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ABSTRACT. We present an abstract framework to establish smoothing properties for a class of inhomogeneous
discrete-time Markov processes. These properties, in turn, serve as a basis to demonstrate the existence
of density functions for our processes or more precisely, for regularized versions of them. We also use
them to show the convergence in total variation to the solution of a stochastic differential equation
as the time step between two observations of the discrete-time Markov processes tends to zero. The
distinctive feature of our methodology lies in the exploration of smoothing properties under some local
weak Hormander-type conditions satisfied by the discrete-time Markov processes. Moreover, these
Hoérmander properties are consistent with the standard local weak Hormander conditions satisfied by
the coefficients of the stochastic differential equations that arise as total variation limits of the discrete-
time Markov processes.
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1. INTRODUCTION

1.1. Context. In this article, we work on a probability space (Q, F,P) and for ¢ € (0,1] and d, N € N*,
we consider a sequence of independent random variables Z9 € RN, t € 7%* (we use the notations
7% := 0N and 7%* := §N*), which are assumed to be centered with an identity covariance matrix and
Lebesgue lower bounded distribution (see for the definition). Then, our focus lies on the R%-valued
discrete-time Markov process (X?),crs defined as follows:

(11) X?—‘ré = w(vata 5%Z1?+675)a te ﬂ-év Xg € Rd’

where ¢ : (z,t,2,y) = ¥(z,t,2,9) € C°(R? x R, x RY x [0,1];R?). Our primary challenge is to
demonstrate that, under suitable properties on 1), we can construct a process (Xf)te,ra that is arbitrarily
close to (X7?),cxs in total variation distance (for any fixed ¢ € 7%). Additionally, this process satisfies the
smoothing/regularization property: For every a, 8 € N¢, there exists C' : R? x 7%* — R, (which does
not depend on d) such that for every T € 7%*, 2 € R? and every f € C>(R%;R), bounded,

(1.2) 0207 £(X9)|X3 = 2]| < O, T) | fls-

A refined version of this result is exposed in Theorem[2.1] Relying on those regularization properties,
we can infer that X?, ¢t € 7%, admits a smooth density (see Corollary . A main application of those
results is provided in Theorem where we identify a total variation limit (along with explicit rate of
convergence) for X7, t € 7%, as ¢ tends to zero. This weak limit random variable is given by the solution,
at time ¢, of the Stochastic Differential Equation (SDE),

t N t
(1.3) Xt:X§+/ Vo(Xs,s)ds+Z/ Vi(Xs, 8)dW?,
0 =1 /0
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where (W})i>0,% € {1,...,N}) are N independent R-valued standard Brownian motions and Vj :=
By (., 0,0) + 1N 9%4(.,.,0,0), Vi = 8.9(.,.,0,0), i € {1,...,N}.
More particularly, we show that, for € > 0, for T' € 7%, T > 204, if Xo = X§ = 2 € R?,

dry (Law(Xr), Law(X4)) = sup ELF(Xr) - F(XJ)|Xo = X§ =]

f:Re—[—1,1],f measurable

1+ |z|ga
Wty PO

where ¢, C, ) are positive constants and Vp,(z) € (0,1] under a local weak Hérmander-type property
(of order L, see for details and definition of V) at initial point . Moreover, the rate § 3¢ can
be replaced by §'~¢ if the third order moments of Z?, t € 7%*, are supposed to be zero. In addition
€ can be set to 0 when the Hormander property is uniform. Consequently, X; admits a density which
can be approximated (uniformly on compact sets) by the one of X?. Similar estimates also hold for
the derivatives of the density. Those results are derived under polynomial type upper bounds on the
derivatives of 1 in conjunction with the aforementioned local weak Hormander-type property.

(1.4) <677°¢

Processes such as (X7 ),crs commonly arise in weak approximation problems, although the perspective
differs from that adopted in the present work. The problem is to consider a process (X;);>o that is a
solution to a given SDE similar to . Subsequently, the aim is to build the weak approximation process
(X?)1ers and then compute an approximation for E[f(X;)] by means of E[f(X?)]. Two interconnected
questions naturally arise. First, what is the rate of convergence of the approximation as ¢ tends to
zero? Second, for which class of functions f does this rate hold? Among others, this paper addresses
those questions by providing an upper bound for the total variation distance (that is when f is bounded
and measurable) with rate ¢ 3¢, It is worth noting that this rate could be improved to §'~¢ or even
0™m=¢, m € N, regarding some conditions on Zf ,t € m* and 1. Considering smooth f bounded with
bounded derivatives up to some given order, it is well established that the weak convergence of the
Euler scheme (¢(x,t, z,y) = Vo(z, t)y + Zf;l V;(z,t)2%) occurs with rate & (see [32]), but various higher
order methods (see e.g. [31], [23], [1]) propose better rates (that we refer to as weak smooth rates).
This naturally raises the following question. Do these weak smooth rates still apply to convergence in
total variation? In the case of the Euler scheme with Gaussian increments, the convergence in total
variation with order § is established in [§] in a homogeneous and uniform weak Hérmander setting. For
higher order methods, a solution combining the use of existing results concerning weak smooth rates and
regularization properties similar to is provided in [7]. In this article, it is shown that for (X?),cs
defined as in , the total variation rate aligns with the weak smooth rate under the restriction that
1 has smooth derivatives and satisfies a uniform elliptic property (i.e. uniform Hérmander property of
order 0): For every (z,t) € R x Ry, span(V;,i € {1,...,N})(z,t) = R%

The results [8] and [7] offer first insights for establishing convergence in total variation under Hérmander-
type conditions for processes satisfying . The complexity of our approach relies both on the abstract
definition and in the weak Hormander properties at any order L considered in a local setting.
To provide clarity on our intentions, let us give some more details. To begin, we give an alternative
formulation of by employing the Stratonovich integral:

t N t
(1.5) Xt:Xng/ I_/O(Xs,s)ds—i—Z/ Vi(X,, s) o dW?,
0 i=1 70

with Vo = Vp — %Zfil V.ViVi. In this article, Vo, Vi,i € {1,...,N}) and their derivatives are
supposed to have polynomial growth in the space variable except for the order one derivatives in space
which are simply bounded so that the existence of an a.s. unique solution to is guaranteed. The in-
finitesimal generator of the Markov process (X;);>0 is expressed as A = Vy+ 1 Zi\; (Vi)? where for a test
function f, we use the abuse of notation Vg f = (Vi, Vf)ge and similarly for V; f. As demonstrated in the
seminal work [I8], the hypoellipticity of A4+9; and then the existence of a smooth density for X; is closely
related to the dimension of some Lie algebras generated with the vector fields Vp, V;, i € {1,...,N}. This
type of properties are referred to as Hérmander conditions, which we now introduce.

We consider, for fixed t > 0, the vector fields on R? given by, = +— Vy(x,t) and z = Vi(w,t), i €
{1,..., N}. Subsequently, we introduce the extended vector fields on RY x R, denoted by Vi : (z,t) —
(Vo(z,t),1) and Vi ; : (z,t) — (Vi(z,t),0), ¢ € {1,..., N}. In particular, the following relationship on the
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Lie bracket holds: For V, W, two vector fields in {Vp, V4,...,Vy}and (z,t) € R* xR, j € {1,...,d+1},
the j-th components of [V,, W,] satisfies

Vi, Wi (2, ) =(V WV (2,t) = V. VW (2, 1)) + O, WIVI (2, t) — 0, VIWIT (2, 1)
=V, Wl (z,t) + OWIVIH (a,t) — 9 VIWIT (1),

It is worth noting that x — [V, W](x,t) is a vector field on R? and we use convention [V, W]+l = 0.
We are now in a position to present the Hormander properties which mainly consist in assuming that
the vector fields generated by the Lie brackets are full in R%. Various versions of Hérmander properties
appear in the literature serving to prove hypoellipticity. We try to give a brief overview. Let us introduce

VO —(v.,ie{l,...,N}}.
VI =V UV, V], Ve VI € {1, .NLV € V) ne N,

Similarly, we define V(") n € N, in the same way but with ‘7*70 (respectively Vi 1, ..., Vi n) replaced
by Vo (resp. Vi,...,Vn). The weak local Hérmander assumption (at initial point (Xy = ,0)) in an
inhomogeneous setting (i.e. when Vp,...,Vy depend on time), which is the one we use in this paper,
consists in assuming that

span( f:OVgn) (z,0)) = R4

In the homogeneous setting (i.e. Vp, Vi,...,Vn do not depend on the time component), it consists
in assuming that: span(U2,V()(z,0) = R? (see e.g. [21]). Obviously, if the coefficients Vp, Vi, ..., Vy
do not depend on the time component, this last condition is equivalent to assume that span(Uj2 oV, , U
(0,...,0,1))(x,0) = R4+,

Notice that, when span(V(O)) = R?, we are in the elliptic setting. The hypothesis is referred to as "local"

Hormander because VSG") is considered at the initial point (Xo = z,0). In the case where, uniformly

in (u,t) € R? x Ry, we have span( ?:OVin))(u,t) = R¥*! we refer to it as "uniform" Hérmander
property. The term "weak" Hormander pertains to the definition of v (or V(™) which differs from the
"strong" Hormander property where f/*,o is replaced by 0 in the computation of V&n). The investigation
of Hérmander properties in an inhomogeneous setting is, for example, conducted to prove existence of
smooth density in [I2] or [I3] for the weak uniform setting, in [I1] for the strong local setting or in
[19] or [28] for the weak local setting. For the homogeneous case, refer e.g. to [21], [25], [6] or [27] for
applications of local weak Hérmander properties. We finally point out that, by Remark 2.1. in [33],
concerning the uniform Hormander setting for SDE with inhomogeneous coefficient, hypoellipticity may
not hold if only span(Ue V() = RZ.

The results presented in this paper offer, among others, the opportunity to extend the abstract framework
from [7] so that, it can be applied to the total variation approximation of inhomogeneous SDEs having
polynomial bounds on their coefficients and their derivatives and satisfying the usual weak local Hérmander
property. In terms of the function ), it simply consists in supposing a weak local Hérmander-type
property (see (2.5))) and assuming polynomial growth properties on the derivatives of 1 (see and
(2.3)). In the homogeneous case, those assumptions are similar to the ones made in [2I] concerning the
coefficients of (1.5)). We also highlight that the regularization properties established in this current paper
(see Theorem [2.1]), enable us to demonstrate that the total variation rate of convergence in the local
weak hypoelliptic setting, mimicks the weak smooth rate. (see Remark . Total variation convergence
with high rates of convergence can thus be obtained for the methods presented e.g. in [31], [23] or [I].

Similar results have previously been explored but only restricted to the case where (Z?);c,s.- is made
of standard Gaussian variables and for some specific ¢ (see e.g. [§] when ¢ is the Euler scheme of
a homogeneous SDE satisfying weak uniform Hormander property). In particular standard Malliavin
calculus can be applied to derive convergence in total variation. It is worth mentioning that analogous
results are also investigated under a different (and weaker) condition from the Hérmander one, called
the UFG condition, but we do not discuss this type of hypothesis in this paper (see e.g. [20] for an
order two rate scheme still in the homogeneous setting). In [8], the methodology differs from ours in the
sense that the estimates are obtained relying on the proximity (in the L”-sense for Sobolev norms built
with Malliavin derivatives) between a well chosen coupling of the scheme (X7 );crs and the limit (X¢)s>0
which satisfies standard regularization results under suitable properties (see e.g. [21]). More particularly,
a continuous time version of (X?),crs which satisfies a similar SDE as (but with frozen coefficients)
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can be built. In this Gaussian context, the Malliavin calculus techniques are well known and used by
the authors to bound the Sobolev norms. Conversely, our approach is self-contained and regularization
properties for (X?);cqs are derived without using the ones satisfied by (X;);>0. Our techniques draw
inspiration from Malliavin calculus, while being tailored to a discrete framework and extending beyond
the Gaussian case, as the law of (Z9),c.s.- may be arbitrary. Due to the liberty granted to the choice
of ¥ and to the law of (Z?);crs.+, our result may be seen as an invariance principle. In particular, the
law of X; depends on v only through its first order derivative in y and first and second order derivatives
in z evaluated at some points (z,t,0,0), with 2 € R? ¢ > 0. Hence a similar limit is reached for a large

class of function ¢ and random variables (Z¢);cs.-

1.2. Organization of the paper. Section [2| presents the main results of this paper, namely Theorem
[2:1] Corollary 23] and Theorem [2.2] These results focus on the regularization properties of discrete-time
Markov processes of the form and on the invariance principle they satisfy. Section [3| develops a
Malliavin-inspired discrete differential calculus, which constitutes the main analytical tool used to prove
the results stated in Section [2| In particular, in Theorem we establish some crucial regularization
properties for a well-chosen modification of Q°. Finally, Section [4] is devoted to establishing estimates
on Malliavin-Sobolev norms and moments of the Malliavin covariance matrix. These estimatesare the
main ingredient of proof of Theorem [3.4]

1.3. Notations. We denote by M(R9) (respectively My (R?)), the set of measurable (resp. measurable
and bounded) functions defined on R?. For ¢ € N, C/(R?) (resp. C(R?), CI,(R)), ¢ € NU {+0o0}, is

pol
the set of functions belonging to C?(R9) such that all the derivatives (of order 0 to q) are bounded (resp.
have compact support, have polynomial growth). We will also denote M (R?; R) for the set of measurable
functions defined on R? and taking values in R (and similarly for other sets of functions defined above).
When dealing with functions defined and taking values on Hilbert spaces, we introduce some notations:
Let H,H' be two Hilbert spaces. For f : H — H’ and uw € H, the directional derivative 2, f of
f along w is given by (when it exists) 2, f(z) := lime_q M for every x € H. When f
is Fréchet differentiable, we recall that its derivative u — %, f(z) is a linear application from H to
H' that we simply denote 2 f(x). When H' = R, 2 f(x) is uniquely defined by Riesz theorem and
for every u € H, 2, f(x) = (2 f(x),u)n. For f € My(R%:RY), we introduce the supremum norm
[ £lloo = supyega |f(%)|gar with |.|ges the standard Euclidean norm on R% . When f takes values in R xd",

we denote || f|lger = supgega;¢) , =1 [f€|rar. For a multi-index o = (a',---,a?) € N? we denote |a| =
! R

a'+..+al, |lal| = dandif f € Cl/(R?), we define 8 f = 82 f(x) = 8% ... 8% f(x). Also, for € N¥', we
define (o, 8) = (o, -+ ,a%, B,..., %), In addition, we also denote V. f = (Owi fi) (i) ef1,.ndr Y x{1,....d}
for the Jacobian matrix of f and V2 f = ((9, Dt [ jyef1, .t x{1,....dy Jie{1,....a'y for the Hessian matrix
of f. In particular, for v € R? vTV2 f ¢ R %4 and (WT V2 f)yd = Z;izl 0,041 fiv'. We include the
multi-index o = (0, ...,0) and in this case 9% f = f.

In addition, in our estimates, C stands for a constant which can change from line to line, and given some
parameter ¥ = (¥1,...,9;) € R, | € N, we sometimes emphasize the dependence of a constant C w.r.t.
¥ by denoting C(9) (or by stating that the constant depends on ¥J) implying also that the constant can
possibly tend to infinity if ¥; tends to infinity for some i € {1,...,l}. When we state that a constant
depends on the moments of the random variables Z?,t € w®* ¢ < T, we precisely mean that it depends
on the moments up to a given order that itself does not depend on d, T or X{. Also, 1, stands for the
Kronecker symbol, meaning 1,5, = 1 if @ = b and is zero otherwise.

Finally, for a discrete-time process (Y;);cqs, we denote by FY = o(Y,,w € 7, w < t) the sigma
algebra generated by Y until time ¢. Also, for a random variable F, we adopt the short notation
E.[F] =E[F|Xo = X{ = z].

)

2. MAIN RESULTS

In this section, we present our main result about the regularization properties of (X?);c 5. Once the
regularization results are established (Theorem [2.1]), we infer the existence of a total variation limit for
Xf, for fixed t € 7%, in terms of a solution to a specific SDE (Theorem [2.2]).

2.1. A Class of Markov Semigroups.
Definition of the semigroups. For ¢ € (0,1] and N € N*, we consider a sequence_of i_ndependent
random variables Z{ € RV, t € 7%*, and we assume that Z, are centered with E[Zf’lZf"]] =1,  for
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every i,j € N := {1,..., N} and every t € 7>*. We construct the R-valued Markov process (X} );cs
in the following way:

(2.1) Xps=0(XP 4,02 2),5,0), ten’, X§=x}eR
where
Y € C®(RYx Ry x RY x [0,1;R?) and V(z,t) € R? x Wé,w(x,t,O,O) = .

Let us now define the discrete-time semigroup associated to (X7?);c.s. For every measurable function
f from R to R, and every x € R,

ver  Qif@) = [ f0)Qiw.dy) = BLFCX)IG = al.

We will obtain regularization properties for modifications of this discrete semigroup. Our approach relies
on some hypothesis on ¥ and Z% we now present.

Hypothesis on ©. Polynomial growth and Hormander property. We first consider a polynomial
growth assumption concerning the derivatives of ¢: We introduce some non-decreasing sequences (K )4en-
a’nd (pq)QGN*a Kq > l,pq S N For r & N*7
A‘{(r). We assume that for every (z,t,2,y) € R? x Ry x RY x [0, 1],
r r—la®|—|a’|
x t z 1 _ pr
(22) S 1o 0 0y st zy) <KL+ 2[R+ 57 F 2[R,

o7 [+t [=0 [a* [ +]av|=1
(2.3)

d
{Z ‘8z18yw|Rd + Z |a:vlaz”/)|]Rd + Z |axlaziazj'(/)|]l§d}(w7tv Zy y) < K3(1 + 6_1%3 |Z|£?v)
=1 ieN i,jEN

We denote A(+o00) when Ad(r) is satisfied for every r € N*. We note that we obtain exactly the
same results if we add K3 6~ *[y| in the r.h.s. of (2.3), or if we add K, d~!|y| in the r.h.s. of (2.2). This
is due to the fact that the function 1 is only used for y = § (or y = C§, C < 1) so the assumptions above
are then satisfied replacing K3 (respectively K,.) by 2 K3 (respectively 2K,.). Also, we do not give the
explicit dependence of the r.h.s of or w.r.t. the variable ¢ because in our results, ¢ is taken in
a compact interval of the form [0, T].

At this point, let us observe that we can compare this assumption with the one in [21I] where the authors
directly study the existence of the density of the solution of by means of standard Malliavin calculus
but when coefficients do not depend on time. Taking 1 linear in its third and fourth variable, and
homogeneous, i.e. ¥ : (z,t,2,y) = x4+ Vo(z)y + > ;e Vi(®)2" then, exactly Af(4o00) is the regularity
assumption made on Vp,...,Vy in [2I] (combined with a weak local Hérmander property) to derive

similar estimates as ([2.1)) in Corollary

The second hypothesis we need on v is local weak Hormander property on some vector fields we now
introduce. We denote the Lie bracket of two C* vector fields in R?, [-,-] : (C*(R% R%))? — CO(R?, R?),

Ji, fo = [f1, o] == Ve fafi = Ve fifo. B

We denote 1y = ay’l/}(v 0, 0)—’_% Zie/\/ azl¢(a -0, O), Vi= 3z7¢(, -0, 0), i€ N, Vo= ‘/0_% Zie/\f V. ViVi.
For a multi-index a € N°l and V : R? x R, — R? we define also V1 using the recurrence relation
Vi@l = vy, Vel 49, vl 4 257 Vi, [Vi, VIl and V@] .= [V, VIel] if j € A with the convention
VIl = V. We are now in a position to introduce our Hérmander hypothesis on 1: For L € N, the order
of our Hérmander condition, let us define for every (z,t) € R? x Ry,

(2.4) Vile,t):=1n inf 33 3 vl @), 02

bER®, blpa=1 /75170 a€f0,..,N}H
We introduce, for z € R%:
Ao(z,L). A local weak Hormander property of order L € N,
(2.5) Vi(z,0) > 0.
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Especially, this hypothesis is used at initial point for 2 = XJ. We will sometimes consider a
uniform weak Hormander property of order L,

(2.6) V7= tlerﬂlgi ulenﬂgd Vi(u,t)>0.

In this case, we denote AS°(L) instead of As(x, L). Also, we denote Vi (x) := V. (z,0).

It is worth noticing that, with the notations introduced in the Introduction, (2.5)) is satisfied for some

L € N if and only if span( 3020V£"))(x, 0) = R9, which is why, we refer to it as local weak Hérmander
property. A similar observation holds for (2.6 in the uniform setting. The case L = 0 corresponds to
the elliptic case.

Hypothesis on Z°. Lebesgue lower bounded distributions. A first assumption concerns the
finiteness of the moment of Z°: For p > 0,

AS(p)-
(2.7) M, (Z°) :=1V sup E[Z] 2] < oo.

tems*

We denote Aj(+00) the assumption such that A$(p) is satisfied for every p > 0.

A second assumption is made on the distribution of Z°. We suppose that the distribution of Z° is
Lebesgue lower bounded:

Afl. There exists z. = (2«,1)1ens+ taking its values in RY and e,,7, > 0 such that for every Borel set
A C RY and every t € 7%,
(2.8) P(Z) € A) > e AL, (AN By, (2:4)),

where Ap 1, is the Lebesgue measure on RY.

Let us comment on the assumption Aj. First, notice that holds if and only if there exists some
non-negative measures p? with total mass uf (RY) < 1 and a lower semi-continuous function ¢ > 0 such
that P(Z € dz) = pl(dz) +@(z — 241 )dz for every t € 7>*. We also point out that the random variables
(Z?)icno~ are not assumed to be identically distributed. However, the fact that 7. > 0 and e, > 0 are
the same for all k represents a mild substitute of this property. In order to construct ¢, we introduce
the following function: For v > 0, set ¢, : RN — R defined by

’U2

(29) @U(z) = ]-IZ\RN <v + exp (1 - )2)1v<\z\KN<2v-

v? = (|zlrv —v

Then ¢, € C;° (RM;R), 0 < ¢, < 1 and we have the following crucial property: For every p,q € N,
every z € RN

C(q,p)N'T
vPa

(2.10) Y 10 npu(2)PlEpu(z) <

i

with the convention In ¢, (z) = 0 for |z| > 2v. As an immediate consequence of (2.8)), for every non
negative function f: RY = R, and t € 7%, t > 0,

BN > . [ orpal s =20 f(2)d
We denote

My = 5*/ or, j2(2)dz = 5*/ ©r, j2(2 = 24 4)dz € (0,1].
RN RN

*

We consider a sequence of independent random variables xf € {0,1}, Ut‘s , Vt‘s eERN, t e
independent from W the Brownian motion running (|1.3)), with laws given by

(also

P(x} =1)=m., P(x{=0)=1-m,
]P’((S_%Ut‘S € dz) :;* ©r, j2(2 — zx1)dz,

]P>(5_%‘/;5 c dz) :1 — (]P)(Zf € dz) — SO’T*(Z — Z*,t)dz)7

*
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where pr. satisfies 1) with v = 5. Notice that P(V? € dz) > 0 and a direct computation shows
that

POSUP + (1 — X))V € dz) =P(63 Z¢ € dz).

This is the splitting procedure for Z?. From now on, we will work with this representation of the
law of Z?. Consequently, we always use the decomposition

5570 = XPUP + (1 — X))V,

Consequently, throughout this paper, we work on a complete probability space (£, F,P) where F is
generated by (x2,U?,V?),cns» and W. The above splitting procedure has already been widely used in
the literature and is usually referred to as the Nummelin splitting. In [26] and [22], it is used in order to
prove convergence to equilibrium of Markov processes. In [9], [I0] and [35], it is used to study the Central
Limit Theorem. Also, in [24], the above splitting method (with 1, (.. ,) instead of ¢, /2(2—24+)) is used
in a framework which is similar to the one in this paper. Finally in [7], it is used to prove regularization
properties of Markov semigroup under the uniform ellipticity property: inf(, ;)cgraxrs Vo(z,t) > 0.

We introduce a final purely technical assumption ensuring that the time step ¢ is small enough. For
d € (0,1], when (2.3 holds, we first define

1 o(L—1)
2.11 §) =695 (1, _ 1 — )i d
(2.11) () (oo + 1m0 ) an

1

15(0) ::min(é_% 771(5)_5, 2|<5%8K3 |"Pa 1),

with p given in (2.3). For T € 7%*, x € R?, we introduce the following assumption:
Al(2,T). Assume that (2.3) and Ay(z, L) (see (2.5)) hold and that ¢ € (0, (2P 18 K3)~*] is small enough

so that
L(L+1)
d.a AL+ 1)NZF2
2.12 d) >2 =
I R e T
1 — —_
Lo + om0 (B 30V ) BN ) ang

n5(0) >1.

Similarly as the assumption Aq(x, L), this hypothesis is used at initial point for z = Xg .

Considering the lower bound of 1, (9) in 7 it becomes apparent that while it remains independent of
d, it may take excessively large values. This dependence could potentially be decreased with modifications
to the proof structure, but at the expense of possibly higher upper bounds on the semigroup’s derivatives.
In this paper, we tailor our proof to minimize the reliance of C(z,T) in with respect to Vp (z)~*
and T~!. Specifically, our proofs are designed so that the constant 1 appearing in Theorem Corollary
[2.1] and Theorem [2:2]are as small as possible. Explicit values for  are given in the proof of those results.

2.2. An alternative regularization property. In this section we provide the regularization property
for a modified version of X?. We consider a d-dimensional standard (centered with covariance identity)
Gaussian random variable G' which is independent of (Z?),cs.«, and for § > 0,

(2.13) 7 ) = / SR (0 dy) = E[f(X7 + 8°G) X0 =2, Tex’

It can be seen as a regularization by convolution of the semigroup @°. From a practical viewpoint, the
modified version X% + 6%G is easily computable and then well adapted to simulation based approaches
such as Monte Carlo methods.

Theorem 2.1. Let T € 7n%*, L € N and f € M(R%R) satisfying the polynomial growth assumption:
there exists Ky > 0 and py € N such that for every x € R¢,

|f(@)] < Kp(L+ Jefzd)-

Then we have the following properties:
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A. Letz € RY g€ N and o, 8 € N? such that |o| + |8 < q. Assume, that AS(max(q + 3,2L + 5)),
As(x, L), Aj(+00), A and Al(x,T) hold. Then, if f is |B|-times differentiable and 0°f has
polynomial growth,

(1 + |z|ga)C exp(CT)

(Vi(x)T) ’
where n > 0 depends on d,L,q and 6 and ¢,C > 0 depend on d,N,L,q, Knax(g+3,20+5)

(2.14) 0°Q 0" f ()| <K

Pmax(q+3,2L+5): P> ﬂ%, %, 6 and on the moment of Z°.
B. Assume that AS(2L +5), Ag(x, L), AS(+00), A and Al(z,T) hold. Then,

(1 + |z|ga)C exp(CT)
(Vo (x)T)" ’
where n > 0 depends on d, L and 6 and c,C > 0 depend on d, N, L,q,Kar+5, Par15, Py

(2.15) Q7 f (@) — Q7" f(2)] <6"K;

11
My’ Ty

and on the moment of Z°.

Remark 2.1. We point out that, in the case where py = p, = 0 for every r € N*, then ¢ = 0

and . This remark remains valid in Corollary [2.1] (see (2.16)) and Theorem [2.9 (see
b

ut not ) stated later in this Section. Assuming further that AS°(L) holds, the upper bounds
established in Theorem [2.1] thus become uniform w.r.t. x.

A consequence of Theorem concerns the existence of a bounded density with bounded derivatives for
X% + 6°G. The proof of this result is given in Section Notice that an explicit value is given for 7.
This type of result is usually referred to as hypoellipticity property of the operator Q%°.

Corollary 2.1. Let T € 7%, x € R? and L € N. Let ¢ € N, let o, 3 € N¢ such that |a| + |8| < q.
Assume that AS(max(q+d+4,2L +5)), Ag(x, L), A(4+00), Ay and Al(z,T) hold.

Then, for every y € R?, lee(z, dy) = qgie(x,y)dy and qgie € C1(RY x RY) satisfies, for every p > 0,
(14 |z[gq)C exp(CT)
(Ve(a)T)"(1 + |ylga)’

where n = 0 depends on d,L,q and 6 and c,C > 0 depends on d,N,L,q, Kyax(g+d+3,20+5)
Priax(q+d+3,2L45) %*v %,H,p and on the moment of Z°.

(2.16) 1020565 (2, )| <

Moreover, if p, = 0 (see hypothesis AS) and there exists 2> > 1 such that a.s. Supyeps.« |29 |py <
z>°, then,

Cexp(CT) ly — x@d
exp(— ),
(V5(x)T)n (T vV §29)
where 1 is the same as in , c > 0 depends on d, Ky and z*°, and C' > 0 depends on d, N, L,q,
Knax(q+d+3,20+5)s P3; 7,%, %,9 and z°.

(2.17) 1020543 (2, y)| <

2.3. An invariance principle. Let us consider (X;)¢>o the R?-valued Itd process solution to the SDE
. In the following results, we show that, for a fixed T' > 0, X% converges in total variation to Xrp.
Notably, our result is stronger than the convergence in total variation since we consider measurable test
functions with polynomial growth. Moreover, we establish the existence of the density of Xrthat can
be approximated by the one of X% + 6%G. In an ideal situation, we would like to approximate the
density of X using the one of X%. However, due to the absence of regularization properties for the
random variable X2., we cannot offer any assurance regarding the existence of its density. Actually, since
the random variables (Z9),c.s.- do not necessarily have a density, we can easily build an example such
that X% does not have a density, for instance by considering X9 = Zteﬂ,g’*;th Z?. In contrast, since
X% + 689G satisfies the regularization property, we can guarantee the existence of its density together
with an upper bound on this density.

Exploiting Theorem and Corollary we can deduce the convergence of the law of X% towards the
one of X7 as ¢ tends to zero. We are, among others, interested in obtaining an upper bound for

B [f(X7) — F(XP)],

which writes C(z)6™ sup,cga |f(u)] when f € My(R?) (and similarly when f has polynomial
growth). One main technical point is that the upper bound does not depend on the derivatives of
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f.

This result may be seen as an invariance principle under two aspects. First, the law of the limit
X7 only depends on derivatives (of order one and two) of ¢ evaluated at some points (z,t,0,0) with
(z,t) € RY x R,. As a consequence, if we replace ¢ by any function 1 giving the same evaluations of
those derivatives, the limit of X4 remains X7. Another aspect is that the law of (Z;),c .+ is not specified
explicitly and can be chosen in a large set of probability measures. In particular, in the following result,
we show that only Aj(+00) (see ) and A (see (2.8))) are assumed concerning the law of (Z;);c s«

Theorem 2.2. Let T € 7, with T > 26, L € N and m > 0. We have the following properties:

A.

Let f € M(R%R) satisfying: there exists Ky > 0 and Py € N such that for every x € R,
|f(@)] < Kp(1+ []ph)-
Let v € R, Assume that A§(max(6,2L+5)), As(x, L), Aj(+00), A and Al(x,T) hold. Then,
for every e > 0,
1+ |2[g
(Vi(x)T)"
where 1 = 0 depends on d,L and % and ¢,C > 0 depend on d,N, L, sup,cy- Kr, sup,en- P,
1

1
Promo 70 e

(2.18) E,[f(X7) — F(X3)]] <62 K C exp(CT),

—

. Assume that AS(+o00) holds and that the hypothesis fmm are satisfied. Then, X starting at

point x has a density y € R — pr(x,y) with pr € C°(RY x R?).

Moreover, for every 6 > %, qeN, a,8 €N with |a| + || < ¢, p =0, e >0 and every y € RY,
(14 [z]gq)C exp(CT)

(Vi(@)T)"(1 + |ylga)’

wheren > 0 depends on d, L, q,0 and % and c,C = 0 depend ond, N, L, g,sup,cn+ K, sup,.cy- P
Ps mi*, %,Q,p,% and on the moment of Z°.

(2.19) 020 pr (2, y) — 02003 (x,y)| <67

Remark 2.2. (1) Let us recall that for p and v two probability measures on the Borel o-algebra of

(2)

(3)

R?, the total variation distance between p and v is given by

1 1
drv(u,v) = sup §M(f)—1/(f)| = sup §N(f)_V(f)\,
FEMMRER), | flloo <1 Fecg (REGR), || flloo <1

where (i(f) = [pa f(@)p(dx) and similarly for v(f). The last equality above is a direct consequence
of the Lusin’s Theorem.

In particular, provides a bound on the total variation distance between the law of
Xr starting from x € R? (denoted Pr(xz,.)) and the one of X9 also starting from x (denoted
Qr(z,.)). Under the hypothesis from[Al] in Theorem [2.3, then

(2.20) drv (Pr(a. ). Qr(a..)) <ob—e T
(Vi(z)T)"

If we suppose in addition that 6 > 2 and that for every t € ©°*, i € N, E[(Z})?] = 0 and we

replace Af(max(6,2L+5)) by AS(max(7,2L+5)) in then Theorem (and also ) holds

with 3¢ replaced by 8'~¢ and (Kmax(6,2L45)s Pmax(6,2L+5)) Teplaced by (Kiax(7,2045), Pmax(7,20.+5))

in the r.h.s. of and ,

More generally, let us suppose that, in addition to hypothesis from Theorem the assumption

Al (+00) hold and, given m > 0, 0 > m + 1 and there exists q(m) € N such that: For every
f € (RER) such that for every o € N and every x € RY,

pol
0°f(2)] < Kpa(1+ [2["),
with Ky > 1 and p(a) > 0, then, for every t € n°,
(2.21) ELf(Xps) = f(Xeps)| Xe = X7 = a]| 6™ 3" Kpa C(1+[zfP),
| <a(m)

where C' and p do not depend on Ky o ord. Then, Theorem holds with 6%~ replaced by 6™ ¢
and (Kax(6,2L45)> Pmax(6,21+5)) Teplaced by (sup,.en- K, sup,en- P,.) in the r.h.s. of and
(and also ). In this case n,¢ and C may depend on m.

Cexp(CT).
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When assuming simply that for every t € %%, i € N, E[(Z})®] = 0, we have automatically that
holds with m = 1, which leads to the previous remark.

(4) By a straightforward application of C’orollary and Theorem |2.2, under the hypothesis from
Theorempoz'nt we derive easily the following estimate of the density of Xr: Let o, 3 € N¢
and let p > 0. Then, for every y € RY,

(1+ [al2.)C exp(CT)

0290pr(x,y)| <K :
| T ypT(ZL' y)| f (VL(x)T)n(1+|y|§d)

(5) When uniform weak Hormander property holds, that is AP (L) (see ), then 82— can be

replaced by 82 in or (but not in ) When we assume holds, similar

conclusions hold but with §2~¢ (respectively 6%) replaced by 6™ (resp. 0™ ).

Example 2.1. (1) Let us consider X = (X', X?), the solution of the 2-dimensional system of R
valued SDE, starting at point v = (z*,2?) € R? and given by

dX} =b(X} t)dt + o(X}, t)dW;
dX? =X/dt,

where (Wy)i>o s a one dimensional standard Brownian motion, b and o are smooth with bounded
derivatives of order one and polynomial bounds for higher orders. In the setting from ,
we have Vo : (u,t) — (b(ul,t),ul) and Vi : (u,t) — (o(ul,t),0). In this example local
ellipticity holds for X' as long as o(x',t) # 0. However ellipticity does not hold for X since
dim(span((0,0)))(x,0) < 1. Nevertheless, let us compute the Lie brackets. In particular

Vo, Vi] : (u,t) = (Ouro(ut, t)b(ut, t) — 0nb(ut, t)o(u',t), —o(zt, 1)),

and, for a(z',0) # 0, span((c,0),(0p10b — dpibo + 0o, —0)(x,0) = R? so that local weak
Hérmander condition holds. Now, let us consider the Fuler scheme of X, given by (Xg’l7 Xg’2) =
x and fort € 70,

XL =X0N H0(X) 00 + o (XD OV ZY s

5,2 18,2 51
Xt+5_Xt + X779,

where Zf €R, t € m*, are centered with variance one and Lebesque lower bounded distribution
and moment of order three equal to zero. With notations introduced in , for o(x1,0) #0,

1
Vi(z) =1A beRdiﬁf 1<V1(x70), b)2s + {[Vo — 5 VaViVi, Vil(z,0) 4+ 9, Vi(x,0),b)2s
3|0lg2=

1

=1A beRziﬂ;\f 271((0, 0),b)2s + ((Og10b — Oy1bo + 50283%10 + 00, —0),b)2s (x',0)
110lg2=

>0,

and for every f € M(R%R) satisfying hypothesis from Theorem we have, for T € 70,
T > 24, e (0,1],

1+ |z]gq

[Ealf(Xr) = (X0 <61 Ky o ois

Cexp(CT),
where 1, C, ¢ can explode if € tends to zero.

(2) In a similar but simpler way, we can give an extension of the central limit theorem in total
variation distance, including the iterated time integrals of the Brownian motion.
We consider Z, € R, n € N*, which are centered with variance one and Lebesgue lower
bounded distribution and we define Sl(o) =n3 22:1 Zi, n,l € N, and for h € N*, Sl(h) =
n-! 22:1 Sl(ch_l)'
Then, for every h € N, (S,(lo), ceey Sﬁh))neN, satisfies the uniform Hérmander property with L = h
and converges in total variation distance, as n tends to infinity, toward the random variable
(Wr, fol Wsds, ..., fol . 052 Wy, ds1 ... dsp) where (Wy)i>0 is a one dimensional standard Brownian
motion.
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3. A MALLIAVIN-INSPIRED APPROACH TO PROVE SMOOTHING PROPERTIES

In this Section, we prove Theorem Corollary and Theorem (see Section . This will be
done by establishing Theorem [3.4] which is, in essence, close to the result of Theorem but obtained
by considering a modification of Q° built by using a localization argument. This modification is not
tractable for simulation purpose as, for instance, it cannot be computed by simulation (except for trivial
cases) but is a key ingredient for the proofs of the main results.

To prove Theorem our strategy is to derive regularization properties for this modification of @Q°
by establishing some integration by parts formulas (Theorem [3.1] (3.12)) and then by bounding the
Malliavin weights appearing in those formulas (Theorem (3.13))). These bounds on Malliavin weights
are derived by bounding the Sobolev norms depending on the Malliavin derivatives (Theorem and
by bounding the moments of the inverse Malliavin covariance matrix (Theorem [3.3]).

3.1. A generic discrete-time Malliavin calculus. In this section, we present the discrete Malliavin
calculus tailored to our framework and derive integration by parts formulas and estimates on the Malliavin
weights.

We recall that we work on the probability space (€, F,P) where F is generated by (x2,U7, Vi®)cpox-
Since we are interested in random variables of the form , where the laws of random variables Z°
are arbitrary (and thus not only Gaussian) the standard Malliavin calculus is not adapted anymore.
Therefore, we remain inspired by Malliavin calculus but we whether develop a discrete-time differential
calculus which happens to be well suited to our framework as soon as Z? involves a regular part i.e. is
Lebesgue lower bounded. In this section, we always assume that A (see (2.8))) holds true. For 7 C 7%*
we denote | T | = Card(7).

In the following, we will denote x° = (x?)icnsr, U° = (U))icnor and V® = (V?)ycqs~. Given a
finite-dimensional Hilbert space (H,(.,.)) with dimension dy;, equipped with an orthonormal base
By = (hn)ne(i,...,ds}» We will consider the class of random variables:
S'(H) ={F = f(x{, U}, V), t € T), T C 7%, |T| < +o0

Yy € {0,1}7, (u,v) — f(x,u,v) € CGP(RN*T x RV T, 1))
When # = R, we simply denote S?. Our applications will be limited to cases where H = R\ >%XIm with
Iy X ...xly,m € N*. However, we consider H as an abstract finite-dimensional Hilbert space as it does
not introduce additional difficulties.
We now construct a differential calculus based on the laws of the random variables U° which mimics the
Malliavin calculus, following the ideas from [5], [2], [3] or [7]. We begin by introducing the basic element
of our differential calculus.
Derivative operator and Malliavin covariance matrix. )
For F € 8°(H), we define the Malliavin derivatives D F := (D(y5) F) (15 enox A" € SO(H)™ >N by

Dy Fi=x{0,: f(x*,U°,V?), (t,i) e 7" x N.

We recall that there always exists a finite 7 C 7%* such that D F =0fort ¢ T. In particular
D F is finite dimensional and we use the notation D F' := (D) F)ijeT x & € Sé(H)TXN. We also
extend the derivative outside of the time grid 7®*. For s € (t — 6,t], with ¢ € 7%* we define

Dsi) £ := D) I,
and D(g; = 0. The higher order derivatives are defined by iterating D. In particular, for m € N,

we introduce D™. Let o = (al,...,a™) € (7%* x N)™, m € N. In the sequel, we will use the notation
ler]| = m. We define

D,F=Dgi - -DynF
when m > 0 and Dy F' = Dy F = F if m = 0. In particular, we will denote
D™ F = (Do Fac(rosxaym = (Da F)ae(T x Anym
The Malliavin covariance matrix of F' € S?(H), is the matrix defined for every h,h’ € By by
oph, 0] = 6(D(F,h)3, D(F, 0 )3) prse wnr
(3.1) =0 > > Dy (Fh)y Doy (F, b))

tend*x leEN
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Notice that this quantity is well defined as the series is actually a finite sum. Moreover, we have the
common integral representation formula,

+oo
p[h, 1] / > Dy (F.h)ay D gy (1) pydt.
leN

We remark that op can be seen as a linear operator on H such that for every ¢ € H, opl =
> nwesy, OF[B (6 h)yh, that is the standard matrix product.We then introduce the inverse Malliavin
covariance matrix. In particular, when the determinant det or of op is not zero, we define v, the
inverse of the Malliavin covariance matrix o satisfying, for every f € H, opvypl=~vrporl =(.
Divergence and Ornstein Uhlenbeck operators. Let G = (Gy) with G; € S®(H/).The
divergence operator ¢ is given by

temd*

8(G)=4 > > GiD{,TI+DP, Gie S (H),

tend* i€N
with, for t € m%*,
Ty =Ing,, o(6 20 — z.,) € S (R).
with ¢,/ defined in . In particular, for i € NV,
Dyl = 5_%X?8z’i In 907’*/2(6_%(]156 — z.4) € S (R).
Finally, we define the Ornstein Uhlenbeck operator, for F' € S%(H),

LF=-0DF)=-6 Y Y DDy F+DgyFDuyTy € S (H).
tend = ieN

Remark 3.1. The basic random variables in our calculus are Zf, t € %%, so we precise the way in which
the differential operators act on them. Since 5%Zf =x0U) + (1 —x2)V?, it follows that for w,t € 7w,
i,j €N,
N .
(3.2) 02 D10y Zo) =X Lw,tLij,
and

(3.3) LZ)" =x00. n g, 207U — 2.4).

We observe that in our framework, the duality formula reads as follows: For each F € S°(H) and
G = (Gy)yeps- with Gy € SS(H)WV

(3.4) E[(F,8(G))2] =E[(D F,G),n0e ] =6 Y > E[(Ds) F, Gl
temd* ieEN
This leads to the following relationship: For each F,G € S%(H),
E[(F,LG)y] = E[{(G,L F)y] =6E[(D F,D G>H,,a,* N
(35) ::5 Z Z E[<D(t7z) F, D(t,i) G>H]

temwdx €N

We prove directly (3.5). The duality relationship (3.4) is proven by similar arguments. This follows
immediately using the independence structure and standard integration by parts on R™: Indeed, if
f,g € C3(RV:R) and t € 7>*, then

> E0ui f(UD)Dyig(UD)]

iEN

/ Ot F()Du g (w)0~ ¥ 0y a (6~ 30— 2. )

3u1z<pr*/2(5*§u—z*,t) _ N

Ex )2 <pr*/2(5*%ufz*7t)du

s zeZN RN Or,72(072U — 24 1)
FUD) S 0%g(U7) + 0usg(U)6 ™20, Ingp, o (67207 — 2.4)).
1EN
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Now, we consider F, G € S%(H), so that ' = f(xfi, Ufiﬂ/'t‘f,i e{l,...,n})and G = g()(fi7 Ut‘i, V;‘EJ €
{1,...,n}). Moreover, we introduce the functions f; := (f,h)n, g1 := (g, hi)n, | € {1,...,dy}, which
belong to C=((RY)";R). It follows from the calculus above that

dy
EK D F, D G>H7r‘5v*><_/\/’] = Z Z Z E[Xfau; fl(Xéa U57 Vé)auigl(xéa U57 V(S)}
=1 tend* €N

dy
==Y EAKC UV D N
=1 temd*
X Z 83;9[ (X57 U6a Vé) + 8uigl (X(sv U6a Vé)(si%azi In <pr*/2(57%U1§6 - Z*,t)]
iEN
=—E[(F, Y Y DDy G+ Dy GDpyy Ti)a] = 6 E[(F, LGy,
temd = ieN

which is exactly (3.5). We have the following standard chain rule: Let ¢ € C*°(H;H') with H' a
finite-dimensional Hilbert space and F' € S?(H). Then
(3.6) D o(F) = Zpr o(F) € 8" (W)™ .

More particularly, when H' = R we have
(3.7) D ¢(F) = (7 ¢(F),D F)y € SSR)™ .
Moreover, it follows from and the duality relation (or direct computation), that
(3.8) Lo(F) =(2¢(F),LF)y+36 Y Dw Dud(F)(D(F,h)3, D{F,0)p)prs

h,h/€By

We then build our Sobolev-Malliavin norms that, among others, will be involved in estimates of the
Malliavin weights of the integration by parts formulas derived in Theorem

Sobolev-Malliavin norm. For F € S%(H), ¢ € N, we begin by introducing the Malliavin-Sobolev
norms:

(39) |F|3-[,1,q = Z 6J| DQF"ZH7 |F|3-[,q = ‘F"ZH + |F|3{,1,q
ag(md* xN)J

and for p > 1
1 1

(3.10) 1 M1#,1,0,0 = E[|F|€{,1,q]p 1 Fl1#,q,0 = E[|F|§_[]P + 1 EN#,1,9,0-
Owing to the duality relationship (3.4)), the operator D, initially defined on S°(#) is closable from
L,(2;H) into LP(Q;H’ré'*XN) for p > 1. More specifically, for (F,)nen taking values in S°(H) which
converges to 0 in L,(2; ) and such that (D F),),en converges to ¢ in Lp(Q;’;'-[,”5’*”\[)7 it follows from
(3.6) and (3.4) that, for every G € S (H™ *N)

E[(D Fy, G)3ynosxnr] =E[(Fny 6(G)) 2]

Since G is bounded, the l.h.s. above tends to E[(¢, G) ;5. xar] and since 8(G) € S° is also bounded,
the 7.h.s. tends to 0 so { = 0, a.s., proving the closability. For higher orders, the result is similar.

In particular, we introduce D%?(#) the completion of S°(#) by the norm ||-||3;,,.,, and extend continuously
the definition of the norms (3.9) (resp. (3.10)) from F € S%(H) to F € D9 (H) (resp. D?P(H)). Then,
for F' € D¥P(H), we define D? F" as the limit in Ly (£2; H(”é'*XN)(@q) of DY F,, where (Fy,)nen is a S°(H)-
valued sequence converging to F in the norm || ||3,4,p- Similarly, we define §(G) for every G that belongs
to

Dom(4) := {u € LQ(Q;"H”MXN),EIC > 0,VF € DY*(H), [E[(D F, ), 05 x| < C||F |2},
which satisfies (3.4) for every F' € D2(H).

We also note that, under assumptions A(q) (see (2.2) and (2.3))), and Aj(+oc0) (see (2.7)), then X? €
D%P(R4) for every p > 1 and we have similar results for the tangent process introduced in (3.18]).
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Integration by parts formula. Below, we define the Malliavin weights that appear in our integration
by parts formulas. Let F € D??(H), G € D'?(R) and h € By. We define

H(F,G)t] i= — (Gyp LE k) — 8 > (D(Gpln,W]) DIFE) 3) s
h'eBy
Considering higher order integration by parts formulas, for F € DI*1P(H), G € D?P(R) and
h = (h!,... h?) € (By)? we define H(F, G)[h] by the recurrence
(3.11) H(F,G)[h] := H(F,H(F,G)[h',...,h7 ) h].
Exploiting the relationships (3.5) and , we deduce the following result which is a integration by
parts formula together with an estimate of the Sobolev norms of the weights.

Theorem 3.1. Let ¢ € N*, ¢ € Cpo(H;R). Let F and G be such that F € DT'?(H), G € DY(R) and
E[| det v 5 [P11g|>0] < +o00, for every p > 1. Then, for every h = (hl,...,h?) € (By)4,
(3.12) E[Zn ¢(F)G] = E[¢(F) H(F, G)[h]],

with H(F, G)[h] defined in . Moreover, for every m € N, if F € DIT™LP(H) and G €
DIT™P(R) for every p > 1, then

(3.13) |H(F, G)[h][x,m <C(ds,q,m)c(dy,q,m, F,G),
with
c(dw,q,m, F,G) =(1V det )1+t 0 (1 4 [R50t [ LFRE )G lrime-

In order to prove Theorem [3.1} we will combine the previous identities with the following result. The
reader can find the detailed proof of this result in [2], Theorem 3.4. (see also [3]).

Proposition 3.1. Let m,q € N, and h = (h',... h!) € (By)" withl < q. Let F and G be such that
F e DTt 2 (H), G e DT™P(R) and E[|det v [P1ig),, ,>0] < 00, for every p > 1. Then
‘ H(F7 G)[hH]RJrL gc(dﬂv q, m)c(dH7 q,m, Fa G))
with c(dy,q, m, F, Q) defined in .

Proof of Theorem[3.1, We prove the result for m = 1. Then, a recurrence yields (3.12). We also restrict
ourselves to the case where F' € S°(H) and G € S and extend to our result by density. Using the chain
rule (3.7)), we have for every h € By,

<D ¢(F)7D<F7h>7'l>Rﬂ5**><N = Z <-@¢(F)7h/>H<D<Fa h/>H7D<F7h>'H>Rw5v*><N
h'eBy
=571 Y Dwd(F)orln i) = (o, 7 6(F))x
h/eBy

Using (B8) with F = (F,1), 6(F)), H = R? and ¢ : (z,9) — xy, [B.5) with F = o(F)(F, ')
(respectively F' = Gyp[h,b'[(F,h')y), G = Gyp[h,b’] (resp. G = ¢(F)) and H =R (resp. H =R) and
finally (3.8) with F = ((F,h')%, Gyp[h,b']), H =R? and ¢ : (x,y) — wy, it follows that

E[Z:6(F)G] =5 3 ElG~p[n0)(D ¢(F), DIE)3) s cx]

hEBy
=L S G KIL(F) (F.H) %) — 6(F) L{F, W)y — (Fy W)y L o(F))]
h’EB’H
=5 3 EB(E)E ) LGp ) o(F)G el W] L(E )
h'eBy
—H(F) L<G Pl (F ) )]
= 3 BG(F)(G Al B L) + 6(D(G b, W]), DIF, B s )
h'eBy

which is exactly (3.12)) for ¢ = 1. Tterating this formula, we obtain (3.12).

In order to obtain we simply apply Proposition (Il

In the sequel, we are interested in obtaining an estimate of the weights H which appear in the integration
by parts formulas (3.12) when G is replaced by GO with © € [0,1] the localizing random weight. We
first provide a bound on the Sobolev norms of GO.
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Lemma 3.1. Let ¢ € N. Let G € D¥*(H) and © € D92(R). Then

q
(3.14) |GOI3,4 < C(q) Z G l3,m|Olr,g—m-

m=0

Proof. We prove the result by recurrence. We assume, without loss of generality, that G = Q(Xi , Ut‘i, Vt‘f, t; €
T,i€{1,...,n}) for a finite set T C 7%*. For ¢ € N, we define Ho = H and H,41 = (qu)TxN_ The
result is true for ¢ = 0. Assume it is true until some ¢ € N and let us show it still holds for ¢ + 1. We
have

q
GO, 411 =GO}, + > 6 D(ODG+GDO),,
=0
with
|DY(OD G)lpy,,, <672|OD Glyrew,

l !
<0672 3 18l2icm| D Glaym =6 = C(1) Y 1Ol2i—mlGlr 1,

m=0 m=0

where we have applied 1D with G replaced by D’ G, q=1and ‘H = H;. Similarly

IDGDO)|,, =1 > > ID(GDO)12 =| Y |DI(GDz0)3, |2

lo|=l]B]=1 18]=1
!
—1 1 _L 1
<Y 5D OLE <C5TE Y |Glm| Y IDOR 2
|B|=1 m=0 18]=1
l
i
<C6 2 Z |Gl m|O|R 1+1—m,
m=0
and the proof is completed. O

3.2. Sobolev Norms. Before we state our results, we recall that 8Xng, t € n°, is the tangent flow
and is introduced in 1) In a similar way, for a € N%, s X? denotes the derivatives of X} of order
0

041 (Xd
(X1 XD
Sobolev norms appearing in the upper bound of the Malliavin weights established in Theorem [3.1]

la| w.r.t. X§ and is given by 9 ,X?. The following result provides an upper bound for the

Theorem 3.2. Let T € n%*, T = (0,T]N7° and x € RL. Let g €N, ¢° € {0,1}, p=1 and a € N q
multi-index. Assume that Aj(q+ |a| 4+ 2), AJ(+00) and A4 hold. Then

1
(3.15) E, [21? |a§gng B geq? SU+1p o s0uge=jal=0l2lfa) KGh a2 exp(C(1+ T) Mo (2°) K3),

with C = C(d, N, %, Pumax(3,q+|a|+2)» & P)- Moreover, if we replace the assumption Ad(q+ |a] +2),
by the assumption AS(q+4), then

1
(3.16) E, [fu}; |L Xf|§d’q] P <(1+1p,,s0l7l§a) Ky exp(C(1+ T) M (2°) K3),
S

with C = C(d, N, 2, Py14,4:P)-

Remark 3.2. This result was obtained in [1] (see Theorem 4.2) in the case p, = 0 for r large
enough in the assumption Aj(r) (see )

3.3. Malliavin covariance matrix. In this Section, we provide an upper bound for the localized
moments of the inverse of the Malliavin covariance matrix of (X?),crs defined in . In the following,
we will not work under P, but under a localized measure which we define now. The technique consists
in localizing the random variables Z° and the Malliavin covariance matrix .. For the first one, we aim
to control that the norm is not too high while for the latter, we aim to control that it is not too low. We
first introduce a regularized version of the indicator function. For v > 1, we consider ¥, € C;°(R; [0, 1])
such that W, (z) = 1 if |2| < v — 3 and 0 if |z[ > v and that the function z € RN — W, (|z|g~) belongs
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to C(RV; [0, 1) (e.g. for [a] € (v — 3,0), Wo(e) = exp(l — oerprrrs)
Given T C n%*, and n = (n1,72) € (14 00)? we introduce, for ,
(3.17) OranT =OFan Oy, With
Orcm = ¥y (Gdetyp), and Oy, 74 = H \Ilnz(|ZS;|RN)a te 7T6a
we((0,¢]NT)
- where ©,, 7 = Oy, 7,c. Moreover, we introduce the tangent flow process (X¢)sens defined by
Xo = Id><d and
(3.18) X = 0y X7,
the Jacobian matrix of derivatives of X% w.r.t. the initial value XJ. In the following, for 7 =
(0, TN 7%, T € ©°, we will employ the localization random variable
(3.19) Or = @X;,dewc;)z,(m<6>,n2<6>>,’r>
where 777 (d) and 1,(9) are defined in
Theorem 3.3. Let T € %%, x € R? and p > 0. Assume that AS(2L +5), As(z, L), A(+o0), A and
Al(x,T) hold. Then

C
1+ 1P2L+5>O|x|]Rd C ex
Vo (x)318bdoriqistay 2l+5 OP

(3.20) E,[|detyys [Ploz o] < (C(1+T)Mo(2°)K3),

with C = C(d, N, L, %*7PQL+5’ p). Moreover, if p > 4, for every a > 0
(321) PO < 1) <5~ my(3)~"TC(a) My (2°)

1+ 1P2L+5>0|‘T|H€d

vL(x)%llsLdp

+mq(0)77 KgL+5 exp(C(1+T)Mc(2°) K3),

with C = C(d, N, L, 2=, Par 15, D)-

Remark 3.3. We have the following observations concerning the result above.

(1) The terms 13L in the r.h.s. of both and can be replaced by (12+b)L, b > 0, but the
miscellaneous constants C(.) may explode when b tends to zero or to infinity.
(2) When the uniform Hérmander hypothesis AS°(L) (see (W) holds, the estimates (3.20) and

can be zmpmved In particular the term Vi (x *’13 a1 i the r.h.s. of (resp. the

term Vi (2)~ 313" in the r.h.s. of (3 ) can be replaced by (V)18 (resp. by 1). In this
uniform elliptic setting (L = 0) we thus recover the results from [7] Proposition 4.4.

3.4. Regularization properties for approximations of the semigroup. We introduce (Qf’e;)teﬂa
such that, for every z € R?,

(3.22) VT en®, QyOT f(x) = E[Ohf(X5)|X] = a].

with ©% defined in . Notice that (Qf’@;)teﬂa, is not a semigroup. We will not be able to prove
the smoothing property for Q% but for Q¥©T. Our approach consists in applying the integration by
part formulas derived in Theorem and then the moments of the weights appearing in those formulas
exploiting Theorem and Theorem
Theorem 3.4. Let T € 7%* and f € M(R®%R) satisfying: there exists Ky > 0 and py € N such that
for every x € R?,

|f(@)] < Kp(1+ [z[3h)-
Then we have the following properties:

A. Let x € R?, g € N and o, 8 € N? such that |a| + |8] < q. Assume that A(max(q + 3,2L + 5)),
Ao(z, L), A5(+oo) Aj and A(x,T) hold. Then, if f is |B|-times differentiable and O°f has
polynomial, growth

1+ 1Pmax(q+3,2L+5) +py >0|x|11€d
(V1 (o)) T T

X Kgax(q+3,2L+5) eXp(C(l + T) MC(Z(S) K§)7

(3.23) 0°QY°T 9% f ()] <K

thh O = O(da Na Lv q, pmax(q+4,2L+5)a pf7 »,,%7 %) 2 0
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B. Let h > 0. Assume that A§(2L +5) Aa(wz, L), Aj(+00), A and A(x,T) hold. Then,
(3.24)

@ (0) — Q@ (0)] <oty L Mpanas o0l
T T X f VL<x)%13Ldmax(2,%)
with C = C(d, N, L,p, Par+5, P> L h)>0.

my’

Remark 3.4. (1) In the case of uniform Hérmander hypothesis A3°(L) (see (2.5)), if we consider

§ < 8o for some &y small enough, then for any x € R?, leeT () can be replaced by the localized

probability measure g [g*]Em[G*Tf(X%)] and the conclusion of Theorem still hold. In case of
z|Zp

non uniform Hormander property, do would depend on x so it is not uniform anymore and we
can not obtain the same result.

K575 exp(C(1+T)Mc(2°) Kj),

(2) Using our approach, we can easily show that under the uniform Hormander hypothesis A3 (L
(see ), (Vi (2)T)~ 213" da(a+3)+1 cap, be replaced by (VI T)~13"49(a+3) in the r.h.s. of
and V(x) can be replaced by 1 in the r.h.s. of .

Proof. For the sake of clarity, in the proof of this result we simply denote by C the constant appearing
in (3.23)) (respectively (3.24)) avoiding to make appear the dependence to the parameters. Notice that
we will similarly use this simplified notation as convention in all the proofs of this paper.

We prove the result for f € ggl(Rd; R). The extension to our setting follows from similar arguments as

in the proof of Proposition 3.2 in [I6] by introducing an smooth approximating sequence for f.

The first step of our proof consists in estimating the Sobolev norm of 8;(5 O for a multi index v € N4

We begin with a useful lemma establishing bounds on the derivatives of tohe inverse covariance matrix.
Lemma 3.2. Let m € N, a € (T x N)™ and v € N with m + |y| > 1. Then
| Dy 8% det(yxs )| SC(d, Nym, 7)1V TV | det y g [0
0
’ 2d
X 0 Z Z | D, a;/(gX%Rd(MH’YD'
a'canxT X N |v <]

where we denote o 2 T xN == {o/ € (TxN),1 € {1,....m+1},a"7 € {a},...,a™},j =
1,...,0—1}.

Proof. We first write | Dy 0y, det(vxs)| = |Da ol
0

1 . . N
XSW" In particular, owing to the Faa di

Bruno formula for the inverse function yields the following estimate

m+|y| k
1 o
| Do 8;8 det(vxz)| <C| Z dot(o g )FHT Z H | Doy Oxs det(o s ),

k=1 @ )etam i=1

where

(3.25) Up(a,y) = {(a@', ) € Uy (a) x Ui (7),¥5 € {1,... .k}, ajll + [ > 0}
with notation |a| =i if @ € (T x N)* and
U () ={a/ = (@), ol e (Tx N6l a =P(agt,. .. a0l apt gl
where P is the notation for the permutation acting on the components of of,...,a} and

k
U(a,y) ={7 = (75, -,y €ENLD A =91

j=1
Notice that we allow the cases a; = () and v; = 0 € N?. Remembering the definition of & xs and
using standard estimates, we derive also

~ s 7 x5 (2d
|Da; 6){]3 det(aX%77—)| < 0o Z Z |Da a;gXﬂRd-
aca:xT x N |7|< ]|

Finally, gathering all the terms together, applying the Holder inequality and observing that card (U (o, 7)) <
C, we obtain the announced result. O
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We denote shortly ©1 = ©xs qep(x8)2.m,,7 = ¥m (det(vxs (X2)?)), where X4 = 8XgX% is defined
in dj We first estimate the Sobolev norms of 3;(391 for v € N?. Similarly as in the proof of Lemma

using the Fad di Bruno formula, we can write (we refer to (3.25]) for the definition of U (a,v) and
to (3.9) for the definition of our Sobolev-Malliavin norms |.|g ),

I+

0%:O1lEm =0 D | Y Wy (det(yxs (X7)%)
=0 ae(T xN)! k=Lit|y)>0

k
<Y @A) [ Day 05 detlyxs (X7)%))°
(@' Y)eu(a) J=1

m I+]] k

<Cle,sollvm oo me (LD D5 Y > I1IDa 5;]gdet(7Xg(X:‘?)2)\2)-

=0 ae(T xN)! k=1 (o' ') eUp(a,y) I=1

with convention V) etlo (@) ngl = land >, (7« can be omitted when [ = 0. At this
point, evoking again the Faa di Bruno formula combined with Lemma [3.2] we derive the following
estimate (recall that |7} + [[a}[| > 1),

| Do 8% det(yxs (X5)2)| < €1 v Tlosl+hii=1
J 0 T

X1V |det'7X% |H0¢/j|\+|7§|+15 Z |D& a;gxg|ﬂ2§i(m+\7\+1).
(@7)€Z(ay)
where Z(ar,7) = {(o/,7') € (v :: T x N) x N4 || < |7] + L, [/ [| + 7] < [lev]| + |7] + 1}. Moreover,
since Zle 17| = |7[ and Zle ]| = |lell, we deduce from the Hoélder inequality, that

I+l

10350113 SCLoy0ll W, 2 gy (L4 D 8" (LY [dety g [*HHD) 37 1y 2tehl=h
=0 k=1
_ 5 dk(m
xS T | Dadg Xl )
a€(T x N)! (&,7)€Z(e,y)

<Cle, >0l Wi, [1% sy 1V T2 DLV | det X3, |4(m+hD)
x (1+ Z |a§¥(8X§{|4d(m+\”f|)(m+\7\+1))’

7141 <
FI< v+

Therefore, using the the computations from Remark we derive that | ¥, (|1 Z2 |gn)|r.q < C||W,, (|-
|r~ )|l co,m, and, taking (n1,72) = (11(5),m5(0)), it follows from Lemma [3.1{ that

* _1
055 OTl2m <CLog 50/, (5)lo0,m+11l Wy a) (|- [ oo, m 1 v T 11173

m 9 2d(m m 1
(3.26) ><1\/|det'yX; |2( +|’Y|)(1_|_ Z |8;(8X%| (mA+[y)) (mA+]y|+ )).

d
REmAL 15 <y 41

I¥I<lyvl+1
We now focus on establishing (3.23]). We remark that,
5,0% "
(3:27) 0°Qy T f(x) = Y > ]Em[mf(X%)«@v(X%)(?;(g@T],

[BISIvI<g 0< 1y [<g—1vl
where 2. (X2) is a universal polynomial of 8§5X%, 1< |pl <qg—|y+1, 7,9 € N&. We do not
0
give details about the validity of the formula above. It is actually a consequence of the dominated
convergence theorem and of the Gronwall lemma to control the increments of the function X§ — X2

and its derivatives. Using the integration by parts formula (3.12]) and the estimate (3.13) obtained in
Theorem [3.1] we derive

(B [07 f(X7) 2 (X7)0%, 07| =[Ea[f(X7) H(X7, 2-(X7)0%,07) ]|
<KjE.[(1+ [Xg[p0) H(X, P5(X)0%,07) 1]
SCIVTI"3 Ky Ay Ay AsAy,
where, using and ([3.26)) and Lemma combined with the Cauchy-Schwarz inequality, we have



Hoérmander Properties of Discrete Time Markov Processes 19

Ap =1V E,[|det s [0 16, )4
8d +2)71 8 1
Ay =1 + B [| X300 2NF + By | LXGS )

_ 7 o (8da(q+1)
Az =1+ Eof Z |8X8XT|R"17|’Y|+1I%\<4—M]
[7I<g—|v[+1

1
Ag =Ea[(1+ [XF[5) 25 (XP) | ) -

Bl

In order to bound the first term, we use the estimates on the moments of inverse Malliavin covariance
matrix derived Theorem and obtain

I+ 1p2L+5>0‘x|]gd'
vL(l,)T)%ISqu(Q-i-?))-'rl
Moreover, using the results from Theorem we obtain

ApAs Ay (14 1y, 4 p,>0l2lre) KT 5 exp(C(T + 1) Mo (2°) K3).

K575 exp(C(1+T)Mc(2°) Ks).

1 <
(

We gather all the terms together and the proof of (3.23)) is completed.
Now, let us prove [B.] We have
5,05 X 1 w1l
QT f (@) — Q7" f(a)] <Eo[f(X3)(1 - 07)) < Ky Eo[(1+ [Xg[ph)*| 2 Eu[1 — ©7]2.

We then obtain an upper bound for E,[1 — ©%] by using (3.21)). The upper bound of E,[| X} |*Ps] is
obtained using Lemma It follows that, for every a > 0 and every p > 4,

1Q5-f ()= Q55T f(2)] < (57 1y(8) ™" Mpa1(2%) + 1y (6) P(1 4+ Vp(z)3137))3
x Ky(1+1p,, . +p,>002l5) K, 5 exp(C(1+T) Mc(Z2°) K3),

with C depending also on a. We fix p = p(h) = max(4, 322) so that n,(6)P(") < §2"C(1 4+ T°).

Similarly we chose a = a(h) = 2(2h + 1) max(p +1,89) so that 7,(5)~*"§=1 < §2"C(1 + T°) and
5,05 _31gl
Q5 f (@) — Q77 f(w)] <6" Ky(1+ V() ¥ M) (14 15, s p solelS)
x K§p 15 Cexp(C(1+T)Mc(2°) Kj),

and the proof of (3.24)) is completed.
U

3.5. Proof of the main results. From a practical viewpoint, an issue of this last result resides in the
computation of Q*>©1. Indeed, © is not simulable (at least easily) and then methods such as Monte
Carlo do not seem to be applicable. A solution is provided by Theorem [2.1] where we show that the
regularization properties are also satisfied by Q%?. In this case, Monte Carlo methods can be designed
by simply simulating the sum of X% and of an independent Gaussian variable. The proof of this result
exploits the one we just established in Theorem [3.4}

Proof of Theorem[2.} Similarly as in the proof of Theorem [3:4] it is sufficient to prove our result for
fe ;’gl(Rd; R). Let us prove 1) Assume that g € N*, the case ¢ = 0 being immediate. As in ()

we write

°QY f(w) = D E,JOf(8°G + X5) 2, (XD,

IBI<|vI<q
where 2., (X}) is a universal polynomial of 8§5Xf, 1< |p| € qg—1|yl+ 1. We decompose
0
Eo[07 f(8°G + X$) P (X])] = A1 + A,

with Ay = E,[0507 f(6°G+X3) 2, (X2)] and Ay = E,[07 f(°G+X3) 2, (X5)(1-O%)]. Applying
the reasoning from the proof of Theorem (with a = 0)) we derive

L+ Ipgisnnss + 22007050 - o 5
% (:c();“;?l;)dq(q—frs)+1 Knax(q+3.2045) xP(C(1+T) Mo (2°) K3).
L

Ay <K
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Moreover, since G follows the standard Gaussian distribution and is independent of X% and O, we
have

Ay = Eo |2, (X8)(1 — ©3) /R 07 F(6%u + X2 (27)~ % e~ .

Now, notice that 97 f(6% + X2) = 611997 (f(6%u + X2.)), so that, using standard integration by
parts, we have

A = 5" VE,[2,(X3)(1 - ©F) | f(8%u+ X3)H, (w)(2m) 5 e
Rd

where JZ, is the Hermite polynomial corresponding to the multi-index ~. Finally, using the results
from Theorem (3.2 (see (3.15])), we obtain

| Ao <67 MK, E,[1—©5]2(1+ Lp,.,+p,>0025) K s exp(C(1+ T) M (2°) K3).

As in the proof of Theorem [3.4] we estimate E,;[1 — ©%] using Theorem (see (3.21))) with
p = p(qf) = max(4, %‘{f) and a = a(gf) = 2(2¢0 + 1) max(p +1,89) and deduce that

C
1+ ]'Pmax(q+3,2L+5) +Pf>0|x|Rd
(VL(x)T)maX(%IBLdgffdgv%13qu(Q+3)+1)

0°Q 9% f(2)| <Kj K x(gr.2n15) exp(C(1+ T) Mc(Z°) K3),

8990 3, 3L

hypothesis A3°(L) (see ), we can show that (VL(x)T)max(%l?’Ld aiq 3137 da(a+3)+1) can be replaced
by (V¥ T)~18"da(a+3) in the r.h.s. above.
Let us prove (2.15)). Since f has polynomial growth, it follows that

Q% f(2)—QY f(2)] < |E,[O5(f(X3) — F(X5 +6°G))

+ K C(1+E[[XE2P]2 4 6°PrE|G12P

and the proof of (2.14) is completed. Remark that with our approach, under the uniform Hérmander

]
)E,[1 - 052
d 1
<5"Z/ IE, (0509 f(X2 + A9 G)G7]|dA
j=1"9
+ Ky O+ |2]2]) exp(CT K3 M (Z°))E,[1 — ©%]2.

Using Theorem (see (3.23) with ¢ = 1) and the same estimate of E;[1 — O] as in the proof of
(2.14) with p = p(0) = max(4, 52%) and a = a(f) = 2(20 + 1) max(p3 +1,89), we obtain

1+ 1p2L+5 +p‘f>0|x|]1€d
(VL (’J})T)max(%13Ld%713L6d+1)

Q9f(x) — Q% f(x)] <" K K$) 5 exp(C(1+T)Mc(Z°) K3).

Notice that under the uniform Hérmander hypothesis A (L), (Vp (x)T)max(5187d435.18%6d+1) ¢ap

be replaced by (V3 T)13"4 in the r.h.s. above. O

We now show the existence as well as upper bounds for the density of X%. This result is mainly a
consequence of Theorem It is noteworthy that we also propose a Gaussian type bound when relying
in a simplified framework. It is derived combining a representation formula for the density, Theorem
and the Azuma-Hoeffding inequality.

Proof of Corollary[2.1] . We first prove the existence together with a representation formula of q%e. Let
f € C°(R%R). Let us define g : R? — R such that for every u € RY,

g(u) :== /Oud.../OU1 f(y)dyt ... dy?.

Then g € ggl(Rd;R) and for vg = (1,...,1) € N? we have 9%g = f. In order to state our

representation formula, we introduce, we introduce the function T : (u,v) € (R%)? Hf:1(10<vi<ui -
1,i<vi<o) which plays a fundamental role in the representation formula that will be derived.
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In particular, applying Theorem with the test function g, it follows from the Fubini identity
that, with similar notations as in the proof of Theorem [2.1]

0°QY0 07 f(2) =0°QR 0P Wg(x) = N E[079(8°G + X§) 2 (X5) (05 +1 - 0F)]

0<y|<g+d
= > E.g(6°G+ X)) H(X],0572,(X])) ]
0<|y|<q+d
E.[9(6°G + Xf)*”'e«%(X%)(l — 07)7,(Q))]
(3.28) / F () B [H (0, YT(8°G + X7, )]y,

where

H(a,p)= > H(X],0:2,(X)))h]+ " 2,(X3)(1 - 65)4/(G).
0<|v|<q+d

Notice that using the Holder inequality, it follows from A§(max(q + d + 3,2L + 5)) and AJ(+o0)
that 69G* + Xf’i € L,(Q,P) for any p > 1 (see Lemma , and that H(a, B)T(8°G + X?,-) € L1(Q x
R P ® dy) (which makes the use of Fubini identity valid in the previous computation). Moreover, since
Ad(max(q+d+4,2L +5)) also holds, a similar result is true in the case |a| + |3| = ¢ + 1. Hence, using
the same approach as in [33], Lemma 3.1 and [30] Lemma 3.1, it follows that 6°G + X has a smooth
density q%e(Xg, -) with q%,e € C1(R?* x R%; R). Therefore, owing to lb when f has compact support
and to the dominated convergence theorem, we have the following representation formula for qgle and its
derivatives:

0205 qy" (x,y) = (~1)\PIE,[T(0°G + X[, y) H(a, B)].

The estimate (2.16) then follows from the Cauchy Schwarz inequality, Lemma combined with
Markov inequality and a similar approach as in the proof of the previous results to bound the moments
of H(a, ). In particular

(1+ 1pmax(q+d+3,2L+5)>O|I‘H€d)c exp(CT)
(Vi(2)T)"(1 + |ylga) ’

where n = 1343d max(w, (d+9)?+3(d+q)+1). Now let us prove (2.17). The reasonning made
before still apply if we replace T' by T',(u,v) € (R%)? H?Zl(lqu@q(ui — Lyicyicyi. We first notice

5,0
1020, 47" (x,y)| <

that Ty (u,v)| < Hle Vi —ai|>vi—ai| < Lju—g)py>jv—zl,,- Using Taylor expansions of ¢ and recalling
that ¥(u,t,0,0) = x for every (u,t) € R? x Ry, and then exponential estimate on the tail probability of
G and the Azuma-Hoeffding inequality yields, for |y — z|ga = 67 Ko(1 + [2%°|?),

EI[FI(X% + 50G7 y)] < Pz(|y — T|ga — §0|G|Rd| < |X§‘ — T|ga)

P,y — 2lgs — 07|Glra < 3TKa(1 + |22 +62] > }:Zﬁ@ (X?,t,0,0)|pa)

temd t<T i=1

00 4,
( ly — olra — 3TK(1+ [22P) <62 > N Z0)50.0(XP,,0,0)]ga)
tend t<TieEN

1 __
P(|G|pe > 55 ly — |ra)

|y — /3

Y oRGY L o _
a )T O e

Finally, we observe that when |y — z|ga < 6T Ka(1 + [2°°|?), the estimate still holds by remarking

that

|y_x|§gd

<Cexp(CT — 520 )s

(6T Ka(1 + |’
- )

ly — x|
GXP(—W(;S)) > exp(—

so that

—z2, 2142
fmfﬁme){p«m(u 2% 2)2T).

Using the Cauchy-Schwarz inequality combined with the representation formula concludes the proof.
O

Ew[I‘Z(X’_(Is“ + 69Ga y)] < exp(—
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We end this section with the proof of the invariance principle presented in Theorem Our strategy
is to decompose the error using the Lindeberg approach and semigroup properties. Our focus is then on
the short time estimate i.e. the error made on simply one time step of size §. Then, we replace Q° by
Q%?. Applying Taylor expansion techniques leads to a representation of the error involving some slight
modifications of the process X%? satisfying also regularization properties. Exploiting them leads to the
expected result. A similar strategy can be designed to prove higher order convergence.

Proof of Theorem[2.3 For u € R?, st € 7°, s < t, we define, when the expactations are well defined,

0 f(u) = BIF(X))|XE = u], Q) f(u) = E[f(Xf +0°G)|X = ul,Peyf(u) == E[f(X,)|X, = u] =
E[f(X:(s,u))] (X¢(s,u), being the solution of (1.5) at time ¢ and starting from u at time s), Af(u) :=
nyﬂ_(;f(u) — Piyysf(u) and A%f(u) = Qt t+6f( u) — Piyysf(u). We observe that the results from
Theorem@ remains true replacing (Qt )t>0 by (QS t)t>s for any s € m°. For sake of clarity, we assume
that P satisfies the same regularization property (2.14) as Q>?. Similar ideas as in [7] can be used to
conclude under the actual hypothesis of Theorem [2.2]

We prove the result for f € ol (R%). The extension to f simply measurable with polynomial growth

follows from the Lusin’s theorem. We provide the main key points avoiding heavy calculus Which can be
dealt with using similar arguments as the one we already developed to derive Theorem [2.1] Using the
semigroup property satisfied by @Q° and P, we have

Q7 f(x)=Prf(x)= > Q) ArissPirsrf(x)

temwd t<T
5,0
Z QO,tAf,tJr&PtJrfs,Tf(x) + (Qg,t(Qf,Ha Qt t+6) (Qg,t - )Qt t+5)Pt+5,Tf(33)-
tems t<T

The last two terms can be bounded using (2.15) from Theorem and we focus only on the
estimate of the first term. As a result of the Taylor expansions, Af’t +sf(x) can be written as a finite
sum of term with form

/ 0% F(Y5(2))Bla,t,6, )N, o € N, [a] <3

where Y} 5(z) takes values in {z, z + A(¢(z, 1, 5%Zf+5, §)—x+38?G), X1 2s(t, )} and, for any p > 1,
(3.29) sup B, [[B(X), 4,0, \)[% 17 <82 (1+ [z]ga)Cexp(CT),

tenwd t<T

It follows that Qg’fZAf’tHPH(;’Tf(x) is a finite sum of terms with form

1
E.| / 0% Pryar f (Y2 5 (XPO)B(XP 6,5, )N

At this point, we observe that a similar approach as the one developed in this paper ensures that the
results from Theorem n remains true taking T = t and replacing X;"’ by Y, s (X %) It relies on the
fact that our Malliavin derivatives of Yti s (Xf 9) — Xf % can be bounded by a term of order 8. Moreover,
Pyys7f has polynomial growth. It follows that for ¢ > %Tds, ¢ small enough, exploiting the integration

by part from Theorem 1th F = }/;ig(Xf’e) and ¢ = P57 f) in a similar way as in the proof of
-

Theorem [2.1] and using (3.29) yields
! 14|z
E,| / O Prys f(V5(XPO)B(X]? 1,6, 0)dN < 03K H)'g%}?cexp(cif).
0

Now let t < 2T0° so that T—t—8 > T(1—16°)—6 > 27— > +T. We write Qqy AL, s Prysrf(z)
as a finite sum of term with form

/ 0%(dv, (2) Pras,r [ Y5 (XD BXD 1,8, AN + QY1 AY L5 (1 = by, (o) Pesr f) (),

where ¢y, () is a smooth localizing function satisfying, for every u € R,

1\VL(u) VL(:c)|<vL(T ¢VL($)( ) 1|VL(U)7\)L(I)\<VLT(T')’

and having derivatives uniformly bounded by a polynomial of YV (z)~!. Since T —t — 4 > 1T
applying (2.14)) for ¢y, (o) Piysrf enables to bound the first term of the r.h.s. above. To bound the
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second term, we remark that, since f has polynomial growth then so has P;;s 7 f and we can show that
Kp, s, < Cexp(CT) Ky where C doest not depend on f, T or §. Hence

(1 - ¢VL($)(u))Pt+5,Tf(u) < Kf(l + |u|l§d>1‘VL(’U,)—VL(I)|>VL4(1) Cexp(CT).

Moreover, using that t < %T(?E, we can combine Taylor expansion of VYV, Markov and Doob (see
(4.17)) inequalities with Theorem to derive

5.0 A0 s . L+ 2|5,

O,tAt,t+5(1|VL(.)—\)L(r)|>—VL4(Tf> )(z) <627 WCGXP(CT)-

The bound on the second term thus follows from the Cauchy-Schwarz inequality and the proof of
(2.18) is completed. If AS°(L) is assumed, the localization procedure with the function ¢y, () is not

necessary anymore and the achieved convergence rate § 3¢ in 1' can be replaced by d 3,

Approximation (2.19)) follows from an application of Theorem 2.6 in [4]. Notice that this application
is also a reason why the convergence happens with rate ¢ 3¢ instead of 62 even in the uniform Hérmander
setting AS°(L). O

4. ESTIMATES ON SOBOLEV NORMS AND ON THE MALLIAVIN COVARIANCE MATRIX.

In this section, we aim to prove Theorem [3.2] and Theorem [3.3] presented in Section [3]

4.1. Proof of Theorem n We begin by introducing for every (z,t,z,y) € R x 7% x RN x [0,1] and
(i,7) €N,

(4.1) Al(x,t) = 0,:p(x,,0,0), Ay (x,t,2) = / (1= X)0.:05¢(x, t, Az, 0)dA
0

1
Ag(x,t,z,y):/ Oyt(x,t, z, Ay)dA.
0

and remark that, applying the Taylor expansion at order one w.r.t. to the fourth variable and then
at order two w.r.t. the thierd variables yields

(4.2) v(z,t,2,y) =x + Z 2P AL (1) + Z 22 AY (2, 2) + yAs(z, t, 2, y).
ieN i,jEN

We will also denote A; := (A});enr and Ay := (Aé’j)iyjeNz. Before we treat the Sobolev norms of

X% and L X? we establish some preliminary results. The first one gives an estimate of the Sobolev norms
of L Z°.

Lemma 4.1. Lett € n°, t > 0. We have the following properties.
A. For everyi € N, we have

(4.3) E[L Z>] = 0.
B. Assume that holds for v = %-. Then, for every g € N andp > 1,

1
C(N,p,q)ms
1q,p PO+t :

(4.4) IL Z7 |

Proof. We prove Using the duality relation lb with # = R, we obtain immediatly E[L Zf ’i] =
> wieet x N ED(w,j) 1 D(w,j) 7] = 0. In order to provewe recall (see (3.3))) that
LZ) =xV.Ing, ;5(6 207 — 2.0).
For a = (Ozl,.. .,th) with o = (tj,ij>, tj S 7T6,tj >0, ij S N,
5, _la ol _1
Do LZ) =672 X004 Ing,, ;o(67 20U — 2o lnt_ fi=t,)s
with o := ((a)?)jen, (@) =1,—; + > 1, 1;,—;. In particular,
> FIDaLZa =} Y 10 e p(67 R0 — 2

ag(md*xN)J aveNN
i<a lat € {1,....q+1}
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Since the function ¢,., /o is constant on B,_/»(0) and on R?\ B, (0), using (2.10)), we obtain

E[l Y. &IDLZ|i~|]
ag(md* xN)I
i<q

LE 3P u
:€“Xt|]/ | Z |0 lntp%*(é_%u—z*,t)\2|%6%g0%*(6_%u—z*,t)du

o 83u In @z (u)]? %QDL*(U du
/T‘*/2§|u<r* | Z ‘ 2 ( | | 3 )

aveNN

2 1
Coze|mar, |V
~X
1
nz:(q-&- )

In order to derive 1) we observe that m., > €.\, (B(0, 5 )) so that 5*|7r%%* N < Cm,. O

Now, we establish a bound on the moments of (X7?);cs.

Lemma 4.2. Let T >0, T =[0,7]N7°, x € R? and p > 1. Assume that Aj(2) and A((p+1)(pV 2))
hold. Then

1 1 ,2v1
(4.5) Eufoup [ X027 <(1+ [ola) xp(CD)T Mip, s1ypun)(27)7 KE ).
Proof. In a first step, we show that, for every (z,t,z,7) € R? x 70 x RNV x [0, 1],
(46) {‘8y¢|Rd+Z ‘az”/}hRd + Z ‘aziazjw‘Rd}(xvtazvy) < C(SL’,Z,(S)
iEN i,JEN

with C(z,2,0) = Ko(1 + 5’p2*2|z\ﬂg§v) + Kjs |2|ga(1 + 5’p2*3|z\ﬂg?v). Remark that the result remains
valid if we replace 0,:0,;¢ by 0 in the [.h.s. above and replace Ko and p, by K; and p; in the definition
of C. The proof of this last extension is left to the reader. To prove , we simply combined the
following two observation. First from the Tylor expansion at order one, we write

d 1
0,0(a, 5 t,9) 0,000, 2,8,9) + Dot [ 00,00, ),
1=1 0

with similar formulas for the derivatives w.r.t. z. In addition, it follows from assumption A$(2),

£2) that

{|8y1/)|1Rd + Z |aziw|Rd + Z |aziazj¢|]R’i}(07tazvy) <I<2(]- + 57%|Z‘£?\1)
ieN i,jEN

Gathering those terms and using A§(2), (see [2.3)) yields (4.6). Moreover, owing again to the Taylor
expansion at order two applied to the function m, : x € R? |x|§d, we get

d
X 8,1
|Xf ﬁd—|Xf_5|§d = Z(Xt L - th(s)awimp(Xf—&)
i=1

d 1
1
+ 5 D0 O = XD ] = X0y [ (1= N0 my (X5 4 MK = X))
i,j=1
To estimate the first term of the 7.h.s. above, we recall that Z? is centered and consider the
decompositon (4.2) together with (4.6)) and obtain
d
8, 5, 5 5 p—1 s s 5 )

|E[Z(Xt - thﬁ)aiﬂimp(ngﬁ)‘thisH < C(p)|Xt75|%d E[C(X{_5, Z;,0)(1 + |Z; ‘D%N)lthé}'

i=1
To bound the second term, we apply similar arguments (but using the estimate C that depends on

K; and p; but does not involved second order derivatives in (4.6)). Since K3 > Ko and p; > p,, we
finally obtain for p > 2,

B [1X7 (3] ~Ea | X7 58]l < 0C(0) Miy(p, +1)(Z2°) KE Ea[1 + X750,
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and (4.5) follows from the Gronwall lemma. For p € [1,2), it simply remains to use the Cauchy-
Schwarz inequality.
O

In order to obtain estimates of the Sobolev norms which appear in Theorem [3.2] we derive some estimates

for a generic class of processes which involves the Malliavin derivatives of 8% X% and L X?. We first
0

recall that for t € 79 Xt+6 = w(Xf,t,(52 Zf+5,6) with 1) satisfying the decomposition 1} We then

introduce the RdXd—Valued process (Bj);exs such that for every t € 70,

By =67 ZU[ VL AUXD ) +8 Y 2N ZY NG AY (XD 4,08 20 5) + 0V, As(X] 1,63 20 . 6).
iEN i,jEN

We now consider a Hilbert space # and introduce some H%valued processes (B;"")yc s, (Bi")sens, which
are both adapted to the filtration (0(Z2,...,Z{))iens and (B})yeqs which is adapted to the filtration

o e tend and for every h € H, ,h),t=1,2, an , h)1, all belong to . In this
z2 Zf+5 c d f h€H, (B h)y,1=1,2, and (B> h 11 bel S%4. In th
proof, we will consider a H%valued generic process (Y;),crs which satisfies,for every ¢ € 7°,
(4.7) Yies =Y+ BYi+62 Y Z0sBy 462y LZBY + BY.

ieEN ieN

Moreover for ¢ € N and p > 1, T = (0,7] N «® with T > 0, we denote

%’Hd,q p(Bl B? Bg) =1+ Sup(”Bt 5||(Hd)N,qp + ”Bt 5||(?-Ld)f‘f,qp + ” Z B} ”'Hd,q p)
wemns
w<t
where for (B(i,1))@,nen x{1,...qy taking values in H, |B|ayn = [Dcn E;i:l |B(z’,l)|§_[|%, We
denote 7, @ p(Bl, B?, B?®) when the expectations in the norm above are conditional to Xg =Xy =2x.
Before we estimate the Sobolev norms, we recall the Burkholder inequality for Hilbert space. We consider
a separable Hilbert space H, we denote |.| the norm of H and, for a random variable F' € H, we denote

| Fllw,p = E[|F|%, ] Moreover we consider a martingale M,, € H, n € N and we recall the Burkholder
inequality in this framework: For each p > 2 there exists a constant %, > 1 such that

(4.8) VneN, || sup Mllup < BpE| Z|Mk—Mk 1237
ke{0,...,n} =1

As an immediate consequence

1
(4.9) I sup Myl < Byl Y 1My — My lf3,|7
€{0,.m} =

This first result gives an estimate of the Sobolev norms of (X?)ie7, and (Y;)ie7 w.r.t. the quantities
above.

Pr0p0s1t10n 4.1. LetT >0, T = (0, T]N7° and z € R, Let ¢ € N and p > 1. Assume that AJ(q+2)
(see and (2.5 (.)), Aj(+00) (see ) and A§ (see (@) hold. Then, when q¢ > 1,

1
(4.10) [sup X7 |50y J7 <L+ 1p,,,0l2lfa) Ky exp(C(1+ T) Mo (2°) K3).

with C = C(d, py42,q,p). Moreover, for (Yi)cqs satisfying (4 , if we assume that AS(q+2) holds,
then
(B',B* B%)

1 24 _1 T
(4.11) Ex[iggml‘;;d,q]v (B (IYol3,2 177 + Cia g 4y

X (14 1p, sollfs) K& g exp(C(1+ T) Mc(Z2°) K3).
with C' = C(d7 N7 %a pq+3) Q7p)

Proof. In this proof, our strategy is to derive estimates adapted to use the Gronwall lemma, first for the generic
process Y (Step 1.) then for X and its Malliavin derivatives (Step 2.) and then for Y and its Malliaivin
derivative (Step 3.). Step 1. We begin by proving in the specific case ¢ = 0. We aim to use the Gronwall
lemma so we study the moments of the terms which appear in the r.h.s. of . We consider 7,j € A. Notice
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that for every ¢t € n°, E[L Zi&] 0 (see 1| and B is F,gzé-measurable. It follows from 1’ (with #H replaced
by H%) and (4.4) that

Balsup ot Y 30 L2 B

teT

<ALy ED LZNLBYLE

€N wend tem? eV
w<t t<T
. 2
<C5ZEx[|Z|Bf”|idI%]P CcT supE (1B Fapn]? -
tt€<7;:5 i€EN t<T

In the same way,

2 2
E. [sup|a2 YD 2 sBY 5T <CMe(Z°)T sup Eol|B [, 007

S5
iEN weT tt€<7TT
w<t

We now study the term B;Y;. Applying similar arguments as previously and remembering that Yy, is FZ2 ’
measurable, it follows from A{ (see (2.3)) together with (4.9) (with # replaced by H%), that

2

2 K 1 2
E[sup|62zz Ve AL (XD, w)Yul2 P <A56 Y Bl 20 Ve ALXD Y[ )P

ieN werd tend iEN
w<t t<T
2
<SCMe(Z°)K30 > B [[Yil,]7.
tend
t<T
Applying AS (see (2.3)) with the triangle inequality also gives
Eofsupld Y Y 20,207 Ve Ay (X0, w 0320 ) Yull )7
teT 1,jEN wend
w<t
5. 6, i, 5 1.5 L 5 1
SN Bl Y 122V A (XD 14,0% 20)Vilfa]P < CMe(Z) K8 Y BalVillal7.
tend i,jEN temd
t<T t<T

Moreover, a similar estimate holds for the terms involving As. We gather all the terms and using the triangle
and Cauchy-Schwarz inequalities provides the following estimate

1 1 1 1 - 2.1
Ex[sup |Yi[},]7 <Eal[Yol5,q]7 +CMo(Z°)p (1 4+ T2)(Ga (B, B, BY) + Ks(0 > E[[Vi[4]7)?).
temd

s
t<T tem
t<T

Hence, using the Gronwall lemma yields (4.11]) when ¢ = 0.
Step 2. Let us prove (4.10). For g € N, we define Ro = R and Rg+1 = (Rq)T XN and we have

q

1 <o Fy 1

E. [sup|Xt ha 1q]P =E.[sup E |D? X; %d 7.
tETq<>:1 4

First, we focus on the case ¢ = 1. We remark that for every t € n°, w € T, and every i € N,
1 5 1 ) 3
02 D(w,iy Xits =(Laxd + Bt)02 Dy Xi + (BY )w,i
with, for (w,i) € T x N,

i 1
(Bl t)w % *Xt+51w t+6(52 Al (Xt ) + 0 Z Zt+5 1 + 1i=j)A;’] (va t, 02 Zf+6)
JEN

s S 220 0. APN XD 67 20, 5) + 620, As(XP 1,62 20,5, 6)).
FleN

In particular, 53D X% = (5% Dw,i Xf)(w’i)eT <« is a Ré-valued random variable and, for t € 7°, we have

5% D X!\ 5 = (Lixa + B:)8* D° X{ + B}, Then, (4.10) for q = 1, follows from Lemma [4.2] (see (4.5)) and (4.11)
2.2)

withg=0and Y = 53 D° X% H =Ry, and B® thus defined since the assumption AS(3) (see (2.2)) implies that
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T 1
740,00 BL) =1+ sp Ball 3 3 1(BLu)umsilial 117
I

1 1 1 1
U+ B[] D (B e, [faan| 217 <14+ T2572 sup Bu[[(BY )igs, [Tpayn]?
tend ®%)

85

<1+ CT? Ks Mo (Z2°)(1 + Eq [sup|Xt sI2P3) 7).

Now let us focus on the case ¢ € N, ¢ > 2. Similarly as in the case ¢ = 1, 5% DI X7 is a R -valued random

variable and, for ¢ € 7%, we have
03 D" X7,5 =(Laxa + B)5* D X[ +6% Y 27/ BYi + Bl
ieN
with, Blll =0, Bf”. defined in the beginning of Step 2, and for ¢ > 2,
Bl :5%(D XHTV2ANX] DX 452 D B,
t—5 (331 BSQ)Dq 1X5 62DBq “—&-6ZB;ZMDZS+Z(;,
ieEN
with, for (w,v) € T x N,
(412)  BP =5 > 20)s207(6* DX)) V2 AY (X] 1,6° Z05)
i,jEN
+6(62 DX2)T V2 As(XP 1,62 720, 5,0)
(B2)uo = X s Luwmtss (02 Vo AL (XD, 1) + 0N 21+ 10— Vo AT (X0 4,62 20, 5)
JEN

+03 N 2P B0 VLAY (XD, 4,62 Zys) + 07 0.V As(X, 1,62 Z045,0)).
i,jEN
First, we remark that, since B% =0, it follows from Lemma and -D that, since A$(q+ 1) (see lb
holds, then

(BL.,0,0) < ;gw(a%(D xHTv?A,(x°,)D X?%,0,0) +<€R27171YP(B;_1,,,0,0)

Rd,
q—1 ,
—q'+1 ’
<N e 0T (DX V2 AX, ) DT X,0,0)
q—q’+1’ ’
q'=1
1
SCKyo Eclsup(1+ [XFZD, )1+ XPE5)5
te Y
Moreover

ég,o,p(o 0, B3 )< Rd OP(O 0, 5t (83 1 +B372) Dot X(S)

T 5,1
+Cra_1,(00, Bj 1) + G 0,,(0,0, 5y Byt DZ%)

ieN
qg—1
<) ¢ , . (0,0,6 27 (B> + B**)D? 7 Xx°
D Cra il = ) )
q’'=1
1,i 8,0 m 3
+ ch @ e1p(0:0.8Y Bl DZ) + Gy ,(0,0,B7).

q—q’+1’
iEN

Since A (g + 2) holds, using a similar approach as for the case ¢ = 1 yields

wend iEN ¢'’=0
w<t

T p.1
et q-1,5(0,0, B )—1+supIE \Z ZZ&HDQ (BY w)wtsilr,, |%]7
t<T

LS

<L+ CT26 % sup  sup EHMD‘*‘I(B“)M G v

1 1
<1+ CT2 KgioMc(2° )pIE [sup |1 + | X;_ 5|Rd1q AP+ X 5|pq+2\1’]p.
teT
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Moreover, for ¢’ € {1,...,q — 1}, we deduce from the Cauchy-Schwartz inequality that

Craa (005 T (B! + B*?) D7 Xx?)
qfq’+1’
—y 1
=1+ sup Eq| Z 5% (B3 4 B3?) D11 Xola
temd wend a—q’+1
t<T w<t
1
<1+ ZE 16 B3 D=7 X1, /+1,qf_1}P
oA
a2 —q 21
103 S B (6T (B DU XU, TR,
temd i€EN a=a'
t<T
with, since AS(q +2) (see (2.2))) holds,
1 1
E[6T B DY XM, BT (B, D X,
q q’+1
<60 Mo (2°)7 KypaBalsup(L+ X7 )01+ |X“\”"”2>} ;.
S

Finally, for ¢’ € {1,...,q — 1}, recalling (3.2) and owing to A{(q) (see (2.2))) yields by similar techniques

x )i 5,4 2 )i 5, (2 2.1
ma Yq,flyp(O,O,ézB;_q,y_DZ_+5) <L+E, Z 25 |BY o Dewsoi 20 sla o517
q—q’+1 ‘ a—q
ieEN wend iEN
w<t
1
<1+ CT?K,E, [sup(lJr\Xt P A+ X RT).

More specifically, we have shown that

x 1
=2,0.5(0,0, Bl )< C(A+T)Mc(2° )7 Koio Eq [sup(l +|X2P R ) (1 |X2|P a2y

R4

Applying (4.11) with ¢ = 0, yields, for ¢ > 2,

1 2 1
J7 < Kgy2exp(C(T + 1) Me(2°) 7 K3)Eq [sup(1 + | X7 |25 + X7 )

teT

E. [SUP‘Xt

R2,1,q RE,1,q— 1)

Using a recursive approach combined with (4.11)) with ¢ = 0, gives (4.10).
Step 3. In this last step, we prove (4.11). For ¢ € N, we define Ho = H and Hyy1 = (H,)7 *N. For Y
satisfying 1) ,we have (remember that D?Y;, t € 7%, belongs to ’Hf}l), for every t € m°

N

33D Yiys =03 DY, + Bb? DY, +6° Y 7} B} +522LZ‘“

2,1
t46 t+(SB +Bq ty

i=1
with BYi =62 DBY |, +6%(D X{)T V2 A{(X/,t) D71 Y,, B2 = §3 DB, and
N
1 i : J
B =01 D B} 1, +6% ) VLA (X O DR 2 DT Y
1=1
a 1 2 i, 3 -
+5§§ Z D’(§ Zf+5Z“5V AP (X],t,622),5,0) DY,
i,JEN
+6% DOV, As(X] 1,62 2],5,0)) DT Vi 62 Y By, D(622))5) + By, DL Z]},).
ieN
Now, we aim to obtain an upper bound on ‘572270@(34},.7 B; . Bg).

We study ‘Kft (B;,‘7 Bgv, Bg”,). We first remark that, using 1) and A (¢g+2),

4,0,p

T x T g T _
3,05 (Ba20,0) S Ca (B, ,0,0) +€a (57 (D X7) T V2 A1(X?, ) DT Y,0,0)

—q' 41 ’
<G, ,(B',0,0) +Z w1, (DX V24X, )DT Y’ 0,0)
et q q’+1’ ’
1
<ongp(B0.0) + Oyl + Eolsup [V |5 )Eelsup(1 + X028, )1+ X757,
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and similarly %ﬁg’om(o, B;_,O) < 4 ;d’q’p(O,BQ’O). Computing the Malliavin derivatives involved in Bg’,_

(recall that B*' and B*' are defined in (4.12))), we also derive the following estimate
32.0,5(0,0, Bl ) g%,ﬁg 1,(0,0, Bi_1 ) + €5,

10

g,OJ,(O()(S T (B! + B*?) DY)

- 1 i 1 Ji 1 Ji
+ G0 ,(0,0,02 Y " B, D(522%%5) + By, DL(3227%Y))
ieN
x 3 T a=d 3,1 3,2 —q’
SFrtar 0059 +,ZI%W 00,8 (B B D )
q
i K 1 3
Z » q_1p006ZZB D(6%2%%) + B, DL(632%)).

iEN

We study the first term of the estimate above. Similarly as in Step 2. we have, for ¢’ € {1,...,q},

- —d 3,1 3,2 a—q’ :
€2 1, (0,067 (B 4 B DY) <14 Y Bl L
a—a’+1°T 0P 5 A

t
fJT
q' —1 3,2 qiql P 2 1
+|(5ZZE (By )t46,: D Yth q/_l}p‘Q'
tend iEN e
t<T

Moreover, using 1| and A{(q+3) (see (2.2)) holds, we have the estimates

1 1
E.| )7 SOCMo(Z°)7 Koy
q q’+1
2 ER a1
X Eofsup(1+ | X120 (1 + | X052 B B, sup Vi1,
teT ’ te ’
and
E,[|6" % (B> 7 <8CMc(Z2°)K
ol (B ). (Hd )N,q/_l] X o(Z2°) Kqys
_ 2 1 1
x Eafsup(1+ [XP 0 )0+ P sup (Y3,
€

Now we focus on the last two terms of the estimate of €,a p(O, 0, Bg’_). For ¢ € {1,...,q}, using the same
4,0,
calculus as a few lines above, we have

(gfid q’'—1 p(0707 6% Z B;—iq’ . D((S%Zéj:é)) < 1 + T%(g’f{d,q—l,p(Bla(l 0)
ama+t ’ ieEN ,

1 — €
+CT7 Ky Eafsup(1+ [ X720 )1+ (XD [P 2 B 1+ sup [V 28, 125
teT i teT ’

Using (3.14)) with the estimate (4.4)) from Lemma yields, for every ¢’ € {1,...,q},
1 2,0 1 s
Hd ,q’ —l,p(0’0’52 Zquq/,. DL(52ZA+6))
q—q’+1 ‘
iEN
<1+ CT% sup By [|B2_ 0 | 177 | L Z0 |lan o 0, < 1+ CTEEE (0, B%,0)
X t€$ T q—q’,t (’Hs_q/)N’ql_l t RN ¢/ 2p X Hd R ,0).

,q—1,2p

In particular, we have shown that

1 1
e.0,(0,0, By ) <(L+T%)65a ,  (B',0,B%) + CT2%5a ,_;,,(0, B%,0)
1 L L
+C(1+T4) Mo (2%) Ky Bell +s0p [ XU 1B 4+ sup Vil 1
teT ’
Applying (4.11)) with ¢ = 0 and (4.10) concludes the proof of (4.11) t

Now, we are in a position to prove Theorem

Proof of Theorem[3.4 We do not treat the case (p,)nen+ = 0 which is similar but simpler because we
do not use Lemma in this case. Let us focus on the case (p,,)nen~ #Z 0. We treat the Sobolev norms
of 8§5Xf. In the case |a| =1, 1) is a direct consequence of Proposition since

0

a%xt 5= a;;gxf + Bta;ggxf .
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For a = (al,...,a%) € N with |a| € N*, we consider iy € {1,...,d} such that a’® € N* and denote
a” ={al,... a7l a0 — 1 aftl . ad}. Then
Ko Xirs = 0% X7 + BiOgs X7 + 02"z} By, + B,
iEN
. . 1,2 7 a 1,0
with BL = B3 =0 if |a| =1 and for |a] > 2, B, = (Oxs: XHT V2 AL (X)) %s X{ +Oxsi0 By 4,
B3, = Bmaa& X7 + 0y 210 B

— e where we have introduce the quantity

i __ 4,1 6,J
B ¢ = Z Zt+6Zt+6
iL,jEN

+ 8(0xs0 X7)T VE As(X7 1, 5377, 5,0).

a,ioxé) V2 A (X? 1,67 20, )

We proove our estimate using Proposition Therefore, it is sufficient to study the quantity
Cragp(BL, B2, B3) for p > 1. In particular, since A{(q+3) (see (2.2)) holds, for every p > 1, and every
i € N, and every multi-index € N%, using a recursive approach and that Bé/ = 0if |&/| = 1, we obtain
(the expectation in the norms below are computed conditionalyl to X = =)

’ 2 q 1
| Baill @ qp 10,50 BEY et gp + CKyrasup > Eo[(1+ 0% X7 10220 (1 + X7 [ )]
tETq '€{0,1},a’eNd
1—g'<la’|<|a|
o’ + PPg+|al+1 1
SCKgy|a|+15up Z E.[(1+ ‘aISXmﬁ(dq,q’l,Zl))(l + |Xt6|]Rd Haltiy)F
q'€{0,1},a’eNd

1-q'<la/|<|e]

In the same way

|| Z Ba wHqup X (1+T) q+|o|+2 MC(Z(S)

wems
w<t

’ [eY q+|a 1
xsup > E[(14 [0 XD (1 X))

teTq’E{O,l},o/ENd
1-¢'<la’|<|e]

Then (3.15) follows from Proposition combined with a recursive approach. We now study the
Sobolev norms of L X?. We have
B} + B},

LX) s =LX] +B LX) +6%Y Z)/;B" +0% Y LZ};

ieN ieN
with B} = Tr(o x5 V2 AL (X7, 1)), B} = Aj(X?,t) and

4,1 8,7 4,7 9,1 7,
B} =4 Z (Zy\s L Zyls + 2,0 L 2y 5+Xt+61w)A j(Xtévt 5% Zt+6)

i,jEN
+ 22 (Te(o s V2 A (XD 1,02 2], 5)) + 0% > 0. AS (X] 1,62 20, 5) L Z) s
leN
+ X010 Y DA (Xt 46,08 Z0,5)) + Xi1s0 y 02 As(X] 1,02 2] 5,0)
leN leN
§ ) 6,1
+Te(oys V2 A (XD 4,09 20 5,6) +62 Y 0 As(X] 1,02 20,5, 0) L 2},

leN

Moreover, for every p > 1, and every i € N, using A$(q +4) (see (2.2))),

HBszi||(Rd)N

+2) PPgiay L
0 SCKQ+3§£E$[(1+|X5|§Eiq1q+1)( + [ XP PP 5

)1+ [ XD R,

2,4
1B lway.ap SCKoprsupEo[(1+ XTI,
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and

1> Billza,qp SC(L+T)KgraMo(Z2°)(1+ sup 1L Z7 [ 4,2)

wems
w<t

1
X supE[(1+ XD )1+ X7 E )

We finally use (4.4) from Lemma and Proposition to complete the proof of (3.16)).

4.2. Proof of Theorem [3.3l

4.2.1. Preliminaries. Before we focus on the proof of Theorem we provide a representation formula
for the Malliavin derivatives using the variation of constant formula and some technical results we will
employ in our proof.

Representations formula. Let w,t € 7%* i € N'. Then Dw,) Xf(x) = 0 for every w > t and for
w <t

D(w.iy XP = X0 00(XP_ 5.t — 8,02 Z0,8) Ly + Votd(X{_s,t — 8,02 Z0,8) Dy Xo_5().
We consider the tanget flow process (X;);cs defined by Xo = I, and
Xy = Ox3 X] = Voo (X g, — 6, 5220 6)X_s.

We now define the inverse tangent flow. To prove the invertibility, we consider the Hilbert space
(R4 ( Vpaxa), with the Frobenius scalar product defined by (M, M)gaxa := Trace(M'MT) = Zle(M’MT)M,
M, M’ € R4 Notice that for M € R4 ||M|ga < |M|gaxa < dz||M]|[ga. Also, for k € N,
|Mk‘Rd><d < ||M||Rd‘Mk_1|Rd,><d < |M|]§d><d (With MO = Iixq and M = MMl_l, le {1, .. ,k‘})

Now, since V,1(x,t,0,0) = Igxq for every (z,t) € R? x 7, it follows from the Taylor expansion of V),
that

1
Val(XP 5.t — 8,62 2),0) =Iaa+ 02 Y 2} / DV oth(XP 5.t — 6,767 Z0,0)dA.
leN 0

1
+5/ By Vatb(XD 5.t — 6,67 20, A6)d),
0

and using the assumption A; (see ([2.3))) yields

. dxcd — Vot (X2 st — 5,622, 8)|gaxa <024 Ksmax(|Z8P3T,1).
4.13 I V(X gt — 6,02 7 ke

In particular, if we assume that
(4.14) s TR Ky < 1,

we remark that, on the set {|Z?|gy < 72}, we have

|det V(X[ 5.t —0,6220,8)|7 > inf  [V,(X[ gt — 6,02 20,8)E|pa
EERL[E|pa=1

>1 — | Laxa — Voo (X7 g,t — 6,02 20, 6)|a

1
>1 -2 2Ks(1+ 5 ) > 5.

The matrix V(X7 4,t — 6,6%Zf,5) is thus invertible on the set {|Z}|zgy < 72}. We are now in a

position to introduce the inverse tangent flow, namely ()oft)teﬂa satisfying Xo = Iyxq and which is well
defined for every t € 7%* as soon as we are on the set {©,), xé6.- + > 0} and 1) holds. In this case

(4.15) Xy = X7 = X, sVop(X0 5.t — 6,20, 6)7 1.

In particular we introduce X}]%t = X, 1@77 5, >0 which is well defined for every t € 7°.
g, m0%,

We conclude this introduction observing that we have the so-called variation of constant formula. Under
assumption (4.14) holds, on the set {©,, rs.. , > 0}, for every (w,i) € 7% N (0,1] x N, we have

(4.16) Dw.iy Xp = X0, X X 0i0( X0 _s,w — 6,02 23, 6).

Before we give the proof Theorem we start with some preliminary results which are crucial in the
study of the determinant of the inverse of the Malliavin covariance matrix.
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Preliminary results. Two standard results will be used in our approach, namely the Burkholder
inequality (see (4.8)) and an exponential martigale inequality, we recall thereafter. First, let us introduce
some notations. Given a R-valued process (Y;);crs progressively measurable w.r.t. a filtration (F}Y )scqs,
we denote #(Y); = 673 (Yeyrs — E[Yiys|FY]), # (V) = 67 'E[Ysps — Vil FY].

Let (M;);eqns be a R-valued local square integrable (F;);c s-martingale. We denote [M]; = |Mp|? +
6 wens | A My|* and (M), = E[|[Mo|*] + 0>, cns E[| 4 My|?|F)]. Then (see [14] Corollary 3.4 or

w<t w<t
[15]), we have the following extension of the Freedman inequality [I7]: For a,b > 0 and t € 7%,

2
a
(4.17) P(sup |My| > a, [M]; + (M) <b) < 2exp(—==).
wend 2b
wt
Now, let us give some additional intermediate results which are proved in the Appendix [A] The first one
is a technical result that is used to bound the probability that the determinant of a random matrix ¥ is
under some threshold by studying P(¢T¢ <€) for ¢ € R4,

Lemma 4.3. Let ¥ be a R™%-valued random variable and e € (0, (21%) Then
2
1 1
(4.18) P(  inf  £TRE< Ze) <Od)e  sup  PETRE <€) + P(||2]|ge > —).
£ER[g|pa=1 2 £ERY €| a=1 3e

The second result provides an estimate of the moments of the inverse tangent flow.

Lemma 4.4. Let T >0, T = (0,T]N7’, x € R?, let p > 2 and let ny > 1. Assume that ' 2.5) from Ay,
A(p(qd, V (2p3+2))) with i), =1+ [— 211?1(‘;)2 1 (see ) and that hold. Then,

(4.19) E.fsup | el Lo, 7. 50l < C1d) exp(COIT My, viam, 2 (27)F K

The next result is a discrete-time Lie expansion satisfied by our process X? together with a control
of the remainder appearing. Before we state the result, we introduce a set of polynomially bounded
function (together with their derivatives of order ¢ € N) that is Cq (Rd x Ry;RY) = {f € CY(R? x

Ry;RY), 3Ky > 1,y €N V(2. t) € R X Ry, 30 <, 102 f (2, t)\uad < Kjq(1+ |z[50")}

Lemma 4.5 (Discrete-time Lie expansion). Let V € C?(R? x Ry) and let no > 1. Assume that 1 €
C3(RY x Ry x RN x [0,1]). Then, for every t € m%*, we have the Lie expansion

XWDJV(Xtévt) XT]mt 5V( t 67 +52 ZZ(;ZX'VIQ t— 6V[Z](Xt 6at7 5)
iEN
+ 6‘)0(772’75*5‘/[0] (Xg—év t— 5)) + Xng,t*t?%v(Xtéfév [ 57 Zg)

Moreover, let o € N and let us introduce the R%-valued functions defined for every (x,t,z) €
R? x %*x € RN by

RV (x,t — 08,2) =RV (x,t — 0,2) — E[ZV (x,t — 6, Z0)]
RV (x,t — 0) =E[RV (x,t — 6, Z0)].

Assume that AS(|a®| + 4) (see and ) and Ag(+00) (see ) hold. Assume also that
Ve C;)O;i‘+3(Rd x Ry;RY) and that (4.14]) holds. Then, for every (z,t,z) € R x 70 x RV,

(4.20) | BV (z,t — 6, 2)|pa <6C Mc(Z°)K§ K 5(1+ [z[Sa + |2]En),
with C' = C(py, Pvs qf]2). Moreover

(4.21) 02" RV (2.t — 6)|pa <62C Me(Z%) Ko 2 KV 0o s (1 + |2]§),
with C = C(P|ae| 14 PV, jae|+3> Doy |7])-

We point out that, Lemma and Lemma will be used in the specific situation where 75 = 15(9)
under assumption A¢(z,T) hold. In this case § < (2P T18 K3)~* so that ny(8) > mln(é_W}S,(S_m)
and then qfh(d) < C(p3)-

The last result is a Norris Lemma adapted to discrete-time processes. In the continuous case, this lemma
can be found in [25], Lemma 2.3.2. Before giving this result, we introduce some notations. Let ¢ > 0
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and 7 C 7%*. Given a R-valued process (Y;),cs progressively measurable w.r.t. a filtration (F} )icqs,
we denote,

(4.22) Ayv,7(@) =1+ sup E[|Y;s|*] + Elsup| (Y );—5|%] + E[sup E[| 4 (Y )¢5 |7 )]
teT teT teT

+ E[félgl%/(%’(i’))wlq] + ]E[félglE[l M (H(Y))e—5]7|F5]].

Lemma 4.6 (Discrete-time Norris Lemma). Let T > 6, T = (0,7] N 7°. Let (Y;)iens be a R-valued
random process progressively measurable with respect to a filtration (FY )ieqs, let v € (0, %) and let

p > 0. Let us introduce q(r,p) = max(4, 1f41€r) and assume that

Ny 1(q(r,p)) < +oo.

44

Then, for every € € [(210(1 v T3)§)srs5r (28(1 Vv T)) Tz ],

(423)  PEY OGP < 8 SR A s PIFLS) | A (sl > )
teT teT

_1-12r
22

€
211(1 Vv T2)

<eP(1V T2q(r,p))25q(np)+3 Ny 7(q(r,p)) + 12 exp(—

).
4.2.2. Proof of Theorem[3.3

Proof. The strategy of this proof consists in showing that, for every p > 0,

1+ 1P2L+5 >0 ‘x|gd
V(o) B O s

(124)  E[ldetxs [Plogoo] < K, 5 exp(C(1+T) M(Z°) K2),

where v X35 = X;l: X3, X and (3.20) follows from the Holder inequality together with Lemma
To show this estimate, we first establish a sufficient condition (see (4.25) and (4.26))) to derive (4.24])
(Step 1.). Then we prove that (4.25) (resp. (4.26)) holds in Step 2 (resp. Step 3). Step 4 is dedicated
to the proof of (3.21). We begin with some notations. For every i € A/, we introduce the R%-valued
process (¥ )ie7 defined for every t € T by ¥ = X4— sVt 10,:0(X_5,t — 6, J%Zf, 0). Notice that,
we have also ¥/ ; = )"(taziw(xf_(;, t— 6, 6%Zt5, ). We now introduce the notation v? = wT e R4%d for a
vector v € R%. Using the variation of constant formula 1) denoting & ys =0 D (t)ET x N ACZTIE
on the set {©,, 7 > 0}, we have

Tx3 =0 Z (D(t,i) X%)Q =9 Z Xf(XT)O(taziw(Xf—& t—9, 6%257 6))2

(t,)eT x N (t,1)ET XN
:(5 Z X?(XT 7/1‘,15)2 = XT&X%XJT“‘-
() eT x N

We first show that the proof of (4.24]), boils down to prove that there exists € €

Step 1.
1
(n,(6)"7,22] and &k > 1 (which do not depend on ¢ and will be made explicit in the sequel) such
2

U

that, for every e € (5,(8)" 7, €),

(425) £€Rds'|l,2|) 1]P>J: (gT&X%é- S 26, @772(6)77’ > O) S Iied(p+4)7
i1€lga=
and
- 1
(4.26) Po(llo xs [[re > &,6,72(5)77 > 0) < kedP+2),

In this case
E,[|det ¥ x5 [Ploy 0] <Ck + [€1]7.
The result of Step 1 is mainly a consequence of Lemma [£.3] We begin by noticing that
Po(|det¥xs 1oy >0 2 e %) =P, (| det oxsl| < !,05 > 0).
Since | det 6";%774 >n,(6)"! on {@X;,det(xg)amw)j > 0}, the quantity above is equal to zero as
soon as €? < n; ()" and for every e? > n; ()71,
P, (|det G ys | < €?,07 > 0) <Pu(|det G x3| < €, 0,357 > 0)

<P, inf Toyi6<e,® > 0).
(feRdl;|12|Rd=1€ Fx35& < €,05,5),7 > 0)
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1

Applying Lemma (with (4.25) and (4.26))), for every € € (n,(5)"4,€),

Py(ldet 6 xs | < e, 0% > 0) <CrelP+2),

Therefore
[ (5)1-1
- (k+1)p
E.[|det¥xs [P log 0] <Crx Y e
Hé,d]

(k+1)P __ w2 __
SOk Z oz e dlp<0n2pg+ [e=,

and the proof of Step 1 is completed.
Step 2. In this part, we focus on te proof of (4.25)). More particularly, we demonstrate that, if we

fix,
1
1 22 TVL( ) L (28(1\/T))714 L1
€ [771(5) dvmln(Tv L(L+1) )13 71L:O + 1L>0|”’H<W|13 ))7
dz 40(L+1)N—=z 10N~ =
then, for every € € [n,(8)"1,€),
(427) sup Pw(gT&ng <2, 67]2(5),T > 0) < 6(1(17-1-4) VL(I)_%lng(p+4)

§€Rd;|§|]]gd:1
X (1 + 1p2L+5>0‘x|§d) KgL+5 eXp(C(l + T) MC(Z(S) K§)7

Step 2.1. For every [ € {0,...,L} and ¢ € R? we introduce the R -valued process (Wlf,t)teT
defined for every t € T by V/it = > aent ZieN<§,)°(t_5‘/i[a](Xi§,t —0))24. Let us denote N; =
_, 1-—13~t e 1
()13 i Hé.:l N313"" Then, for every £ € R with |¢| = 1 and every € € [n,(5)"7, 1),

(428)  Po(0 Y X)€Y ia)ka < 260,47 >0)

(t,0)EeT x N
<Pt (1 4+ 1p,>07|%:) KS exp(C(1 + T)Mc(Z°) K3)
L-1
1 —1-1
+ Z Pm@Z Wﬁt < Nie' 752 W?—&-l,t > Nipie?,0y,5),7 > 0)
1—=0 teT teT
0 —
5ZZW LA+ —NTF 0,507 > 0).

m
teT 1=0 *

First, we notice that, using the standard inequality a? > %bz — (a —b)? with a = (£, 74)re and
b= (& X, sVi(XP 5t —0))ga for (t,i) € T x N and considering separately the cases (a — b)? < 2¢ and
(a — b)? > 2e, yields

Po(6 Y X2E Y iadha < 260,007 > 0) SPul6 ) x) 7§, < 860,357 > 0)
(t2)ET XN teT
TR0 Y &V i —XesVi(X] gt — 0))3u > 26,0, (57 > 0),
(t,)ET XN

with, by decomposing again into two estimates,

Po(6 X W5, <860, > 0) <PL(0] > _(x§ —m) W, | > 2¢,0,,).7 > 0)
teT teT

+]P) 527/(”\ 66172(6)7’>0)
teT

We focus on the estimate of the second term of the r.h.s. above. Our strategy is to handle this term
by combining Lemma (which accounts for the appearance of the exponent 13! corresponding to the
choice of the parameter r € (0,127!) in the application of the lemma) for a process related to (V/ft)te,ra

and assumption Ad(x,T). Recalling that Ny, = -, we derive

My’
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L
—1
527/ € On, 5,7 > 0) ﬂ Z L < Nyel O )7 > 0)
teT =0 teT

3 L —1—-1
+ZP¢(5Z Nl€13 5ZWH-1t > Nl+1€13 7@"]2(5)77— > 0)

1=0 teT teT

Moreover, since sup;cqo,....zy Vi < NON% _ 10 NL(L+1)

10 (L+1) 13-
NL L2+1 613 L,@n2(5),7’ > 0),

L
Pz(mézqff/ﬁthl,rem ' @7]2(5)7—>0 5227/ L+1)
1=0 teT teT 1=0 MM
which is the expected bound on P, (3}, .+ Wg,t < ;l—*e, On,5),7 > 0). A bound on those terms
will be established in the next step. We now focus on the study of Py(d] >, o1 (x¢ m*)"/ﬂg’t| >
2¢,0,,(5),7 > 0). Our idea is to employ the exponential martingale inequality so, keeping in mind that

x? follows a Bernoulli distribution with mean m., we write

‘5|Z V.| > 26,0, 57 > 0)
teT

<P 5| Z — M 16712(6),T,t—6>0 W(E),t | > 26;

teT

1
02 (a1 = ma) 4+ (X — M)V Loy, ) .\ s>0l #5, [P < 267727)
teT
1
Pz(52| Z 19172(6),7’,t—5>0| 7/871‘/ |2 > 2€2+22),
teT

is specific to our approach in order to ensure that we can

Notice that the choice of the exponent %
estimate the quantity above with the expected bounds when e > 1, (J) as described thereafter. Using

o(x? — m*)lew(é) T ls>0 ”//g’“ the first term of the r.h.s. of the inequality

4.17), with M; = > 5.
w<t
above is bounded by 2 exp(—e_2*12)7 itself being bounded by Ce?®+4 In order to treat the second term

Y ien i€ X, sVi(X?_5))2. and using the Markov inequality, for every a > 0

we remark that, Wg)t =
]P)Z(62 Z ‘ Z<£> Xt—5Vi(Xf—57 t— 6)>ﬂ2§d|21®n2(6),”r,t—5>0 > 2622)

teT ieEN

a5 ;

<5a6 a5y K‘lla TaEl_[Sup ||Xt_5||?R%19n2(6),7’,t—6>0(1 + sup |Xt—5|]Rd) ]
teT teT

In particular we chose a = _g(lf]?:l)(lg)(&gi)(&) (remember that § < n,(8)~ 74 < n,(§)~ 24 so that

€ (0,d(p+ 4)]) and apply Lemma (see (4.19)) and Lemma to conclude this estimate.
Now, we study P, (0 Z(t,i)eTx/\/_<£’ Vip —Xi—sVi(X{_5,1—6))24 > 2€,0,, (5,7 > 0). Recall that, on
the set {©y, (s),7 > 0}, we have |Z;| 5(8). Moreover, for ny > 1, let D, = {z € RN |z|gn < 6212}
We fix (z,t,z,y) € RY x T xD,, x (0,1]. Using the Taylor expansion thus yields
Vatp ™10t t = 0, 2,y) — Vi(w,t — 0)|ga <6212 3 |0.s (Vatd ™ 0,090) (.t — 6,2, y) |
jEN
+ 5|6y(v$¢718z1w)(1‘7t - 57 2, y)|Rd7

~19,; ,:1. Moreover, a similar formula

with 0,; (V™ 10,:i1)) = Vb 10, VehVeh 10,9 + Vah
for 0,(V,1~10,:1)). The study of this last term is similar to the one of 8., (V% ~19.:1) and is left to

the reader. Owing to the estimate
D 102 (Va0 e <Vt M IRa Y 11025 Vatbllpe|0zitblza + 025 21|,
i,jEN

i,jEN
we derive our estimate by showing that the function ||V, 1| ga is bounded on R x T xD,, x (0, 1]
We consider the following decomposition

Vo YNt —6,2,0) = Iyxag — (Voth(2,t — 8,2,0) — Iyna)Ved Ha, t — 6, 2,0).
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Now, assumption A; (see (2.3])) implies that (4.13)) holds. It follows that, under the assumption
4.14), for every (z,t,2) € R X T XDy, |[Vato(@,t — 6, 2,0) — Iixallre < & and then ||V, ga < 2.
The exepected estimate thus follows by observing that

d d
S 02 Vatbllze =Y 1> 105 00[3al? < YD 1020000 ga-

JEN JEN =1 JEN I=1

Using similar estimates for the term 9, (V Tzzrlaz,- 1) together with A;(3) (see (2.2))) and since (4.14)
holds for 1 = 1,(8), we obtain, for every a > %, (with C that may also depend on a in the following)

Po(6 Y (&Y in =X sVi(X] 5.t — 6))Fa > 26,0p,(5),7 > 0)
()T x N
<C§an2<6)2a€_aK§aTG(E [SupHXt 5“Rd1@n2(5)7r 5>0<1+SUP‘Xt 5| ap3>]

+C8" my(8)* e [SupllXt 5184 L0,, )70 s>010 D 127 [5R11].
teT

Moreover, the Holder inequality (since 2a > 1) yields

B(6 Y 1201580 ) < T2 1B Y 1Z7158P ) < T2 Miap, (27).
teT teT

We chose a = max(3, [— e §§)+3)1[111(1¢($;7i(223n(n2(6))1) (remember that § < 172((5)*2 7,(8)" 7 so that

a < d(p+4)) and conclude using Cauchy-Schwarz inequality, Lemma (see (4.19)) and Lemma

Gathering all the upper bounds together, we obtain (4.28)).

Step 2.2. Let us show that, for every e € (0, (%)BL]
JACED)

40(L+1)N

)

10 (L+1) g4
5227/ S(L+D)—NTTTE 0,057 > 0)
teT 1=0 MM

AT Y () OB 1y olel€) Ky exp(C(1+ T) Me(2°) K3),

It is worth noting that, in case of uniform Hérmander properties, we have a similar result but with
V1 (z) replaced by 1 in the r.h.s. above.

L(L+1) 13 L

Now let us focus on the proof of Step 2.2. Let us denote €;, = (L + 1)10m !N~ =2 . Let

To:=1{0,..., [+aL— ]5} Since € < (%)13L, then 7o C T. Therefore,
LT

IV (z) 40(L+1)N
—L
5227/ L—I—l)NLE @772(5)T>0 5227/” €L, nz(é)T>0)
teT 1=0 teTo 1=0
6|7a| DDA i€
|| <L ieN

<OY 3 STHE XV Xt = 8) = Vi (@,0))a 2, Oy, 5.7 > 0)

teTo |a|<LieN

o Vi(z
(s 3 37N K -V (KL = 8) — Vi, 0 > YEED

teTo | o[<L ieN

bUp Z Z|Mazt 6|2 o, t— 5‘
t€To | 1<L ieN teTO la| <L iEN
Vi(z) 9
<2 D Pulsup Maia—al’ > s = sup [ Baie-sl),
lal<Lien  t€To 8N (V) teTo

with for every ¢t € T, and using notations introduced in (4.17)),

Ma7i,t :6% Z %(Yaﬂ‘)w—éa Ba,iﬂf =0 Z '%/(YOC7Z')’LU—57

weT;0<w<t weT;0<wt
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where Y, ; 0 = 0 and for every t € T,
Yain = (& X0 Vi (XD, 1) = VI (2, 0))p

Now we decompose our estimate in the following way

L
P03 S W5, <(L+ 1N, 0,57 > 0)

teT 1=0
<Y TR B sl > 0,7 2 0)
lal<LieN  t€T0 16N( )

V()
+ P, (sup | M, 2y o7
(tG I?) [Masi-sl” > 16N(NJ'\‘,'L)

We study the first term of the r.h.s. above. Using the Markov inequality, for every a > 0, we have

,@,72(5)77* > O).

Vi(z) 2 Vi(z)
P,(sup |Bait—s> > ——ntr—, © > 0) <P, (|8 H Yeo,i)i—s||? > ———77,0 >0
(tETo‘ t—s| 16N(N;L) 1n2(8), T ) (1 t§7:_0| ( )t 5|| 16N(N]JVFL) 1n5(8), T )
N+L

<CoTo ¢ E || # (Yo -~ N/
| 7o | tﬁeug [| A (Yai)e—s|"]l Vi(2)

At this point, we chose a = d(p + 4)13% so that §%| Ty |* < C Vi (z) %P+, In addition, as a

consequence of Lemmawith V= V[a] (recall that owing to Ad(x,T) we have ¢ . < C)). Using the

15(6)
c
Cauchy-Schwarz inequality and remarking that Kv[a < C(la) K4J£|;|L)‘ and Pyl g < C(la]) Pagojals

we derive
a % a 1 1
Eol| # (Ya,i)i—s|"] SCKG o0 Ma(Z20)Ea[l| Xi—sl35 10, 4 0] (1 + B [|X75]84]2),

To complete our estimate, we bound the r.h.s. above using Lemma (see (4.19)) and Lemma
(when 4a < 2 we also use the Holder inequality to conclude). We consider now the temrminvolving
M, ; +—s and first observe that we have the following inequality

Vi(z)
P, (sup [My o sl? > —L\2)
o(sup [Maio—s” > ~ 16N (3

) S Po(8 Y Bl ot (Ma)e-sPIFX5] 4 |t (Mo i)e—s]? = €55

teTo

VL( ) X9 13— L
+P, My it > ——atre, 0 Y B [| (M, FiXs)+ | (M <€ 3 ).
o(sup Mosdl” > To0 Ty 2; [ s IS+ |l (Mo i)esl” < €75)

VLL(a:) ).
32¢ 5 N(VEE)
In order to bound the second term we take a > 1 and using again the Markov and Holder inequalities
and that . # (Y, ;) = M (M), yields

5ZE|% om,t6|| ]+|%( OM)t 5|)

teTo

At this point, we chose a = 2713d(p + 4)13L so that 69| 7g % *" 5 < C' Vi (z)~%€ P, In order
to bound the r.h.s. above we use Lemma and the Cauchy-Schwarz 1nequahty to derive
a Y a i
Eof| A (Ya)i-s1*"] SCKypja) MC(Z'S)Qle[I\Xt—allfgdl@mw),wo] (1 + Eu[|XP_sl%a] ),

and then use Lemma (see (4.19)) and Lemma Gathering all the estimates and using standard
inequalities between exponantial and polynomial functions concludes the proof of Step 2.2.
Step 2.3. Consider the case L € N*. Let [ € {0,...,L — 1}. Let us show that for every

8 —143 .
e e ny(o)4, | Do,

Using the Doob exponential inequality (4.17)), the first term is bounded by 2 exp(—

) <0 T [4e T 20 sup B, [| /(Y i)es ).
teTo

then
—1 —1-1
Pz(éz ng,t < Nl,rels ,52 Wl€+1,t > Nl+1€13 ,@"2(5)’7 > 0)
teT teT
<P (141, solzlfa) Ky 7 exp(C(1+T) Mo (2°) K3).

First, for a € Nandie N, we introduce the R-valued process (?a’i,t)teﬂs such that ffa’i,o =0and
f’a,i’t = ({,)0(,,2(5)7,5_5‘/1.[&] (XS 5.t — 0))pe, t € %%, In particular, on the set {On, 5,7 > 0}, we have
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2t € 7%, Furthermore, it follows from Lemma with V = V;[a]7 that, for

ng,t = Zae/\/’ Zie/\/ |Y )y
t € o,

Yazt+6 Yozzt _52 Z Z(S g Xr]2(6)t 5V J)](Xt 67t_5)>Rd
JjEN

+ 606, X ()4 s VI OOUXD 5.t = 8)))pa + (€, Xy (5) .4 s BV (X g0t — 6, Z)))
=62 Z Zf’ Yia )it + 5Y(a,0),i,t + <§7Xn2 5%"/[&] (XD 5.t —0,77))pa,

JEN
and
W= S SN (Vai)i — 07 3E Koy 0 s BV (XD 5t — 0, Z0)yma P FL)
aeNtiEN
| (Vai)e — 5 HE Ky 51,0 s BV (Xt — 6))mal.
Therefore,

—1 —1—1
Po(8Y W5, <Ne™ 0Y #i > Neae® 0, 65).7 >0)
teT teT

P60 Y SN Vel < Mie?

teT— aeNViEN
0D D S Bl M (Vi) = 573 (& Xy )4 6BV (XDt — 8, 20 1755 ]
teT acNLieN
Y -1 o 2171 (6 2 13711
+|L%/(Ya72)t_5 <£’Xn2(5),t*5‘%vi (Xt—évt_‘S»Rd‘ > Nigie )

9

- —1 - - 1 —1-1
<D D R0 ) Waual® SNiet™ 6 Y Eol| A (Yoo + [ (Ya)el* > JN T Nijae® )

4
aeNIEN teT — teT

+ 3 S P Y B [l67 (€, K s BV (XD it — 6, 20) )]

aENIEN teT
o —ra | —1-1
+ |5_1<£7X712(5)7t*5‘@vi[ ](ngéﬂt - 5)>Rd|2 > ZN ! 1Nl+1613 ),

where T~ = T \{sup{t,t € T}}. We bound the the first term of the r.h.s. above Since Nj11 =

L 1
ANTFUN and, since N € [1, (A2)18 743 N 571, we have Nie® ™" € [|210(1vT#)5)° T (28(1vT))-149]
and the expected bound is obtamed by applying Lemma with YV = YOM, T =T ,r =131,
€= N and p = 13'd(p+4). To obtain our estimate we use standard inequalities on polynomial and

exponential functions and we are left to show that .4 Vs . 7-(q(d,l,p)) (this quantity being defined in

li with ¢(d,l,p) = 13!*144d(p + 4)), is bounded. We notice that Ji/(%/( wi))o = (& V; (e (x,0))pa,
M(H (Yai))o = 0 and that, for t € 75*, as a consequence of Lemma

H(H Vi)t =Yia0.0)it + 0 HE X, 0462V ONX 5,8 — 6)
+67HE Xy ), (RVIDNOUXE gt — 8))ga + 672(E, Xy (51— s BRV (XP g0t — 8))pa,
and

MK Yai))e =Y 207 Via0.gyia + 0 HE Xy (5)—s BV CONXT 5.t - 8,27)
JEN

51200, X 0.4 s (BVININ(XP 5t — 6))ga
+o73 (¢, Xng(a)t 5«@%‘/[ ](Xt it — 0, Z0))pa

Applying (4.21) and -, we obtain

2q(d,l,p)7 L 1
Ny r-(a(d,1,p)) <CMo(Z2°)KG 1 E, [SuPIIXm(a)t 5|23 (1 +Ez[§é1;;|XiaI§d]2).
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Using the Markov and Cauchy-Schwarz inequalities together with Lemma gives also, for every

a >0,
Po(0 Y Eol|0™3 (€, Xy (5)4—s BV XD 5.t — 6, Z0))gal?]

teT

157 Ky 01,0 s BV (XDt = )2 > N7 Nt

<OF ST Mo (2°) Ky Ealsup | Koy 5).-5113)2 (1 + Esfsup | X7, [35°1%).
teT teT

d(p+4) In(n, (%)) 5o that §%e—al3 ™t < el ) (remenmber that

In particular, we chose a = — -
, —13-!=11In(n,(6))— & In(d)
d <my(d)~2 soa€ (0,2d(p+4)]) and then apply Lemma (see (4.19)) and Lemma to conclude

the proof of Step 2.3 (when 4a < 2 we also use the Holder inequality).
Step 2.4 To conclude the proof of Step 2 we simply gather the estimates obtained in Step 2.1,

2.2 and 2.3.
Step 3. We now focus on the proof of (4.26)). In particular, we show that for every e € R*,

N 1
Po(ll& xsllze > =) <e®®F2 (1 + 1 solelfa) K exp(C(T + 1) Mc(2°) Kg).

(4.29)
First, we notice that, using Cauchy-Schwarz inequality, we have

. 5 ; 5 ;
16 x5 lle <lloes rllre | Xrlza < X7 Za 1 11X [l

(NI

As a consequence of the Markov inequality and again the Cauchy-Schwarz inequality, we obtain
n2(6),7',t>0]

P16 x4zt > o Ony5).7 > 0) <CelPHIE, [sup | X7 5|24 PH]SE, [sup || X 24P 16
€ teT teT
To conclude the proof of Step 3, we then apply Proposition (see (4.10)) and Lemma and

obtain (4.29).
Step 4. In order to complete the proof of Theorem [3.3] it remains to show that (3.21)) holds.

Similarly as in Step 1, we have
P, (| det 4 ys >"1(5) 0% > 0) <P,(|det&ys| <2n,(0)"1, 0 0)
v Txgl 2 =507 > 0) <Pu(|det &g | < 2my +Ony0). 7 >
76 x5 € <210y (8)77,0y,5).7 > 0).

<P, ( inf
fERd§‘§‘Rd:1

Using the result from Step 2, (see D with € = 21 771(6)_%), for p > 4, we have

- d B Caar
]P’x(IdetfyX%\ > an(),@%(é),T >0) <1 (0)P(1+Vr(x) 213 dp)
X (1+1p,, . sololfe) Ky 5 exp(C(1+ T) Mc(2°) K3).

To conclude the proof, we simply observe that, since 1, (), 15() > 1,

x - 1 1
B.(07 < 1) <Bul|det Ay | > m(0) — £ Onin7 > 0) + 3B an > mylo) — )
teT
N ] 1)
<Pu(ldet 3xg1 > B 0,507 > 0) + YR e > 220
teT

and apply the Markov inequality.
APPENDIX A. PROOF OF TECHNICAL LEMMAS

A.1. Proof of Lemma [4.3]
Proof. First notice that, since € € (0, \/%), there exists {1,...,8{n () With & € R N(e) < 7d324¢=24
(see e.g. or [29] Theorem 2 or [34] Theorem 1.1 for a refined constant) such that {¢£ € R?, |¢|ga = 1} C
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N(é){f € R%, | — &|ga < 5 }. Moreover

1 1 1 1
P inf Tye < Ze) =P inf Tse <26 |2|ge < =) + P2 > =—).
(gewl;famd:lg 3 26) (EeRd%Rdzli §< 5¢ 12| e 36) (IIZ|ga 36)

In particular for every ¢ € R?, |¢|ga = 1,
€136 =06 + (- &)T (26 + 2T¢)
26156 — 216 — Elral|Zllre — 1€ — ERal lpa-

Therefore

i 1 1 N(e) T
P f T8 < S ||B)lpe < o) SPULYEREE < e),
(ﬁeRdl;\Ié\]Rdzlf g 26 ” ”Rd 35) ( i=1 g’ EIL 6)

and the proof of (4.18) is completed taking C(d) = 7d*29.

C. Rey

O

A.2. Proof of Lemma In this proof, we are going to use the Burkholder inequality (see (4.8))) on
the Hilbert space (R4*?, ( )gaxa), with the scalar product defined by (M, M')gaxa := Trace(M'M7T) =

Z?Zl(M’MT)Z-ﬂ-, M, M’ € R™4. Recall that for M € R¥*4 || M||ga < |M|gaxa.
Proof. Step 1. First we show that

1 1
E[sup|Xt|Rdxd1@,W>o]p<d+E[bup| > Twlhuxd? +Eufsup] Y Tulhunl?,
t

teT werN(0,t] € wemiN(0,t]

where we have introduced Y; = 1@,,2,T,t>0)°(t—5(1d><d—vac¢_l)(X(;,g,t—575§ Z2,6), T, =
and T, =Y, — Ty, t € 7%*. On the set {6, 7.+ > 0}, owing to (4.15), we have

Xi =Igxd — Z Xu—s(Taxca — Vot XS _ 5»10—5,5%23”5))

wemdN(0,t]

Now, using the triangle inequality yields
1 1
[Sup|Xt|Rd><d]-®7,2 T>0]p <\[+E[SUP| Z Tw|§dxd]p7
teT wen’N(0,t]
and, using the triangle inequality once again, the proof of Step 1 is completed.
Step 2. Let us show that, for t € T,
|Tt|Rd><d <(5|th5|]Rd><d1@"2’ﬁryt_6>oc Kg Mq§72\/(2p3 +2)(Z5).

We begin by noticing that, since 1e,, - ,>0 = 15%23673772 lo,, r._s>0 (With D, = {z € RY

6%772} introduced in the proof of Theorem , for every t € 7%,

N o _ 5 15
Tilraxa =[Xe—sle,, r, s>0B[laxa — Varp (X} 5.t — 6,62 Z;, 5)15%256%

Now, we remark that

1
IEIE[52 Zzélv V(Xt 6? 6)(15%Z5€Dn2
leN !

Moreover, the Markov inequality, combined with (2.3]) implies that,

i z5ep,,)]

02 2PV V(X st — )1
leN
In particular, applying the Taylor expansion to Vv, we can show that

1
|Ex[(ld><d I¢)<Xt 5t — 6’6227?’5)15%Z56D7,2

On the other hand, using (4.13)), for every k € N,k > 2, we have
Eo[[laxa — Vot (X0 5.t — 6,62 20, 6)|Eanal

st 25, R | Fs) SOKE[|Z] ),

576
622, €Dy,

Since § %ng K, < %, the following geometric series converge and satisfies

o0

Efb[z |Id><d - Iw(Xt st — 57 5%21?’ 5)|]1k§d><d1
k=2

S
stzsep,, [ FZ 5] < 6C K3 My(p 11)(2°).

5
|FZ 5 lraxa.

)
FZ 5] e <6Ks CMys i, 12)(Z°).

E, [T F75)

7|Z|]RN g

5 k _
‘]:th«s] < 51;779 2)(p+1)4k K§ 21\/12(1)3 +1)(Za)-
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In particular, using the Neumann series to write V¢~ ! = Ziozo(fdxd — mw)k, we have

— 1 S5
Eal|(Vat ™" = 2Laxat Vo)) (X5t = 0,62 27, 0)lpaalyy oy |F25]

Z |Id><d - zw(Xt 6>t - 5 5%Zt675)|]1k£d><d1 |]: ]

5% Z2 €Dy,
so that

N o 1 5
|Tilraxa <[Xi—slraxale,, ;. s>0(|Bal(lixa — Vat))(X]_5,t — 6,62 2], 5)16%ZfeD,,2 | FZ 6] raxa

1 s
Eo[)  Maxa = Vot (X5t = 6,62 20, 8) [gaxal s sy I FE5)-
k=2

We already obtained an estimate of the second term of the r.h.s. above. To bound the other term, we

ompute w¢(Xf_ s:t—0,0 3 Zf ,0) using the decomposition 1) and by standard estimates we complete
the proof of Step 2.

Step 3. Let us show that

= I SR 1
Eo[|TePunalen, riss0l7 < OPE[| X 5[00ra]? C K3 My, 3 V(2py +2))(Z2°)7).
First, we remark that |T;|gaxa < |Xy|gaxa 4 |T|gaxa. We have already studied the second term of
the r.h.s. in Step 2 so we focus on the first one. Proceeding similarly as in Step 2, we have

T ilgaxa <|[Xi—slgaxale,, r. s>0(|(Lixd — Vat0)(X2_s,t — 8,62 20 ,0)

1. |Raxa
62 Z)€Dn,

+Z|Id><d_v W(X) 5t =6, 5%ng5)|u§dxd1

Using (4.13)), it follows that

1 .
52 ZEED,,Q)

o 1
]E:E[|Xt75‘ﬁdxdl@-,wqjt_s>0|[d><d - xw(Xt 5t _575223,5) lﬂidxdlg%zéeDz ]
t S5m2

<OPEo[|Xi—slBunale,, 1., _s>0] KE4PC'M,,

5
(p3+1)(Z )
Moreover, since 5%np3 iy Ks < 1

on the space {5%2? € D,,}, we have ‘) and
Z'Idx‘ii fﬂq/}(Xt 5t 7635%Z?;5)|Hkéd><d (56’1(3(1\/|Z5 p3+1))’

and

oo
o 1
Eol| Xi—slhaxale,, r,s>0] Y Taxa = Vatd(X]_5,t — 6,62 Z],6)|funalP1

5% ZSeD ]
=2 n2

SOE(|1Xs 5 Bavale,, ., s>0]CKE May(p, +1)(Z°).
Gathering all the terms concludes the proof of Step 3.

Step 4. We are now in a position to conclude the proof. First, employing the Burkholder inequality
(4.8)), we have for every p > 2,
< < » 2.p
E,[sup | Z Tt|ﬁdxd] <Py Em[(z |Tt|1121<dxd 2] Z]E |Tt|Rdxd ).
LT wersn(o,) teT teT
We deduce from Step 1,2,3 that

o 1 1
Ex[supteTu{O}|Xt|§d><41®n2,r,t>0]p < d+Eg[sup|

1 2.1
T Z T [axal® Z]E |Tt‘Rdxd]p)2

wen’N(0,t] teT
o 1
<d + CK§ Mqiz\/(2 Ps +2)(Z5)E1‘[| Z 6‘Xt_6|RdXd|p1®1,2,7’,t76>0] P
teT
; 2.1
+CKiM p(ad,v(2ps +2))(Z°)7 Z5E [| X slhaxale,, . _5>0]7)2
teT
1 o 2.1
<A+ CKEMys viopy+2)(Z0)F (0Bl s [Xullucile,, ,,ps0l?)E.
teT weT U{0},w<t

Therefore, (4.19)) follows from the Gronwall lemma.
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A.3. Proof of Lemma [4.5]

Proof. In this proof we first derive the expansion formula and give an explicit value for RV (Step 1,2,3)
and then establish the estimates on this remainder in Step 4.
Step 1. Let us show that for every t € 7*

N
V(X2 ) = V(XD 5.t —0) =02 > Z)'V,V(X] 5.t — 6)Vi(X] 5, —6)
=1
+6V, V(Xf 5ot = Vo (X[ 5.t — 6) + 60, V(X[ _5,t — b)

+6 sz (X5t = )T VEV(X] 5.t = 6)Vi(X] 5.t —0)
l 1
+R51(Xt 67 _67Z?)7
with for every (z,t,2) € R x 7° x RV,

RO (z,t,2) 76 Z 22t — 1) Vi, )T V2V (2, t)Vi(2, 1)
i,leEN

N
+ (ROY (z,t, 2) + 267 Z Vi, ) V2V (2, ) ROV (2, 2)
=1
+ V. V(x, t)R5’1’2(x, t,z) + R‘S’l’g(x, t,z),

with (remembering notation 1) ROV (z,t, 2) = 0 As(w, t, 52z, 6)+ 0> jen zisziQ’j (z,t, (ﬁz),

1
ROY2(z,t, 2) 5 Z 227 —1,24)0.:0.5¢(x,t,0,0) + 52/ (1- A)aﬂ(%tﬁz,m)&
Z]GN 0

+02 Y 2 / 8,0, (, 1,67 2,0)dA

ieEN
Z P / = 0)20,:0.;0,0(x, 1, A6 2, 0)dA
i, lEN

and

1
ROL3(x,t, 2) = 52/ D2V (x,t 4+ A6)dA
0

d 1
+ Z/ B TV (@ + AR (21, 2), ) AR (2 1, 2),;
0

d 1

1 N

by S R z)?j’k/o (1= N205HRV (2 + ARO(a, 1, 2), £)dA,
ij.k=1

with R®1O0 (2.t 2) = 5A3(w,t,(5%z, 0) + 53 YN P fol 0,ih(x,t, Aééz,O)d)\ and

1 1
TV(xt) = 5/ B,V (w,t + A6)d\ = 30,V (x,t) + 52/ OV (2t + A3)dA.
0 0

We begin by noticing that, using the Taylor expansion of 1 w.r.t. its fourth and then third variables,
we have

(A1)
Z/}(Xf 57 7575%Zf75) X(S 6+R6’1’0(Xt 53 75aZf)
:Xf—5+5§ZZf’lVl X{ 5.t —6)+ ROV (X] 5t —6,Z7)
leN

=X 5402 Z)WVI(X] 5t —0) + 6Vo(XP 5.t — 8) + ROVA(XP 4, ZD).
leN
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Now, using again the Taylor expansion on the function V' w.r.t. its second variable,
V(X 1) = V(X) 5.t —06) =(TV+V)(XP,t—0) — V(X]_5,t—0).
The Taylor expansion on the function .7 V w.r.t its first variable combined with yields
T V(X[ t—9) =9V(Xf 5t —0)

ZR“OXE, —6,7%); /aﬂﬁwxum“o(xf, — 6,29, t)d.
=1

To conclude the proof of Step 1. it remains to study V(X?,t — §) — V(X? 5,t — §). To do so, we
employ the third order Taylor expansion of V w.r.t. its first variable together with the representation
formulas given in and gathering all the temrs together completes the proof.

Step 2. Let us show that for every t € 7%*, on the set {522} € D,,} (with D,, = {z € RV || <
5%7]2} introduced in the proof of Theorem , we have

N
Vot (X7 gt — 0,03 20,6) = Loxa — 67 Y 2DV Vi(X] gt — 0) — 0V, Vo(X] st — 0)

i=1

N
+5ZV1V1(X375775_5) +R62(Xt 67 _5721?)»
i=1

with, for every (z,t,2) € R? x ° x RN,

RO2(2,t,2) = RO*3(2,t,2) — RO*?(2,t,2) 4+ 0 Z (22! = 1,2V Vi, t)V Vi(x, t)
i,leEN
— 52 Z (VL Vi(x, t)RO> (2, t, 2) + R¥?Y(x,t, 2)V, Vi(x, 1)) — RO>Y (2, t,2)?,
leN

where ]:2‘5’2’1(33,1?, z) = Vw}?‘s’l’l(m,t, z), §6’2’2(a:,t, z) = VI§6’1’2(37,15, z) and R‘m’s(ﬂc,t, 2) = (Vpp~t—

Lisa— (Taxd — Vi) — (Lgxa — Va0)?) (, t, 62 2,68) where for a matrix M € R?*4 M2 = MM. The proof
simply boils down to notice that we have the identites

Va Q/J(Xt s>t _676%Zt676) :IdXd+6% ZZ?lval(Xffﬁvt_6)+R67271(Xt6—67t_6a Zté)y
leN
=Laxa +06% Y ZYVLVIX] 5t — 8) + 6V Vo(X) 5.t — 8) + RO22(X) 5.t —6,2),
leN

and to rearrange the terms together.
Step 3. Let us show that for every ¢ € 7%*, on the set {©,, 7+ > 0}, we have

X V(XD ) =X V(XD 5t —0)+0% > 20 X sVI(X] 5.t )
ieN
+6X_sVIUX? 5.t —68)) + X, _sROV(X? 5.t —6,27),

with, for every (z,t,2) € R x ® x RN, ROV (z,t,2) = R*(a,t,2) + R¥?(x,t,2) + R>3(x,t, 2),
where R%2(z,t,2) = R®?(x,t,2)V (x,t) and

R¥¥(x,t,2) = =0 Y (2'2' = 1,2) Vo Vi(, ) Vo V (2, 1) Vi(a, 1)
i EN
+(—0VL Voo, t) +6 Y Vi, t)? + RO (2,1,2)) (6% > 2"V, V (2, 1) Vi(x, 1)
leN 1EN
+ 0V V (@, ) Vo (2, t) + 60,V (x, ) +62 ZV TNV2V (x,t)Vi(z,t) + RO (x, t, 2))
zGN
— 57 > AV Vi, ) (Y, V (a, ) Vo(x, t) + 60,V (x,t)
1/\/

4o szt VEV2V (2, t)Vi(x,t) + RO (2,1, 2)).
zEN
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First, owing to 7 we write the following decomposition
XV (X)) = Xy s VIX] 5.t — 0) =Xo s Vatp ™ (X] 5.t — 6,62 27,0) (V(X], 1) = V(XP_s,t — 6))
+ Koo (Vat (X5t = 8,64 20,0) 7 = Luxa) VXDt = 6).
Then, using Step 1 and Step 2, a direct computation yields
Vot (X750t = 6,2, 0)(V(XP, ) = V(X]_5,t = 0))

=02 Y 2PN V(X 5t = OVI(X] 5.t — 9)
leN
+5v V(X2 5t — O)Vo(X2 5t — 8) 4+ 00,V (X?_5,t —0)
+5 Z‘/I Xf éatfa)Tviv(Xf—évtfé)v(Xt 67 6)
le/\f

— 8D VL VI(X] st — )V V(X 5.t — OVI(XP 5.t —0)
IN
R53(Xt 67 _6aZt6)+R671<X1;576at_67zté)'

The study of the other term was done in Step 2 and the proof of Step 3 is completed.

Step 4. Let us prove (4.21) and (4.20) begining with the proof of (4.21). Fori e {1,2,3}, t € 7%,
we introduce the functions defined for every € R? by Ri(x) = E[R%(z,t — 4, Zf)lé%Z[;eD ] and for
t n2

i€ {1,2},j € {1,2,3}, R\ (x) = B[RV (x,t — 6, Z))1,y ,5ep | (with the notation R**7 = RO23V/),
t 2 _ _ .
In particular, since {0, 7 > 0} = {0,, 7.5 > 0}N {022 € D,,}, then ZV (x,t—86) = >.°_, Ri(x) =

E[R’(z,t =8, Z])1,; i z5ep,, ]+ R} (x) + R} (x) with

N
- N 5 4,1
4 17) = _§z E V[}(‘T,tf(;) [Z 16 Zégpnz]

R (z) = — 6V (2, t — 5)P(52 2] ¢ Dy,).
We first study 82" R} for a® € N%. We first remark that R} = R} +V,V(-,t — )R} >+ R}*, with,
for every x € R? and t € 7%*,

N
Ry (x) =E[(202 Y 2]V, t — 8) + R*V Y (a,t — 6, 2)))"

X V2V (x,t = 0)R™ (a,t — 6, Z7)1 4 Zse%}

We begin with the study of R;(x). We observe that, for every t € 7%+

8. 78,1
;\[(Zt 27" = Lim)0usDath(@,t = 6,0,0)1 4 oy
S
8,1 61 O, 6l 8,1 6l
- ZZNZ 271 }sie,, ~E[Z;' 21, b s D”zH]E[Z Z7'1, b 75 D’]Z])aziazz¢(x,t,070)
ile

with |, e B2 20"

- 512+ ' -
572?6273";2” < 0y “E[|Z7[gr"], for every a > 0. In particular we take a =

[— 23111?(7?2) 1. Combining this estimate with standard calculus together with hypothesis A (Ja®| + 3) (see

(2.2)) and A§(+oc) (see (2.7)), we obtain, for every x € R?,
05" B (@) |re <620 Me(Z°) K 1(1 + [l

By similar arguments, it follows from A;(|a®| + 2) (see (2.2])), that
o = - 3
102" R (@) + 105" RE (@)l <64C M(Z9) Ko Ko 51 + [21S).
We conclude that, under the assumptions A;(|a®|+ 3) and A§(+oc), then, for every » € R,

° = 3
09" R} (z)|a <62C Mc(2°) K|C;1|+3 Ky, jas|+3(1+ |2]Ga).
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Now, we focus on the study of (“)gzl_j?f We first observe that R2 = (R?® — R}?? — RV (-t — 6),
where we have introduced the function Rf’4 defined for every z € R? by

R} (z) =E[1 (RO (z,t — 6, Z0)?

§223€D,,
+02 3 2N (Vo Vilw,t — 0) RO (w,t — 6, 20) + RO2 Y (w,t — 6, Z0) V., Vi(x,t — 6)))],
leEN

We begin with the study of R . Remembering that R2’2 =V, R1’2V(-,t — 0) and using similar
arguments as in the study of R; 2, under the assumptions A;(|a®| + 4) (see (2.2)) and AJ(+00) (see
(2.7)), then, for every = € R?,

102" R (1) s <63 C Mo(2°) K o) 14 Ky oo (1 + [2[S).

We then bound the derivatives of R>®. We first remark that 2523 (z,t, z) = S e s(Taxa—Vatp(z, t—
8,62 Z0,8))*, where for a matrix M € R¥d M*+1 = MMF ke N. If |o*| = 1, it follows from standard
calculus that

92" R () =E[Y_(Iaxa — Vatb(z,t — 6,82 20 ,6)M102" V (2, — 6)
k=3

—ED Y ((Taxa — Vo)) 7108 Votb (Iaxa — Varh) ) (.t — 8,62 20, 8)]V (x,t — ).

k=3 1=1

When |a*| > 1, we iterate the above formula. Combining this decomposition with the following
estimate

102"V otp(w,t — 6,62 20, 6)|paxa =162 Y 27102 Vo Vi(w,t — 6) + 02" R** (w,t — 6, Z0 ) maxa
leN
<207 Ky ps(1+ J2lor™** + 120 [05"°) (1 + 120 ax),

we deduce that
109" Ry () e <CK|C;1|+3 Ky, o E[(1+ |2]5a + |20 1Ev)

m’xx(& k,0)
XZ6 (k+ D1 Liq — Vot |baea(,t — 6,62 20, 6)1
k=0

6225eD ]

n2

Using A§ (see ), we have (4.13). Moreover, when k > 3, we use | Z{|F 1

5|13 k=3
§323€D,, <127 1garn
and we obtain (where the constant C' in the first line below is the same as in the previous estimate)

max(s k,0)

Els (k4 )71+ [0lGa + (20160 e — Vol (.t — 6,65 20, 6)1,

6§ZfeD,,2]
max(k,3) max(k— a®
<6 0PI (4 )4 KEMe(2) (1 J2l).
Since (5277p3 iy K; < % (see (4.14)), we also obtain the estimate

057 RE () e + 1057 R () e <07 C Mo (2°) Kfpe 15 Kv s (1 + [2]50)-

We conclude that, under the assumptions A (|a®| +4) and ), AS(+00), and §2n5? UK < 1
then, for every z € R?,

e = 3
09" R? (2)|pa <62CMe(Z°) Koo 14 Kv,jar | (14 |2[5a)-
We now focus on the study of R}. We have

53 _ B3l 532, B33 p3d
R} =R, — R,™ + R — R/,
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where we have introduced

RY (@) =02 Y E[Z) RO (2.t — 6,20V, V (2.t — 6)Vi(w,t — 0)1 4

5222€Dy,
leN
R}*(x) =0% ) E[Z)'V.Vi(w,t = R (2t =6, 2))1,3 1oy |
lEN t 12
R}®(z) =E[1, — RO (x,t — 6, 70)
X (V4 V(x t— 6)V0(x t—96) 400, V(x,t—9)
462 Zv a,t—0)T V2V (x,t — 6)Vi(x,t — 6) + RO (2, t — 6, 20))]
leN
R (2) =6*(V Vo (z,t — 0) Zvvm— 2)

X(vxv(:%t*(;)vO(x’t* )+at ( Z, *5)

N
1
+3 > Vila,t = )T VIV (2t = 6)Vi(z,t — 5)).

Using a similar approach as in the btudy of R} and R?, we also deduce that, under the assumptions

.14), it follows from AS(|a®| + 4) (see (2.2) and . and Aj(+00) (see (2.7)) that
09" R} () |ga <63 2CMc(Z )K|(J;1|+4K€,\am|+3(1+ |z|Ga)-

To complete the proof, it remains to study R} and R?. As a direct consequence of the Markov
inequality, we have

B Zfﬁééz%%] <62 Mo (2%) and P(637Z) ¢ D,,) < 62 M_c(Z°).
iEN !
Consequently
a5 3 a® + a®
102" R (2)|pa <02CMo(Z2°) Kas 12 Kyjqrjar (14 |z[g @702 T PVIerion)
and

102" R ()| ea <63 O Mo(Z°) Koy Ky jas o (1 + g7 FPviemiez),

and this complete the proof of (4 . To conclude, it remains to study #ZV. We first observe that

RV (x,t —6) = (RO (z,t — 6, Z))1 —E[R’(z,t — 6, Z)1 1) + Ri(x) + RY(x), with

§Z"D 6Z‘5D

~ 1 i 7 b,
R?(xaz) =—02 ZV”(JJ,t—(s)( 157 2¢Dyy E[Zt 15%2%517712]),
1EN '

Ry(a,2) == 0VO(a,t =0)(1yy ., —P(02Z] ¢ Dy,)).

Using A9(2) (see (2.2)) and A3(g),) (see (2.7)), we obtain

R (2, 2)|ga =02 Y V(2,1 - 6)(2'1
ieEN
<OC Ky Ky Mo(Z0)(1+ |a|af TP 4 12(S0),

—E[Zz}"1

52 2¢ D, 52 Z6¢Dn2])|Rd

and using A(3) (see ), we get |R?(x,2)|pa < SCK3Kyo(1+ |Jc|2p3 +pV2) We treat the other
terms by a similar but simpler (since it does not involves derivatives) method used to study # and
complete the proof of (4.20)). O

A.4. Proof of Lemma [4.6]

Proof. The strategy of this proof is to derive localized estimates on our probability together with (small)
estimates of the probability that the localizing spaces are not reached. Step 1. To begin we show that
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for every € € [e,(6),€1(6)], every s € (3r, %), u € (0,3 — s), every p,v,v’ > 0, and every q > 4,
PO Y Vil < €8 Y B[ MY )i-s*|Fs) + | H (V)emsl” = €, AL )

teT teT

<EE[|Yo|*] + P(3[Yol* > €)

4

+ 6% (5% malot2m) y malotw) | a5 9501y 720) (1 4 sup E[¥i-511))
S

e 4s , 62(s+u)—1
+ 2exp(— 16 )+ 2exp(—2¢") + Qexp(—W)
2 2| Y 2 7 2 a Y
HPOY VP < 0 3Bl A W )emsPIFLs] [ H (Y )emsl? 2 € A YOl < 5, AL,
teT teT
s (2105T3) mrrer ) € (5) = 27 T and

with ¢ (0) = max((165672)
Av g ={sup | A (Y)i—s| < e} 0 {sup E[| A4 (Y )e—s|7|F)5] < €7}
teT teT

N {f2$ | (A (Y))e—s| <e“}N {fggE[l AM(H(Y))i—s| 1| F 5] < e,

w,teT
w<t

Av={0" Y B[ A (Y)usP|Fo_s) <3N {8° Y [ A (Y)uosl® < €Y.

w,teT
w<t
We begin by writing, with notation introduced in (4.17)), for every t € T,
Y2 =Y 540220 (Y)imsYis + 02K (V)i—sYios + | M (V)ims[?) + 0220 (Y )is H (Y )i + 02| H (Y )i—s]?

=YZ+ Y 052 M (Y )iosYims + 02 H (V) w—sVus + | MV )—s]?) + 022 M (V)5 H (Y )—s + 0% H (Y )s .

weT
w<t
We now introduce the following event, on which we can control § >, |Y:|?,
3 65 63
Ay ={6%] 3" 2.(Y)wosYus| < =30 {10° Y 2(V)uesYuos| < =}
8 8
w,teT w,teT
w<t w<t
68
N{16% D2 1A (V)wsl® = B[ A (V)uwsPIFL] < 5}
w,teT

0{53 Z ‘5%2///(}/)“’—5‘%/(1/)10—5+5|=%/(Y)w—5|2| < %}

w,teT
w<t

Our idea is to distinguish the cases w.r.t. the event A;. We first estimate P(6) ., |Vi|* <
€, AS, Ai q). We then treat each event appearing the definition of A, separately. In the sequel, for t € m°
we will denote ny 5, = | 7 |—t6 1. Concerning the first term, since sup,c | 4 (Y)i—s|?, sup,e E[| 4 (Y )i—s?|FY 5] <

€% on A}f)q, for every s € (3r, %), u € (0, % — s), we have

3 65
(6% Y 2.4 (Y)u—sYus| > 5.0 IV < e AY)

wteT teT
w<t
2 6S
P67 D07 pims M (V)i-sYis| > 150D [Vemsl* < 26, AL ) + POV > o)
teT teT
<P(j6* Y 0755 M (Y)i-sYims] > 6

teT
8 Ing s (| A (V)ios® + Bl (V)i—s | F 5D Veos|* < 405 T )% )

teT
+P(0° Y In s (A (Y )ims]? + E[A (Y )imsPIF ) Yims|? = 48] T1)%e' 2,

teT
0 Yissl® <26, AY,) + P30 > o).

teT
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Using the martingale exponential inequality - the first term of the r.h.s. above is bounded by
E2(3<¢»u)71

2exp(—grrsr7yz)- We now study the second term of the r.h.s. above. Let us denote Hy = [.#(Y ) |2 —
E[|.#(Y):|?|F)], t € x°. Then the aforementioned term is bounded by

P(53Z|n7’,6,t—5|2Ht_5|Y2_5|2 (5|T|)2 1—2u AY )

teT
P(6* Y In7 50— B[ A (Y )15 P | F 5] Vemsl? = (3] T )€ 24,8 Y [Vios|* < 26, AL ).
teT teT

Since ny 5 < | T | for every t € T and sup, e E[| 4 (Y):—s]?|F} 5] < e 2* on AY , the second term
of the r.h.s. above is equal to zero. We then focus to the first term of the r.h.s. above. Let v/ > 0. In

preparation to use the martingale exponential inequality, we consider the following estimate

P60 " Ingsi—sl*Hi—s[Yios|* = 2(5| T |)%€' 2, AY )

teT
<P(0* Y " ng s Hi—s|Yies|* > 208 T )%,
teT
08> " Ing se—s| (| Hoos|* + B[ Hies |77 s)|Yaos|* < (3] T )1e2 T 42, AY )
teT
+ P Ingsa—sl ([ Himsl? + B[ H—s || 7)) Yis|* > (0] T et 4 AT ).
teT

Using 1) the first term of the r.h.s. above is bounded by 2exp(—2e_”/). To study the second
term, we use the Markov and the Holder inequalities and for every ¢’ € [1, 4] (more specifically, triangle
inequality when ¢’ = 1), we obtain

P(6° " Ingsa—sl* (| He—s? + Bl Ho—s 2| FY 5] Vis|* > (8] T2t 4 AY )

teT

<P(O]TNT 16> (1 Homs|? + Bl Hi—s 2| F) 5))7 [Yios |40 > 579 0 /=00 4Y )
teT
<5ql€7q’(2+y'—4u)(5‘T|)q'715zQQ'EHHt_’S‘Qq'|Y,t_6‘4q'lsupteT]EHj[(y)f 59| FY J)<em qu]
teT
<87 0 O 0930 (5| T (5 SB[V s Bl A (Y )os 7 1T Ly vy, spolry <]
teT
+0 Y ElYis|" [ AV )ems|" iyt poi5y 1cea))
teT

<87 e () 934 (5 T )0 = suplEHYt 5*],

where for the last inequality, we use that, since ¢’ < £, it follows from the Holder inequality that

E[|Y:—s[* | (V)| 1]E[|//Z(Y)t sla| 7Y J<e—an] SE[[Y;— 5| *TE[| . (V)] " |]'?/]1E[\/ﬂ(y)t,s\w\ft{é}ge—wu}
[ ARTi)

Gathering all the previous bounds, we complete the estimation of ]P’(|6% Zw,teT;wgt 2M(Y)w—sYw—s| =
%S, 83 et IYil? < A}uf’q). Conducting a similar approach we also obtain

€’ €®
P(62 Y | (Y )iesl® = B[ A (Y )uosl*| Foy_sl| > Z 3 AV ) =P nrsi-sHis| > gvAZ,q)

w,teT teT
w<t
s 4s
2 € < 2 2 2| Y € Y
P(5* Y nrsisHis > §:5 > Insi—sl (Hes|” + B[ Hes*| F5)) < gw‘lu,q)
teT teT
4s
€
P> Inrsi—sl*((Hes|* + B[ His|*|F5]) > Z 5 CAY ),

teT

where, as a consequence of the exponential martingale inequality (4.17)), the first term is bounded
by 2 exp(f—e 4%). To complete the upper bound on the [.h.s. above, we notive that,owing to the Holder
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and Markov inequalities that, for every ¢’ € [1, {]
4s
€
P(6* ) Ings50-sl (| Hems P +E[ Hi—s|*| F5)) = ?7-’41}:,(])
teT
<o ¢~ 9bd (5] )30 L,
For the next term, we remark that, since sup, e | # (Y )¢—5(1 Ay, < €, it follows from the Cauchy-

Schwarz inequality that
3 1
| > A VwsYusllay Lypices < | T2 (€2 + ) [Vi*)2,
w,teT teT
wt

and, for v > 0, as soon as € € [(32(6] T|)262) 775, 1]

POy V> < €6 > 28V )w—sYus| > < < AY Y <€) =0.
teT w,teT
wt
P(|Yo| > €7¥) < e’E[[Yo|7).

Moreover, from the Markov inequality, we deduce that for every ¢’ > ©
o , using the Markov and Holder inequalities and then the tower

1160°| T |?

Finally, for every € >

property, yields
1 €’
B 3 52 (Y )5 K (Vs + 8 (Vs > 50 AL,)

weT
w<t
P(6°2 3" 2t (Y )ioes H (Y )ums| > % — | T P AY )
weT
w<t
E[329| T [2726°/2 N " |l (Y )up—s|%e 71 4y ]
weT Y
w<t
<B321| T P12 9§22 N " B A (V)| g MY )5 |1|FY_|<emau]
weT
wt

<3295% s+ (5 T |)24,
In particular, taking ¢’ = 4, we have proved that for every e € [¢,(0), 1],
P(6 Y [Vif? <e, A5, AY ) < EE[|Y5|7]) + P(3]Y|* > €) + a9t 2% (6| T )%
teT
q (2+z (2+v0)q
K 2% (8] T )4 sup E[|Ys—5]7]
teT

+ 25‘15%6_’1(5"'2“)(& T |)2q +07e”

e 4s 2(s+u)—1
+2exp(——e) + 2exp(-2 =) + 2exp(— W)'
At this point, we remark that
2 2 2 5 €
A Y Yo+ 02 N | (V)wos? <6 |V +5
teT wteT et
wt
65
NS ol + 8 Y ElLA(Y )y sPIFY s < 63 P+ S ).
teT w,te€T teT
et

. _1 s
In particular, for every € < 27 T=<, we have ¢ < 5 and

YR <ende c F3 NP < ndin (%P < 5ot

teT teT

and, remarking that 6| 7 | < T the proof of Step 1 is completed.
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Step 2. We show that for every € € (0,&(0)] and u € (0,2 — 2),

67”
BEY VP < ed Y Bl A YV )slP|F ) > T AL AL) = 0.
teT teT

with &(6) = min(4d] T )=+, |276| T ||~ 7%=). First, we recall that AY . C {sup,er E[| (Y )i—s]?|F} 5] <
€724} and we observe that

€r+2u r r

72u
e b( T -

r+2u

4

r+2u r

€ 43| T

€ € €

07 "4

€

W T 2

)

with €"72% < 4] T | and 46|T\ < e for e < (48] T'|) 7+ . Therefore, on the set {6 St Bll A (Y)i—s || F 5] 2
%} N {supyer E[| 4 (Y )i—5|2|FY 5] < e72*}, the following minoration holds

6r+2u

0D g vy g7 1 w2 4
teT

It follows that
8 N Bl A (Vs Fo_s] 26° > Bl )wes* | Fo—s ey iy _sl2 IFY_ 1> ot

ZA5[T |
w,teT w,teT
w<t w<t

€"

2
45‘T|5 Z IE[I//[(Y)W 5| I}—w 5]2455‘2—‘

w,teT

w<t
€T 1 €r+2u €r+2u N 1) - 63r+41/,
48T |2 4 4 25| T|

In particular, since e < [278| T || == e

{8 E[.A(Y)i—s|?|Fs) = *}0{522E|/// Ju—s || Fu—s] <3N AL, =0.

teT w,teT
w<t
Recalling that we have A; C {62 >wier Ell A (Y)w- s|?|FY_s] < €} the proof of Step 2 is
et
completed.
Step 3. In this part we show that for every € € (e5(9),€3(9)), every h,s € (3r,3) with 2k < s,
€ (0,min(§ — h, 1 — 7)),
e’l”
P(azm|2<e7521au//f< P < SN Wl > G P < 557, AL
teT teT teT
<ot (s emathr20) 4 =52 950(1 \ 724 (1 1 sup E[|Y;_57)
teT
q(s— 2h 2u) o 25
+e *9 1T+ PO|Yo|* =€)
€ 2(h4u)—1 . 62h-‘,—2u

+ Qexp(—W) +2exp(—2¢7Y) + 2exp(—W),

with

€5(8) =(166T2) 777,
&(6) =min((2°6] T |)”F=m=m, (48] T [)~ ===, 1)

In the same way as in the proof of Step 1, we begin by writing for every t € T ,

Vi A (V) =Yo H (Y)o+ Y 6% Yoot K (Y )wo—s + M (H(Y))w—sYu—s5)

weT
wt

+ 5(| Ji/(y)w75|2 + %(%(Y))wfé ///(Y)wfé)
53 (A (V)5 H Vb ll (V) H A (V) rms) + 02 H (K (V) H (V)
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and we define for h € (3r, 3)

h

As={] Y 62 A (H(Y))w-sYusl <—}ﬁ{5 | Z MY -5 H (Y )w—s| < %}
w,teT w,teT
h
{1 Y A ams MV sl < S}
w,teT

w<t

N{0% D7 102 (M (H (Y ))ums H (Vs + M (Y Ve H(H(Y))—s) + 0 K (H (V) )uses H (Y )uos| < %},

w,teT
w<t

We take u € (0,5 — h). Using the exact same approach as in Step 1, the exponential martingale
inequality (4.17)) together with the Markov and Holder inequalities imply that, for every v/ > 0, we
obtain the following first estimate

P(| Y 6% M (H(Y))usYurs] > % 53"V < e AY,)

w,teT teT
w<t
<tem S Y (6| T ¥ L sup E[IY; )
teT
, 2h+2u—1 )
P(5|Yo|® > €) + QQXP(_W) + 2exp(—2¢").
Moreover, since Az C {62 Y, e st Bl A (V)w—s*|Foy_s1+| A (Y )w—s5> < 2¢°} and sup, ey | (Y )—s] <
e on A{’q, the inequality 1) yields
53 o v Eh v 62h-|—2u—s
P(o> wa wa 277 3y vy <2 e rp—— D

(6 5 ¥ s (V] > G A AL <2espl =G

w,teT
w<t

It remains to study thlas term steming from the definition of As. Using the Cauchy-Schwarz
inequality, we have

6 S
P8 D M A (V) (V)ums| > 5.0 Z | (Y )ios? < €, AY,)
w,teT w,teT
<P(2 Y M (H(Y))wesl? > Z | (Y )us]” < €AY,
w,teT w,teT

In addition, by the Markov and Holder inequalities, we derive

e2h—s q(s—2h) . q
P S0 [ MH Vsl > S AL, <EFIEE ST A (V) sP Ly

w,teT w,teT
w<t w<t
a(s—2h) 2h) _
<€ 2%5% N " B[ A (A (Y))w—s|"Lay (67| T [)2/>"
w,teT

w<t

q(s— Zh 2u)

<e 234(5| T |)4.
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Besides, for every € > (160°| T |? )h+12u, we have 6° 3" ey | K (H (V) w5 H (Y)w—s| < 12 on
the set *A}u/,q' Using again the triangle, Markov and Hélder inequalities yields

P32 Y (0 (M H (Vs H (Y o + (Y Y H (K (V) aos) + 0 H(H (V) )5 K (Y | >

w,teT 8

w<t

h
<P(6°/2 Z | A ( (Y ))w—s H (Y )w—s + MY )y—s F(H(Y))w—s| = %57"4541)
w,teT

<2043 = aht2u) (5| T |)2a

In particular, for every € > €5(9), we have just shown that

B(6 Y IVil” <e,6 D B[l (V)| FY 5] < T AL AS, AL) <

teT teT
5 (25058 cmahr20 0 | B PR G Ry, 1))
teT
q(s— 2h 2u) o 2
+e€ 2°9T9 + P(0]Yy]* >
€2h-i—2u 1 2h+2u—s
+ 2exp(— + 2ex + 2ex .

We notice that, similarly as in Step 1,

Ay Y WX o +02 3 1Al <0l S Vik (V) + 5

teT w,teT teT

wt

It follows from the Cauchy- Schwarz inequality, applied to ), Y; # (Y');, and the triangle inequality
that, for every e < 1A (46| T

)s e 2R

67‘ S
POY Vil <e,0 ) | H (Vs = 50 Av s, [Yol® < s A)

teT teT 6|T|
r h
2 & 52 2 ¢ Lo—w s Ly gy
<P<6t§gj|%<y>t_5| > 5.0 w§tEjT|%<Y>w_a| < SH@ITDR(EF + ), AL

w<t

<P(6Z|«%/(Y)t76|2 % Z | 2 (Y )w—sl* < 6h“AZ,q)'

teT w,teT
wt

Similarly as in Step 2, we notice that, on the set {6 >, | 2 (Y )i—s* > } NAY , then

67‘—i—2u ) 2 6Elr-"-4u
521|%(y)t|2>ﬁ;| = 4 and 9 Z |‘%/( w— 5| 275|7~|
teT w,teT

w<t

Vv

In particular for every e < [276] 7 ||~ T

(X 1A (V)msl® > I8 D [H (V)ums? <"} =0,
teT w,teT

w<t

and the proof of Step 3 is completed.

Step 4. We now show (4.23). In the ﬁrst three steps we have proved that, for every h,s €

(3r,%) with 2h < s, u € (0,min(3 — s, L 31)), every p,v,v" > 0, every ¢ > 4 and every
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€ € [max(¢;(9), €5(9),86), min(1, €1 (d), €2(d), €3(9))],

P@EY Vil <e,8Y B[ MY )i—s*|Fs] + | (V)imsl = € AL
teT teT

g(s—2h—2u)

SEPE[|Yo|¥]) + 2P(8|Yo|2 =€) + e 2 23479

+ 6% (26 mals+20) | 3e=a 5T y950(1 v 720 (1 + sup E[|Y;_s|])
teT

—4s , 62s+2u71
16 ) + 4eXp(7267U ) + 6€Xp(7w)

+ 2exp(—

We first observe that, as a direct consequence of the Markov inequality, for p > 0,

P

P((Ay 4)¢) <e”(Efsup| ¢ (A (Y ))t_a\g]+1E[§£1E[I///(Y)t—alqlfty_a]w]

teT
E[fg;;ww(n)t_ﬁ]+E[§3Enxfz<%< )e—sltFs)77)).

is point, we assume that ¢ > —+——. en, for every v’ > 0 suc at e > v %,we have
At th t that ¢ > —52—-. Then, f ' > 0 such that ¢ > §*"""

P(5 Y Yil* <6 > E[A(Y)isl|F 5]+ (V)isl* > €AY )
teT teT
<EE[Yo|¥]) + 2P(8|Y0[* > )
+ €P2%15(1 v T?9) (1 + sup E[|Y;_5]%))
teT

—4s 623—&-271—1

+ 2exp(— 15 )+ dexp(—26 ") + 6 exp(— STI7?

—).

Moreover, for every ¢’ > 0 such that € > 5q = , P(8]Yo]? > €) < €’E[|Yp|?]. In particular, we take

q = W so that this mequahty is satisfied when € > 9 W

Now we fix s = s(r) := 2 + &r, h = h(r) := Z + 27 and take u < 55 — 7. Notlce that, snce
r € (0,15), we have s(r) € (6r,3), h(r) € (3r, S(r)) Therefore, takmg v = i - 1617‘ u+ % 4L S0 and

1 _
q > max(4, —F—), we have, for every € € [|21°(1 Vv T%)4| 2+“/+% ,min(|287| F-F-de 2 fi- = )],

1 2
T2

PO Vil? <e.6 Y BV )—s|F 51+ 18V )es|? =€)
teT teT

D

<6PE[|Y0|M]) n QEPE[|YO|q(1i+?)Hy]
+ €P2%95(1 v T?9) (1 4 sup E[|Yi_5]%))
teT

+ € (Efsup | (A (Y))-5] %] + Elsup E[| 4 (Y )5 F) 5] 7]
teT teT

Blpup| A (A (V)i ¥] + EEpEl| 4 (4 (V)i FLoI ™)

671—11+%7‘+2u

+ 46Xp(-2€7v,)) + 8 eXp(—m)
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C. Rey

_ 1 3 — — 2p Py — 44p i i
Now we take u = 47 — 777 and ¢ = q(r,p) = max(4, s e 2) = max(4, {—55;) (in particular

1

2p

q(r,p) = —55-). It follows that, for every e € [|2!°(1 v T3)5|2+“/+q<:’,p) L(28(1v 1)) T,

P(0Y Y] <8 E[lA(Y)sl|F ]+ | (Y )imsl® > €)
teT teT

BR[|V T 5]
P51 TP (1 4 sup E[|Ye707))
teT

+ e (2+Efsup | (H (Y))e—5|""P] + Elsup E[| A4/ (Y)e—5] 10 | 4]
teT teT

+Efsup | (A (Y))i—s|""P)] + E[sup E[| 4/ (A (Y))s—5|"" | F5])
teT teT

’ e_i'i'%r

+4exp(—2€_v ) +8€Xp(_m).

2pa(r.p)
Since ¢(r,p) > p and v’ > 0, ]E[|Y0|q<rv;))?1+s’)+ﬂ} < 1+ E[|Yp|9P)]. We fix v/ = & — £r and the

proof of (4.23)) is completed.
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