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ABSTRACT. In this article, we focus on computing the quantiles of a random variable f(X), where X is
a [0, 1]%-valued random variable, d € N*, and f : [0,1]¢ — R is a deterministic Lipschitz function. We
are particularly interested in scenarios where the cost of a single function evaluation is high, while the
law of X is assumed to be known. In this context, we propose a deterministic algorithm to compute
deterministic lower and upper bounds for the quantile of f(X) at a given level a € (0,1). With a fixed
budget of N function calls, we demonstrate that our algorithm achieves an exponential deterministic
convergence rate for d = 1 (O(p™V) with p € (0,1)) and a polynomial deterministic convergence rate for

R
d > 1 (O(N @-1)) and show the optimality of those rates. Furthermore, we design two algorithms,
depending on whether the Lipschitz constant of f is known or unknown.
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1. INTRODUCTION
In this article, we consider a Q := [0, 1]%-valued (d € N*) random variable X and a Lipschitz function

f:[0,1]¢ — R. We are interested in scenarios where the law of X is known and our focus lies on the
number of calls to f. This approach is relevant in situations where f incurs high computational cost,
while X is a random variable with well-known distribution, such as the uniform distribution. We propose

an algorithm that uses N € N* calls to f in order to compute an approximation of the a-order quantile
of f(X), a €(0,1), defined by

(L1) 4alf, X) =inf{l € R,B(F(X) < 1) > a}.

Our contribution is to provide, for any N € N*, a deterministic approximation ¢” (f, X) for ¢ (f, X)
and to demonstrate that (see Theorem and Theorem , the approximation error converges to zero
as N tends to infinity. More generally, we derive a deterministic rate of convergence for any sufficiently
large N. This rate has exponential nature for d = 1 (|¢¥ (f, X) — qa(f, X)| < Cp" with p € (0,1) and

C > 0) and has polynomial nature when d > 1 (|¢¥ (f, X) — ¢u(f, X)| < CN™ 71 with C > 0).

Quantile computation has a wide range of applications across various domains, including banking [?],
database optimization [?], sociology [?], binary classification [?] or sensor networks [?]. Additionally,
related challenges such as multivariate quantiles [?] or estimating the difference of quantiles at two given
levels [?] also warrant attention. It is worth mentioning that, many existing quantile estimation methods
are derived from the equivalent problems of minimizing loss functions [?],

4o (f, X) = arggin{aE[(f(X) — Y+l + 1A= )E[(f(X) —y)-1},
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in which we denote a4 := max{a,0} and a_ := max{—a,0} for a € R. For some applications, we refer
e.g., to quantile estimation methods designed in [?] or [?].

When computing quantity of interest related to the law of f(X), a common approach, when possible,
is to use the simulation based Monte Carlo methods. These techniques involve generating a large sample
of simulations (usually independent) of f(X) to approximate our quantity of interest. In our context,
an extensive literature is dedicated to performing quantile computation through Monte Carlo methods.
Under mild conditions, the Monte Carlo estimator of g, (f, X) typically satisfies a central limit theorem
with a weak convergence rate given by CN -3, Many endeavours aim to reduce the variance of these
estimators, represented by the constant C. The importance sampling approach, initially showcased in
[?], has since been developed further in subsequent works such as [?], [?], and [?]. Similarly, the design
of control variates can be adapted, as demonstrated in [?], [?], and [?]. Additionally, multi-level splitting
methods, as described in [?], [?], and [?], have been applied to quantile computation in [?].

Considering not only the nature or the value of the rate of convergence, our algorithm differs from a
standard Monte Carlo approach in the following way: Our algorithm is deterministic, meaning it does
not rely on simulations of random variables with form f(X). It simply calls the function f at some
specific points which are selected sequentially according to the law of X and to previous calls to f.
We thus manage to derive deterministic rates of convergence, whereas Monte Carlo methods provide
weak rates due to the convergence in law of the central limit theorem. Hence, we provide deterministic
upper and lower bounds for ¢, (f, X) while a Monte Carlo approach provides lower and upper bounds
by the way of a confidence interval. In particular, with Monte Carlo methods, there is a small, albeit
nonzero, probability that g, (f, X) lies outside the computed confidence interval. Moreover, with Monte
Carlo methods, the confidence interval is asymptotic in the limit N — +oo, whereas our deterministic
intervals are given for any finite IV larger than an explicit constant.

We design a first algorithm that requires evaluating f at specific points, as well as knowing its Lipschitz
constant for implementation, while a Monte Carlo approach only requires the ability to simulate f(X).
However, we also introduce a second algorithm, which requires that f is Lipschitz but does not need
to have access to the Lipschitz constant. These algorithms are inspired by the methodologies outlined
in [?], originally developed to approximate the minimum of a Lipschitz function. In this context, as in
our case, the rate of convergence depends on the dimension of 2, with exponential convergence when
d = 1 and polynomial convergence when d > 1. It is worth noting that these algorithms were further
adapted in [?] for the computation of failure probabilities, i.e., for calculating P(f(X) > ¢) for a given
¢ € R, when the Lipschitz constant of f is known. In this case, similar convergence regimes are observed
depending on the value of d.

Our approach employs a dichotomous strategy, leveraging the Lipschitz property of f to systematically
exclude certain regions R within [0,1]¢ where we know ¢, (f, X) ¢ f(R). By avoiding the evaluation
of f in these regions, we achieve convergence with the expected rate. When the Lipschitz constant
is unknown, we adopt similar but parallel computations. Each of them mimics the known Lipschitz
constant algorithm, but using exponentially increasing Lipschitz constant candidates. The number of
calls to f allocated to each candidate decreases as the candidate’s value increases. Remarkably, this
yields convergence rates of comparable order to the scenarios where the Lipschitz constants are known.

Furthermore, we establish the optimality of the deterministic rates achieved by the algorithms we
develop. In essence, under our framework, we show that any algorithm providing an approximation
N (f, X) for qu(f,X) (i.e., GY(f,X) is built by calling the function f at N points) converges, for
at least one triplet (f, X,a) in our framework, with deterministic rate not faster than exponential,
G (£, ) = qulf: X)| = G5, 5 € (0,1), when d = 1, and polynomial, |5 (£, X) — qa(f, X)| > CNTT,
C >0, when d > 1.

The article is presented in the following way. The algorithm for the computation of the approximation
g (f, X) for the quantile of order o of f(X) when the Lipschitz constant of f is known is exposed in
Section 2] Algorithm[2.1] Its convergence, along with expected rates, is addressed in Theorem In the
case of unknown Lipschitz constant, the algorithm is presented in Section[3] Algorithm [3:1]and the related
convergence result is presented in Theorem [3.1] The optimality of the rates of convergence achieved by
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Algorithms [2.1) and [3.1] is proved in Section [}, Propositions [£.1] and A numerical illustration of the
convergence of both algorithms is given in Section

2. COMPUTATION OF QUANTILE WITH KNOWN LIPSCHITZ CONSTANT

In this section, we design an algorithm for the computation of ¢, (f, X) when the Lipschitz constant of
f is known. We also prove convergence of this algorithm towards g, (f, X) with explicit rate (polynomial
or exponential regarding the value of d) in Theorem [2.1} This convergence is established under the
following assumptions concerning f, X and «. Notice that the exact same assumptions will be used in
the next Section when the Lipschitz constant is unknown.

(1) f:R% — R is a Lipschitz function: There exists L; > 0 such that
vmaye [Ov 1}‘1’ |f($)_f(y)| gLf‘m_thdv

where | - |ga is the usual Euclidean norm in R.

(2) Level set assumption : There exists M > 0 such that
V6 >0, Apep(z € (0,14 f(z) € [ga(f, X) = 6,qa(f, X) +68]) < M,
where Ay .}, is the usual Lebesgue measure.
2.1. Preliminaries. We begin by introducing standard elements and results that will be involved in the
definition and the proof of convergence of our algorithm. Our first step is to subdivide the set [0,1]%.

We begin by introducing the center points of our subdivisions. For k& € N, the level of the subdivision,
and i € {0,...,3% — 1}, we define

2i+1
k _
&= g
and for 8 € {0,...,3% — 1}, we focus on the following subdivision,
1 1 .
Dk _ 1 d ... k k 11 8j=3k-1
B {x6[07]7x.]€[dj 2><3k2,d:8]+2x3k)u{} }7

with notation {1}° = @ and {1}* = {1}. Notice that the subdivisions are distinct and Uge o, 3¢ _1}a D’g =
[0,1]¢. We also define 5’5 = SUP,epk |z — dg\ (dg = (d’g1 b ,d’gd)) and remark that 6’5 does not depend

on 3, so we simply denote 6% in the sequel. In particular, we have
dz 1
2 3k

d
ot =, + )

[ME

We are now in a position to introduce our approximation for g, (f, X). For k € N, we introduce

(2.1)  qu(f,X) =sup{f(d}),B € {0,...,3" = 1}7, > P(X € D) >1—a},
76{07"'a3k_1}d7f(d:)>f(d2)

with sup @ := infgerg, . 361} f(d’;;) It happens that g% (f, X) is the value returned by our algorithm
if it has enough budget to reach level of subdivision k (and not higher). When we want to emphasize
that the computation depends on the Lipschitz constant considered, we will denote qlzfya( f,X) instead

of g5 (f, X).

In definition 7 the computation is made on all 5 € {0, ...,3*—1}¢ which implies high computational
cost if q¥(f, X) is used naively as an approximation for ¢(f, X). We tackle this issue by introducing
a sequence IT¥ C {0,...,3* — 1}4, k € N, which is built recursively and such that, at step k, new
computations of f (d’é) are only made for 8 € II¥. Exploiting the Lipschitz property, we will show in
Lemmathat, we can replace {0,...,3% — 1} by IT* and f(d’j) by a well choosen value when v ¢ II*
in , without changing the definition of ¥ (f, X). We now introduce this alternative way of defining

ak (f, X).

Let us define TI° = {(0,...,0)} = {{0}?}, and §%(f, X) = f(d?o}d). Let us assume that for & € N,
we have access to II¥. We compute fg = f(dg)7 g e n* c {0,...,3* — 1} and if B ¢ II*, no
new computation is done and we choose f§ € {f(d})} U {f(d;ifl]),l € {1,...,k}, p70-1 ¢ k-1
where for 8 € {0,...,3% —1}¢, 37l = g and for k € N*, [ = 4 € {0,...,3*"1 — 1} such that
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vi=18]i€{l,...,d}, and =+ = (3=)~0 1 e N, < k.

We define recursively

(2.2) a5 (f,X) = sup{f(df), 6 € IT", > P(X € DY) > 1-a},
¥E{0,...,35— 1}, fE> f(dF)

and
(2:3) I = {36 4 {0,1,2}4,8 € ", f(dfy) € [ — 2Ls0", Gl + 2L 45"}
We will sometimes denote H’zf = II* and E]’nya(f,X) := G (f, X) to emphasize the fact that II* is
computed in (2.3)) using L; as a Lipschitz constant. In particular such a notation may be relevant when
we use an upper bound for Ly instead of its true value. Notice that is if we choose L > L' > Ly, we
have H'zf cIk, c H’z.

Due to the flexibility in the choice of fff, one might argue that g% (f, X) may differ w.r.t. the value

chosen for f$ In the following result, we show that all the definitions are actually equivalent. We also
prove that E]’]aa(f,X) = E[’zf,a(f,X) for L > Ly.

Lemma 2.1. For every k € N, the following assertions hold true.
A. The quantity q*(f, X) defined in (2.1) satisfies

(24)  qh(f,X) = inf{f(d5), B € {0,...,3" — 1}, 3 P(X € DY) > a}.
v€{0,...,3k =1}, f(dk)< f(dfy)
B. The quantity g% (f, X) defined in (2.2) satisfies
de(f, X) = inf{f(df), 8 € 11", > P(X € D) > a}.
76{07"‘73k_1}d1f}$<f(d§)
C. Moreover,
a5(f, X) = an(f, X).
Proof. Let us prove [A.] The result is immediate for £ = 0. We fix £ € N* and introduce
pk .= inf{f(d%),B € {0,...,3F — 1}, > P(X € D%) > a}.
7€{0,..., 3k —1}4 f(d&) < f(dF)
We remark that (denoting shortly q¥ := g% (f, X)),
P(X € U Dh) <a.

76{07"')3k_1}d7f(d§)<q§
Thus, since the subdivisions D’Wﬂ ~v € {0,..., 3k — 1}d, are distinct, then p’; = qf;. Moreover, by definition
of g%,

P(X € U Di)<1-a,
76{0,44.,3k—1}d,f(d5)>qﬁ
and it follows that
P(X € U DY) > a.

7€{0,...,38 —1}4, f(d%)<qk
Since there exists * € {0,...,3% —1}9, such that f(dg) = gk, we conclude that q© > pX . and the proof
of [A]is completed.

Now let us prove [C] The result is true for & = 0 and let us prove it for k£ € N*. Using definition
(2.1), we have g, (f, X) > q% — L;6*, and using the relationship (2.4)), we have g, (f, X) < g% + Ljé*.
Assume that there exists 8y ¢ II* such that qf = f(d’go). Using that 3y ¢ II*, we have

06" = S(d5 )] > 2Ly8" "
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Hence,
|40 (f, X) = f(d5,)| Z|a& " — f(dgoi[lu)\ - If(dgoi[lu) — F@E ) =108~ = ga(f, X))
>2L 0"t — 2L 6% — Lyo™ !
=Lt —2L;6% = L;o,
which is impossible due to the previous observation. In particular, we can replace the condition 8 €
{0,...,3* —1}4 by g € II¥ in . It remains to observe that f(d%) may be replaced by f as soon as

v ¢ TI*. Indeed, for such v, using the same calculus as above, f (di “h)—ak~tand f(d¥) — q% necessarily
have the same sign, and the proof of [C.]is completed. Using similar arguments, we obtain the proof of

Bl O

Furthermore, we can obtain an upper bound for the error between ¢, (f,X) and our estimator,
regarding that our algorithm reaches level k (and not higher), i.e., returns q~.

Lemma 2.2. For any k € N, we have
(2.5) 9o (f X) — ak| < Lyo".
Proof. This result follows directly from Lemma By applying ([2.1)), and noting that the subdivisions
Dk B € {0,...,3*~1}% are distinct, we obtain g, (f, X) > qF —L6*. Additionally, using the relationship
£4), we have qa(f. X) < q% + L ;5"

O

2.2. Algorithm and Main result. In this section, we introduce Algorithm 2.1 which is applicable when
the Lipschitz constant L, is known and establish its convergence in Theorem To build Algorithm
we leverage Lemma and return q¥(f, X) for k, the highest subdivision level achievable with a
global budget N. It is important to note that the knowledge of the constant M, which appears in the
level-set assumption , is not necessary to implement the algorithm.

Algorithm 2.1.
Fix N € N* the maximum number of calls to f

° = {(0,...,0)}.
k= 0.
Nean = 1.

While N,; < N
Compute f(df), 8 € IT* (When df = df;i[ll], the computation was already done before step k).

Set fé’“ = f(d/’g)7 for every 8 € II* and fg = fgfﬁ], for every B ¢ TIF .

Set
¢o (f, X) =sup{f(df), 5 € I", > P(X € D) >1-a}
76{07"'13k_1}d7f$>f(d§)
=inf{f(d}y), 8 € ¥, > P(X € DF) > a},

v€{0,...,3F =1}, fl < f(dk)

and ¢ (f, X) = 40 (f,X) — Lyo"gy (f. X) = ¢ (f. X) + Lyd".
Set

I = {36+ {0,1,2}%, 8 € II*, f(d}) € [¢) — Ly8", a5 + Ly8*]},

a_
and Ncau = NC&H + 33—dlCard(Hk+1).
Set =k+1.

End While
Return ¢ (f, X), gg(f, X), g (f, X).

We observe that to apply this algorithm, we need to have access to the law of X, or more specifically
to P(X € D’j), which is why this law is supposed to be known. When the probabilities P(X € D’W’“) are
unknown but X may be simulated easily, one can use a Monte Carlo approach for their computation,
which can be done once for all independently from the function f. We do not discuss further this
approach in this paper.



6 Gu, Y. and Rey, C.

The following result establishes the convergence of Algorithm with explicit upper bounds for the
errors exhibiting two regimes, exponential or polynomial, regarding that d =1 or d > 1.

Theorem 2.1. Let N € N*, and let ¢ (f, X), Qg and g2 be defined as in Algorithm E Assume that
and (2) hold. Then

(2.6) ¢a(f, X) € lgY (f, X), a3 (f, X)].
Moreover, if d = 1, then
(2.7) |2 (£,X) — a3 (£, X)| < Cp",

. 1 i —- s
with C = 5Ly3 fand p=3 .

Ifd>1and N > 1, then
28) 00 (f. X) — ¢ (£, X)| < C(N = 1)~ 77,
with C = %Lfd%(3dMLfd%)d%_

Remark 2.2. The above result can be extended to the case where the support of f is not restricted to [0, 1]¢
but to a Cartesian product of bounded intervals Q := [a1,b1] % ... X [aq, bg], b; > a; for i € {1,...,d}.
Indeed, if X € €, a rescaling can be used with the application of Algorlthm - to approximate gq( f, ),
the quantile of order a of f(X), for a Lipschitz function f defined on Q. In partlcular for every z € Q,
we can write f(z) = g(h(x)), with h(z); = #=% by defining, for every y € [0,1]%, g(y) = f(v(y ))
with v(y); = a; + (b; — al)yl Consequently, the functlon g is defined on [0,1]? and is Lipschitz with
Lipschitz constant L, < ¢1 Ly, with ¢; = sup{b; —a;,i € {1,...,d}}. Moreover, if f satisfies the level set
assumption,

V6>07 ALeb(xGth(x)e[qa(faX)_57QIx(faX)+5D<M57 M >0,
then, using the change of variables formula, for every § > 0, we have
ALeb (@ € [0,1]%, g(2) €[ga(g, M(X)) = 8, (g, h(X)) + 4])
=c2ALeb (% € 2, 9(h(2)) € [¢a(f, X) = 6,¢a(f, X) + )
<02M6,
with ¢g = H?Zl(bi — a;). In conclusion g, h(X) and « satisfy assumptions and and we can
apply Algorithm with the random variable h(X) instead of X and the function g instead of f to
produce approximations for g, (f, X). In particular
4a(f,X) = da(9,h(X)) € [¢7 (9, h(X)), 75 (g, H(X))],
and similar results as the those established in Theorem@hold with L replaced by ¢1 Ly and M replaced
by coe M in the upper bounds.

2.3. Proof of convergence of the algorithm. Our strategy consists in identifying the maximum level
k() such that Algorithm is sure to compute qg(N) given an initial budget of N calls to f. Then we
can use Lemma with k = k(N) and obtain the expected bounds.

To begin, for k£ € N, we introduce Nj the number of calls to the function f satisfying , in order to
compute g¥. Since each new subdivision of a set with form Dg yields 3¢ — 1 new calls to the function f,
we have

Ne=1+(3"—1 Z D Lela—2n st 2L 8
1=0 v€{0,...,3—1}4
In addition, we thus define k(N) := sup{k € N, N, < N}. Notice that k(N) depends on L;. When
necessary, we will emphasize this dependence denoting k(V, Ly) instead of k(IV).
The next result establishes some upper bounds for Ny with explicit dependence w.r.t. k.

Lemma 2.3. Let k € N. Assume that and hold.

If d =1, then
N <1+4MLyk.
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If d > 1, then
k(d—1) _ 1
d 13

Proof. First we remark that

e
|
—_

N =1+ 3%-1) Yo Lpa)ela—2L,8qh 2L,
~€{0,...,31—1}d

[}

N
—

=1+(3%-1)

(]

> 3L (D elqt —2rp6t g 421,81

1=0 y€{0,...,31—1}4

Il
=}

k—
<L+ (31 =1) ) 3"Apep(z € [0,1)9, f(2) € [ag — 3Lyd', ai, + 3Ly d')).
0

=

Now, we introduce rl, = 4L;'. Then, using the level set assumption and that [q}, — 3L;¢,q, +
3Ls8Y C lga(f, X) — L, qa(f, X) +1%]) as a consequence of Lemma we obtain

ALeb(x € [07 1}d7 f(x) € [qla - 3Lf5k7 qla + 3Lf5l]) <Mr¢lxv
and then

k—1
N <14 (3% —1) ) M3l
=0

k—1
<L+ (34— 1)2MLyd? Y 34D,
=0

We thus conclude easily depending on the value of d.

We are now in a position to derive a lower bound for k(N) that depends explicitly on N.

Lemma 2.4. Let N € N*. Assume that and hold.

If d =1, then
N -1
>
and
N 3 _N-1
(2.9) g0 (£, X) = ag™| < SLy37 T
If d > 1, then
In(N — 1) — In(3¢ML;d?)
E(N) > )
(W) > 1 (d—1)In(3) J
and
3 1, N-1 1
2.10 (£, X) ="M < SLpds (———— )77,
(210) ia7:3) =4 < Lo (o)
Proof. The proof of the lower bound on k() is a straightforward application of Lemma together
with §% = dggik Then 1' and (2.10) are derived as direct applications of Lemma ([

Proof of Theorem[2.1 . We remark that ¢2'(f, X) = q¥, giv(f, X) = q¢ — L{6* and that ) (f, X) =
q% + L% for k > k(N). Then the proof of (2.6) is a consequence of Lemma The proof and
follows directly from Lemma (see (2.9) and ([2.10)). O
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3. COMPUTATION OF QUANTILE WITH UNKNOWN LIPSCHITZ CONSTANT

In this Section, we design Algorithm which is adapted to the computation of g, (f, X) when the
Lipschitz constant of f is unknown and prove its convergence in Theorem [3.I] Similarly as when the
Lipischitz constant is known, we observe two regimes (exponential or polynomial) for the error rate
regarding the value of d.

3.1. Preliminaries. We suppose in this section that L is unknown and for j € N we introduce

Ly(j) =3,
as the candidates for the unknown Lipischitz constant Ly of f. Let us consider a given global budget N €
N, N > %2, and introduce Npq.(j, N) := L%J the respective budgets allocated for computations
that mimic Algorithm in the case the true Lipschitz constant is L¢(j). We also denote jpaq(N) =
sup{j € N, Nunao (. V) > 1} = sup{j € N,j < YE¥ 1} = [ VOV | -1,

™

Let us define I1*°(5) = {(0,...,0)} = {Od}, and q2(f,X) = f(‘_i({)o}d)' Assume that for k € N, we
compute (if necessary) fé“ = f(dg), RS U?’;‘{Iﬂo’k(j) and if § ¢ U;’;‘izﬂo’k(j), no new computation is
done and we choose fg = fg:ﬁ].

We now define recursively
(31)  ayF(f X) = sup{f(df), B € Uy VTR (), > P(X € DY) > 1—a},
¥€{0,....35—1}4, fE > £(d%)
and
M () = {38+ {0,1,2}%, B € I®*(5), £(df) € [a™ — 2L (5)6", ay® + 2L (5)0*]},
when k+1 < £(j,N), and
IR (5) = 3Tk (5) + (1,..., 1),

otherwise.
Notice that similarly to the known Lipischitz constant case, we have
(82)  ai*(f.X) = inf{f(df). f € Uy ToRG), > P(X € D}) > a},

v€{0,..., 8k =1}, fE f(dE)

and %% (f, X) is the value returned by our algorithm if it has enough budget to reach level of subdivision
k for, at least, one candidate j € {1,..., jmaz(N)}.

3.2. Algorithm and Main result. We now introduce our algorithm designed for the case where the
Lipschitz constant Ly of f is unknown. In line with the approach used when the Lipschitz constant is
known, the algorithm aims to compute q%*(f, X) for the highest possible attainable subdivision level k.

Algorithm 3.1.
Fix N € N* the maximum number of calls to f
° = {(0,...,0)}.
k=0
J={1,..., jmaz(N)}.
Set N.,11(j) =1 forall j € J.
While J # ()
Compute f(df), 5 € U;’;‘iw(N)H“k(j) (When dfj = d;i[lll, the computation was already done before

step k). ‘

Set fé’“ = f(d/’g,)7 for every 8 € Uﬁ-’;‘i”l‘[“’“(j) and flg = fgfﬁ“ for every 3 ¢ Uj’;‘fl‘[“’“(j) .

Set

N (£, X) =sup{f(d}), B € W3 IR (), 3y P(X € DF)>1—-a}
¥€{0,....88~1}4, f > f (df)
= inf{ f(df), 8 € Ujzsr TR (), 3 P(X € D¥) > a}.

v€{0,..., 8k =1}, fE f(dE)
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For jeJ
Set  TIPHHI(j) = {38+ {0,1,2}, 8 € T (j), F(d5) € [ — 2L, ()%, a2 + 2L (j)3"]}.
Neann(s) = Neann(d) + Sizlcard(ﬂo’kﬂ(j))-
Set If Ni.,11(J) > Ninaz(j, V).
J = J\{j}.
For j € {l,...,Jmax(N)}\ J
IR FL(5) = 3% (5) + (1,...,1).

Set k=k+1.

End While
Return ¢V (f, X).

The following result establishes the convergence of Algorithm [3.1] with explicit upper bound for the
error. We still exhibit exponential or polynomial regimes regarding that d = 1 or d > 1. Nevertheless, as
expected, the constants obtained (denoted p and C' in Theorem and Theorem provide a faster
convergence to zero for the error bound when the Lipschitz constant is known.

Theorem 3.1. Let N € N*, and let ¢>”V(f, X) be defined as in Algorithm Assume that and
hold with Ly > 1.

If d =1, then

laa(f, X) = g™ (f. X)| < Cp*,

1 - I(Ly)
with C' = 18Lf32MLf and p=3 ™e)

+2)2272 ML

Ifd>1,and N > T (428 + 2)2, then

|40 (f, X) = a2V (f, X)| < C(N = —(

N

with C' = 18L;d% (31 M Lyd? % ("ipf) + 2)%) 77

3.3. Proof of convergence of the algorithm. In this section, we focus on the proof of Theorem
B3] Our strategy involves selecting the Lipschitz constant candidate which is the closest to the true
Lipschitz constant from above. By leveraging the budget allocated to this candidate and the fact that
computations for other candidates do not affect convergence, we derive the expected result.

Recalling that L¢(j) = 37, j € N, we define the (unknown) quantity j* € N, such that L;(j* — 1) <
Ly < Lf(5*) with convention Ly(—1) = 0. In particular, l?éL?,f) << lnlf’(g)f) since Ly > 1.

The proof of Theorem is a consequence of Lemma thereafter, combined with the fact that
Ly(j*) € [Ly,3Ly). Indeed, let us introduce £(j, N) := k(Nmaz (4, N), L#(j)) when j € {0, ..., jmaz(N)}
(L(j,N) :=0for j > jmaz(N)). Then, given a budget of Nyqz(j, N) for the Lipschitz constant candidate
Ly (j), it follows from Lemma 2.4 that the highest level k attained for subdivision of the space satisfies k >
£(j, N). Assuming this highest level is exactly £(j, N), the proof of Theorem is a direct consequence
of Lemma [3.I] When this level is higher, the proof is similar and left to the reader.

Lemma 3.1. Assume that holds. Then, for every k € N, we have
(3.3) Iqa(f,X) _ qz,k| < 4Lf(j*)(5min(k’£(j*vN)).

Proof. First, let us consider the case j* > jae(N). In this case, ¢%* € f([0,1]¢) and the result follows
from the Lipschitz property of f since (5%, N) = 0.

Now let us assume that j* € {0,...,jmaz(IN)}. Let us first consider the case k < £(j*, N). We remark
that (using notation from ), Hff C lef(j*) = II*(5%) C U;’;‘gfﬂk(j). In particular, it follows that
a2k (f, X) = qff(j*) LX) = q’zha(f,X) = g% (f, X), and the result is a direct consequence of Lemma
2.2
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We now consider k > (5%, N). We first notice that if j > j*, £(j*, N) > ¢(j, N) and it is impossible that
qgjé(j*’N)(f,X) = f(dg(j*’l)) for v € H<> E(j* N)( §)\TI4GN) (%), Let us now show that for k > £(5*, N),
it is impossible that q%*(f, X) = f( o ) for 7, € TSN (5) \ TGN (%), Indeed, since v, ¢
45N () we have

("0 1)|>2L( )6€(j ) — 1

02 0" (0 = £y

: k
Moreover, let us notice that (qu(j*)’a
decreasing. In particular, we have

|98 U0 (f, X) = TN T X)| < 2L (57)60
Using the Lipischitz property of f yields
P = F(@9 )] < 2Ly (57)8 0N

— Ly(5%)0%)ken~ is increasing while (q’zf(j*)ﬁa + Ly (5%)0% ) ken- is

so, using the triangle inequality, we conclude that

057D, X) = Fd )] > 20,8507

We now assume that 3¢ " (f,X) < f(dfy(*j*’l)). It follows that

k k
3 P(X € DF) < > P(X € D7)
vE{0,...,38 =1}, fE> F(d50 ) 7€40,...,3%— 1}d’fe(][kNZ)(J*,l)i Ly (8T D21 (D)
k
< 3 P(X € DY)
’YE{O 3k 1}d,f[(J[k e, >f(de(7 l)) Lf(j*)ék(j*'l)
k
< S P(X € DF)
YE(0, BR =1} UL L > el T (,X)

= > P(X € D)
7€{0,..., 300" M) —1}d, £1OT N 5 g2 L0 (£ x)
<l—a,
where the last inequality is a direct consequence of definition (3.1)), and we conclude that q*(f, X) #
f(dg(f ’l)). When qo G0 (f X) = f(dy J Z)), we use the same approach, but apply definition lb

instead of . Now, we remark that for every j € {0,...,7*}, we have TI®*U7)(§) ¢ TI®*U7)(5*). Tt
follows froni the previous observation that for every k > £(j*, N),

0" N
0" (f, X) € f(Uﬁenaj*,N)Dﬁ(j M,

and
SR (£, X) — a0 (LX) < sup [ F(Y) — g 0N (£, X))
BETTLG™ N)
+ sup osup [f(dN) = f(a)]
BEM!G" M) 4g ptG ™)
<BLy(j7)6'V"

Hence, (3.3) is obtained by applying the triangle inequality and Lemma with k& = (5%, N) (remember
that a5V M (f, X) = q; (£, X)) O

4. OPTIMALITY

In this section, we aim to demonstrate the optimality of our algorithms. Specifically, we demonstrate
that, within our framework where and are assumed, it is impossible to construct lower and upper
deterministic bounds for ¢, (f, X) using N evaluation of f, such that the error (essentially the difference
between upper and lower bounds), converges faster than exponential or polynomial rate (given the value

of d) w.r.t. N.

Our approach consists in considering a generic algorithm which evaluates N € N* times the function
f:R? = R at some points (x!,...,2"V) € ([0,1]9)Y and which returns a measurable function of those
evaluations to compute ¢, (f, X), « (0, 1) with f, X and « satisfying (1)) and (2). We then propose a

function f, a random variable X and o € (0, 1) satisfying (1)) and . and for any choice of (z1,...,2zN),



Computation of quantiles 11

we build f such that f, X and « satisfies (1)) and . but also f( i) = f(z;) for every i € {1,...,N},
and |qa (f, X) — qa(f, X)| = CpN (p€ (0,1) and d =1) or CN~ T (when d>1), C' > 0. This property
is combined with the following observation: For any measurable g : RV — R,

lg(f(2"), .., F@™) = qa(f, X) =lg(f(z"), ..., F@™)) = qa(f, X)|
>ga(f, X) = qa(f, X)| = |g(F(@"), ..., F(™)) = qa(F, X)I.
It then follows that

max(lg(f(z!),.... f(@™)) = aal(f, X)) lg(fah), .., F(2™) = aa (. X)I) >%|qa(f,X) — qa(f, X)].

In other words, for any choice of measurable function g (referred to as an algorlthm) based on N
evaluations, we can construct two triplets (f, X, ) and (f, X, ) satlsfylng both (1)) and (2) and such
that, the error bounds studied in Theorems n and [3.1) (with ¢¥(f,X) or ¢% ( f,X) replaced by
g(f(xY),..., f(@™) for f € {f,f}), for at least one triplet, are lower bounded by Cp™ (p € (0,1)) or
CN _ﬁ, depending on the value of d. Thus, the exponential or polynomial convergence rates established
in these theorems cannot be improved within our framework.

4.1. Case d > 1. In this section, we are interested in the optimality of the polynomial convergence
obtained in Theorems [2.1] and B.1] for the case d > 1.

Proposition 4.1. Let d > 1. There exists C > 0 such that for every N € N*, every g : RV — R
measurable and every (z!,...,2") € ([0,1]%)V, there exists f, X, such that and hold and that

l9(F (@), f@N)) = ga(f. X)| > ON TS

Remark 4.1. This result shows that the rate of convergence obtained in Theorems and in the
case d > 1 is optimal. In other words, any algorithm other than ours can only improve (lower in this
case) the constant C' obtained in our deterministic upper bound of the error, but not the polynomial rate
N7, We notice that it remains compatible with the rate of convergence N 2 of Monte Carlo, because
the latter is a weak rate of convergence.

Proof. As explained at the beginning of this section, to prove this result, it is sufficient to build f, f:
[0,1] - R, X and « such that (f, X,a) and (f, X, @) both satisfy and (2) and that f(z;) = f(z;)
for every i € {1,...,N} and |¢a(f, X) — ¢u(f, X)| > CN~TT, C > 0.

Let X ~ Ul 1ja be a uniform random variable on [0,1]%, let & = § and let us introduce f : [0,1]¢ — R
such that f(x) =z for every & = (z1,...,x4) € [0,1]%. In this case qa(f_ X)=a=1.

To begin, 1t is straightforward to Verlfy that f satisfies assumption with Ly = 1. Let us verify

assurnptlon : Let 6 > 0. Since ¢o(f, X) = L, we have

ALeb(x € [07 Hd’.f(x) € [qa(va) _57qoc(f’X) +6D :)‘Leb(x € [07 1] » 1 € [1 d, 5 +5]) 26,

and 1’ holds for f,X and a = % with M = 2.

We now propose a construction for f. We introduce

C:={ze 0,1 f(x) = %} ={eel 1z = %}'

3d(d—1)
3

DI :={D%,DinC#0,8€{0,...,3 —1}%},

We focus on the case N = , the proof being similar otherwise. Let us define

and
~ . . . N . . .
DI :={DJ,DyNC#0,( 2" ¢ D}, Be{0,...,3 —1}%}.
i=1
In particular, j is defined in a way such that Card(D’) = 37(4=1) = 3N and then Card(D7) > 2N. We

are now in a position to introduce f. Let L > 1. For every z € [0,1]%, let us define

Fla) =)+ 1 Y inf Jr —yle,

— D~
D} eDi vEDs

with |2 — yloo := Supieqr,... ay [ = il
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We remark that the piecewise affine function h : z — ZD;-GDJ- infyngs |z — y|oo and f are both 1-
Lipschitz so that holds for f with L7 = L + 1. Let us now show that holds for f, X and a = %
with M < 4oc0. First, decomposing our computation on DJ and its complementary space, we obtain
(F,X) =6, (f, X)+0) = Y AMpeplw e DL, f(@) € lqy(F, X) = 6,1 (f, X) +4))

D’ ¢Di
+ Y Apeb(® € D%, f(x) € lqx (f, X) — 6,91 (f, X) +4))
D} eDj
=ALeb(® € Upj ¢ s D1 € a3 (F. X) = 8,43 (F, X) +0))

+ 37 Apep (- F(@) € las (F. X) — 6,93 (F. X) + 6])

ALeb(f(z) €lg

1 1
2 2

D} eDi
<20+ > Apep(@ € Do +Loinf |z —yloo € g1 (F, X) = 0, g3 (F, X) +3]).
DI eDi D}
B

Now, for Dé € D7, we remark that = — z1 + Linfyng | — y|oo defined on [??3 is a rescaled version
B

of the function f. : x — x1 + Linf g 1j¢ |7 — y[eo, = € [0, 1]¢. More particularly, for every z € D,

flz) =14 - 3; + 379 fu(39(z — dfé +32(1,...,1))). We also observe that f. is a.e differentiable, has

a piecewise constant gradient and satisfies |V fi (7)|ge > L—\/’El for a.e. x € [0,1]%. In addition, it follows

from the coarea formula (see Theorem 3.11 in [?]) that for every a > 0 and § > 0,

at+d 1
A ze0,1% f(z)ela—0d,a+6 z/ / ——— N (dz)dy,
Leb( [ ] ( ) [ ]) us f;l({y})m[o,l]d |Vf*(2)| ( )

where H?~1 stands for the (d — 1)-dimensional Hausdorff measure on R?. Moreover, f. is equal to
q3(f,X) on a polyhedral shaped set (i.e., f,'({gy(f, X)}) with finite (d — 1)-dimensional Hausdorff
measure that we denote H. Hence, taking a = q1 ( f ,X) and 0 small enough in the coarea formula yields
Vd

(F.X) = 6.3 (. X) +3]) < 28(H + 1) =

Meb(@ € [0.1)% f.(2) € [g Ve

1
Therefore, there exists M, such that for every 6 > 0, we have
ALeb(®@ € [0, 1%, fu(2) € [q1 (f, X) = 6,41 (f, X) +0]) < M.6.
Recalling that f is a rescaled version of f, and using the change of variables formula, it follows that for
D) e DI
B 9

Ao (@ € D3, f(a) € [q

1
2

(va) _57(]%(.}77)() +5])
Meplr € D373 (@~ + 21, 1)) € 30y (. X) — 8,87y (F.X) + 0]
=3I o (o € [0,1)%, 370 £, (2) € [37ay (F, X) — 6,39a3 (7, X) + ]

=M, 5377041,

Summing over all ng € D7, we obtain

D}eDi vEDj
and holds for f,X and oo = % with M = M, + 2 < +o0.

Moreover, for every i € {1,..., N}, we have z° ¢ D}, when Dy, € D7, so that f(z') = f(z*). In order
to conclude the proof, we are left to show that |g,(f, X) — qa(f7 X)| = CN~77 for C' > 0. We thus aim
to prove that there exists C' > 0 and L which does not depend on N and such that
1 1 1

P(f(X) < 5 FONTTT) < o

This implies that g1 (f,X) > 14 CN™ 771 = qu(f, X) + CN~ 77, which is the expected conclusion.

1
2
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1

From now, let us consider the fixed value C = ———
12(34-1-1)37—1

. We begin by noticing that
P 1 ~2A P 1 ~ 2 j j
P(f(X)< 5 +CONTTT) = Y P(fx)< 5 HONTTI|X € DYP(X € Dp)
B8€{0,...,3 —1}d

1 1 ; 4
< ) P < 5 TONTTT|X € D)P(X € Dy)
DY ¢Di
. 1 _1 ; ;
+ > P(Xi+L ;ngj X —yloo < 5 +CN™TT|X € DLP(X € D)).
D’eDi VT
We now study these two terms in the r.h.s. above. On the one hand, we observe that, when Dé ¢ Di ,

i i . 1 —i .
we have \djﬁl — % > 377, and since CN™ a1 < 37, we obtain

1 e :
P(Xi <5 +ONTTIX € Dg) =1y 1
and
1 1 . ; 1 3797, 1-37
—a-1 J J Y — _
ZMIE”(Xl SS+ONTTTX e DYP(X € D)) =P(X1 < 5 — ) = —5—
D;SQDJ
It follows that
1 _1 j o 1—377 idei 1 37
> P(X < 5 FONTTTIX € DLP(X € Df) <——— + N37/%3/(CN"77 + =)
D} ¢Di
IEEE R A S
2 3 2 6

On the other hand, we are going to show that

1 . _ —j
> P(X1+Linf [X -yl < 3+ ON~77|X € D))P(X € D}) < %
D} eDi veDj

and the proof will be completed. For u € (0, %), B €{0,...,3 —1}9 let us denote Dj’u = [dé1 -
w,dj +ul x ... x [dy —u,dj +u]. We remark that, when D7, € DY, then for every = € Dy} .,, we have
f(z) <o+ L(% —u) and d{al = 1. Using the independence of the components of X, it follows that
for Dé € D7,

1 .
P(X,+L inf |X —ylo <5 +CN™TT|X € D))
j 2 B

y¢D5

1 1 . .
<P(X, < 5 +CON ™1, X ¢ D X € D))

+P(X; < % +CN~TT — L(% ~u),X € D} |X € D))
1 1 1 o , , .
=P(Xi < 5 +ON"TT, X €[5 —u 5 +ullX € DOP(|J X ¢ (&), —u,d)) +u]|X € DY)
=2
+P(X; < % +CONTT X, ¢ [% —u, % +u]|X € DY)
1 e 37 . )
+P(X) < 5 +ON" 77 —L(- —u),X € D} |X € D})
g% - %(2u3j)d + 3/ min(u, CN~71)(1 — (2u37)41)
FFONTT L S b u)s + 3 (ONTTT — ),
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=

L

1 -3 . - ~ .
Since CN~ a1 < 12(3137,]1_1), we choose u = m?ﬁj and L > 6%57%, so we obtain, when Dé e D7,

1 .
P(X)+L inf |X —ylo < 5 +CON~TT|X € D)) <

1
y¢D} 6

Gathering all the terms together yields

_ 1 1 ; ; gl 37
Y B(Xi+L inf |X -yl < 5 TON T1|X € D})P(X € D)) < 3N3 e =
y¢D5

D’eDi
and
= 1 1 1
P(f(X) < 3 +CN T1) < 3
This implies that a1 (f,X) > %—l—C’N_ﬁ (with C = ———L1———) and the proof is completed. [

12(3¢-1-1)37-1

4.2. Case d = 1. In this Section, we are interested in the optimality of the exponential convergence
obtained in Theorems 2.1l and 3.1l in the case d = 1.

Proposition 4.2. Let d = 1. There exists C' > 0 and p € (0,1) such that for every N € N* every
g : RY — R measurable and every (z!,...,z") € [0,1]", there exists f, X, @ such that and hold
and that

lg(f(@h), ... f@™)) = aa(f, X)| = Cp".

Remark 4.2. This result shows that the exponential convergence obtained for the upper bound of the
error studied in Theorems and [3.I] in the case d = 1 is optimal in the sense that Proposition [.2]
provides a minorant for this error bound which also converges with exponential rate.

Proof. To prove this result, we adopt a similar strategy to the proof of Proposition in the case d > 1.
We aim to build fN,f :[0,1]* — R, X and « such that (f, X, ) and (f, X, a) both satisfy and
and that f(z;) = f(z;) for every i € {1,...,N} and |¢ua(f, X) — ga(f, X)| = Cp™, C >0, p € (0,1).

We consider X ~ U]y 1}, a uniform random variable on [0, 1] and introduce f : [0,1] — R such that
f(w) = x. We choose a = % so that qa(f7 X)= % We can easily verify that assumptions with Ly =1
and with M = 2 are satisfied by f, X and o = %

We now propose a construction for f. For p € (0,1), let us define Iy, := [2(1-p"),5(1+p")], and
forje{l,...,N}L L;—=[3(1—-p 1), 0-p)], L+ =20+ p),2Q+p Y and [; ;= I; _UI; .
We also define

DN = {I;,je{1,...,N +1}},

and

N
DN :={1e DN, (' ¢ I}.
i=1
We observe that Card(DV) = N + 1 and then Card(D7) > 1. We are now in a position to introduce f.
Let us consider an arbitrary Iy € DV and let L > 1 and define, for every x € [0,1]¢,

fla) = Fla) + L inf |~ 3.

We now show that and are satisfied by f,X and a = % We first remark that, the functions f and
x > inf g7 |2 —y| are 1-Lipischitz so that holds with L7 =L + 1. Moreover, f is a.e. differentiable

with piecewise constant derivatives and since L > 1, we have |%f(x)| > 15 > 0 for ae. z € [0,1].

Since f‘l(q% (f,X)}) is finite, it follows from the coarea formula that (2) holds for f, X and o = 1 with
M < 4o0.

We also observe that we have f(z') = f(z') for every i € {1,..., N}. In order to conclude the proof,
we show that, we can find C' >0, p€ (0,1) and L € (%Z, +00) (which do not depend on N) such that
lga(f, X) — qa(f, X)| = CpN. To this end, we prove that,

P(F(X) < 5+ Co) <

DN =
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First, we observe that, since f is L 4 1-Lipschitz, we have, for Iy € {I1,... Iy},

- 1 1
P(f(X) < 5T CpM) =P(X < 5T Cp", X ¢ 1)

1
+P(X +Linf | X —y| < 5 +Cp", X €I
y¢Io 2
1
<P(X < 5 +Cp™, X ¢ o)
. 1
+P(flen, ) = (L DIX —er, | <5+ CoN, X €I_)
N 1
+ P(f(cfu,+) - (L =+ 1)|X - CIU,+| g 5 =+ OpN7X S IO,+)7

inf{x€ly,_ }+sup{z€lp, _}

where ¢y, _ = (and similarly for ¢z, ) is the center point of Iy _. When
Iy = In41, we have similarly
7 1 N 1 N
P(f(X) < 5 +Cp ) <P(X < 50, X ¢ Int1)

+]P)(f(CIN+1)_(L+1)‘X_CIN+1| < +CpN7XEIN+1)'

1
2
Now, we study each terms appearing in the upper bounds of P(f(X) < % +Cp™N) above. For I; € DN,
we have,

1 1 1
P(X < 5+OpN,X¢Ij) =P(X < 5+OpN)—IP>(X< §+CpN,X€Ij)

1 1 1 .
<5+ PN —P(X € [5(1 = p"), 5 (1 +min(p™, 2Cp™ )T j=n 1

2 2

—P(X € I;,)Ljzpn+1
_1 CN_E in(o™. 200N Ny _ i ey
=5 T Cp" — 5 (min(p™, 2007) + p™ ) Lj=n1 5 LizeN+1-

Moreover, for Iy = I; € {I1,...In}

1 L l-p 1 Ll-p)—1-
He, ) =er, + 1 Inf SV RS P -1 L1 =) a
Yye 1

1
|Clj,,—y|—§ P 1 §+P 1 )

and similarly JE(CIJ',Jr) = % +pit M%HHP. In addition, when Iy = Iny1, we also compute (recall that
CIny1 = %)
~ 1 . 1
f(CIN+1):7+L inf |7_

1 1
=_+L-p".
2 y¢IN+1 2 yl 2 p

2
Exploiting those computations, it follows that for Iy = I; € {I1,...,In},

1

]P)(J;(Clj,f) —(L+1D)|X —cp, _|pe < 5

+CpN|X eI, )
1, Ll-p) —1-

P N
< — ey, > - P
SPOX —er,_fra 2 570 1 CpM)IX €1;,-)
2 2 jaLd-p)—1-p N
=(1 — — J—1 -C .
( pjfl(lfp)L+1(p 4 P )Jr)Jr
Then, using the Bayes formula yields,
~ 1
P(f(er, )=(L+ DIX e, fze < 5+ CpN, X e1; )
1 2 2 Ll-p)—1-—p .
<P M1 - p)(1 - — =t CpN
5P (L= p)( p]_l(l_p)LH( 4 p P )4)+
1 Ll-p)—1-p 4CpN i1
<,pJ11_p 1— pJ+
o AU T i@ n” )
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By a similar approach, we also derive
- 1
P(f(er, )L+ DIX —er, ra < 5 +Cp, X € I1)

<—pi 11— p)(1— — AN
R _|_20pr*]'+1
g j—1 P )
P L+1 +
In the same way, when Iy = In41,
N 1
]P(f(CIN+1) - (L + 1)|X701N+1‘Rd < 5 + CpNvX € IN+1)
1 L
<P(IX —cryyy|re 2 m(gﬂN - CPN)aX € Iny1)
2 L
N N N
= ——(=p" - C
" =g 75P P )+ )+
1
— cpl.
Sg? tpaer
We conclude that for Iy =I; € {I1,...,In},
PF(X) < s+ CpN) <t v oph —pt Lol Loy 4
2 2 2 L+1 L+1
1 L+5_, 5 L(L+1)(1-p)—2
gf C - ’
s tLar 7 2L+ 1)
and for IO = IN+17
P(F(X) < 2 +Cp™) <o+ CpN — 2pN 4 N 4 2 N
) ) 2 L+1 L+1
1 L+3  y L-1 4

2 L+1 " Toamtn”

It now remains to guarantee that both upper bounds we just derived are strictly lower than =. We
fix pe (0,1) and L € (1+p +00) so that (L+1) >0 and (L+1)(1—p)—2 > 0. Therefore, if C satlsﬁes
L+1)(1-p)—2 L-1

C < T am )

and p < p, then

~ 1
P(f(X) < 3 +CpM) <§;

which is the expected conclusion (choose for instance L=4, p=p = % and C' < Tls)

5. NUMERICAL ILLUSTRATION

To conclude this article, we propose a numerical illustration of Theorem [2:I]and Theorem 3.1} In both
cases, we propose an application for d =1 and d = 2. When d = 1, we expect to observe an exponential
convergence and when d = 2, we expect a polynomial convergence of order —. Let us present our

N
examples.

5.1. Exponential convergence First for d = 1, we consider X ~ N(5, 55 )1j0,1) @ Gaussian distribution
1

with mean 1, variance 5= and restricted to the interval [0,1]. The function f is defined on z € [0, 1] by
f(z) = 0.82 — 0.3 + exp(—11.5342"9) 4+ exp(—2(z — 0.9)?).
This function is studied in [?] for the approximation of failure probabilities. In particular, we have

Ly~ 1.61. We fix a =0.999. In this case ¢(f, X) ~ 1.3503.

In Figures|l| (A) and (B), we represent respectively

(51) 1n(|qoé(f7X)7q(]1V(va)|)a
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and

(52) IH(‘qa(f,X)—qg’N(f,X)D,

resulting from Algorithm 1] and B.I] w.r.t. N. Those quantities appear in blue while the red line
represents the linear approximation with slope respectively given by 1n(0.8453) for Figure (1| (A) and
by In(0.9988) for Figure 1| (B). In particular, we can infer the numerical approximation for p given by
p =~ 0.8453 for Algorithm and p ~ 0.9988 for Algorithm

—— Log of the error _5 e Lf:lg of the errc_:r .
—— Linear approximation —— Linear approximation
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FIGURE 1. Logarithm of the error of estimation of Algorithm (see Figure (A)) and
W (see Figure (B)) w.r.t. the number of observations.

The drawings are consistent with the results from Theorem and Theorem as both exhibit a
linearly decreasing behavior. This confirms the exponential nature of convergence for both algorithms.
However, in this practical case, Algorithm [2.I] shows faster numerical convergence, i.e., it has a smaller
p. This is expected, as in the unknown Lipschitz case, Algorithm [3:1] tests multiple Lipschitz constant
candidates and apply a similar implementation to Algorithm 2.1]for each candidate. The budget allocated
for each candidate is only a fraction of the total global budget, IV, allocated across all candidates.
Additionally, the piecewise constant behavior of the error w.r.t. N for both algorithms is also expected.
This occurs because our algorithms require a certain budget to subdivide more deeply the space [0, 1]
i.e., to progress from subdivision with depth & € N to depth k£ + 1. Until that budget is reached, the
algorithms will continue returning the same result.

5.2. Polynomial convergence. In a second step, we propose an example when d = 2. In this case,
we consider X = (X1, Xy) where X; and X, are independent and identically distributed under U 1y,
the uniform distribution on [0,1]. The function f is defined on z € [0,1]2 by f(z) = x1 + 2. In this
toy example, f is Lipschitz with Lipschitz constant L; = V2, f(X) follows the Irwin Hall distribution
of degree 2 and we know that ¢,(f,X) = 2 — \/2(1 — ). As before, we fix o = 0.999 and we have
do(f, X) ~ 1.9553.

In Figures [2| (A) and (B), we represent respectively the quantities (5.1) and ([5.2) resulting from
Algorithm and w.r.t. In(IN). Those quantities appear in blue while the red line represents the

linear approximation with slope respectively given by -1.4781 for Figure [2| (A) and by -0.7440 for Figure

(B).

The expected linear decreasing behavior with slope 1 = ﬁ is thus observed (to some extent) aligning
with the result from Theorem and Theorem [3.1] Similarly to the case when d = 1, we find that
while both algorithms exhibit similar convergence behavior, the numerical approximations converge more

quickly when the Lipschitz constant of f is known, i.e. when Algorithm is used.
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