: RT — R, r-times differentiable with r € N: || f|loc == supgera |f(@)], || flloor = 21 107 fllso

£l = Jea lf @Az, [ fllLr =320 < 107 11

The approximated process. In this article, we aim to build a weak approximation for a solution of
(1.1). In other words, we aim to construct an approximation for the semigroup associated to (|1.1)) i.e.
(Pi,s)ogs<t) defined for ¢, s € Ry with s <¢, x € R4, by

Poif(z) = E[f(X¢)| X = x],

for every measurable function f from R? to R such that the expectation in the r.h.s. above is
well defined. Recall that our focus particularly lies on the case where f is a bounded and measurable
function but not necessarily smooth. We recall that since (X;);>0 is a Markov process, P satisfies a crucial
property called the semigroup property and which writes : For every s < u < ¢, we have P, , P, ; = Ps ;.

The approximation procedure. We first introduce the basic processes that we use to build an
approximation for P. For § € (0,1] we consider a sequence of independent random variables Z; €
RN, t € 7\ {0}, and we assume that Z?, are centered with E[Z)* Z>7] = 1, ; foreveryi,j € {1,...,N}.
We construct the R?-valued Markov process (X?),crs in the following way:
(2.1) X7 s =0(X],1,622),5,0), ten’, X{eR?

where

P € C®(REx Ry x RN x [0,1];RY) and V(z,t) € R x 7% 4(,t,0,0) = .

Let us now define the discrete time semigroup associated to (X?)ycns. For every measurable function
f from R? to R, and every = € R,

Vsters<t QL) = [ f0)Q e dy) = BT = al.

We notice that (XJ),crs is a Markov process and then Q° satisfies the semigroup property : For

every s,u,t € ™ with s < u < ¢, we have Q3 Q5 , = Q3 ,.

We are now in position to build Q”, the approximation of P with arbitrary weak order v > 0 b

1
using the family ((Qiﬂi)q tend! s<t)l . Notice that this procedure is introduced in ([3]) (where lb

’ < n ; <X EN
is demonstrated under suitable properties on Q%) and this section simply presents this method in our
context. We consider a non-homogeneous approach but this implies no further difficulties.
We define @ in the following recursive way: For [ € N and ¢ € 7752,

1+1 m(l)71 1+1
A 671. A(S’IL
(2.2) Qty,t+6£1 Wttt + Z It,t—i—éfﬂz’
i=1

with, for [ € N|

i
- 3 I1 o oPiY o o
tit+oli tj_1,t =Lt \ e —aht it tj—oht ey ) Ctittol)?

t:to<t1<...<tisw&;a“ﬁfl i=l1
with
v
H=|————
m (1) [(1+a)l+a—‘
p,)=v+[i—(1+a)I+1)(i-1)], Vie{l,...,m(l)—1}.
A 1+1
It is worth noting that if m (I) = 1, we have Qs = f;-%%' When m (I) > 1, the recursion also
A5l
ends and Qf’; 4ol is well-defined. This is a direct consequence of Proposition (see also Lemma 3.8.

in [3]). In particular, Q&T is well defined and can be built from the family ((in’)teﬂszn)le{l ...,y with
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The functional operator QQT = Qg o is then used as an approximation of Pr. On the numerical
viewpoint, a strong interest of this approach is that, in [3], the authors provide a random grid approach to
compute Qo 1 (see the representation formula . Furthermore, QO o can be computed with complexity
of order n in terms of the number of s1mulat10n of andom variables with the transition laws with form

. t+ﬁl ,t € 7, 1 € N that can be performed using 1) This allows to approximate QO o using a Monte
Carlo estimator where each sample requires an order n of simulations, similar to standard discretization
methods such as the Euler scheme with n time steps. The choice of t € 7 and [ € N for the simulation
is given by the random grid II; in the representation formula . We do not discuss further the
simulation and complexity of Q(”)T in this paper. It would be exactly similar to the study provided in
[3] since it does not depend on the test function f or its regularity and we refer to this article for more
details. We merely note that the estimator of QO r based on random grids, as proposed in [3] for smooth
f, remains applicable in our framework when f is only assumed to be bounded and measurable. In [3],
the authors established that holds for smooth f. The novelty of our approach lies in extending this
result to show that holds under the weaker assumption that f is simply bounded and measurable.

2.2. Main result. In this section, we present Theorem where we derive an estimate of the form
(1.2)), which holds for simply bounded and measurable test functions f.

We recall that for two probability measures p; and o on R? the total variation distance between p;
and uo is given by

1
dry (p1,p2) = sup  |u1(A) — p2(A)| = sup 2\# 1(f) — p2(f)]
AcB(R4) FEMH(RER), [ flloo <1
1
= sup Sl (f) = p2(f)

e (RIE) | flloos 2

where i1 (f) = Jga f(y)p1(dy) and similarly for ua(f), B(RY) is the Borel g-algebra on R?. The last
equality above is a direct consequence of the Lusin’s Theorem. In our setting, for a given z € R
Qg,T(z, dy) is not necessarily a probability measure. Nevertheless, by a slight abuse of terminology, we
will refer to as a total variation convergence result. We explicitly mean that the total variation
norm of the ﬁmte signed measure p"(dy) = QO +(x,dy) — Pr(z,dy), x € R%, tends to zero when n goes
to infinity.

2.2.1. Assumption. In this section, we introduce the assumptions that will be employed to establish the
total variation convergence result. We first assume that we have Vo = 9,¢(-,-,0,0)+3 Zi\il 9%4(-,-,0,0),
V; = 0.:¢(-,-,0,0), i € {1,..., N}. This assumption is actually not restrictive. Within our framework,
the convergence result we establish cannot occur under any other configuration (see Remark ) We
now present the precise set of hypotheses required to establish Theorem 2.1} In the following, n € N*
and 0 € (0, 1].

Hypotheses on ¢ and V;,i € {0..., N}. Approximation.
In this first part, we introduce the following short-time estimate assumptions. For n,l € N :

E, (). For every r € N, and every f € C’BM(Rd)

l a+1
(23> vt e 776"7 HPt t+6L f Qt 6L f”oo T C”f”oo,ﬁ+r (61 )

We also introduce a dual version of (2.3 . We specify that for a functional operator F' on M, (RY), we
denote by F* its dual operator satisfying, for every g € C°(R%) and f € My(R?), [p. g(z)F f(z)dz =
Jpa F*g(x) f(x)dz. For n,l e N :

E: (D). For every r € N, and every f € C/T"(R%), then
1 st Jx a—i—l
(24) Vt E 776”, || t+5’ f Qt‘;"_éixf”l’r C||f| ;B‘f"’” (61)

Hypotheses on ¢ and V;,i € {0..., N}. Regularity and Hérmander property.
We first consider a boundary assumption concerning the derivatives of ¢: For r € N*,




6 C. Rey

Al(r). There exists ©,. > 1,p,. € N such that for every (z,t,2,y) € R? x Ry x RY x [0,1],

r—|y* ="

(2.5) S O ) bt ) < D145 F ),
Y@+ =0 [y= [+]yv =1

Without loss of generality, we assume that the sequences (D, ),en+ and (p,)ren+ are non decreasing.
The second hypothesis we need on 9 is a uniform weak Hoérmander property on some vector fields we now
introduce. We denote the Lie bracket of two C! vector fields in R?, [-,-] : (C*(R4,R%))? — CO(R4,RY),
fi,fo= [f1, 2] =V f2f1 Vafifa.
We denote Vo = Vo — 2 SN V,ViVi. For a € {0,...,N}™ with m =: [|a]| € Nand V : R* x Ry — R?,
we define also V! usmg the recurrence relation V[(a’o)] = [Vo, VId] + 9,1l 4 %Zf\il[Vi, [Vi, VIe]]
and VIl = [V, VIl if j € {1,..., N} with the convention V1% = V. We are now in a position to

introduce our Hérmander hypothesm on ¢: For L € N, the order of our Hérmander condition, let us
define for every (x,t) € R? x Ry,

(2.6) Vi(x,t)=1A  inf 3 Z Vil (2, 1),

beRd,|b|,4=1
R [Plga a€{0,...,N}lal; i=1

H II<L

As(L). We introduce the uniform weak Hoérmander property of order L,
(2.7) Vr = inf inf Vp(z,t) > 0.
teER;L xeRe

When L = 0 this hypothesis is also called uniform ellipticity.

Remark 2.1. The reason we use the term Hérmander resides in the fact exactly corresponds
to the commonly known uniform weak Hormander property the solution to the SDE , written in
Stratonovich form as

(2.8) X, = X0+/Vo 5, S derZ/ s)odWi t>0,X,¢€R?

where odW{ stands for the Stratonovich integral w.rit. (W});>o0. When L = 0, (.) is also called
uniform elliptic property. It is worth noting that ' is equivalent to assume that R® is spanned by

{Vi[a](l’,t),l €{l,....,N},ac{0,..., N}l |la| < L} uniformly in (x,t) € R* x R, .
Hypotheses on Z°. Lebesgue lower bounded distributions. A first assumption concerns the
finiteness of the moment of Z%: For p=0:

Ag. For every p > 0,

(2.9) sup I[-E[|Z‘S ~] < o0.
tem®\{0},

A second assumption is made on the distribution of Z?. We suppose that the distribution of Z° is
Lebesgue lower bounded:

Ai. There exists z, = (2x,¢)ers taking its values in RY and ., 7, > 0 such that for every Borel set
A CRY and every t € 70\ {0},
(2.10) LS (exyrme)  P(Z) € A) > e e (AN B, (2:4))

where \¢ is the Lebesgue measure on RY.

2.2.2. Total variation convergence result. Under suitable assumptions on the approximation schemes
(X%)s>0 the next result shows the total variation convergence of Q{}‘T, built by using , towards
Prf(z) = E[f(Xr)|Xo = 2] where X is the solution to (2.8). Before we state this result we define
recursively, for [ € N,

(1,v) = max {/ﬁn(l), "ax {im(l + 1,p( m}} ,

with the convention max @ = —oo.
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1
Theorem 2.1. Let T >0, n e N*, LN, and q = k(0,v). We assume that Atls" (max(q + 3,2L + 5)),

As(L), Ag*l" and Ai’l" hold and that E, (1) and EZ (1) are satisfied for every | € N. If n is large enough,
then for every f € My(R?),

Cexp(CT)

. 1
(2.11) I1Prf—Q¢rflloo < ;||f||oow~

where T'(v) = inf {t € 71'5711,25 > T%} and n,C > 0 do not depend onn, T or f.

Remark 2.2. We recall that, for bounded and measurable f, we can build a Monte Carlo estimator for
QS)T f based on random grids similarly as in [3] when f is smooth. As expected, the complexity of the
algorithm is not affected but one may wonder about its variance. In [3], Theorem 4.4, the variance is
shown to be bounded when v is the Fuler scheme and f is smooth. The proof of this result exploits the
reqularity of f and the bound derived on the variance depends on the supremum norm of f but also of its
derivatives. Such a strategy is not appropriate when f is simply bounded and measurable and extension
to such results is not discussed in this article.

Example 2.1. Let us consider X = (X', X?), the solution of the 2-dimensional system of R valued
SDE, starting at point o = (z},22) € R? and given by

dX} =b(X} t)dt + (X}, t)dW;
dX}? =X}dt

where (Wi)i>o is a one dimensional standard Brownian motion, b and o continuous and bounded
and their derivatives of any order are also continuous and bounded. Moreover, let us assume that
0 = inf(,1 1yerxr, lo(xt,t)] # 0. This two-dimensional system naturally models position and velocity in
physical dynamics. It also arises in finance for the valuation of Asian options whose price depends on
the time average value, modeled by X2, of a financial object (e.g. a stock) modeled by X*.

In the setting from , we have Vg : (z,t) — (b(x,t),2') and Vi : (z,t) — (o(21,1),0). In this
example uniform ellipticity holds for X' since ¢ # 0. However ellipticity does not hold for X since
dim(span((c,0)))(x,t) <1 < 2 for any (z,t) € R? x Ry. Nevertheless, let us compute the Lie brackets.
In particular

Vo, Vi] : (2,t) = (Bpro(xt, t)b(zt,t) — Opb(at, t)o(xt, 1), —a (2!, 1)),

and, for o(z',t) # 0, span((c,0),(0,10b — dpibo + 00, —0)(x,t) = R? so that weak Hérmander
condition holds.

Now, let us consider the Euler scheme of X, given by (Xg’l,Xg’z) = x9 and by when we
consider the transition function

Y(x,t,2,y)" =z' + bz, t)y + oz, 1)z’
V(z,t,z,y)? =2® +2'y

for (z,t,2,y) € R2x R, x RxR,. Moreover, we choose ZEM €R, t € 7, independent and centered
with variance one, Lebesgue lower bounded distribution and moment of order three equal to zero. In this
setting, all the assumption from Theorem (with L =1, a =1 and § =4, v being chosen arbitrarily)
are verified. We give further details concerning the uniform weak Héormander hypothesis As(1). With
notations introduced in (@, for

1
Vi(z,t)=1A _inf  (Vi(x,t),b)2e + ([Vo — =V ViVi, Vi](x,t) + 0:Vi (1), b)2e
beR?, |b|yqa=1 2

. 1
=1A, it ((00) b)iiz + {(Oa10b = Onbo + S0°0}10 + 0,0, —0), b)Za (o' 1)

0.4

>1AC — .
L4 [BllSe 1 + llollSs 2

where C > 0 is a universal constant and then assumption As(1) holds. We are now in a position to
state our convergence result deduced from Theorem [2.]. For a fized time step § > 0, we introduce

Vs,t €m0, s < t, 0 if(@) =E[f(X])|X? = a].
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Given T > 0, n € N*, v > 0, we build ngT using and for n large enough, for every f €
My(R?), we have

Cexp(CT)

sup [E[f(X1)|Xo = 2] — Qf f (v)] S%W”“W’

rER2
where C' and 1 do not depend on n, T or f.

3. PROOF OF THEOREM [2.1]

In this section, we demonstrate our main theorem. The original approach we develop consists in two
step. First we consider abstract properties on the semigroups involved in our approximation result and
demonstrate a total variation convergence abstract result under these hypotheses. Then, we show that
in our framework the abstract properties and more specifically the regularization properties required on
the semigroups are satisfied (this result is actually established in [I9]). Then, we use the abstract total
variation convergence result to deduce (2.11]).

We emphasize that our semigroup approach is generic and can apply to any family of probability measures

used to build P or (Q‘;L) as long as they satisfy the semigroup property.
IeN

3.1. Total variation convergence from regularization properties of semigroup. In this section
we present the methodology to derive weak estimates based on short time estimate assumptions and
regularity assumptions on the semigroups P and Q°. When the semigroup preserves the regularity, the
weak estimate for smooth test function is established in Proposition [3.1] as a consequence of results
from [3]. The novelty of our approach is to demonstrate that if we assume that our semigroups satisfy
regularization properties, then we can derive total variation convergence results.We begin by introducing
abstract regularization properties on our semigroup. First, we suppose that the semigroups we study are
such that for every r € N with r < q = k(0,v), if f € C/(R?) then Ps.f € Cy (R?) and

(3.1) sup [Py ¢ fllr.co < Cllflr.c0-
t>5>0
Moreover, the approximation of P we consider in this paper is built from a family of discrete semigroups
! 6! st
Q= (Q%)ZEN = ((Qs’ni)s,tew‘;ln;sgt)lel\; such that for every f € Cj(R?) then Qg% f € Cj (R?) and
! st
(3.2) Vs,t €, s <ty Qoo < Cllflloo,r

We also consider a dual version of (3.1)) and (3.2). We assume that for every f € Cj(R?), then
P;,f € CI(R?) and

(3-3) sup [P, fllra < CIlf

t=2s>

1

l 1
and for the family of semigroups @ = <(Qi"’t) . ) ) Q‘}y* f € CI(RY) and
) s temdn;s<t lEN ’

l Sh o«
(3.4) Vst €mn,s <ty [|Qyy fllra < Cllf[lr1-

Using those properties combined with short time estimates (2.3)) and (2.4), we can establish weak
estimates in the case where f is a smooth test function.

Proposition 3.1. We have the following properties:

A. Assume that , and E,, (1) hold for everyl € {0,...,£}. Then, for everyl € {0,...,£—1}
and f € C{f(o’” (RY), we have

A _ Ay 1417
(3:5) E.(Lv) = BPraf = Qsis flloor < Cllflloomoytr———

for every t € 7r5iz, everyv € {1,...,l+ v} and every r € N such that k(l,v) +r < q.

B. Assume that , and EZ (1) hold for everyl € {0,...£}. Then, for everyl € {0,...£—1},
and f € cFOV)(RY)

)

% L * AU, * 14717
(3.6) En(l, v) = Vte 7T6"7 ||Pt,t+55Lf - QZ’H(;LJC”LT < C||f||1,n(l,u)+r7~

for every t € 7r5iz, every v € {1,...,l + v} and every r € N such that k(l,v) +r < q.
Notice that in both and (@, p = 0 is a constant that may depend on v and «.
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This result shows among others, that (1.5) holds with K = k(0,v). In addition, relying on its proof,
below, we observe that Qg,T is built using the family of semigroups Q‘;L with [ limited to {1,...,£}.

Proof of Proposition[3.1 The proof of this result relies on Lemma 2.4 in [3]. More precisely, assuming
that E,, (£ —1,v) and E* (£ —1,v) hold, the same argument as in Lemma 2.4 of [3] yields, for £ > 2, that
E, (€ —2,v) also holds. By a similar reasoning, one deduces ]:3; (€ —2,v). Tterating this step shows that
E,(I,v) and E*(I,v) are valid for all [ €0,...,£— 1.

Therefore, it remains to establish E n(£—1,v) and E* (£ —1,v), to which we now turn. We observe that

m(£—1) =1 so that Qt gt Qt;+

Moreover, following an argument similar to that used in the proof of Proposition 2.2 in [5], if one combines
the Lindeberg-type decomposition arising from the semigroup property,

5o (see 1' for every t € 7" and everyv € {1,...,£+v—1}.

e 5%
vter™ b 85 of = Qt 488 = ZQf t; —5‘3 —oLttt T Qtj—éﬁl,tj)Ptj,tMﬁ_l’

where tg =t and t; = to + j6f, and the assumptions @7 , (3.3), (3.4), E,.(£) and EZ (€), one
obtains that

1+7T7
H tt4+6L if = Qt 46t 1f||oo,r X CHfHOO ﬁ+rma
and
1477
|| ttrot f = tt+6£ 1f||1T\C||f||1f5+TW
Moreover, b(a+1) —1 > L+v—1,and S =kl —1,£+v—1) = ... = k(£ —1,1). Therefore,

E,(£—1,v) and EX (£ — 1, 1/) hold and the proof is completed.
O

The estimates derived in Proposition [3.1] still involve the derivatives of f in the upper bound. To address
this issue and establish the total variation convergence our approach consists in considering stronger
assumptions than (3.1 , . 3.3) and (3.4]) which we refer to as regularization properties. In concrete
applications, those propertles are not necessarlly satisfied by the discrete semigroup Q° but rather by
a family of functional operators that are sufficiently close to Q° in total variation norm. We refer to
this family, as a modification of Q°. It is not necessarily a semigroup. Consequently, this hypothesis is
formulated not only for discrete semigroups but for discrete families of functional operators.

Let ¢ €N, 7> 0and S > 0 be fixed. For § > 0, let (@}
We consider the following regularization property :

0, tens 15 De a family of functional operators.

For every r € N and every multi-index v with |y| + 7 < ¢, and f € C°(R?), then

C
(37) Rq,n,S(Qé) = VS,t S 7'('67t — S 2 S, Joe) < m”f”oo,

where C' does not depend on 4, f, n or S. In our approach we will not necessarily use directly
(3.7) but an estimate that it implies on the adjoint semigroup. Actually, remembering that ||f|; <
SUPge M, (RY),[lg]lo=1(9> f); We notice that Ry.5(Q°%) implies that for every 7 € N and every multi-index

v with |y + 7 < g and f € C(R%) N L*(RY)

(3.8) Vs,ternt—s>S, |

C
< WHJCHL

where C' does not depend on 4, f, n or S.

Assumptions (3.8 and are crucial to derive total variation convergence results. In essence, our
strategy is to apply the short time estimates not directly to the test function f, but to Q .07 f. This
requires controlling the supremum norm of Qs_rta”Y f and its derivatives. Fortunately, thls quantity is
itself controlled by the supremum norm of f by exploiting . As a result, only the supremum norm
of f appears in the final estimate, yielding a total variation convergence result. Nevertheless, we notice
that the control provided by is singular when s and ¢ are close. To handle this, we adopt a dual
approach, which necessitates both a dual short-time estimate and the dual regularization property .
Moreover, we introduce a threshold parameter S > 0 for our regularization properties. This threshold is
required because, in practical applications, the regularization properties can be established for any fixed
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S > 0, provided that ¢ is sufficiently small.

Using these hypotheses, we can derive the following crucial total variation convergence towards the
semigroup P with rate 1/n”.

Theorem 3.1. Let T > 0, n € N* and n > 0. Assume that (-/ (-) (-) and (-) hold and that
E, () and E;,(I) hold for every | € {1,...,£}. Moreover, assume that Rq , 70,)(Q 3L) and Rq 1) (P)

hold. Then, for every f € My(R?),
. 14T
I1Prf = Qe < 1 S

where T'(v) = inf {t € 7r5717r,t > T%} and p,C > 0 do not depend onn, T or f.

N 1
Proof. First we note that if @ > v, m(0) = £ =1 and we have Qf = Qg””T (see 1' and the proof is
similar to the one of Proposition 2.3 in [5]. In the following proof we thus consider the case m(0) > 1.
Step 1. The first step is to provide a representation formula for the semigroup (P;);>o which relies on
l
the family of semigroup ((Qf )t€7r5£1 )ien- In particular, we deduce from the semigroup property that, for
every t € 7752,
m(0)—1

5, 5, S
Pr=Qyr+ Z 17+ Ryl

with

st st s
n — n n
IT,z‘ - E : l_IQtJ 1,t;—01 (Pt‘—‘sn»% Qtjfdi,t) thT

0=to<...<t; <Texoh \I=1

and

5l A st 5l
RT,m = Z H Qtj—htj*fs»lm (Ptf_‘xlﬂti N Qtj*%,tj) By, ms

O=to<...<tm<Ter’n \I=!
where t; = j&}. Moreover, it follows from (2.2) that

st sol %
Iy = ol = > HQt, Lt =L (Ptréi,tj - Qtv—an, ) Qu'r

O=to<...<t; <Ter’n \J=1

Z Sy AP(i,0) Sy
- H ij 1,t;—6L (Pt'—fsm Qtj—égl,tj + Qtj—égl,tj =Pt chT’
0=to<...<t; <TEnn
which can be written in compact formulation
1 1 21 : 1 1 1
o — o = 3 ST e 8}k 5%
T,i 0,7 — tj—1,t;—0L ;=01 t; ty, T

O=to<...<t; <Tendn h=1 \J=1
ith, f fe {1, iy At e [P b PO p Importantl
with, for every j € {1,...,i}, , 61t Qt—égzy,tj’Qtj—s}l,tj — Py, _s1 4, ¢~ Importantly,
the case A woh S, = Py s Qt,_él for every j € {1,...,4} is excluded. Then, it follows from 1)
that, we have the representatlon formula
m(0)—1 211 i

Prf— QS,T == Z Z Z H QtJ 1,t5—8L f"jfsl it inT + Rg‘%m(())

=1 o—to<..<t; <Tendn N

Step 2. In this second step, we aim to estimate each term appearing in the representation formula
established in Step 1. Using this decomposition, it is sufficient to prove that

i
s sl 51 C(1+1TP) i
jl;[thj’_l,tj—a,g o, | Quinfl| S W\\fﬂoo/n” Y

o0
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and, for the remainder,

m(0)

3 3 C(1+17) Vi
H Qi 11,61 (Pta'—é}wtj - Qt;féi’t]) Broorf| < W”Jc”‘”/n .
j=1 -

1 Al 1
We focus on the study of Z?;(f)_l I:(Srfi — Ing,r The study of Ri}"m(o) is similar so we leave it out.

First we notice that, using the convention t;, = T + 8}, for j; = argsupjeqr, . ir1pit; — 8 —ti1}, we

have t;, — 6}, —t;,_1 > T(v) = inf {t emdnt> T%ﬂ)} (recall that m(0) = £).

Let f € C°(RY). We note that p(,0) € {(1+a)(1+1),...,v+ 1} since m(0) > 1. Moreover, using
Proposition the property E,(1,r) holds and then 1) holds with I = 1 and v = p(i,0). Using
successively this property and E,, (1) with (3.2)), it follows that

A
5, dp:h 5,
H Qtjfl,tjf(;,}lAtj*é}L,tj Qt{,,Tf
=1

o0
Jl_l 1 1 1 1 i 1 1 1
sl sl sl sl st sl sl
= H Qtj—lytj*%Atj*J}wtj (Qtji—lytji*5£,Atjf5%,,tji) H Qt.f—l»t]‘*%At.ﬁ%’% Qi f
j=1 J=Ji+1 oo
1 1 i 1 1 1
st sl 51 5l s
SEeH (AT Vi N N AT i Ko
j=ji+1 . A
I (i —1) max(8,x(1,p(:,0))),00
14177
j; —1 7
i PLG)
1 . 1
. hyo . . 0,.h _ AP(%,0) hi\ _ . 8, 5h _
with p;(j) = p(i,0) if Atj—ﬁ}l’tj = Qtjfé,ll,tj — Py s, and pif(j) = a + 1if Atjﬂs;,tj =Py —s1.1; —

1
Qf;‘_ 514, and p is a constant depending on v and « (and which may change value in the following lines

or according to i). Notice that it is not possible to have p?(j) = a + 1 for every j € {1,...,i} and that
there exists j; € {1,...,i}, such that

7
> PiG) = 5ip(i,0) + (i — j)(a+1) = v +i,
j=1

Now, for ¢ > 0, y € R?, we consider ¢.(y) = e p(c~1y) with ¢ € C(R9), ¢ > 0, ||¢|1 = 1 and for
a fixed 2 € R, we define ¢. . (y) = ¢.(z — y). Moreover, we denote

i
Sk O Sk LS
T _Atji_67111tji H Qtj—lvtj_érletJ_‘sylwtj Qu'r
J=Jji+1

Since we have l) and 1) inl t,—o1 I'; f belongs to Cp° (RY).

Similarly as earlier in the proof, since p (¢,0) < v + 1, it follows from Proposition that, E;‘L(l, V)
holds and then (3.6) holds with [ = 1 and v = p(4,0). Using successively this property and E* (1, p(i,0))
with (3.4), it follows that for a multi-index v € N¢, z € R?,

st . % 0L,
|8¥Qtj_1’tj75711rif(‘r)| = gll}%) |<Fz Qtj_itjfgylw/a’y(és,wv f>|
5 o 14+7TP
<Csu H " o7 B
- 5>18 Qtirhtn*% Geia (i—ji+1) max(8,k(1,p(4,0))),1 171loc n k)

Our concern is the case |y| < (j; — 1) max(5, (1, p(4,0))). Using Rq7n7T(,,)(Q5i) (see 1] and
more particularly the implication 1) on Q‘s}w*, it follows that,

%
s 51 h s 1 14177
n Ao n <C S —_—_
j|—|1 Qtj—htj—&ll tj—d%.t; Qti;Tf = i‘ig T(v)n Tsélﬂgi ||¢6,:13||1 Hf”oo nZ;:1 ()

o0
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and we conclude the estimate noticing that ZJ PrG) = v+iand ||z = ||6]l1 = 1 for every
r € RL

Step 3. We gather all the estimates together and the proof is completed as long as f € C.(R9).
The extension to f € M;(R?) follows from the Lusin’s theorem.
O

We now provide an extension of Theorem [3.1]in which the regularization hypothesis is not required for P
or Q‘s}v/ themselves but rather for some modifications of those semigroups close enough in total variation
norm. This result is usefull in concrete applications. For instance, it may happens that the measures
Q°(z,dy), » € R?, are not absolutely continuous w.r.t. the Lebesgue measure and then do not satisfy
the regularization property. This is also usefull in our approach to prove Theorem In particular we
will use a modification with form Q%? of which regularization properties are stated in Proposition

Proposition 3.2. Let T > 0, n € N* and n > 0. Assume that and and , hold and
that the short tz’me estimates E, (1) and E} (1) hold for everyl € {1,...,£}. Also, assume that there exists

a modification Q (respectively P) of Q‘S (resp. P) which satisfy ROL77 T(l,)( ) (resp. Rq ., T(l,)( ))
and such that for every f € My(R?) and every s,t € 7 t—s> T(v),

C(1 +TP)

51 75”1L —
(3.9) Qs f — Qgi flloo + [ Pspf — Pstflloo < W\\f”oo

where D can depend on v and a. Then, for every f € Mp(R9),
Ay C(1+1P)
1Prf—Qorflle < ||f||oo7~

T(v)n
where p,C > 0 do not depend on n, T or f.

Proof. The proof follows the same line as the one of the previous Theorem [3.I] Consequently, we only
focus on the specificity of this proof, avoiding arguments which are similar to the previous proof. In
particular we study, for every i € {1,...,m(0)},

”Qt TH t;-iél tJQtJ l,tj—élfHOO

Ji—1
6i n’ 751
<||Qt T H At —51 t.QtJ_l,tj—élAt —8L.t; Qtjfl,t ;=L H At —51 ity Qtj 1, —61 fHOO
Jj= Jr‘rl
n ol 6n h 6’}!. =n
+ ”Qt , T H At —6L.t; t] 1,t;—0% At 0Lt (Qtjil,tjiw Qt] —1,tj; —6}l>
Jj= J1+1

H Atj—él tJQt] 1,t;—6L Fllos-

The first term is studled similarly as in Theorem We use the same notations as introduced in
this proof. For the second term we use (3.9)) together with successive application of (3.2]) and it follows
that
C(1 + TP

T(v)"

C(1+1TP)
T(v)

1
Notice that the study of the remainder RS”T m(0) which appears in the proof of Proposition is
similar. Rearranging the terms completes the proof. (|

5 : 8L 1
”Qt:,T HAt’LEl t‘Qtjflytjf(;’lifHOO S ||f||°°nu+i + ”fHOO ,,
j=1

At this stage, we establish a total variation convergence result that requires the regularization property
only for the family of semigroups (Q‘S) s5-0> Father than for P itself. In the context of the proof of Theorem
[2:3] this approach allows us to formulate a set of assumptions that impose conditions exclusively on the
function ¢ and the random variables Z°, as in Theorem . More specifically, we consider the following
hypothesis:

Ra.n.n(Q)

For every [ € N*|
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Rgnn(Q)-. and (3.4) hold.

_ _ sl

Ry n.n(Q).il. There exists a modlﬁcatlon Q of Q% which satisfies Rq%T(V)(QS") (see lb and
such that: Vs, t € 70t — s > T(v),

(3.10) 1Q%f — QU flloe < Ct— 5) ”fy”fz

Theorem 3.2. Let T >0, n € N* and n > 0. Assume that Rq, »(Q) holds and that for every | € N*,
E, (1) and EX () hold. Then, for every f € My(R?),

N C(1+1T7)
(3.11) [1Prf — Q6 flle < ”f”mW’

where p,C = 0 do not depend on n, T or f.

Remark 3.1. The proof of the inequality is inspired from Theorem . However, we cannot
use directly this result, since we assume the regularization properties only on Q° and not for P. Note
that our method does not allow one to establish the same result under reqularization hypotheses on P
instead of Q°. The reason is that in our proof, P is built as the limit of Q° as § tends to zero, and such
an argument cannot be reversed because P itself does not depend on §.

Finally, we emphasize that this approach highlights that the limit semigroup P is uniquely determined.
In particular, in the setting of Theorem Vo = 0¥ (-, -, 0, 0)—|—% vazl 924(-,+,0,0), V; = 8,:9(-,+,0,0),
i€{l,...,N} as a consequence of Theorem 2.2 in [19].

l
Proof of Theorem[3.3 We fix n € N* and we study the sequence of discrete semigroups ((Qi’;) . ) .
7/ stemns<t leN*

l
Step 1. We show that for every bounded and measurable test function f, (QS"T f)l N is Cauchy in
, N
(My(R?),|.]l) and that, for I > £,
CTaJrl
T(v)r”
where C' is a constant depending on v and « (and which may change from line to line in the following
calculus).

(3.12) |rs - @3] < 5 11

For I’ > | € N*, following the Lindeberg decomposition yields

5t st 5! s
QO,(m—l)(S}L Q(nL—l)&}l,mé}L - Q(m—1)51 mélL Q moL Tf

n?

n

<2

‘OO m=1

sY o
Qo'rf — Qurf

‘ o0

Now notice that for g € Cf (Rd),

with, as a consequence of E, (1),

V

6"7,
Q(m—1)5

no

st
1 mglg Q (m—1)81 mglgH < Hp(m—1)6}L7m6,,1Lg - Q(;;_l)gkvmgigH
o0 o0

+ HP(m—l)S}L,mtslg Q (m—1)6%,

sk Ta+1
HP<m—1>5;,,m61L9 = Qm—1)51 msr 9 Lo S Cllgllo,s ot

if l=1.If [ > 1, as a consequence of E, () and (3.2),

Hp(m—l)éivm}lf - Q?&L*l)ﬁ},,,m(;}igHoo

mn!~!

ol ol
< Z Hp(m 1)8L,(u—1)8k (Q(Z’,l)%’u% - P@—l)éh,uéh) Qu%l"’mé}lgHoo
u=14+n!=1(m—1)
Ta+1
< Cllglloc 5 kot

Therefore, using (3.2)), E,,(I) and E,(I'), we obtain
Ta-l—l
HQ (m— 1)617m61g Q (m— 1)617m61~gH <C ||gH 0,8 nlaJrl
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In the same way we deduce from (3.4), EZ(!) and E (I') that

Toc+1

5w
HQ(m 1)81,mez9 — Q(mna;,m(s;gH nlatl’

_st _ sl
Combining those estimates with Rq’n,T(V)(Q(S") and qu’T(V)(QJ") together with (3.10)), the same
approach as in the proof of Proposition yields, for every f € My(R?),

c(+1Tr )
T(v)n

(3.13) ‘ Qi — Qs

] < 2l
o0

1
where p depends on [ and a. The sequence (QS”T f) is thus Cauchy in the Banach space
' lEN*

(My(R?),[|.]loc) and then lim; Qgiij exists and belongs to M (R?). Moreover, remember that as

1
soon as f € C® (Rd), 1} holds and then QSTT f converges to Prf as [ tends to infinity so that it is
also the case when f is simply bounded and measurable. Taking I > £ in (3.13]) and letting !’ tends to
infinity, if follows that (3.12]) holds.

Step 2. We now show that for every [ > £ and every f € My(R9),

C+T7)

(3.14) 195 = Q8 Sl < 7 11l S

where p may depend on v or a.

To begin, since [ > £, the triangle inequality implies that replacing P by Q% preserves the validity
of the short time estimates E,,(I') and EZ (I') for every I’ € {1,...,£}.
1

sl

(Qé"')) (see lb hold
ST 1

for a modification Qa" (resp. Q(S”) of Qon (resp. Q‘;L) which satisfies dj Therefore, all the

assumptions of Proposition are fulfilled when we replace P by Q‘SL, so that holds.

In addition, from [Rq.,.,,(Q).ii.} the property Rq , () (@5”) (resp. Rqy 1w

Step 3. We combine (3.12) and (3.14) and (3.11) follows.

O

3.2. Regularization properies of our the approximating semigroup. The following result is a
direct application of Theorem 2.1 in [I9] to our setting. It demonstrates that one can construct a
modification of Q° that satisfies the regularization property, and more generally ensures that Rq, n, T'(v) (@)
holds. Before stating the result, we introduce this modification. For s,t € 7%, s < ¢, § > 0, and G a
d-dimensional Gaussian random variable with mean 0 and covariance matrix identity and independent
of (Z,s)iens, we define

/ F)Q (x, dy) == E[f(X? + 6°G)|X? = ],

Proposition 3.3. Let L e N, S >0 and let f € Cg’o(Rd; R). Then we have the following properties: Let
q €N, let v,¢ € N? such that |y| + |¢| < q. Assume that Aj(max(q + 3,2L +5)), Aa(L), A and A§
hold and that § is small enough. Then, for every x € R* and s,t € w0 witht —s > S,
Cexp(C(t —s))

((t=s)Vo)r ’
where n > 0 and C > 0 do not depend on 6, S or f.Moreover
Cexp(C(t —s))

((t=s)Vr)"

(3.15) 105Q210Y f()| <I|flloo

1Q2.4f (x) = QUYL f (@) <67 flloe

where n > 0 and C > 0 do not depend on 6,S or f.

Now we are able to prove our main result.
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3.3.

Proof of Theorem The proof is now a direct consequence of the combination of the result

obtained in Section and Section More specifically, we have seen in Proposition that Q%7
verifies the regularization property. We also remark that (3.2) and (3.4) are satisfied as a consequence

of Theorem 4.2 in [19]. We chose S = T'(v) and 6 > v + £ so that Rq,,,(Q) holds if we set @5 = Q0.
The proof of (2.11)) is then an immediate consequence of Theorem |3.2
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