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Abstract. We present an abstract framework to establish smoothing properties for a class of inhomogeneous
discrete-time Markov processes. These properties, in turn, serve as a basis to demonstrate the existence
of density functions for our processes or more precisely, for regularized versions of them. We also use
them to show the convergence in total variation to the solution of a stochastic differential equation
as the time step between two observations of the discrete-time Markov processes tends to zero. The
distinctive feature of our methodology lies in the exploration of smoothing properties under some local
weak Hörmander-type conditions satisfied by the discrete-time Markov processes. Moreover, these
Hörmander properties are consistent with the standard local weak Hörmander conditions satisfied by
the coefficients of the stochastic differential equations that arise as total variation limits of the discrete-
time Markov processes.
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1. Introduction

1.1. Context. In this article, we work on a probability space (Ω,F ,P) and for δ ∈ (0, 1] and d,N ∈ N∗,
we consider a sequence of independent random variables Zδ

t ∈ RN , t ∈ πδ,∗ (we use the notations
πδ := δN and πδ,∗ := δN∗), which are assumed to be centered with an identity covariance matrix and
Lebesgue lower bounded distribution (see (2.8) for the definition). Then, our focus lies on the Rd-valued
discrete-time Markov process (Xδ

t )t∈πδ defined as follows:

Xδ
t+δ = ψ(Xδ

t , t, δ
1
2Zδ

t+δ, δ), t ∈ πδ, Xδ
0 ∈ Rd,(1.1)

where ψ : (x, t, z, y) 7→ ψ(x, t, z, y) ∈ C∞(Rd × R+ × RN × [0, 1];Rd). Our primary challenge is to
demonstrate that, under suitable properties on ψ, we can construct a process (X̄δ

t )t∈πδ that is arbitrarily
close to (Xδ

t )t∈πδ in total variation distance (for any fixed t ∈ πδ). Additionally, this process satisfies the
smoothing/regularization property: For every α, β ∈ Nd, there exists C : Rd × πδ,∗ → R+ (which does
not depend on δ) such that for every T ∈ πδ,∗, x ∈ Rd and every f ∈ C∞(Rd;R), bounded,

|∂α
xE[∂βf(X̄δ

T )|Xδ
0 = x]| ⩽ C(x, T )∥f∥∞.(1.2)

A refined version of this result is exposed in Theorem 2.1. Relying on those regularization properties,
we can infer that X̄δ

t , t ∈ πδ, admits a smooth density (see Corollary 2.1). A main application of those
results is provided in Theorem 2.2, where we identify a total variation limit (along with explicit rate of
convergence) for Xδ

t , t ∈ πδ, as δ tends to zero. This weak limit random variable is given by the solution,
at time t, of the Stochastic Differential Equation (SDE),

Xt = Xδ
0 +

∫ t

0
V0(Xs, s)ds+

N∑
i=1

∫ t

0
Vi(Xs, s)dW i

s ,(1.3)
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where ((W i
t )t⩾0, i ∈ {1, . . . , N}) are N independent R-valued standard Brownian motions and V0 :=

∂yψ(., ., 0, 0) + 1
2

∑N
i=1 ∂

2
ziψ(., ., 0, 0), Vi = ∂ziψ(., ., 0, 0), i ∈ {1, . . . , N}.

More particularly, we show that, for ϵ > 0, for T ∈ πδ, T ⩾ 2δ, if X0 = Xδ
0 = x ∈ Rd,

dT V (Law(XT ),Law(Xδ
T )) =1

2 sup
f :Rd→[−1,1],f measurable

|E[f(XT ) − f(Xδ
T )|X0 = Xδ

0 = x]|

⩽δ
1
2 −ϵ 1 + |x|cRd

(VL(x)T )η
C exp(CT ),(1.4)

where c, C, η are positive constants and VL(x) ∈ (0, 1] under a local weak Hörmander-type property
(of order L, see (2.5) for details and definition of VL) at initial point x. Moreover, the rate δ 1

2 −ϵ can
be replaced by δ1−ϵ if the third order moments of Zδ

t , t ∈ πδ,∗, are supposed to be zero. In addition
ϵ can be set to 0 when the Hörmander property is uniform. Consequently, Xt admits a density which
can be approximated (uniformly on compact sets) by the one of X̄δ

t . Similar estimates also hold for
the derivatives of the density. Those results are derived under polynomial type upper bounds on the
derivatives of ψ in conjunction with the aforementioned local weak Hörmander-type property.

Processes such as (Xδ
t )t∈πδ commonly arise in weak approximation problems, although the perspective

differs from that adopted in the present work. The problem is to consider a process (Xt)t⩾0 that is a
solution to a given SDE similar to (1.3). Subsequently, the aim is to build the weak approximation process
(Xδ

t )t∈πδ and then compute an approximation for E[f(Xt)] by means of E[f(Xδ
t )]. Two interconnected

questions naturally arise. First, what is the rate of convergence of the approximation as δ tends to
zero? Second, for which class of functions f does this rate hold? Among others, this paper addresses
those questions by providing an upper bound for the total variation distance (that is when f is bounded
and measurable) with rate δ 1

2 −ϵ. It is worth noting that this rate could be improved to δ1−ϵ or even
δm−ϵ, m ∈ N, regarding some conditions on Zδ

t , t ∈ πδ,∗ and ψ. Considering smooth f bounded with
bounded derivatives up to some given order, it is well established that the weak convergence of the
Euler scheme (ψ(x, t, z, y) = V0(x, t)y+

∑N
i=1 Vi(x, t)zi) occurs with rate δ (see [32]), but various higher

order methods (see e.g. [31], [23], [1]) propose better rates (that we refer to as weak smooth rates).
This naturally raises the following question. Do these weak smooth rates still apply to convergence in
total variation? In the case of the Euler scheme with Gaussian increments, the convergence in total
variation with order δ is established in [8] in a homogeneous and uniform weak Hörmander setting. For
higher order methods, a solution combining the use of existing results concerning weak smooth rates and
regularization properties similar to (1.2) is provided in [7]. In this article, it is shown that for (Xδ

t )t∈πδ

defined as in (1.1), the total variation rate aligns with the weak smooth rate under the restriction that
ψ has smooth derivatives and satisfies a uniform elliptic property (i.e. uniform Hörmander property of
order 0): For every (x, t) ∈ Rd × R+, span(Vi, i ∈ {1, . . . , N})(x, t) = Rd.

The results [8] and [7] offer first insights for establishing convergence in total variation under Hörmander-
type conditions for processes satisfying (1.1). The complexity of our approach relies both on the abstract
definition (1.1) and in the weak Hörmander properties at any order L considered in a local setting.
To provide clarity on our intentions, let us give some more details. To begin, we give an alternative
formulation of (1.3) by employing the Stratonovich integral:

Xt = Xδ
0 +

∫ t

0
V̄0(Xs, s)ds+

N∑
i=1

∫ t

0
Vi(Xs, s) ◦ dW i

s ,(1.5)

with V̄0 = V0 − 1
2

∑N
i=1 ∇xViVi. In this article, V̄0, Vi, i ∈ {1, . . . , N}) and their derivatives are

supposed to have polynomial growth in the space variable except for the order one derivatives in space
which are simply bounded so that the existence of an a.s. unique solution to (1.5) is guaranteed. The in-
finitesimal generator of the Markov process (Xt)t⩾0 is expressed as A = V̄0 + 1

2
∑N

i=1(Vi)2 where for a test
function f , we use the abuse of notation V̄0f = ⟨V̄0,∇f⟩Rd and similarly for Vif . As demonstrated in the
seminal work [18], the hypoellipticity of A+∂t and then the existence of a smooth density for Xt is closely
related to the dimension of some Lie algebras generated with the vector fields V̄0, Vi, i ∈ {1, . . . , N}. This
type of properties are referred to as Hörmander conditions, which we now introduce.

We consider, for fixed t ⩾ 0, the vector fields on Rd given by, x 7→ V̄0(x, t) and x 7→ Vi(x, t), i ∈
{1, . . . , N}. Subsequently, we introduce the extended vector fields on Rd ×R+ denoted by V̄∗,0 : (x, t) 7→
(V̄0(x, t), 1) and V∗,i : (x, t) 7→ (Vi(x, t), 0), i ∈ {1, . . . , N}. In particular, the following relationship on the
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Lie bracket holds: For V,W , two vector fields in {V̄0, V1, . . . , VN } and (x, t) ∈ Rd ×R+, j ∈ {1, . . . , d+1},
the j-th components of [V∗,W∗] satisfies

[V∗,W∗]j(x, t) =(∇xWV (x, t) − ∇xVW (x, t))j + ∂tW
j
∗V

d+1
∗ (x, t) − ∂tV

j
∗ W

d+1
∗ (x, t)

=[V,W ]j(x, t) + ∂tW
j
∗V

d+1
∗ (x, t) − ∂tV

j
∗ W

d+1
∗ (x, t).

It is worth noting that x 7→ [V,W ](x, t) is a vector field on Rd and we use convention [V,W ]d+1 = 0.
We are now in a position to present the Hörmander properties which mainly consist in assuming that
the vector fields generated by the Lie brackets are full in Rd. Various versions of Hörmander properties
appear in the literature serving to prove hypoellipticity. We try to give a brief overview. Let us introduce

V(0)
∗ ={V∗,i, i ∈ {1, . . . , N}}.

V(n+1)
∗ =V(n)

∗ ∪ {[V̄∗,0, V ], [V∗,i, V ], i ∈ {1, . . . , N}, V ∈ V(n)
∗ }, n ∈ N.

Similarly, we define V(n), n ∈ N, in the same way but with V̄∗,0 (respectively V∗,1, . . . , V∗,N ) replaced
by V̄0 (resp. V1, . . . , VN ). The weak local Hörmander assumption (at initial point (X0 = x, 0)) in an
inhomogeneous setting (i.e. when V0, . . . , VN depend on time), which is the one we use in this paper,
consists in assuming that

span(∪∞
n=0V(n)

∗ (x, 0)) = Rd+1.

In the homogeneous setting (i.e. V0, V1, . . . , VN do not depend on the time component), it consists
in assuming that: span(∪∞

n=0V(n))(x, 0) = Rd (see e.g. [21]). Obviously, if the coefficients V0, V1, . . . , VN

do not depend on the time component, this last condition is equivalent to assume that span(∪∞
n=0V∗,n ∪

(0, . . . , 0, 1))(x, 0) = Rd+1.

Notice that, when span(V(0)) = Rd, we are in the elliptic setting. The hypothesis is referred to as "local"
Hörmander because V(n)

∗ is considered at the initial point (X0 = x, 0). In the case where, uniformly
in (u, t) ∈ Rd × R+, we have span(∪∞

n=0V(n)
∗ )(u, t) = Rd+1, we refer to it as "uniform" Hörmander

property. The term "weak" Hörmander pertains to the definition of V(n)
∗ (or V(n)) which differs from the

"strong" Hörmander property where V̄∗,0 is replaced by 0 in the computation of V(n)
∗ . The investigation

of Hörmander properties in an inhomogeneous setting is, for example, conducted to prove existence of
smooth density in [12] or [13] for the weak uniform setting, in [11] for the strong local setting or in
[19] or [28] for the weak local setting. For the homogeneous case, refer e.g. to [21], [25], [6] or [27] for
applications of local weak Hörmander properties. We finally point out that, by Remark 2.1. in [33],
concerning the uniform Hörmander setting for SDE with inhomogeneous coefficient, hypoellipticity may
not hold if only span(∪∞

n=0V(n)) = Rd.

The results presented in this paper offer, among others, the opportunity to extend the abstract framework
from [7] so that, it can be applied to the total variation approximation of inhomogeneous SDEs having
polynomial bounds on their coefficients and their derivatives and satisfying the usual weak local Hörmander
property. In terms of the function ψ, it simply consists in supposing a weak local Hörmander-type
property (see (2.5)) and assuming polynomial growth properties on the derivatives of ψ (see (2.2) and
(2.3)). In the homogeneous case, those assumptions are similar to the ones made in [21] concerning the
coefficients of (1.5). We also highlight that the regularization properties established in this current paper
(see Theorem 2.1), enable us to demonstrate that the total variation rate of convergence in the local
weak hypoelliptic setting, mimicks the weak smooth rate. (see Remark 2.2). Total variation convergence
with high rates of convergence can thus be obtained for the methods presented e.g. in [31], [23] or [1].

Similar results have previously been explored but only restricted to the case where (Zδ
t )t∈πδ,∗ is made

of standard Gaussian variables and for some specific ψ (see e.g. [8] when ψ is the Euler scheme of
a homogeneous SDE satisfying weak uniform Hörmander property). In particular standard Malliavin
calculus can be applied to derive convergence in total variation. It is worth mentioning that analogous
results are also investigated under a different (and weaker) condition from the Hörmander one, called
the UFG condition, but we do not discuss this type of hypothesis in this paper (see e.g. [20] for an
order two rate scheme still in the homogeneous setting). In [8], the methodology differs from ours in the
sense that the estimates are obtained relying on the proximity (in the Lp-sense for Sobolev norms built
with Malliavin derivatives) between a well chosen coupling of the scheme (Xδ

t )t∈πδ and the limit (Xt)t⩾0
which satisfies standard regularization results under suitable properties (see e.g. [21]). More particularly,
a continuous time version of (Xδ

t )t∈πδ which satisfies a similar SDE as (1.3) (but with frozen coefficients)
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can be built. In this Gaussian context, the Malliavin calculus techniques are well known and used by
the authors to bound the Sobolev norms. Conversely, our approach is self-contained and regularization
properties for (X̄δ

t )t∈πδ are derived without using the ones satisfied by (Xt)t⩾0. Our techniques draw
inspiration from Malliavin calculus, while being tailored to a discrete framework and extending beyond
the Gaussian case, as the law of (Zδ

t )t∈πδ,∗ may be arbitrary. Due to the liberty granted to the choice
of ψ and to the law of (Zδ

t )t∈πδ,∗ , our result may be seen as an invariance principle. In particular, the
law of Xt depends on ψ only through its first order derivative in y and first and second order derivatives
in z evaluated at some points (x, t, 0, 0), with x ∈ Rd, t ⩾ 0. Hence a similar limit is reached for a large
class of function ψ and random variables (Zδ

t )t∈πδ,∗ .

1.2. Organization of the paper. Section 2 presents the main results of this paper, namely Theorem
2.1, Corollary 2.1, and Theorem 2.2. These results focus on the regularization properties of discrete-time
Markov processes of the form (1.1) and on the invariance principle they satisfy. Section 3 develops a
Malliavin-inspired discrete differential calculus, which constitutes the main analytical tool used to prove
the results stated in Section 2. In particular, in Theorem 3.4, we establish some crucial regularization
properties for a well-chosen modification of Qδ. Finally, Section 4 is devoted to establishing estimates
on Malliavin-Sobolev norms and moments of the Malliavin covariance matrix. These estimatesare the
main ingredient of proof of Theorem 3.4.

1.3. Notations. We denote by M(Rd) (respectively Mb(Rd)), the set of measurable (resp. measurable
and bounded) functions defined on Rd. For q ∈ N, Cq

b (Rd) (resp. Cq
K(Rd), Cq

pol(Rd)), q ∈ N ∪ {+∞}, is
the set of functions belonging to Cq(Rd) such that all the derivatives (of order 0 to q) are bounded (resp.
have compact support, have polynomial growth). We will also denote M(Rd;R) for the set of measurable
functions defined on Rd and taking values in R (and similarly for other sets of functions defined above).
When dealing with functions defined and taking values on Hilbert spaces, we introduce some notations:
Let H,H′ be two Hilbert spaces. For f : H → H′ and u ∈ H, the directional derivative Du f of
f along u is given by (when it exists) Du f(x) := limϵ→0

f(x+ϵu)−f(x)
ϵ for every x ∈ H. When f

is Fréchet differentiable, we recall that its derivative u 7→ Du f(x) is a linear application from H to
H′ that we simply denote D f(x). When H′ = R, D f(x) is uniquely defined by Riesz theorem and
for every u ∈ H, Du f(x) = ⟨D f(x), u⟩H. For f ∈ Mb(Rd;Rd′), we introduce the supremum norm
∥f∥∞ = supx∈Rd |f(x)|Rd′ with |.|Rd′ the standard Euclidean norm on Rd′ . When f takes values in Rd′×d′ ,
we denote ∥f∥Rd′ = supξ∈Rd′ ;|ξ|Rd′ =1 |fξ|Rd′ . For a multi-index α = (α1, · · · , αd) ∈ Nd we denote |α| =

α1+...+αd, ∥α∥ = d and if f ∈ C|α|(Rd), we define ∂αf = ∂α
x f(x) = ∂α1

x1 . . . ∂αd

xd f(x). Also, for β ∈ Nd′ , we
define (α, β) = (α1, · · · , αd, β1, . . . , βd′). In addition, we also denote ∇xf = (∂xjfi)(i,j)∈{1,...,d′}×{1,...,d}
for the Jacobian matrix of f and ∇2

x f = ((∂xj∂xlf i)(l,j)∈{1,...,d}×{1,...,d})i∈{1,...,d′} for the Hessian matrix
of f . In particular, for v ∈ Rd, vt ∇2

x f ∈ Rd′×d and (vt ∇2
x f)i,j =

∑d
l=1 ∂xj∂xlf ivl. We include the

multi-index α = (0, ..., 0) and in this case ∂αf = f.
In addition, in our estimates, C stands for a constant which can change from line to line, and given some
parameter ϑ = (ϑ1, . . . , ϑl) ∈ Rl, l ∈ N, we sometimes emphasize the dependence of a constant C w.r.t.
ϑ by denoting C(ϑ) (or by stating that the constant depends on ϑ) implying also that the constant can
possibly tend to infinity if ϑi tends to infinity for some i ∈ {1, . . . , l}. When we state that a constant
depends on the moments of the random variables Zδ

t , t ∈ πδ,∗, t ⩽ T , we precisely mean that it depends
on the moments up to a given order that itself does not depend on δ, T or Xδ

0 . Also, 1a,b stands for the
Kronecker symbol, meaning 1a,b = 1 if a = b and is zero otherwise.
Finally, for a discrete-time process (Yt)t∈πδ , we denote by FY

t := σ(Yw, w ∈ πδ, w ⩽ t) the sigma
algebra generated by Y until time t. Also, for a random variable F , we adopt the short notation
Ex[F ] = E[F |X0 = Xδ

0 = x].

2. Main results

In this section, we present our main result about the regularization properties of (Xδ
t )t∈πδ . Once the

regularization results are established (Theorem 2.1), we infer the existence of a total variation limit for
Xδ

t , for fixed t ∈ πδ, in terms of a solution to a specific SDE (Theorem 2.2).

2.1. A Class of Markov Semigroups.
Definition of the semigroups. For δ ∈ (0, 1] and N ∈ N∗, we consider a sequence of independent
random variables Zδ

t ∈ RN , t ∈ πδ,∗, and we assume that Zδ
t , are centered with E[Zδ,i

t Zδ,j
t ] = 1i,j for
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every i, j ∈ N := {1, . . . , N} and every t ∈ πδ,∗. We construct the Rd-valued Markov process (Xδ
t )t∈πδ

in the following way:

Xδ
t+δ = ψ(Xδ

t , t, δ
1
2Zδ

t+δ, δ), t ∈ πδ, Xδ
0 = xδ

0 ∈ Rd,(2.1)

where

ψ ∈ C∞(Rd × R+ × RN × [0, 1];Rd) and ∀(x, t) ∈ Rd × πδ, ψ(x, t, 0, 0) = x.

Let us now define the discrete-time semigroup associated to (Xδ
t )t∈πδ . For every measurable function

f from Rd to R, and every x ∈ Rd,

∀t ∈ πδ, Qδ
tf(x) =

∫
Rd

f(y)Qδ
t (x, dy) := E[f(Xδ

t )|Xδ
0 = x].

We will obtain regularization properties for modifications of this discrete semigroup. Our approach relies
on some hypothesis on ψ and Zδ we now present.

Hypothesis on ψ. Polynomial growth and Hörmander property. We first consider a polynomial
growth assumption concerning the derivatives of ψ: We introduce some non-decreasing sequences (Kq)q∈N∗

and (pq)q∈N∗ , Kq ⩾ 1,pq ∈ N. For r ∈ N∗,
Aδ

1(r). We assume that for every (x, t, z, y) ∈ Rd × R+ × RN × [0, 1],
r∑

|αx|+|αt|=0

r−|αx|−|αt|∑
|αz|+|αy|=1

|∂αx

x ∂αt

t ∂αz

z ∂αy

y ψ|Rd(x, t, z, y) ⩽ Kr(1 + |x|pr

Rd + δ− pr
2 |z|pr

RN ),(2.2)

{
d∑

l=1
|∂xl∂yψ|Rd +

∑
i∈N

|∂xl∂ziψ|Rd +
∑

i,j∈N
|∂xl∂zi∂zjψ|Rd}(x, t, z, y) ⩽ K3(1 + δ− p3

2 |z|p3
RN ).

(2.3)

.
We denote Aδ

1(+∞) when Aδ
1(r) is satisfied for every r ∈ N∗. We note that we obtain exactly the

same results if we add K3 δ
−1|y| in the r.h.s. of (2.3), or if we add Kr δ

−1|y| in the r.h.s. of (2.2). This
is due to the fact that the function ψ is only used for y = δ (or y = Cδ, C ⩽ 1) so the assumptions above
are then satisfied replacing K3 (respectively Kr) by 2 K3 (respectively 2 Kr). Also, we do not give the
explicit dependence of the r.h.s of (2.2) or (2.3) w.r.t. the variable t because in our results, t is taken in
a compact interval of the form [0, T ].

At this point, let us observe that we can compare this assumption with the one in [21] where the authors
directly study the existence of the density of the solution of (1.3) by means of standard Malliavin calculus
but when coefficients do not depend on time. Taking ψ linear in its third and fourth variable, and
homogeneous, i.e. ψ : (x, t, z, y) 7→ x + V0(x)y +

∑
i∈N Vi(x)zi then, exactly Aδ

1(+∞) is the regularity
assumption made on V0, . . . , VN in [21] (combined with a weak local Hörmander property) to derive
similar estimates as (2.1) in Corollary 2.1.

The second hypothesis we need on ψ is local weak Hörmander property on some vector fields we now
introduce. We denote the Lie bracket of two C1 vector fields in Rd, [·, ·] : (C1(Rd,Rd))2 → C0(Rd,Rd),
f1, f2 7→ [f1, f2] := ∇xf2f1 − ∇xf1f2.
We denote V0 = ∂yψ(·, ·, 0, 0)+ 1

2
∑

i∈N ∂2
ziψ(·, ·, 0, 0), Vi = ∂ziψ(·, ·, 0, 0), i ∈ N , V̄0 = V0− 1

2
∑

i∈N ∇xViVi.
For a multi-index α ∈ N ∥α∥ and V : Rd × R+ → Rd, we define also V [α] using the recurrence relation
V [(α,0)] = [V̄0, V

[α]]+∂tV
[α] + 1

2
∑

i∈N [Vi, [Vi, V
[α]]] and V [(α,j)] := [Vj , V

[α]] if j ∈ N with the convention
V [∅] = V . We are now in a position to introduce our Hörmander hypothesis on ψ: For L ∈ N, the order
of our Hörmander condition, let us define for every (x, t) ∈ Rd × R+,

VL(x, t) := 1 ∧ inf
b∈Rd,|b|Rd =1

∑
i∈N

L∑
l=0

∑
α∈{0,...,N}l

⟨V [α]
i (x, t), b⟩2

Rd .(2.4)

We introduce, for x ∈ Rd:
A2(x,L). A local weak Hörmander property of order L ∈ N,

VL(x, 0) > 0.(2.5)
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Especially, this hypothesis is used at initial point for x = Xδ
0 . We will sometimes consider a

uniform weak Hörmander property of order L,

V∞
L := inf

t∈R+
inf

u∈Rd
VL(u, t) > 0.(2.6)

In this case, we denote A∞
2 (L) instead of A2(x, L). Also, we denote VL(x) := VL(x, 0).

It is worth noticing that, with the notations introduced in the Introduction, (2.5) is satisfied for some
L ∈ N if and only if span(∪∞

n=0V(n)
∗ )(x, 0) = Rd, which is why, we refer to it as local weak Hörmander

property. A similar observation holds for (2.6) in the uniform setting. The case L = 0 corresponds to
the elliptic case.

Hypothesis on Zδ. Lebesgue lower bounded distributions. A first assumption concerns the
finiteness of the moment of Zδ: For p ⩾ 0,

Aδ
3(p).

Mp(Zδ) := 1 ∨ sup
t∈πδ,∗

E[|Zδ
t |pRN ] < ∞.(2.7)

We denote Aδ
3(+∞) the assumption such that Aδ

3(p) is satisfied for every p ⩾ 0.
A second assumption is made on the distribution of Zδ. We suppose that the distribution of Zδ is
Lebesgue lower bounded:

Aδ
4. There exists z∗ = (z∗,t)t∈πδ,∗ taking its values in RN and ε∗, r∗ > 0 such that for every Borel set

A ⊂ RN and every t ∈ πδ,∗,

P(Zδ
t ∈ A) ⩾ ε∗λLeb(A ∩Br∗(z∗,t)),(2.8)

where λLeb is the Lebesgue measure on RN .

Let us comment on the assumption Aδ
4. First, notice that (2.8) holds if and only if there exists some

non-negative measures µδ
t with total mass µδ

t (RN ) < 1 and a lower semi-continuous function φ ⩾ 0 such
that P(Zδ

t ∈ dz) = µδ
t (dz) +φ(z− z∗,t)dz for every t ∈ πδ,∗. We also point out that the random variables

(Zδ
t )t∈πδ,∗ are not assumed to be identically distributed. However, the fact that r∗ > 0 and ε∗ > 0 are

the same for all k represents a mild substitute of this property. In order to construct φ, we introduce
the following function: For v > 0, set φv : RN → R defined by

φv(z) = 1|z|RN ⩽v + exp
(

1 − v2

v2 − (|z|RN − v)2

)
1v<|z|RN <2v.(2.9)

Then φv ∈ C∞
b (RN ;R), 0 ⩽ φv ⩽ 1 and we have the following crucial property: For every p, q ∈ N,

every z ∈ RN

|
∑

αz∈NN

|αz|∈{1,...,q+1}

|∂αz

z lnφv(z)|2|
p
2φv(z) ⩽ C(q, p)N

pq
4

vpq
,(2.10)

with the convention lnφv(z) = 0 for |z| ⩾ 2v. As an immediate consequence of (2.8), for every non
negative function f : RN → R+ and t ∈ πδ, t > 0,

E[f(Zδ
t )] ⩾ ε∗

∫
RN

φr∗/2( z − z∗,t )f(z)dz.

We denote

m∗ = ε∗

∫
RN

φr∗/2(z)dz = ε∗

∫
RN

φr∗/2(z − z∗,t)dz ∈ (0, 1].

We consider a sequence of independent random variables χδ
t ∈ {0, 1}, Uδ

t , V
δ

t ∈ RN , t ∈ πδ,∗ (also
independent from W the Brownian motion running (1.3), with laws given by

P(χδ
t = 1) =m∗, P(χδ

t = 0) = 1 −m∗,

P(δ− 1
2Uδ

t ∈ dz) = ε∗

m∗
φr∗/2(z − z∗,t)dz,

P(δ− 1
2V δ

t ∈ dz) = 1
1 −m∗

(P(Zδ
t ∈ dz) − φ r∗

2
(z − z∗,t)dz),
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where φ r∗
2

satisfies (2.10) with v = r∗
2 . Notice that P(V δ

t ∈ dz) ⩾ 0 and a direct computation shows
that

P(χδ
tU

δ
t + (1 − χδ

t )V δ
t ∈ dz) = P(δ 1

2Zδ
t ∈ dz).

This is the splitting procedure for Zδ
t . From now on, we will work with this representation of the

law of Zδ
t . Consequently, we always use the decomposition

δ
1
2Zδ

t = χδ
tU

δ
t + (1 − χδ

t )V δ
t .

Consequently, throughout this paper, we work on a complete probability space (Ω,F ,P) where F is
generated by (χδ

t , U
δ
t , V

δ
t )t∈πδ,∗ and W . The above splitting procedure has already been widely used in

the literature and is usually referred to as the Nummelin splitting. In [26] and [22], it is used in order to
prove convergence to equilibrium of Markov processes. In [9], [10] and [35], it is used to study the Central
Limit Theorem. Also, in [24], the above splitting method (with 1Br∗ (z∗,t) instead of φr∗/2(z−z∗,t)) is used
in a framework which is similar to the one in this paper. Finally in [7], it is used to prove regularization
properties of Markov semigroup under the uniform ellipticity property: inf(x,t)∈Rd×πδ V0(x, t) > 0.

We introduce a final purely technical assumption ensuring that the time step δ is small enough. For
δ ∈ (0, 1], when (2.3) holds, we first define

η1(δ) :=δ−d 44
89 (1L=0 + 1L>0

1
25(1 ∨ T 3) 1

2
)d13(L−1)

and(2.11)

η2(δ) := min(δ− 1
2 η1(δ)− 1

d ,
1
2 |δ 1

2 8 K3 |−
1

p3 +1 ),

with p given in (2.3). For T ∈ πδ,∗, x ∈ Rd, we introduce the following assumption:
Aδ

5(x,T ). Assume that (2.3) and A2(x, L) (see (2.5)) hold and that δ ∈ (0, (2p +18 K3)−4] is small enough
so that

η1(δ) >2 max((d2) d
2 , (40(L+ 1)N

L(L+1)
2

T VL(x)m∗
)d13L

,(2.12)

1L=0 + 1L>0( 10
m∗

)d(4 13
12 (28(1 ∨ T ))143N

L(L−1)
2 )d13L−1

) and

η2(δ) >1.

Similarly as the assumption A2(x, L), this hypothesis is used at initial point for x = Xδ
0 .

Considering the lower bound of η1(δ) in (2.12), it becomes apparent that while it remains independent of
δ, it may take excessively large values. This dependence could potentially be decreased with modifications
to the proof structure, but at the expense of possibly higher upper bounds on the semigroup’s derivatives.
In this paper, we tailor our proof to minimize the reliance of C(x, T ) in (1.2) with respect to VL(x)−1

and T−1. Specifically, our proofs are designed so that the constant η appearing in Theorem 2.1, Corollary
2.1, and Theorem 2.2 are as small as possible. Explicit values for η are given in the proof of those results.

2.2. An alternative regularization property. In this section we provide the regularization property
for a modified version of Xδ. We consider a d-dimensional standard (centered with covariance identity)
Gaussian random variable G which is independent of (Zδ

t )t∈πδ,∗ , and for θ > 0,

Qδ,θ
T f(x) =

∫
Rd

f(y)Qδ,θ
T (x, dy) := E[f(Xδ

T + δθG)|Xδ
0 = x], T ∈ πδ.(2.13)

It can be seen as a regularization by convolution of the semigroup Qδ. From a practical viewpoint, the
modified version Xδ

T + δθG is easily computable and then well adapted to simulation based approaches
such as Monte Carlo methods.

Theorem 2.1. Let T ∈ πδ,∗, L ∈ N and f ∈ M(Rd;R) satisfying the polynomial growth assumption:
there exists Kf ⩾ 0 and pf ∈ N such that for every x ∈ Rd,

|f(x)| ⩽ Kf (1 + |x|pf

Rd ).

Then we have the following properties:
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A. Let x ∈ Rd, q ∈ N and α, β ∈ Nd such that |α| + |β| ⩽ q. Assume, that Aδ
1(max(q + 3, 2L+ 5)),

A2(x, L), Aδ
3(+∞), Aδ

4 and Aδ
5(x, T ) hold. Then, if f is |β|-times differentiable and ∂βf has

polynomial growth,

|∂αQδ,θ
T ∂βf(x)| ⩽Kf

(1 + |x|cRd)C exp(CT )
(VL(x)T )η

,(2.14)

where η ⩾ 0 depends on d, L, q and θ and c, C ⩾ 0 depend on d,N,L, q, Kmax(q+3,2L+5),

pmax(q+3,2L+5),pf ,
1

m∗
, 1

r∗
, θ and on the moment of Zδ.

B. Assume that Aδ
1(2L+ 5), A2(x, L), Aδ

3(+∞), Aδ
4 and Aδ

5(x, T ) hold. Then,

|Qδ
T f(x) −Qδ,θ

T f(x)| ⩽δθ Kf

(1 + |x|cRd)C exp(CT )
(VL(x)T )η

,(2.15)

where η ⩾ 0 depends on d, L and θ and c, C ⩾ 0 depend on d,N,L, q,K2L+5, p2L+5,pf , 1
m∗
, 1

r∗
, θ

and on the moment of Zδ.

Remark 2.1. We point out that, in the case where pf = pr = 0 for every r ∈ N∗, then c = 0
in (2.14) and (2.15). This remark remains valid in Corollary 2.1 (see (2.16)) and Theorem 2.2 (see
(2.18) but not (2.19)) stated later in this Section. Assuming further that A∞

2 (L) holds, the upper bounds
established in Theorem 2.1 thus become uniform w.r.t. x.

A consequence of Theorem 2.1 concerns the existence of a bounded density with bounded derivatives for
Xδ

T + δθG. The proof of this result is given in Section 3.3. Notice that an explicit value is given for η.
This type of result is usually referred to as hypoellipticity property of the operator Qδ,θ.

Corollary 2.1. Let T ∈ πδ,∗, x ∈ Rd and L ∈ N. Let q ∈ N, let α, β ∈ Nd such that |α| + |β| ⩽ q.
Assume that Aδ

1(max(q + d+ 4, 2L+ 5)), A2(x, L), Aδ
3(+∞), Aδ

4 and Aδ
5(x, T ) hold.

Then, for every y ∈ Rd, Qδ,θ
T (x, dy) = qδ,θ

T (x, y)dy and qδ,θ
T ∈ Cq(Rd × Rd) satisfies, for every p > 0,

|∂α
x ∂

β
y q

δ,θ
T (x, y)| ⩽

(1 + |x|cRd)C exp(CT )
(VL(x)T )η(1 + |y|pRd) ,(2.16)

where η ⩾ 0 depends on d, L, q and θ and c, C ⩾ 0 depends on d,N,L, q, Kmax(q+d+3,2L+5),
pmax(q+d+3,2L+5), 1

m∗
, 1

r∗
, θ, p and on the moment of Zδ.

Moreover, if p2 = 0 (see hypothesis Aδ
1) and there exists z∞ ⩾ 1 such that a.s. supt∈πδ,∗ |Zδ

t |RN ⩽
z∞, then,

|∂α
x ∂

β
y q

δ,θ
T (x, y)| ⩽C exp(CT )

(VL(x)T )η
exp(−

|y − x|2Rd

c(T ∨ δ2θ) ),(2.17)

where η is the same as in (2.16), c ⩾ 0 depends on d, K1 and z∞, and C ⩾ 0 depends on d,N,L, q,
Kmax(q+d+3,2L+5), p3, 1

m∗
, 1

r∗
, θ and z∞.

2.3. An invariance principle. Let us consider (Xt)t⩾0 the Rd-valued Itô process solution to the SDE
(1.3). In the following results, we show that, for a fixed T > 0, Xδ

T converges in total variation to XT .
Notably, our result is stronger than the convergence in total variation since we consider measurable test
functions with polynomial growth. Moreover, we establish the existence of the density of XT that can
be approximated by the one of Xδ

T + δθG. In an ideal situation, we would like to approximate the
density of XT using the one of Xδ

T . However, due to the absence of regularization properties for the
random variable Xδ

T , we cannot offer any assurance regarding the existence of its density. Actually, since
the random variables (Zδ

t )t∈πδ,∗ do not necessarily have a density, we can easily build an example such
that Xδ

T does not have a density, for instance by considering Xδ
T =

∑
t∈πδ,∗;t⩽T Z

δ
t . In contrast, since

Xδ
T + δθG satisfies the regularization property, we can guarantee the existence of its density together

with an upper bound on this density.

Exploiting Theorem 2.1 and Corollary 2.1, we can deduce the convergence of the law of Xδ
T towards the

one of XT as δ tends to zero. We are, among others, interested in obtaining an upper bound for

|Ex[f(XT ) − f(Xδ
T )]|,

which writes C(x)δm supu∈Rd |f(u)| when f ∈ Mb(Rd) (and similarly when f has polynomial
growth). One main technical point is that the upper bound does not depend on the derivatives of
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f .

This result may be seen as an invariance principle under two aspects. First, the law of the limit
XT only depends on derivatives (of order one and two) of ψ evaluated at some points (x, t, 0, 0) with
(x, t) ∈ Rd × R+. As a consequence, if we replace ψ by any function ψ̃ giving the same evaluations of
those derivatives, the limit of Xδ

T remains XT . Another aspect is that the law of (Zt)t∈πδ,∗ is not specified
explicitly and can be chosen in a large set of probability measures. In particular, in the following result,
we show that only Aδ

3(+∞) (see (2.7)) and Aδ
4 (see (2.8)) are assumed concerning the law of (Zt)t∈πδ,∗ .

Theorem 2.2. Let T ∈ πδ, with T ⩾ 2δ, L ∈ N and m > 0. We have the following properties:
A. Let f ∈ M(Rd;R) satisfying: there exists Kf ⩾ 0 and pf ∈ N such that for every x ∈ Rd,

|f(x)| ⩽ Kf (1 + |x|pf

Rd ).

Let x ∈ Rd. Assume that Aδ
1(max(6, 2L+5)), A2(x, L), Aδ

3(+∞), Aδ
4 and Aδ

5(x, T ) hold. Then,
for every ϵ > 0,

|Ex[f(XT ) − f(Xδ
T )]| ⩽δ 1

2 −ϵ Kf

1 + |x|cRd

(VL(x)T )η
C exp(CT ),(2.18)

where η ⩾ 0 depends on d, L and 1
ϵ and c, C ⩾ 0 depend on d,N,L, supr∈N∗ Kr, supr∈N∗ pr,

pf , 1
m∗

, 1
r∗
, 1

ϵ .
B. Assume that Aδ

1(+∞) holds and that the hypothesis from A. are satisfied.Then, XT starting at
point x has a density y ∈ Rd 7→ pT (x, y) with pT ∈ C∞(Rd × Rd).
Moreover, for every θ ⩾ 3

2 , q ∈ N, α, β ∈ Nd with |α| + |β| ⩽ q, p ⩾ 0, ϵ > 0 and every y ∈ Rd,

|∂α
x ∂

β
y pT (x, y) − ∂α

x ∂
β
y q

δ,θ
T (x, y)| ⩽δ 1

2 −ϵ (1 + |x|cRd)C exp(CT )
(VL(x)T )η(1 + |y|pRd) ,(2.19)

where η ⩾ 0 depends on d, L, q, θ and 1
ϵ and c, C ⩾ 0 depend on d,N,L, q,supr∈N∗ Kr, supr∈N∗ pr,

pf ,
1

m∗
, 1

r∗
, θ, p, 1

ϵ and on the moment of Zδ.

Remark 2.2. (1) Let us recall that for µ and ν two probability measures on the Borel σ-algebra of
Rd, the total variation distance between µ and ν is given by

dT V (µ, ν) = sup
f∈M(Rd;R),∥f∥∞⩽1

1
2 |µ(f) − ν(f)| = sup

f∈C∞
K

(Rd;R),∥f∥∞⩽1

1
2 |µ(f) − ν(f)|,

where µ(f) =
∫
Rd f(x)µ(dx) and similarly for ν(f). The last equality above is a direct consequence

of the Lusin’s Theorem.
In particular, (2.18) provides a bound on the total variation distance between the law of

XT starting from x ∈ Rd (denoted PT (x, .)) and the one of Xδ
T also starting from x (denoted

QT (x, .)). Under the hypothesis from A. in Theorem 2.2, then

dT V (PT (x, .), QT (x, .)) ⩽δ 1
2 −ϵ 1 + |x|cRd

(VL(x)T )η
C exp(CT ).(2.20)

(2) If we suppose in addition that θ ⩾ 2 and that for every t ∈ πδ,∗, i ∈ N , E[(Zi
t)3] = 0 and we

replace Aδ
1(max(6, 2L+5)) by Aδ

1(max(7, 2L+5)) in A., then Theorem 2.2 (and also (2.20)) holds
with δ 1

2 −ϵ replaced by δ1−ϵ and (Kmax(6,2L+5),pmax(6,2L+5)) replaced by (Kmax(7,2L+5),pmax(7,2L+5))
in the r.h.s. of (2.18) and (2.19).

(3) More generally, let us suppose that, in addition to hypothesis from Theorem 2.2, the assumption
Aδ

1(+∞) hold and, given m > 0, θ ⩾ m + 1 and there exists q(m) ∈ N such that: For every
f ∈ C∞

pol(Rd;R) such that for every α ∈ Nd and every x ∈ Rd,

|∂αf(x)| ⩽ Kf,α(1 + |x|p(α)),

with Kf,α ⩾ 1 and p(α) ⩾ 0, then, for every t ∈ πδ,

|E[f(Xδ
t+δ) − f(Xt+δ)|Xt = Xδ

t = x]| ⩽ δm+1
∑

|α|⩽q(m)

Kf,α C(1 + |x|p),(2.21)

where C and p do not depend on Kf,α or δ. Then, Theorem 2.2 holds with δ 1
2 −ϵ replaced by δm−ϵ

and (Kmax(6,2L+5),pmax(6,2L+5)) replaced by (supr∈N∗ Kr, supr∈N∗ pr) in the r.h.s. of (2.18) and
(2.19) (and also (2.20)). In this case η, c and C may depend on m.
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When assuming simply that for every t ∈ πδ,∗, i ∈ N , E[(Zi
t)3] = 0, we have automatically that

(2.21) holds with m = 1, which leads to the previous remark.
(4) By a straightforward application of Corollary 2.1 and Theorem 2.2, under the hypothesis from

Theorem 2.2 point B., we derive easily the following estimate of the density of XT : Let α, β ∈ Nd

and let p > 0. Then, for every y ∈ Rd,

|∂α
x ∂

β
y pT (x, y)| ⩽Kf

(1 + |x|cRd)C exp(CT )
(VL(x)T )η(1 + |y|pRd) .

(5) When uniform weak Hörmander property holds, that is A∞
2 (L) (see (2.5)), then δ

1
2 −ϵ can be

replaced by δ
1
2 in (2.18) or (2.20) (but not in (2.19)). When we assume (2.21) holds, similar

conclusions hold but with δ 1
2 −ϵ (respectively δ 1

2 ) replaced by δm−ϵ (resp. δm).

Example 2.1. (1) Let us consider X = (X1, X2), the solution of the 2-dimensional system of R
valued SDE, starting at point x = (x1, x2) ∈ R2 and given by

dX1
t =b(X1

t , t)dt+ σ(X1
t , t)dWt

dX2
t =X1

t dt,

where (Wt)t⩾0 is a one dimensional standard Brownian motion, b and σ are smooth with bounded
derivatives of order one and polynomial bounds for higher orders. In the setting from (1.3),
we have V0 : (u, t) 7→ (b(u1, t), u1) and V1 : (u, t) 7→ (σ(u1, t), 0). In this example local
ellipticity holds for X1 as long as σ(x1, t) ̸= 0. However ellipticity does not hold for X since
dim(span((σ, 0)))(x, 0) ⩽ 1. Nevertheless, let us compute the Lie brackets. In particular

[V0, V1] : (u, t) 7→ (∂u1σ(u1, t)b(u1, t) − ∂u1b(u1, t)σ(u1, t),−σ(x1, t)),

and, for σ(x1, 0) ̸= 0, span((σ, 0), (∂x1σb − ∂x1bσ + ∂tσ,−σ)(x, 0) = R2 so that local weak
Hörmander condition holds. Now, let us consider the Euler scheme of X, given by (Xδ,1

0 , Xδ,2
0 ) =

x and for t ∈ πδ,

Xδ,1
t+δ =Xδ,1

t + b(Xδ,1
t , t)δ + σ(Xδ,1

t , t)
√
δZδ

t+δ

Xδ,2
t+δ =Xδ,2

t +Xδ,1
t δ,

where Zδ
t ∈ R, t ∈ πδ,∗, are centered with variance one and Lebesgue lower bounded distribution

and moment of order three equal to zero. With notations introduced in (2.4), for σ(x1, 0) ̸= 0,

V1(x) =1 ∧ inf
b∈Rd,|b|R2 =1

⟨V1(x, 0), b⟩2
R2 + ⟨[V0 − 1

2∇xV1V1, V1](x, 0) + ∂tV1(x, 0), b⟩2
R2

= 1 ∧ inf
b∈R2,|b|R2 =1

⟨(σ, 0), b⟩2
R2 + ⟨(∂x1σb− ∂x1bσ + 1

2σ
2∂2

x1σ + ∂tσ,−σ), b⟩2
R2(x1, 0)

> 0,

and for every f ∈ M(Rd;R) satisfying hypothesis from Theorem 2.2, A., we have, for T ∈ πδ,
T ⩾ 2δ, ϵ ∈ (0, 1],

|Ex[f(XT ) − f(Xδ
T )]| ⩽δ1−ϵ Kf

1 + |x|cRd

(V1(x)T )η
C exp(CT ),

where η, C, c can explode if ϵ tends to zero.
(2) In a similar but simpler way, we can give an extension of the central limit theorem in total

variation distance, including the iterated time integrals of the Brownian motion.
We consider Zn ∈ R, n ∈ N∗, which are centered with variance one and Lebesgue lower
bounded distribution and we define S

(0)
l := n− 1

2
∑l

k=1 Zk, n, l ∈ N, and for h ∈ N∗, S(h)
l :=

n−1 ∑l
k=1 S

(h−1)
k .

Then, for every h ∈ N, (S(0)
n , . . . , S

(h)
n )n∈N, satisfies the uniform Hörmander property with L = h

and converges in total variation distance, as n tends to infinity, toward the random variable
(W1,

∫ 1
0 Wsds, . . . ,

∫ 1
0 . . .

∫ s2
0 Ws1ds1 . . . dsh) where (Wt)t⩾0 is a one dimensional standard Brownian

motion.
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3. A Malliavin-inspired approach to prove smoothing properties

In this Section, we prove Theorem 2.1, Corollary 2.1 and Theorem 2.2 (see Section 3.5). This will be
done by establishing Theorem 3.4 which is, in essence, close to the result of Theorem 2.1 but obtained
by considering a modification of Qδ built by using a localization argument. This modification is not
tractable for simulation purpose as, for instance, it cannot be computed by simulation (except for trivial
cases) but is a key ingredient for the proofs of the main results.
To prove Theorem 3.4, our strategy is to derive regularization properties for this modification of Qδ

by establishing some integration by parts formulas (Theorem 3.1, (3.12)) and then by bounding the
Malliavin weights appearing in those formulas (Theorem 3.1, (3.13)). These bounds on Malliavin weights
are derived by bounding the Sobolev norms depending on the Malliavin derivatives (Theorem 3.2) and
by bounding the moments of the inverse Malliavin covariance matrix (Theorem 3.3).

3.1. A generic discrete-time Malliavin calculus. In this section, we present the discrete Malliavin
calculus tailored to our framework and derive integration by parts formulas and estimates on the Malliavin
weights.

We recall that we work on the probability space (Ω,F ,P) where F is generated by (χδ
t , U

δ
t , V

δ
t )t∈πδ,∗ .

Since we are interested in random variables of the form (2.1), where the laws of random variables Zδ

are arbitrary (and thus not only Gaussian) the standard Malliavin calculus is not adapted anymore.
Therefore, we remain inspired by Malliavin calculus but we whether develop a discrete-time differential
calculus which happens to be well suited to our framework as soon as Zδ involves a regular part i.e. is
Lebesgue lower bounded. In this section, we always assume that Aδ

4 (see (2.8)) holds true. For T ⊂ πδ,∗,
we denote | T | = Card(T ).

In the following, we will denote χδ = (χδ
t )t∈πδ,∗ , Uδ = (U δ

t )t∈πδ,∗ and V δ = (V δ
t )t∈πδ,∗ . Given a

finite-dimensional Hilbert space (H, ⟨., .⟩H) with dimension dH, equipped with an orthonormal base
BH := (hn)n∈{1,...,dH}, we will consider the class of random variables:

Sδ(H) = {F = f(χδ
t , U

δ
t , V

δ
t , t ∈ T ), T ⊂ πδ,∗, | T | < +∞

∀χ ∈ {0, 1}T , (u, v) 7→ f(χ, u, v) ∈ C∞
b (RN × T × RN × T ; H)}.

When H = R, we simply denote Sδ. Our applications will be limited to cases where H = Rl1×...×lm with
l1 × . . .× lm,m ∈ N∗. However, we consider H as an abstract finite-dimensional Hilbert space as it does
not introduce additional difficulties.
We now construct a differential calculus based on the laws of the random variables Uδ which mimics the
Malliavin calculus, following the ideas from [5], [2], [3] or [7]. We begin by introducing the basic element
of our differential calculus.
Derivative operator and Malliavin covariance matrix.
For F ∈ Sδ(H), we define the Malliavin derivatives DF := (D(t,i) F )(t,i)∈πδ,∗×N ∈ Sδ(H)πδ,∗×N by

D(t,i) F := χδ
t∂ui

t
f(χδ, Uδ, V δ), (t, i) ∈ πδ,∗ × N .

We recall that there always exists a finite T ⊂ πδ,∗ such that D(t,i) F = 0 for t /∈ T . In particular
DF is finite dimensional and we use the notation DF := (D(t,i) F )(t,i)∈T × N ∈ Sδ(H)T × N . We also
extend the derivative outside of the time grid πδ,∗. For s ∈ (t− δ, t], with t ∈ πδ,∗ we define

D(s,i) F := D(t,i) F,

and D(0,i) = 0. The higher order derivatives are defined by iterating D. In particular, for m ∈ N,
we introduce Dm. Let α = (α1, . . . , αm) ∈ (πδ,∗ × N )m, m ∈ N. In the sequel, we will use the notation
∥α∥ = m. We define

Dα F = Dα1 · · · Dαm F

when m > 0 and Dα F = D∅ F = F if m = 0. In particular, we will denote
Dm F = (Dα F )α∈(πδ,∗×N )m = (Dα F )α∈(T × N )m

The Malliavin covariance matrix of F ∈ Sδ(H), is the matrix defined for every h, h′ ∈ BH by
σF [h, h′] = δ⟨D⟨F, h⟩H,D⟨F, h′⟩H⟩Rπδ,∗×N

:= δ
∑

t∈πδ,∗

∑
l∈N

D(t,l)⟨F, h⟩H D(t,l)⟨F, h′⟩H.(3.1)
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Notice that this quantity is well defined as the series is actually a finite sum. Moreover, we have the
common integral representation formula,

σF [h, h′] =
∫ +∞

0

∑
l∈N

D(t,l)⟨F, h⟩H D(t,l)⟨F, h′⟩Hdt.

We remark that σF can be seen as a linear operator on H such that for every ℓ ∈ H, σF ℓ :=∑
h,h′∈BH

σF [h, h′]⟨ℓ, h′⟩Hh, that is the standard matrix product.We then introduce the inverse Malliavin
covariance matrix. In particular, when the determinant det σF of σF is not zero, we define γF , the
inverse of the Malliavin covariance matrix σF satisfying, for every ℓ ∈ H, σF γF ℓ = γF σF ℓ = ℓ.
Divergence and Ornstein Uhlenbeck operators. Let G = (Gt)t∈πδ,∗ with Gt ∈ Sδ(HN ).The
divergence operator δ is given by

δ(G) = δ
∑

t∈πδ,∗

∑
i∈N

Gi
t Dδ

(t,i) Γδ
t + Dδ

(t,i) G
i
t ∈ Sδ(H),

with, for t ∈ πδ,∗,

Γt = lnφr∗/2(δ− 1
2Uδ

t − z∗,t) ∈ Sδ(R).

with φr∗/2 defined in (2.9). In particular, for i ∈ N ,

D(t,i) Γt = δ− 1
2χδ

t∂zi lnφr∗/2(δ− 1
2Uδ

t − z∗,t) ∈ Sδ(R).

Finally, we define the Ornstein Uhlenbeck operator, for F ∈ Sδ(H),

LF = − δ(DF ) = −δ
∑

t∈πδ,∗

∑
i∈N

D(t,i) D(t,i) F + D(t,i) F D(t,i) Γt ∈ Sδ(H).

Remark 3.1. The basic random variables in our calculus are Zδ
t , t ∈ πδ,∗, so we precise the way in which

the differential operators act on them. Since δ 1
2Zδ

t = χδ
tU

δ
t + (1 − χδ

t )V δ
t , it follows that for w, t ∈ πδ,∗,

i, j ∈ N ,

δ
1
2 D(t,i) Z

δ,j
w =χδ

w1w,t1i,j ,(3.2)

and

LZδ,i
t =χδ

t∂zi lnφr∗/2(δ− 1
2Uδ

t − z∗,t).(3.3)

We observe that in our framework, the duality formula reads as follows: For each F ∈ Sδ(H) and
G = (Gt)t∈πδ,∗ with Gt ∈ Sδ(H)N

E[⟨F, δ(G)⟩H] = E[⟨DF,G⟩Hπδ,∗×N ] :=δ
∑

t∈πδ,∗

∑
i∈N

E[⟨D(t,i) F,G
i
t⟩H].(3.4)

This leads to the following relationship: For each F,G ∈ Sδ(H),

E[⟨F,LG⟩H] = E[⟨G,LF ⟩H] =δE[⟨DF,DG⟩Hπδ,∗×N ]

:=δ
∑

t∈πδ,∗

∑
i∈N

E[⟨D(t,i) F,D(t,i) G⟩H].(3.5)

We prove directly (3.5). The duality relationship (3.4) is proven by similar arguments. This follows
immediately using the independence structure and standard integration by parts on RN : Indeed, if
f, g ∈ C2(RN ;R) and t ∈ πδ,∗, then

∑
i∈N

E[∂uif(U δ
t )∂uig(Uδ

t )] = ε∗

m∗

N∑
i=1

∫
RN

∂uif(u)∂uig(u)δ− N
2 φr∗/2(δ− 1

2u− z∗,t)du

= − ε∗

m∗

∑
i∈N

∫
RN

f(u)(∂2
uig(u) + ∂uig(u)

∂uiφr∗/2(δ− 1
2u− z∗,t)

φr∗/2(δ− 1
2u− z∗,t)

)δ− N
2 φr∗/2(δ− 1

2u− z∗,t)du

= − E[f(Uδ
t )

∑
i∈N

∂2
uig(Uδ

t ) + ∂uig(Uδ
t )δ− 1

2 ∂zi lnφr∗/2(δ− 1
2Uδ

t − z∗,t)].
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Now, we consider F,G ∈ Sδ(H), so that F = f(χδ
ti
, Uδ

ti
, V δ

ti
, i ∈ {1, . . . , n}) andG = g(χδ

ti
, Uδ

ti
, V δ

ti
, i ∈

{1, . . . , n}). Moreover, we introduce the functions fl := ⟨f, hl⟩H, gl := ⟨g, hl⟩H, l ∈ {1, . . . , dH}, which
belong to C∞((RN )n;R). It follows from the calculus above that

E[⟨ DF,DG⟩Hπδ,∗×N ] =
dH∑
l=1

∑
t∈πδ,∗

∑
i∈N

E[χδ
t∂ui

t
fl(χδ, Uδ, V δ)∂ui

t
gl(χδ, Uδ, V δ)]

= −
dH∑
l=1

E[fl(χδ, Uδ, V δ)
∑

t∈πδ,∗

χδ
t

×
∑
i∈N

∂2
ui

t
gl(χδ, Uδ, V δ) + ∂ui

t
gl(χδ, Uδ, V δ)δ− 1

2 ∂zi lnφr∗/2(δ− 1
2Uδ

t − z∗,t)]

= − E[⟨F,
∑

t∈πδ,∗

∑
i∈N

D(t,i) Dδ
(t,i) G+ D(t,i) GD(t,i) Γt⟩H] = δ−1E[⟨F,LG⟩H],

which is exactly (3.5). We have the following standard chain rule: Let ϕ ∈ C∞(H; H′) with H′ a
finite-dimensional Hilbert space and F ∈ Sδ(H). Then

Dϕ(F ) = DD F ϕ(F ) ∈ Sδ(H′)πδ,∗×N .(3.6)

More particularly, when H′ = R we have

Dϕ(F ) = ⟨D ϕ(F ),DF ⟩H ∈ Sδ(R)πδ,∗×N .(3.7)

Moreover, it follows from (3.6) and the duality relation (or direct computation), that

Lϕ(F ) = ⟨D ϕ(F ),LF ⟩H + δ
∑

h,h′∈BH

Dh′ Dh ϕ(F )⟨D⟨F, h⟩H,D⟨F, h′⟩H⟩Rπδ,∗×N .(3.8)

We then build our Sobolev-Malliavin norms that, among others, will be involved in estimates of the
Malliavin weights of the integration by parts formulas derived in Theorem 3.1
Sobolev-Malliavin norm. For F ∈ Sδ(H), q ∈ N, we begin by introducing the Malliavin-Sobolev
norms:

|F |2H,1,q =
∑

α∈(πδ,∗×N )j

j∈{1,...,q}

δj | Dα F |2H, |F |2H,q = |F |2H + |F |2H,1,q(3.9)

and for p ⩾ 1

∥F∥H,1,q,p = E[|F |pH,1,q]
1
p ∥F∥H,q,p = E[|F |pH]

1
p + ∥F∥H,1,q,p.(3.10)

Owing to the duality relationship (3.4), the operator D, initially defined on Sδ(H) is closable from
Lp(Ω; H) into Lp(Ω; Hπδ,∗×N ) for p ⩾ 1. More specifically, for (Fn)n∈N taking values in Sδ(H) which
converges to 0 in Lp(Ω; H) and such that (DFn)n∈N converges to ζ in Lp(Ω; Hπδ,∗×N ), it follows from
(3.6) and (3.4) that, for every G ∈ Sδ(Hπδ,∗×N )

E[⟨DFn, G⟩Hπδ,∗×N ] =E[⟨Fn, δ(G)⟩H].

Since G is bounded, the l.h.s. above tends to E[⟨ζ,G⟩Hπδ,∗×N ] and since δ(G) ∈ Sδ is also bounded,
the r.h.s. tends to 0 so ζ = 0, a.s., proving the closability. For higher orders, the result is similar.

In particular, we introduce Dq,p(H) the completion of Sδ(H) by the norm ∥·∥H,q,p and extend continuously
the definition of the norms (3.9) (resp. (3.10)) from F ∈ Sδ(H) to F ∈ Dq,1(H) (resp. Dq,p(H)). Then,
for F ∈ Dq,p(H), we define Dq F as the limit in Lp(Ω; H(πδ,∗×N )⊗q ) of Dq Fn where (Fn)n∈N is a Sδ(H)-
valued sequence converging to F in the norm ∥·∥H,q,p. Similarly, we define δ(G) for every G that belongs
to

Dom(δ) := {u ∈ L2(Ω; Hπδ,∗×N ),∃C ⩾ 0,∀F ∈ D1,2(H), |E[⟨DF, u⟩Hπδ,∗×N ]| ⩽ C∥F∥2},

which satisfies (3.4) for every F ∈ D1,2(H).

We also note that, under assumptions Aδ
1(q) (see (2.2) and (2.3)), and Aδ

3(+∞) (see (2.7)), then Xδ
t ∈

Dq,p(Rd) for every p ⩾ 1 and we have similar results for the tangent process introduced in (3.18).
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Integration by parts formula. Below, we define the Malliavin weights that appear in our integration
by parts formulas. Let F ∈ D2,p(H), G ∈ D1,p(R) and h ∈ BH. We define

H(F,G)[h] := − ⟨GγF LF, h⟩H − δ
∑

h′∈BH

⟨D(GγF [h, h′]),D⟨F, h′⟩H⟩Rπδ,∗×N .

Considering higher order integration by parts formulas, for F ∈ Dq+1,p(H), G ∈ Dq,p(R) and
h = (h1, . . . , hq) ∈ (BH)q we define H(F,G)[h] by the recurrence

H(F,G)[h] := H(F,H(F,G)[h1, . . . , hq−1])[hq].(3.11)
Exploiting the relationships (3.5) and (3.7), we deduce the following result which is a integration by
parts formula together with an estimate of the Sobolev norms of the weights.

Theorem 3.1. Let q ∈ N∗, ϕ ∈ C∞
pol(H;R). Let F and G be such that F ∈ Dq+1,p(H), G ∈ Dq,p(R) and

E[| det γF |p1|G|>0] < +∞, for every p ⩾ 1. Then, for every h = (h1, . . . , hq) ∈ (BH)q,
E[Dh ϕ(F )G] = E[ϕ(F ) H(F,G)[h]],(3.12)

with H(F,G)[h] defined in (3.11). Moreover, for every m ∈ N, if F ∈ Dq+m+1,p(H) and G ∈
Dq+m,p(R) for every p ⩾ 1, then

| H(F,G)[h]|R,,m ⩽C(dH, q,m)c(dH, q,m, F,G),(3.13)
with

c(dH, q,m, F,G) =(1 ∨ det γF )q(m+q+1)(1 + |F |2dHq(q+m+2)
H,1,q+m+1 + | LF |2q

H,q+m−1)|G|R,m+q.

In order to prove Theorem 3.1, we will combine the previous identities with the following result. The
reader can find the detailed proof of this result in [2], Theorem 3.4. (see also [5]).

Proposition 3.1. Let m, q ∈ N, and h = (h1, . . . , hl) ∈ (BH)l with l ⩽ q. Let F and G be such that
F ∈ Dq+m+1,p(H), G ∈ Dq+m,p(R) and E[| det γF |p1|G|H,q>0] < +∞, for every p ⩾ 1. Then

| H(F,G)[h]|R,m ⩽C(dH, q,m)c(dH, q,m, F,G),
with c(dH, q,m, F,G) defined in (3.13).

Proof of Theorem 3.1. We prove the result for m = 1. Then, a recurrence yields (3.12). We also restrict
ourselves to the case where F ∈ Sδ(H) and G ∈ Sδ and extend to our result by density. Using the chain
rule (3.7), we have for every h ∈ BH,

⟨Dϕ(F ),D⟨F, h⟩H⟩Rπδ,∗×N =
∑

h′∈BH

⟨D ϕ(F ), h′⟩H⟨D⟨F, h′⟩H,D⟨F, h⟩H⟩Rπδ,∗×N

=δ−1
∑

h′∈BH

Dh′ ϕ(F ) σF [h, h′] = ⟨σF h,D ϕ(F )⟩H.

Using (3.8) with F = (⟨F, h′⟩H, ϕ(F )), H = R2 and ϕ : (x, y) 7→ xy, (3.5) with F = ϕ(F )⟨F, h′⟩H
(respectively F = GγF [h, h′]⟨F, h′⟩H), G = GγF [h, h′] (resp. G = ϕ(F )) and H = R (resp. H = R) and
finally (3.8) with F = (⟨F, h′⟩H, GγF [h, h′]), H = R2 and ϕ : (x, y) 7→ xy, it follows that

E[Dh ϕ(F )G] = δ
∑

h′∈BH

E[GγF [h, h′]⟨Dϕ(F ),D⟨F, h′⟩H⟩Rπδ,∗×N ]

=1
2

∑
h′∈BH

E[GγF [h, h′](L(ϕ(F )⟨F, h′⟩H) − ϕ(F ) L⟨F, h′⟩H − ⟨F, h′⟩H Lϕ(F ))]

=1
2

∑
h′∈BH

E[ϕ(F )⟨F, h′⟩H L(GγF [h, h′]) − ϕ(F )GγF [h, h′] L⟨F, h′⟩H

− ϕ(F ) L(GγF [h, h′]⟨F, h′⟩H)]

= −
∑

h′∈BH

E[ϕ(F )(GγF [h, h′] L⟨F, h′⟩H + δ⟨D(GγF [h, h′]),D⟨F, h′⟩H⟩Rπδ,∗×N )],

which is exactly (3.12) for q = 1. Iterating this formula, we obtain (3.12).

In order to obtain 3.13, we simply apply Proposition 3.1. □

In the sequel, we are interested in obtaining an estimate of the weights H which appear in the integration
by parts formulas (3.12) when G is replaced by GΘ with Θ ∈ [0, 1] the localizing random weight. We
first provide a bound on the Sobolev norms of GΘ.
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Lemma 3.1. Let q ∈ N. Let G ∈ Dq,2(H) and Θ ∈ Dq,2(R). Then

|GΘ|H,q ⩽ C(q)
q∑

m=0
|G|H,m|Θ|R,q−m.(3.14)

Proof. We prove the result by recurrence. We assume, without loss of generality, thatG = g(χδ
ti
, Uδ

ti
, V δ

ti
, ti ∈

T , i ∈ {1, . . . , n}) for a finite set T ⊂ πδ,∗. For q ∈ N, we define H0 = H and Hq+1 = (Hq)T × N . The
result is true for q = 0. Assume it is true until some q ∈ N and let us show it still holds for q + 1. We
have

|GΘ|2H,q+1 = |GΘ|2H +
q∑

l=0
δl+1| Dl(Θ DG+GD Θ)|2Hl+1

,

with

| Dl(Θ DG)|Hl+1 ⩽δ− l
2 |Θ DG|HT × N ,l

⩽Cδ− l
2

l∑
m=0

|Θ|R,l−m| DG|H1,m = δ− l+1
2 C(l)

l∑
m=0

|Θ|R,l−m|G|H,1,m+1,

where we have applied (3.14) with G replaced by Dδ G, q = l and H = H1. Similarly

| Dl(GD Θ)|Hl+1 =|
∑

|α|=l

∑
|β|=1

| Dα(GDβ Θ)|2H| 1
2 = |

∑
|β|=1

| Dl(GDβ Θ)|2Hl
| 1

2

⩽|
∑

|β|=1

δ−l|GDβ Θ|2H,l|
1
2 ⩽ Cδ− l

2

l∑
m=0

|G|H,m|
∑

|β|=1

| D Θ|2H,l−m| 1
2

⩽Cδ− l+1
2

l∑
m=0

|G|H,m|Θ|R,l+1−m,

and the proof is completed. □

3.2. Sobolev Norms. Before we state our results, we recall that ∂xδ
0
Xδ

t , t ∈ πδ, is the tangent flow
and is introduced in (3.18). In a similar way, for α ∈ Nd, ∂α

xδ
0
Xδ

t denotes the derivatives of Xδ
t of order

|α| w.r.t. Xδ
0 and is given by ∂α1

(xδ
0)1 . . . ∂

αd

(xδ
0)dX

δ
t . The following result provides an upper bound for the

Sobolev norms appearing in the upper bound of the Malliavin weights established in Theorem 3.1.

Theorem 3.2. Let T ∈ πδ,∗, T = (0, T ] ∩ πδ and x ∈ Rd. Let q ∈ N, q⋄ ∈ {0, 1}, p ⩾ 1 and α ∈ Nd a
multi-index. Assume that Aδ

1(q + |α| + 2), Aδ
3(+∞) and Aδ

4 hold. Then

Ex[sup
t∈T

|∂α
xδ

0
Xδ

t |pRd,q⋄,q
]

1
p ⩽(1 + 1pq+|α|+2>0∪q⋄=|α|=0|x|CRd) KC

q+|α|+2 exp(C(1 + T ) MC(Zδ) K2
3),(3.15)

with C = C(d,N, 1
r∗
,pmax(3,q+|α|+2), q, p). Moreover, if we replace the assumption Aδ

1(q + |α| + 2),
by the assumption Aδ

1(q + 4), then

Ex[sup
t∈T

| LXδ
t |pRd,q

]
1
p ⩽(1 + 1pq+4>0|x|CRd) KC

q+4 exp(C(1 + T ) MC(Zδ) K2
3),(3.16)

with C = C(d,N, 1
r∗
,pq+4, q, p).

Remark 3.2. This result was obtained in [7] (see Theorem 4.2) in the case pr = 0 for r large
enough in the assumption Aδ

1(r) (see (2.2)).

3.3. Malliavin covariance matrix. In this Section, we provide an upper bound for the localized
moments of the inverse of the Malliavin covariance matrix of (Xδ

t )t∈πδ defined in (3.1). In the following,
we will not work under P, but under a localized measure which we define now. The technique consists
in localizing the random variables Zδ and the Malliavin covariance matrix σδ

F . For the first one, we aim
to control that the norm is not too high while for the latter, we aim to control that it is not too low. We
first introduce a regularized version of the indicator function. For v > 1, we consider Ψv ∈ C∞

b (R; [0, 1])
such that Ψv(x) = 1 if |x| ⩽ v − 1

2 and 0 if |x| ⩾ v and that the function z ∈ RN 7→ Ψv(|z|RN ) belongs
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to C∞
b (RN ; [0, 1]) (e.g. for |x| ∈ (v − 1

2 , v), Ψv(x) = exp(1 − 1
1−(2|x|−2v+1)2 )).

Given T ⊂ πδ,∗, and η = (η1, η2) ∈ (1 + ∞)2 we introduce, for ,
ΘF,G,η,T = ΘF,G,η1Θη2,T with(3.17)

ΘF,G,η1 = Ψη1(Gdet γF ), and Θη2,T ,t =
∏

w∈((0,t]∩T )

Ψη2(|Zδ
w|RN ), t ∈ πδ,

where Θη2,T = Θη2,T ,∞. Moreover, we introduce the tangent flow process (Ẋt)t∈πδ defined by
Ẋ0 = Id×d and

Ẋt := ∂xδ
0
Xδ

t ,(3.18)

the Jacobian matrix of derivatives of Xδ w.r.t. the initial value Xδ
0 . In the following, for T =

(0, T ] ∩ πδ, T ∈ πδ, we will employ the localization random variable
Θ∗

T = ΘXδ
T

,det(Ẋδ
T

)2,(η1(δ),η2(δ)),T ,(3.19)

where η1(δ) and η2(δ) are defined in (2.11)
Theorem 3.3. Let T ∈ πδ,∗, x ∈ Rd and p ⩾ 0. Assume that Aδ

1(2L+ 5), A2(x, L), Aδ
3(+∞), Aδ

4 and
Aδ

5(x, T ) hold. Then

Ex[| det γXδ
T

|p1Θ∗
T

>0] ⩽
1 + 1p2L+5>0|x|CRd

VL(x) 3
2 13Ldp+1T 13Ldp

KC
2L+5 exp(C(1 + T ) MC(Zδ) K4

3),(3.20)

with C = C(d,N,L, 1
m∗
,p2L+5, p). Moreover, if p ⩾ 4, for every a > 0

Px(Θ∗
T < 1) ⩽δ−1 η2(δ)−aTC(a) M⌈a⌉(Zδ)(3.21)

+ η1(δ)−p
1 + 1p2L+5>0|x|CRd

VL(x) 3
2 13Ldp

KC
2L+5 exp(C(1 + T ) MC(Zδ) K4

3),

with C = C(d,N,L, 1
m∗
,p2L+5, p).

Remark 3.3. We have the following observations concerning the result above.
(1) The terms 13L in the r.h.s. of both (3.20) and (3.21) can be replaced by (12 + b)L, b > 0, but the

miscellaneous constants C(.) may explode when b tends to zero or to infinity.
(2) When the uniform Hörmander hypothesis A∞

2 (L) (see (2.5)) holds, the estimates (3.20) and
(3.21) can be improved. In particular the term VL(x)− 3

2 13Ldp+1 in the r.h.s. of (3.20) (resp. the
term VL(x)− 3

2 13Ldp in the r.h.s. of (3.21)) can be replaced by (V∞
L )−13Ldp (resp. by 1). In this

uniform elliptic setting (L = 0) we thus recover the results from [7] Proposition 4.4.

3.4. Regularization properties for approximations of the semigroup. We introduce (Qδ,Θ∗
T

t )t∈πδ

such that, for every x ∈ Rd,

∀T ∈ πδ, Q
δ,Θ∗

T

T f(x) := E[Θ∗
T f(Xδ

T )|Xδ
0 = x].(3.22)

with Θ∗
T defined in (3.19). Notice that (Qδ,Θ∗

T
t )t∈πδ , is not a semigroup. We will not be able to prove

the smoothing property for Qδ but for Qδ,Θ∗
T . Our approach consists in applying the integration by

part formulas derived in Theorem 3.1 and then the moments of the weights appearing in those formulas
exploiting Theorem 3.2 and Theorem 3.3.
Theorem 3.4. Let T ∈ πδ,∗ and f ∈ M(Rd;R) satisfying: there exists Kf ⩾ 0 and pf ∈ N such that
for every x ∈ Rd,

|f(x)| ⩽ Kf (1 + |x|pf

Rd ).
Then we have the following properties:

A. Let x ∈ Rd, q ∈ N and α, β ∈ Nd such that |α| + |β| ⩽ q. Assume that Aδ
1(max(q + 3, 2L+ 5)),

A2(x, L), Aδ
3(+∞), Aδ

4 and Aδ
5(x, T ) hold. Then, if f is |β|-times differentiable and ∂βf has

polynomial, growth

|∂αQ
δ,Θ∗

T

T ∂βf(x)| ⩽Kf

1 + 1pmax(q+3,2L+5) + pf >0|x|CRd

(VL(x)T ) 3
2 13Ldq(q+3)+1(3.23)

× KC
max(q+3,2L+5) exp(C(1 + T ) MC(Zδ) K4

3),

with C = C(d,N,L, q,pmax(q+4,2L+5),pf ,
1

m∗
, 1

r∗
) ⩾ 0.
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B. Let h > 0. Assume that Aδ
1(2L+ 5) A2(x, L), Aδ

3(+∞), Aδ
4 and Aδ

5(x, T ) hold. Then,

|Qδ
T f(x) −Q

δ,Θ∗
T

T f(x)| ⩽δh Kf

1 + 1p2L+5 + pf >0|x|CRd

VL(x) 3
2 13Ld max(2, 89h

44d )
KC

2L+5 exp(C(1 + T ) MC(Zδ) K4
3),

(3.24)

with C = C(d,N,L, p,p2L+5,pf ,
1

m∗
, h) ⩾ 0.

Remark 3.4. (1) In the case of uniform Hörmander hypothesis A∞
2 (L) (see (2.5)), if we consider

δ ⩽ δ0 for some δ0 small enough, then for any x ∈ Rd, Qδ,Θ∗
T

T f(x) can be replaced by the localized
probability measure 1

Ex[Θ∗
T

]Ex[Θ∗
T f(Xδ

T )] and the conclusion of Theorem 3.4 still hold. In case of
non uniform Hörmander property, δ0 would depend on x so it is not uniform anymore and we
can not obtain the same result.

(2) Using our approach, we can easily show that under the uniform Hörmander hypothesis A∞
2 (L)

(see (2.5)), (VL(x)T )− 3
2 13Ldq(q+3)+1 can be replaced by (V∞

L T )−13Ldq(q+3) in the r.h.s. of (3.23)
and VL(x) can be replaced by 1 in the r.h.s. of (3.24).

Proof. For the sake of clarity, in the proof of this result we simply denote by C the constant appearing
in (3.23) (respectively (3.24)) avoiding to make appear the dependence to the parameters. Notice that
we will similarly use this simplified notation as convention in all the proofs of this paper.

We prove the result for f ∈ C∞
pol(Rd;R). The extension to our setting follows from similar arguments as

in the proof of Proposition 3.2 in [16] by introducing an smooth approximating sequence for f .

The first step of our proof consists in estimating the Sobolev norm of ∂γ

xδ
0
Θ∗

T for a multi index γ ∈ Nd.
We begin with a useful lemma establishing bounds on the derivatives of the inverse covariance matrix.
Lemma 3.2. Let m ∈ N, α ∈ (T × N )m and γ ∈ Nd with m+ |γ| ≥ 1. Then

| Dα ∂
γ

xδ
0

det(γXδ
T

)| ⩽C(d,N,m, |γ|)1 ∨ Tm+|γ|−11 ∨ | det γXδ
T

|m+|γ|+1

× δ
∑

α′∈α::T × N

∑
|γ′|⩽|γ|

| Dα′ ∂γ′

xδ
0
Xδ

T |2d(m+|γ|)
Rd .

where we denote α :: T × N := {α′ ∈ (T × N )l, l ∈ {1, . . . ,m + 1}, α′,j ∈ {α1, . . . , αm}, j =
1, . . . , l − 1}.

Proof. We first write | Dα ∂
γ

xδ
0

det(γXδ
T

)| = | Dα ∂
γ

xδ
0

1
det(σ

Xδ
T

) |. In particular, owing to the Faà di

Bruno formula for the inverse function yields the following estimate

| Dα ∂
γ

xδ
0

det(γXδ
T

)| ⩽C|
m+|γ|∑

k=1

1
det(σXδ

T
)k+1

∑
(α′

,γ′)∈Uk(α,γ)

k∏
j=1

| Dα′
j
∂

γ′
j

xδ
0

det(σXδ
T

)|,

where
Uk(α, γ) = {(α′,γ′) ∈ U1

k (α) × U2
k (γ),∀j ∈ {1, . . . , k}, ∥α′

j∥ + |γ′
j | > 0}(3.25)

with notation ∥α∥ = i if α ∈ (T × N )i and

U1
k (α) ={α′ = (α′

j)k
j=1, α

′
j ∈ (T × N )∥α′

j∥, α = P(α′,1
1 , . . . , α

′,∥α′
1∥

1 , . . . , α′,1
k , . . . , α

′,∥α′
k∥

k )}

where P is the notation for the permutation acting on the components of α′
1, . . . , α

′
k and

U2
k (α, γ) ={γ′ = (γ′

1, . . . , γ
′
k), γ′

j ∈ Nd,

k∑
j=1

γ′
j = γ}.

Notice that we allow the cases α′
j = ∅ and γ′

j = 0 ∈ Nd. Remembering the definition of σXδ
T

and
using standard estimates, we derive also

| Dα′
j
∂

γ′
j

xδ
0

det(σδ
Xδ

T
,T )| ⩽ Cδ

∑
α̃∈α::T × N

∑
|γ̃|⩽|γ|

| Dα̃ ∂
γ̃

xδ
0
Xδ

T |2d
Rd .

Finally, gathering all the terms together, applying the Hölder inequality and observing that card(Uk(α, γ)) ⩽
C, we obtain the announced result. □
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We denote shortly Θ1 = ΘXδ
T

,det(Ẋδ
T

)2,η1,T = Ψη1(det(γXδ
T

(Ẋδ
T )2)), where Ẋδ

T = ∂xδ
0
Xδ

T is defined
in (3.18). We first estimate the Sobolev norms of ∂γ

xδ
0
Θ1 for γ ∈ Nd. Similarly as in the proof of Lemma

3.2, using the Faà di Bruno formula, we can write (we refer to (3.25) for the definition of Uk(α, γ) and
to (3.9) for the definition of our Sobolev-Malliavin norms |.|R,m),

|∂γ

xδ
0
Θ1|2R,m =

m∑
l=0

δl
∑

α∈(T × N )l

|
l+|γ|∑

k=1l+|γ|>0

∂(k)Ψη1(det(γXδ
T

(Ẋδ
T )2))

×
∑

(α′
,γ′)∈Uk(α,γ)

C(α′,γ′)
k∏

j=1
Dα′

j
∂

γ′
j

xδ
0

det(γXδ
T

(Ẋδ
T )2)|2

⩽C1Θ1>0∥ψη1∥2
∞,m+|γ|(1 +

m∑
l=0

δl
∑

α∈(T × N )l

l+|γ|∑
k=1

∑
(α′

,γ′)∈Uk(α,γ)

k∏
j=1

| Dα′
j
∂

γ′
j

xδ
0

det(γXδ
T

(Ẋδ
T )2)|2).

with convention
∑

(α′
,γ′)∈U0(α,γ)

∏0
j=1 = 1 and

∑
α∈(T × N )l can be omitted when l = 0. At this

point, evoking again the Faà di Bruno formula combined with Lemma 3.2, we derive the following
estimate (recall that |γ′

j + ∥α′
j∥ ⩾ 1),

| Dα′
j
∂

γ′
j

xδ
0

det(γXδ
T

(Ẋδ
T )2)| ⩽ C1 ∨ T ∥α′

j∥+|γ′
j |−1

× 1 ∨ | det γXδ
T

|∥α′
j∥+|γ′

j |+1δ
∑

(α̃,γ̃)∈I(α,γ)

| Dα̃ ∂
γ̃

xδ
0
Xδ

T |2d(m+|γ|+1)
Rd .

where I(α, γ) = {(α′, γ′) ∈ (α :: T × N ) × Nd, |γ′| ⩽ |γ| + 1, ∥α′∥ + |γ′| ⩽ ∥α∥ + |γ| + 1}. Moreover,
since

∑k
j=1 |γ′

j | = |γ| and
∑k

j=1 ∥α′
j∥ = ∥α∥, we deduce from the Hölder inequality, that

|∂γ

xδ
0
Θ1|2R,m ⩽C1Θ1>0∥Ψη1∥2

∞,m+|γ|(1 +
m∑

l=0
δl(1 ∨ | det γXδ

T
|4(l+|γ|))

l+|γ|∑
k=1

1 ∨ T 2(l+|γ|−k)

×
∑

α∈(T × N )l

δT 2k−1
∑

(α̃,γ̃)∈I(α,γ)

| Dα̃ ∂
γ̃

xδ
0
Xδ

T |4dk(m+|γ|+1)
Rd )

⩽C1Θ1>0∥Ψη1∥2
∞,m+|γ|1 ∨ T 2(m+|γ|)−1(1 ∨ | det γXδ

T
|4(m+|γ|))

× (1 +
∑

|γ̃|⩽|γ|+1

|∂γ̃

xδ
0
Xδ

T |4d(m+|γ|)(m+|γ|+1)
Rd,m+1|γ̃|<|γ|+1

),

Therefore, using the the computations from Remark 3.1, we derive that | Ψη2(|Zδ
w|RN )|R,q ⩽ C∥Ψη2(|·

|RN )∥∞,m, and, taking (η1, η2) = (η1(δ),η2(δ)), it follows from Lemma 3.1 that

|∂γ

xδ
0
Θ∗

T |R,m ⩽C1Θ∗
T

>0∥Ψη1(δ)∥∞,m+|γ|∥Ψη2(δ)(| · |RN )∥∞,m1 ∨ Tm+|γ|− 1
2

× 1 ∨ | det γXδ
T

|2(m+|γ|)(1 +
∑

|γ̃|⩽|γ|+1

|∂γ̃

xδ
0
Xδ

T |2d(m+|γ|)(m+|γ|+1)
Rd,m+1|γ̃|<|γ|+1

).(3.26)

We now focus on establishing (3.23). We remark that,

∂αQ
δ,Θ∗

T

T ∂βf(x) =
∑

|β|⩽|γ|⩽q

∑
0⩽|γ′|⩽q−|γ|

Ex[∂γf(Xδ
T )Pγ(Xδ

T )∂γ′

xδ
0
Θ∗

T ],(3.27)

where Pγ(Xδ
T ) is a universal polynomial of ∂ρ

xδ
0
Xδ

T , 1 ⩽ |ρ| ⩽ q − |γ| + 1, γ, γ′ ∈ Nd. We do not
give details about the validity of the formula above. It is actually a consequence of the dominated
convergence theorem and of the Gronwall lemma to control the increments of the function Xδ

0 7→ Xδ
T

and its derivatives. Using the integration by parts formula (3.12) and the estimate (3.13) obtained in
Theorem 3.1, we derive

|Ex[∂γf(Xδ
T )Pγ(Xδ

T )∂γ′

xδ
0
Θ∗

T ]| =|Ex[f(Xδ
T ) H(Xδ

T ,Pγ(Xδ
T )∂γ′

xδ
0
Θ∗

T )[γ]]|

⩽Kf Ex[(1 + |Xδ
T |pf

Rd )| H(Xδ
T ,Pγ(Xδ

T )∂γ′

xδ
0
Θ∗

T )[γ]|]

⩽C1 ∨ T q− 1
2 Kf A1A2A3A4,

where, using and (3.26) and Lemma 3.1 combined with the Cauchy-Schwarz inequality, we have
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A1 =1 ∨ Ex[| det γXδ
T

|4q(q+3)1Θ∗
T

>0] 1
4

A2 =1 + Ex[|Xδ
T |8dq(q+2)

Rd,1,q+1] 1
4 + Ex[| LXδ

T |8q
Rd,q−1] 1

4

A3 =1 + Ex[
∑

|γ̃|⩽q−|γ|+1

|∂γ̃

xδ
0
Xδ

T |8dq(q+1)
Rd,|γ|+1|γ̃|⩽q−|γ|

] 1
4

A4 =Ex[(1 + |Xδ
T |pf

Rd )4|Pγ(Xδ
T )|4R,|γ|]

1
4 .

In order to bound the first term, we use the estimates on the moments of inverse Malliavin covariance
matrix derived Theorem 3.3 and obtain

A1 ⩽
1 + 1p2L+5>0|x|CRd

(VL(x)T ) 3
2 13Ldq(q+3)+1 KC

2L+5 exp(C(1 + T ) MC(Zδ) K4
3).

Moreover, using the results from Theorem 3.2, we obtain

A2A3A4 ⩽(1 + 1pq+3 + pf >0|x|Rd)C KC
q+3 exp(C(T + 1) MC(Zδ) K2

3).

We gather all the terms together and the proof of (3.23) is completed.
Now, let us prove B.. We have

|Qδ
T f(x) −Q

δ,Θ∗
T

T f(x)| ⩽Ex[f(Xδ
T )(1 − Θ∗

T )] ⩽ Kf Ex[(1 + |Xδ
T |pf

Rd )2] 1
2 Ex[1 − Θ∗

T ] 1
2 .

We then obtain an upper bound for Ex[1 − Θ∗
T ] by using (3.21). The upper bound of Ex[|Xδ

t |2 pf ] is
obtained using Lemma 4.2. It follows that, for every a > 0 and every p ⩾ 4,

|Qδ
T f(x)−Qδ,Θ∗

T

T f(x)| ⩽ (δ−1 η2(δ)−a M⌈a⌉(Zδ) + η1(δ)−p(1 + VL(x)− 3
2 13Ldp)) 1

2

× Kf (1 + 1p2L+5 + pf >0|x|CRd) KC
2L+5 exp(C(1 + T ) MC(Zδ) K4

3),

with C depending also on a. We fix p = p(h) = max(4, 89h
22d ) so that η1(δ)−p(h) ⩽ δ2hC(1 + TC).

Similarly we chose a = a(h) = 2(2h+ 1) max(p +1, 89) so that η2(δ)−a(h)δ−1 ⩽ δ2hC(1 + TC) and

|Qδ
T f(x) −Q

δ,Θ∗
T

T f(x)| ⩽δh Kf (1 + VL(x)− 3
4 13Ldp(h))(1 + 1p2L+5 + pf >0|x|CRd)

× KC
2L+5 C exp(C(1 + T ) MC(Zδ) K4

3),

and the proof of (3.24) is completed.
□

3.5. Proof of the main results. From a practical viewpoint, an issue of this last result resides in the
computation of Qδ,Θ∗

T . Indeed, Θ is not simulable (at least easily) and then methods such as Monte
Carlo do not seem to be applicable. A solution is provided by Theorem 2.1, where we show that the
regularization properties are also satisfied by Qδ,θ. In this case, Monte Carlo methods can be designed
by simply simulating the sum of Xδ

T and of an independent Gaussian variable. The proof of this result
exploits the one we just established in Theorem 3.4.

Proof of Theorem 2.1. Similarly as in the proof of Theorem 3.4, it is sufficient to prove our result for
f ∈ C∞

pol(Rd;R). Let us prove (2.14). Assume that q ∈ N∗, the case q = 0 being immediate. As in (3.27),
we write

∂αQδ,θ
T ∂βf(x) =

∑
|β|⩽|γ|⩽q

Ex[∂γf(δθG+Xδ
T )Pγ(Xδ

T )],

where Pγ(Xδ
t ) is a universal polynomial of ∂ρ

xδ
0
Xδ

t , 1 ⩽ |ρ| ⩽ q − |γ| + 1. We decompose

Ex[∂γf(δθG+Xδ
T )Pγ(Xδ

T )] = A1 +A2,

with A1 = Ex[Θ∗
T∂

γf(δθG+Xδ
T )Pγ(Xδ

T )] and A2 = Ex[∂γf(δθG+Xδ
T )Pγ(Xδ

T )(1−Θ∗
T )]. Applying

the reasoning from the proof of Theorem 3.4 (with α = ∅) we derive

A1 ⩽Kf

1 + 1pmax(q+3,2L+5) + pf >0|x|CRd

(VL(x)T ) 3
2 13Ldq(q+3)+1 KC

max(q+3,2L+5) exp(C(1 + T ) MC(Zδ) K4
3).
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Moreover, since G follows the standard Gaussian distribution and is independent of Xδ and Θ∗
T , we

have

A2 = Ex[Pγ(Xδ
T )(1 − Θ∗

T )
∫
Rd

∂γf(δθu+Xδ
T )(2π)− d

2 e− |u|2
2 du].

Now, notice that ∂γf(δθu + Xδ
T ) = δ−|γ|θ∂γ

u(f(δθu + Xδ
T )), so that, using standard integration by

parts, we have

A2 = δ−|γ|θEx[Pγ(Xδ
T )(1 − Θ∗

T )
∫
Rd

f(δθu+Xδ
T )Hγ(u)(2π)− d

2 e− |u|2
2 du],

where Hγ is the Hermite polynomial corresponding to the multi-index γ. Finally, using the results
from Theorem 3.2 (see (3.15)), we obtain

|A2| ⩽δ−|γ|θ Kf Ex[1 − Θ∗
T ] 1

2 (1 + 1pq+3 + pf >0|x|CRd) KC
q+3 exp(C(1 + T ) MC(Zδ) K2

3).

As in the proof of Theorem 3.4, we estimate Ex[1 − Θ∗
T ] using Theorem 3.3 (see (3.21)) with

p = p(qθ) = max(4, 89qθ
22d ) and a = a(qθ) = 2(2qθ + 1) max(p +1, 89) and deduce that

|∂αQδ,θ
T ∂βf(x)| ⩽Kf

1 + 1pmax(q+3,2L+5) + pf >0|x|CRd

(VL(x)T )max( 3
2 13Ld 89qθ

44d , 3
2 13Ldq(q+3)+1)

KC
max(q+3,2L+5) exp(C(1 + T ) MC(Zδ) K4

3),

and the proof of (2.14) is completed. Remark that with our approach, under the uniform Hörmander
hypothesis A∞

2 (L) (see (2.5)), we can show that (VL(x)T )max( 3
2 13Ld 89qθ

44d , 3
2 13Ldq(q+3)+1) can be replaced

by (V∞
L T )−13Ldq(q+3) in the r.h.s. above.

Let us prove (2.15). Since f has polynomial growth, it follows that

|Qδ
T f(x)−Qδ,θ

T f(x)| ⩽ |Ex[Θ∗
T (f(Xδ

T ) − f(Xδ
T + δθG))]|

+ Kf C(1 + Ex[|Xδ
T |2 pf

Rd ] 1
2 + δθ pfE[|G|2 pf

Rd ] 1
2 )Ex[1 − Θ∗

T ] 1
2

⩽δθ
d∑

j=1

∫ 1

0
|Ex[Θ∗

T∂
(j)f(Xδ

T + λδθG)Gj ]|dλ

+ Kf C(1 + |x|pf

Rd ) exp(CT K2
3 MC(Zδ))Ex[1 − Θ∗

T ] 1
2 .

Using Theorem 3.4 (see (3.23) with q = 1) and the same estimate of Ex[1 − Θ∗
T ] as in the proof of

(2.14) with p = p(θ) = max(4, 89θ
22d ) and a = a(θ) = 2(2θ + 1) max(p3 +1, 89), we obtain

|Qδ
T f(x) −Qδ,θ

T f(x)| ⩽δθ Kf

1 + 1p2L+5 + pf >0|x|CRd

(VL(x)T )max( 3
2 13Ld 89θ

44d ,13L6d+1)
KC

2L+5 exp(C(1 + T ) MC(Zδ) K4
3).

Notice that under the uniform Hörmander hypothesis A∞
2 (L), (VL(x)T )max( 3

2 13Ld 89θ
44d ,13L6d+1) can

be replaced by (V∞
L T )13L4d in the r.h.s. above. □

We now show the existence as well as upper bounds for the density of Xδ
T . This result is mainly a

consequence of Theorem 2.1. It is noteworthy that we also propose a Gaussian type bound when relying
in a simplified framework. It is derived combining a representation formula for the density, Theorem 2.1
and the Azuma-Hoeffding inequality.

Proof of Corollary 2.1 . We first prove the existence together with a representation formula of qδ,θ
T . Let

f ∈ C∞
b (Rd;R). Let us define g : Rd → R such that for every u ∈ Rd,

g(u) :=
∫ ud

0
. . .

∫ u1

0
f(y)dy1 . . . dyd.

Then g ∈ C∞
pol(Rd;R) and for γ0 = (1, . . . , 1) ∈ Nd, we have ∂γ0g = f . In order to state our

representation formula, we introduce, we introduce the function Γ : (u, v) ∈ (Rd)2 7→
∏d

i=1(10<vi<ui −
1ui<vi<0) which plays a fundamental role in the representation formula that will be derived.
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In particular, applying Theorem 3.1 with the test function g, it follows from the Fubini identity
that, with similar notations as in the proof of Theorem 2.1,

∂αQδ,θ
T ∂βf(x) =∂αQδ,θ

T ∂(β,γ0)g(x) =
∑

0⩽|γ|⩽q+d

Ex[∂γg(δθG+Xδ
T )Pγ(Xδ

T )(Θ∗
T + 1 − Θ∗

T )]

=
∑

0⩽|γ|⩽q+d

Ex[g(δθG+Xδ
t ) H(Xδ

t ,Θ∗
T Pγ(Xδ

t ))[γ]]

+ Ex[g(δθG+Xδ
t )δ−|γ|θPγ(Xδ

T )(1 − Θ∗
T )Hγ(G))]

=
∫
Rd

f(y)Ex[H(α, β)Γ(δθG+Xδ
t , y)]dy,(3.28)

where
H(α, β) =

∑
0⩽|γ|⩽q+d

H(Xδ
t ,Θ∗

T Pγ(Xδ
t ))[γ] + δ−|γ|θPγ(Xδ

T )(1 − Θ∗
T )Hγ(G).

Notice that using the Hölder inequality, it follows from Aδ
1(max(q + d + 3, 2L + 5)) and Aδ

3(+∞)
that δθGi + Xδ,i

t ∈ Lp(Ω,P) for any p ≥ 1 (see Lemma 4.2), and that H(α, β)Γ(δθG + Xδ
t , ·) ∈ L1(Ω ×

Rd,P⊗ dy) (which makes the use of Fubini identity valid in the previous computation). Moreover, since
Aδ

1(max(q + d+ 4, 2L+ 5)) also holds, a similar result is true in the case |α| + |β| = q + 1. Hence, using
the same approach as in [33], Lemma 3.1 and [30] Lemma 3.1, it follows that δθG + Xδ

T has a smooth
density qδ,θ

T (Xδ
0 , ·) with qδ,θ

T ∈ Cq(Rd × Rd;R). Therefore, owing to (3.28) when f has compact support
and to the dominated convergence theorem, we have the following representation formula for qδ,θ

T and its
derivatives:

∂α
x ∂

β
y q

δ,θ
T (x, y) = (−1)|β|Ex[Γ(δθG+Xδ

t , y)H(α, β)].
The estimate (2.16) then follows from the Cauchy Schwarz inequality, Lemma 4.2 combined with

Markov inequality and a similar approach as in the proof of the previous results to bound the moments
of H(α, β). In particular

|∂α
x ∂

β
y q

δ,θ
T (x, y)| ⩽

(1 + 1pmax(q+d+3,2L+5)>0|x|CRd)C exp(CT )
(VL(x)T )η(1 + |y|pRd) ,

where η = 13L3dmax( 89(d+q)θ
44d , (d+q)2+3(d+q)+1). Now let us prove (2.17). The reasonning made

before still apply if we replace Γ by Γx(u, v) ∈ (Rd)2 7→
∏d

i=1(1xi<vi<ui − 1ui<vi<xi . We first notice
that |Γx(u, v)| ≤

∏d
i=1 1|ui−xi|≥|vi−xi| ≤ 1|u−x|Rd ≥|v−x|Rd

. Using Taylor expansions of ψ and recalling
that ψ(u, t, 0, 0) = x for every (u, t) ∈ Rd × R+, and then exponential estimate on the tail probability of
G and the Azuma-Hoeffding inequality yields, for |y − x|Rd ⩾ 6T K2(1 + |z∞|2),

Ex[Γx(Xδ
T + δθG, y)] ⩽ Px(|y − x|Rd − δθ|G|Rd | ⩽ |Xδ

T − x|Rd)

⩽Px(|y − x|Rd − δθ|G|Rd ⩽ 3T K2(1 + |z∞|2) + δ
1
2 |

∑
t∈πδ,t<T

N∑
i=1

Zδ,i
t+δ∂ziψ(Xδ

t , t, 0, 0)|Rd)

⩽Px(1
2 |y − x|Rd − 3T K2(1 + |z∞|2) ⩽ δ

1
2 |

∑
t∈πδ,t<T

∑
i∈N

Zδ,i
t+δ∂ziψ(Xδ

t , t, 0, 0)|Rd)

+ P(|G|Rd ⩾
1
2δ

−θ|y − x|Rd)

⩽C exp(CT −
|y − x|2Rd

cT
) + C exp(−

|y − x|2Rd

cδ2θ
),

Finally, we observe that when |y − x|Rd < 6T K2(1 + |z∞|2), the estimate still holds by remarking
that

exp(−
|y − x|2Rd

c(T ∨ δ2θ) ) ⩾ exp(− (6T K2(1 + |z∞|2))2

T
),

so that

Ex[Γx(Xδ
T + δθG, y)] ⩽ exp(−

|y − x|2Rd

c(T ∨ δ2θ) ) exp((6 K2(1 + |z∞|2))2T ).

Using the Cauchy-Schwarz inequality combined with the representation formula concludes the proof.
□
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We end this section with the proof of the invariance principle presented in Theorem 2.2. Our strategy
is to decompose the error using the Lindeberg approach and semigroup properties. Our focus is then on
the short time estimate i.e. the error made on simply one time step of size δ. Then, we replace Qδ by
Qδ,θ. Applying Taylor expansion techniques leads to a representation of the error involving some slight
modifications of the process Xδ,θ satisfying also regularization properties. Exploiting them leads to the
expected result. A similar strategy can be designed to prove higher order convergence.

Proof of Theorem 2.2. For u ∈ Rd, s, t ∈ πδ, s ⩽ t, we define, when the expactations are well defined,
Qδ

s,tf(u) := E[f(Xδ
t )|Xδ

s = u], Qδ,θ
s,tf(u) := E[f(Xδ

t + δθG)|Xδ
s = u],Ps,tf(u) := E[f(Xt)|Xs = u] =

E[f(Xt(s, u))] (Xt(s, u), being the solution of (1.5) at time t and starting from u at time s), ∆f(u) :=
Qδ

t,t+δf(u) − Pt,t+δf(u) and ∆θf(u) := Qδ,θ
t,t+δf(u) − Pt,t+δf(u). We observe that the results from

Theorem 3.4 remains true replacing (Qδ,θ
t )t⩾0 by (Qδ,θ

s,t )t⩾s for any s ∈ πδ. For sake of clarity, we assume
that P satisfies the same regularization property (2.14) as Qδ,θ. Similar ideas as in [7] can be used to
conclude under the actual hypothesis of Theorem 2.2.

We prove the result for f ∈ C∞
pol(Rd). The extension to f simply measurable with polynomial growth

follows from the Lusin’s theorem. We provide the main key points avoiding heavy calculus which can be
dealt with using similar arguments as the one we already developed to derive Theorem 2.1. Using the
semigroup property satisfied by Qδ and P , we have

Qδ
T f(x)−PT f(x) =

∑
t∈πδ,t<T

Qδ
0,t∆t,t+δPt+δ,T f(x)

=
∑

t∈πδ,t<T

Qδ,θ
0,t∆θ

t,t+δPt+δ,T f(x) + (Qδ
0,t(Qδ

t,t+δ −Qδ,θ
t,t+δ) + (Qδ

0,t −Qδ,θ
0,t)Qδ,θ

t,t+δ)Pt+δ,T f(x).

The last two terms can be bounded using (2.15) from Theorem 2.1. and we focus only on the
estimate of the first term. As a result of the Taylor expansions, ∆θ

t,t+δf(x) can be written as a finite
sum of term with form

E[
∫ 1

0
∂αf(Y λ

t+δ(x))B(x, t, δ, λ)dλ], α ∈ Nd, |α| ⩽ 3,

where Y λ
t+δ(x) takes values in {x, x+λ(ψ(x, t, δ 1

2Zδ
t+δ, δ)−x+δθG), Xt+λδ(t, x)} and, for any p ⩾ 1,

sup
t∈πδ,t<T

Ex[|B(Xδ,θ
t , t, δ, λ)|pR,|α|]

1
p ⩽ δ

3
2 (1 + |x|cRd)C exp(CT ),(3.29)

It follows that Qδ,θ
0,t∆θ

t,t+δPt+δ,T f(x) is a finite sum of terms with form

Ex[
∫ 1

0
∂αPt+δ,T f(Y λ

t+δ(Xδ,θ
t ))B(Xδ,θ

t , t, δ, λ)dλ].

At this point, we observe that a similar approach as the one developed in this paper ensures that the
results from Theorem 2.1 remains true taking T = t and replacing Xδ,θ

t by Y λ
t+δ(Xδ,θ

t ). It relies on the
fact that our Malliavin derivatives of Y λ

t+δ(Xδ,θ
t ) −Xδ,θ

t can be bounded by a term of order δ. Moreover,
Pt+δ,T f has polynomial growth. It follows that for t ⩾ 1

3Tδ
ε, ε small enough, exploiting the integration

by part from Theorem 3.1 (with F = Y λ
t+δ(Xδ,θ

t ) and ϕ = Pt+δ,T f) in a similar way as in the proof of
Theorem 2.1 and using (3.29) yields

Ex[
∫ 1

0
∂αPt+δ,T f(Y λ

t+δ(Xδ,θ
t ))B(Xδ,θ

t , t, δ, λ)dλ] ⩽ δ
3
2 −ϵ Kf

1 + |x|cRd

| VL(x)T |η
C exp(CT ).

Now let t < 1
3Tδ

ε so that T − t−δ > T (1− 1
3δ

ε)−δ ⩾ 2
3T −δ ⩾ 1

3T . We write Qδ,θ
0,t∆θ

t,t+δPt+δ,T f(x)
as a finite sum of term with form

Ex[
∫ 1

0
∂α(ϕVL(x)Pt+δ,T f)(Y λ

t+δ(Xδ,θ
t ))B(Xδ,θ

t , t, δ, λ)dλ] +Qδ,θ
0,t∆θ

t,t+δ((1 − ϕVL(x))Pt+δ,T f)(x),

where ϕVL(x) is a smooth localizing function satisfying, for every u ∈ Rd,

1| VL(u)−VL(x)|⩽VL(x)
4

⩽ ϕVL(x)(u) ⩽ 1| VL(u)−VL(x)|⩽VL(x)
2

,

and having derivatives uniformly bounded by a polynomial of VL(x)−1. Since T − t − δ > 1
3T ,

applying (2.14) for ϕVL(x)Pt+δ,T f enables to bound the first term of the r.h.s. above. To bound the
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second term, we remark that, since f has polynomial growth then so has Pt+δ,T f and we can show that
KPt+δ,T f ⩽ C exp(CT ) Kf where C doest not depend on f , T or δ. Hence

(1 − ϕVL(x)(u))Pt+δ,T f(u) ⩽ Kf (1 + |u|cRd)1| VL(u)−VL(x)|> VL(x)
4

C exp(CT ).

Moreover, using that t < 1
3Tδ

ε, we can combine Taylor expansion of VL, Markov and Doob (see
(4.17)) inequalities with Theorem 3.2, to derive

Qδ,θ
0,t∆θ

t,t+δ(1| VL(.)−VL(x)|> VL(x)
4

)(x) ⩽ δ
3
2 −ϵ 1 + |x|cRd

| VL(x)T |η
C exp(CT ).

The bound on the second term thus follows from the Cauchy-Schwarz inequality and the proof of
(2.18) is completed. If A∞

2 (L) is assumed, the localization procedure with the function ϕVL(x) is not
necessary anymore and the achieved convergence rate δ 1

2 −ϵ in (2.18) can be replaced by δ 1
2 .

Approximation (2.19) follows from an application of Theorem 2.6 in [4]. Notice that this application
is also a reason why the convergence happens with rate δ 1

2 −ϵ instead of δ 1
2 even in the uniform Hörmander

setting A∞
2 (L). □

4. Estimates on Sobolev norms and on the Malliavin covariance matrix.

In this section, we aim to prove Theorem 3.2 and Theorem 3.3 presented in Section 3.

4.1. Proof of Theorem 3.2. We begin by introducing for every (x, t, z, y) ∈ Rd × πδ ×RN × [0, 1] and
(i, j) ∈ N ,

Ai
1(x, t) = ∂ziψ(x, t, 0, 0), Ai,j

2 (x, t, z) =
∫ 1

0
(1 − λ)∂zi∂zjψ(x, t, λz, 0)dλ(4.1)

A3(x, t, z, y) =
∫ 1

0
∂yψ(x, t, z, λy)dλ.

and remark that, applying the Taylor expansion at order one w.r.t. to the fourth variable and then
at order two w.r.t. the thierd variables yields

ψ(x, t, z, y) = x+
∑
i∈N

ziAi
1(x, t) +

∑
i,j∈N

zizjAi,j
2 (x, t, z) + yA3(x, t, z, y).(4.2)

We will also denote A1 := (Ai
1)i∈N and A2 := (Ai,j

2 )i,j∈N 2 . Before we treat the Sobolev norms of
Xδ and LXδ we establish some preliminary results. The first one gives an estimate of the Sobolev norms
of LZδ.

Lemma 4.1. Let t ∈ πδ, t > 0. We have the following properties.
A. For every i ∈ N , we have

E[LZδ,i
t ] = 0.(4.3)

B. Assume that (2.10) holds for v = r∗
2 . Then, for every q ∈ N and p ⩾ 1,

∥ LZδ
t ∥RN ,q,p ⩽

C(N, p, q)m
1
p
∗

rq+1
∗

.(4.4)

Proof. We prove A.. Using the duality relation (3.5) with H = R, we obtain immediatly E[LZδ,i
t ] =∑

(w,j)∈∈T × N E[D(w,j) 1 D(w,j) Z
δ,i
t ] = 0. In order to prove B. we recall (see (3.3)) that

LZδ
t =χδ

t ∇z lnφr∗/2(δ− 1
2U δ

t − z∗,t).

For α = (α1, . . . , αq) with αj = (tj , ij), tj ∈ πδ, tj > 0, ij ∈ N ,

Dα LZδ,i
t = δ− |α|

2 χδ
t∂

αu
i

u lnφr∗/2(δ− 1
2Uδ

t − z∗,t)1∩q
j=1{t=tj},

with αu
i := ((αu

i )j)j∈N , (αu
i )j = 1i=j +

∑q
l=1 1il=j . In particular,∑

α∈(πδ,∗×N
j⩽q

)j

δj | Dα LZδ
t |2RN =χδ

t

∑
αu∈NN

|αu|∈{1,...,q+1}

|∂αu

u lnφr∗/2(δ− 1
2Uδ

t − z∗,t)|2.
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Since the function φr∗/2 is constant on Br∗/2(0) and on Rd \ B̄r∗(0), using (2.10), we obtain

E[|
∑

α∈(πδ,∗×N
j⩽q

)j

δj | Dα LZδ
t |2RN |

p
2 ]

=
ε∗E

[
|χδ

t |p
]

m∗

∫
RN

|
∑

αu∈NN

|αu|∈{1,...,q+1}

|∂αu

u lnφ r∗
2

(δ− 1
2u− z∗,t)|2|

p
2 δ

N
2 φ r∗

2
(δ− 1

2u− z∗,t)du

=ε∗

∫
r∗/2⩽|u|⩽r∗

|
∑

αu∈NN

|αu|∈{1,...,q+1}

|∂αu

u lnφ r∗
2

(u)|2|
p
2φ r∗

2
(u)du

⩽
Cδ

p
2 ε∗|π 1

2 r∗|N

r
p(q+1)
∗

.

In order to derive (4.4), we observe that m∗ ⩾ ε∗λLeb(B(0, r∗
2 )) so that ε∗|π 1

2 r∗
2 |N ⩽ Cm∗. □

Now, we establish a bound on the moments of (Xδ
t )t∈πδ .

Lemma 4.2. Let T > 0, T = [0, T ] ∩ πδ, x ∈ Rd and p ⩾ 1. Assume that Aδ
1(2) and Aδ

3((p +1)(p ∨ 2))
hold. Then

Ex[sup
t∈T

|Xδ
t |pRd ]

1
p ⩽(1 + |x|Rd) exp(C(p)T M(p3 +1)(p∨2)(Zδ)

1
p K

2
p ∨1
3 ).(4.5)

Proof. In a first step, we show that, for every (x, t, z, y) ∈ Rd × πδ × RN × [0, 1],

{|∂yψ|Rd+
∑
i∈N

|∂ziψ|Rd +
∑

i,j∈N
|∂zi∂zjψ|Rd}(x, t, z, y) ⩽ C(x, z, δ).(4.6)

with C(x, z, δ) = K2(1 + δ− p2
2 |z|p2

RN ) + K3 |x|Rd(1 + δ− p3
2 |z|p3

RN ). Remark that the result remains
valid if we replace ∂zi∂zjψ by 0 in the l.h.s. above and replace K2 and p2 by K1 and p1 in the definition
of C. The proof of this last extension is left to the reader. To prove (4.6), we simply combined the
following two observation. First from the Tylor expansion at order one, we write

∂yψ(x, z, t, y) =∂yψ(0, z, t, y) +
d∑

l=1
xl

∫ 1

0
∂xl∂yψ(λx, z, t, y)dλ,

with similar formulas for the derivatives w.r.t. z. In addition, it follows from assumption Aδ
1(2),

(2.2) that

{|∂yψ|Rd +
∑
i∈N

|∂ziψ|Rd +
∑

i,j∈N
|∂zi∂zjψ|Rd}(0, t, z, y) ⩽K2(1 + δ− p2

2 |z|p2
RN ).

Gathering those terms and using Aδ
1(2), (see 2.3) yields (4.6). Moreover, owing again to the Taylor

expansion at order two applied to the function mp : x ∈ Rd 7→ |x|pRd , we get

|Xδ
t |pRd−|Xδ

t−δ|pRd =
d∑

i=1
(Xδ,i

t −Xδ,i
t−δ)∂ximp(Xδ

t−δ)

+ 1
2

d∑
i,j=1

(Xδ
t −Xδ

t−δ)i(Xδ
t −Xδ

t−δ)j

∫ 1

0
(1 − λ)∂xi,xj

mp(Xδ
t−δ + λ(Xδ

t −Xδ
t−δ))dλ,

To estimate the first term of the r.h.s. above, we recall that Zδ
t is centered and consider the

decompositon (4.2) together with (4.6) and obtain

|E[
d∑

i=1
(Xδ,i

t −Xδ,i
t−δ)∂xi

mp(Xδ
t−δ)|Xδ

t−δ]| ⩽ C(p)|Xδ
t−δ|p−1

Rd E[C(Xδ
t−δ, Z

δ
t , δ)(1 + |Zδ

t |2RN )|Xδ
t−δ].

To bound the second term, we apply similar arguments (but using the estimate C that depends on
K1 and p1 but does not involved second order derivatives in (4.6)). Since K3 ⩾ K2 and p3 ⩾ p2, we
finally obtain for p ⩾ 2,

|Ex[|Xδ
t |pRd ]−Ex[|Xδ

t−δ|pRd ]| ⩽ δC(p) Mp(p3 +1)(Zδ) Kp
3 Ex[1 + |Xδ

t−δ|pRd ],
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and (4.5) follows from the Gronwall lemma. For p ∈ [1, 2), it simply remains to use the Cauchy-
Schwarz inequality.

□

In order to obtain estimates of the Sobolev norms which appear in Theorem 3.2, we derive some estimates
for a generic class of processes which involves the Malliavin derivatives of ∂α

xδ
0
Xδ and LXδ

t . We first
recall that for t ∈ πδ, Xδ

t+δ = ψ(Xδ
t , t, δ

1
2Zδ

t+δ, δ) with ψ satisfying the decomposition (4.1). We then
introduce the Rd×d-valued process (Bt)t∈πδ such that for every t ∈ πδ,

Bt =δ 1
2

∑
i∈N

Zδ,i
t+δ∇xA

i
1(Xδ

t , t) + δ
∑

i,j∈N
Zδ,i

t+δZ
δ,j
t+δ∇xA

i,j
2 (Xδ

t , t, δ
1
2Zδ

t+δ) + δ∇xA3(Xδ
t , t, δ

1
2Zδ

t+δ, δ).

We now consider a Hilbert space H and introduce some Hd-valued processes (B1,i
t )t∈πδ , (B2,i

t )t∈πδ , which
are both adapted to the filtration (σ(Zδ

δ , . . . , Z
δ
t ))t∈πδ and (B3

t )t∈πδ which is adapted to the filtration
(σ(Zδ

δ , . . . , Z
δ
t+δ))t∈πδ and for every h ∈ H, ⟨Bl,i, h⟩H, l = 1, 2, and ⟨B3, h⟩H, all belong to (Sδ)d. In this

proof, we will consider a Hd-valued generic process (Yt)t∈πδ which satisfies,for every t ∈ πδ,

Yt+δ =Yt +BtYt + δ
1
2

∑
i∈N

Zδ,i
t+δB

1,i
t + δ

1
2

∑
i∈N

LZδ,i
t+δB

2,i
t +B3

t .(4.7)

Moreover for q ∈ N and p ⩾ 1, T = (0, T ] ∩ πδ with T > 0, we denote

CHd,q,p(B1, B2, B3) = 1 + sup
t∈T

(∥B1,.
t−δ∥(Hd)N ,q,p + ∥B2,.

t−δ∥(Hd)N ,q,p + ∥
∑

w∈πδ

w<t

B3
w∥Hd,q,p).

where for (B(i, l))(i,l)∈N ×{1,...,d} taking values in H, |B|(Hd)N = |
∑

i∈N
∑d

l=1 |B(i, l)|2H| 1
2 . We

denote C x
Hd,q,p(B1, B2, B3) when the expectations in the norm above are conditional to Xδ

0 = X0 = x.
Before we estimate the Sobolev norms, we recall the Burkholder inequality for Hilbert space. We consider
a separable Hilbert space H, we denote |.|H the norm of H and, for a random variable F ∈ H, we denote
∥F∥H,p = E[|F |pH]

1
p . Moreover we consider a martingale Mn ∈ H, n ∈ N and we recall the Burkholder

inequality in this framework: For each p ⩾ 2 there exists a constant Bp ⩾ 1 such that

∀n ∈ N, ∥ sup
k∈{0,...,n}

Mk∥H,p ⩽ Bp E[(
n∑

k=1
|Mk −Mk−1|2H)

p
2 ]

1
p .(4.8)

As an immediate consequence

∥ sup
k∈{0,...,n}

Mk∥H,p ⩽ Bp |
n∑

k=1
∥Mk −Mk−1∥2

H,p| 1
2 .(4.9)

This first result gives an estimate of the Sobolev norms of (Xδ
t )t∈T , and (Yt)t∈T w.r.t. the quantities

above.

Proposition 4.1. Let T > 0, T = (0, T ] ∩ πδ and x ∈ Rd. Let q ∈ N and p ⩾ 1. Assume that Aδ
1(q+ 2)

(see (2.2) and (2.3)), Aδ
3(+∞) (see (2.7)) and Aδ

4 (see (2.8)) hold. Then, when q ⩾ 1,

Ex[sup
t∈T

|Xδ
t |pRd,1,q

]
1
p ⩽(1 + 1pq+2>0|x|CRd) KC

q+2 exp(C(1 + T ) MC(Zδ) K2
3).(4.10)

with C = C(d,pq+2, q, p). Moreover, for (Yt)t∈πδ satisfying (4.7), if we assume that Aδ
1(q+2) holds,

then

Ex[sup
t∈T

|Yt|pHd,q
]

1
p ⩽(Ex[|Y0|2

qp
Hd,q

]
1

2qp + C x
Hd,q,2qp(B1, B2, B3))(4.11)

× (1 + 1pq+3>0|x|CRd) KC
q+3 exp(C(1 + T ) MC(Zδ) K2

3).

with C = C(d,N, 1
r∗
,pq+3, q, p).

Proof. In this proof, our strategy is to derive estimates adapted to use the Gronwall lemma, first for the generic
process Y (Step 1.) then for X and its Malliavin derivatives (Step 2.) and then for Y and its Malliaivin
derivative (Step 3.). Step 1. We begin by proving (4.11) in the specific case q = 0. We aim to use the Gronwall
lemma so we study the moments of the terms which appear in the r.h.s. of (4.7). We consider i, j ∈ N . Notice
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that for every t ∈ πδ, E[L Zδ,i
t+δ] = 0 (see (4.3)) and B2,i

t is FZδ

t -measurable. It follows from (4.9) (with H replaced
by Hd) and (4.4) that

Ex[ sup
t∈T

|δ
1
2

∑
i∈N

∑
w∈πδ

w<t

L Zδ,i
w+δB2,i

w |pHd ]
2
p ⩽ B2

p δ
∑
t∈πδ

t<T

Ex[|
∑
i∈N

L Zδ,i
t+δB2,i

t |pHd ]
2
p

⩽Cδ
∑
t∈πδ

t<T

Ex[|
∑
i∈N

|B2,i
t |2Hd |

p
2 ]

2
p ⩽ CT sup

t∈πδ

t<T

Ex[|B2,.
t |p(Hd)N ]

2
p .

In the same way,

Ex[sup
t∈T

|δ
1
2

∑
i∈N

∑
w∈T
w<t

Zδ,i
w+δB1,i

w |pHd ]
2
p ⩽C MC(Zδ)T sup

t∈πδ

t<T

Ex[|B1,.
t |p(Hd)N ]

2
p .

We now study the term BtYt. Applying similar arguments as previously and remembering that Yw is FZδ

w -
measurable, it follows from Aδ

1 (see (2.3)) together with (4.9) (with H replaced by Hd), that

Ex[sup
t∈T

|δ
1
2

∑
i∈N

∑
w∈πδ

w<t

Zδ,i
w+δ∇xAi

1(Xδ
w, w)Yw|pHd ]

2
p ⩽B2

p δ
∑
t∈πδ

t<T

Ex[|
∑
i∈N

Zδ,i
t+δ∇xAi

1(Xδ
t , t)Yt|pHd ]

2
p

⩽C MC(Zδ) K2
3 δ

∑
t∈πδ

t<T

Ex[|Yt|pHd ]
2
p .

Applying Aδ
1 (see (2.3)) with the triangle inequality also gives

Ex[sup
t∈T

|δ
∑

i,j∈N

∑
w∈πδ

w<t

Zδ,i
w+δZδ,j

w+δ∇xAi,j
2 (Xδ

w, w, δ
1
2 Zδ

w+δ)Yw|pHd ]
1
p

⩽δ
∑
t∈πδ

t<T

Ex[
∑

i,j∈N

|Zδ,i
t+δZδ,j

t+δ∇xAi,j
2 (Xδ

t , t, δ
1
2 Zδ

t+δ)Yt|pHd ]
1
p ⩽ C MC(Zδ) K3 δ

∑
t∈πδ

t<T

Ex[|Yt|pHd ]
1
p .

Moreover, a similar estimate holds for the terms involving A3. We gather all the terms and using the triangle
and Cauchy-Schwarz inequalities provides the following estimate

Ex[ sup
t∈πδ

t⩽T

|Yt|pHd ]
1
p ⩽Ex[|Y0|pHd ]

1
p + C MC(Zδ)

1
p (1 + T

1
2 )(C x

Hd,0,p(B1, B2, B3) + K3(δ
∑
t∈πδ

t<T

Ex[|Yt|pHd ]
2
p )

1
2 ).

Hence, using the Gronwall lemma yields (4.11) when q = 0.
Step 2. Let us prove (4.10). For q ∈ N, we define R0 = R and Rq+1 = (Rq)T × N and we have

Ex[sup
t∈T

|Xδ
t |pRd,1,q

]
1
p =Ex[sup

t∈T

q∑
q⋄=1

| Dq⋄
Xδ

t |pRd
q⋄

]
1
p .

First, we focus on the case q = 1. We remark that for every t ∈ πδ, w ∈ T , and every i ∈ N ,

δ
1
2 D(w,i) Xδ

t+δ =(Id×d + Bt)δ
1
2 D(w,i) Xδ

t + (B3
1,t)w,i,

with, for (w, i) ∈ T × N ,

(B3
1,t)w,i =χδ

t+δ1w=t+δ(δ
1
2 Ai

1(Xδ
t , t) + δ

∑
j∈N

Zδ,j
t+δ(1 + 1i=j)Ai,j

2 (Xδ
t , t, δ

1
2 Zδ

t+δ)

+ δ
3
2

∑
j,l∈N

Zδ,j
t+δZδ,l

t+δ∂zi Aj,l
2 (Xδ

t , t, δ
1
2 Zδ

t+δ) + δ
3
2 ∂zi A3(Xδ

t , t, δ
1
2 Zδ

t+δ, δ)).

In particular, δ
1
2 D Xδ

t = (δ 1
2 D(w,i) Xδ

t )(w,i)∈T × N is a Rd
1-valued random variable and, for t ∈ πδ, we have

δ
1
2 D Xδ

t+δ = (Id×d + Bt)δ
1
2 Dδ Xδ

t + B3
1,t. Then, (4.10) for q = 1, follows from Lemma 4.2 (see (4.5)) and (4.11)

with q = 0 and Y = δ
1
2 Dδ Xδ, H = R1, and B3 thus defined since the assumption Aδ

1(3) (see (2.2)) implies that
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C x
Rd

1 ,0,p(0, 0, B3
1,.) = 1 + sup

t∈πδ

t<T

Ex[|
∑
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∑
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p
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1
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p
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1
p ⩽ 1 + T

1
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1
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1
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t∈T
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t−δ|p p3
Rd ]

1
p ).

Now let us focus on the case q ∈ N, q ⩾ 2. Similarly as in the case q = 1, δ
q
2 Dq Xδ

t is a Rd
q -valued random

variable and, for t ∈ πδ, we have

δ
q
2 Dq Xδ

t+δ =(Id×d + Bt)δ
q
2 Dq Xδ

t + δ
1
2

∑
i∈N

Zδ,i
t+δB1,i

q,t + B3
q,t,

with, B1,i
1,. = 0, B3

1,. defined in the beginning of Step 2, and for q ⩾ 2,
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q,t =δ

q
2 (D Xδ

t )t ∇2
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t , t) Dq−1 Xδ
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1
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q,t =δ
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t ) Dq−1 Xδ

t + δ
1
2 D B3
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∑
i∈N

B1,i
q−1,t D Zδ,i

t+δ,

with, for (w, v) ∈ T × N ,
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t =δ
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t+δ(δ
1
2 D Xδ

t )t ∇2
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2 (Xδ
t , t, δ

1
2 Zδ

t+δ)(4.12)

+ δ(δ
1
2 D Xδ

t )t ∇2
x A3(Xδ

t , t, δ
1
2 Zδ

t+δ, δ)

(B3,2
t )w,v = χδ

t+δ1w=t+δ(δ
1
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1(Xδ
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2 (Xδ
t , t, δ
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2 (Xδ

t , t, δ
1
2 Zδ

t+δ) + δ
3
2 ∂zi ∇xA3(Xδ

t , t, δ
1
2 Zδ

t+δ, δ)).

First, we remark that, since B1
1,. = 0, it follows from Lemma 3.1 and (4.10) that, since Aδ

1(q + 1) (see (2.2))
holds, then

C x
Rd

q ,0,p(B1
q,., 0, 0) ⩽ C x

Rd
q ,0,p(δ

q
2 (D Xδ)t ∇2

x A1(Xδ, .) Dq−1 Xδ, 0, 0) + CRd
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⩽
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1
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Moreover
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q−1
2 (B3,1 + B3,2) Dq−1 Xδ)
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Rd
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Since Aδ
1(q + 2) holds, using a similar approach as for the case q = 1 yields
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Moreover, for q′ ∈ {1, . . . , q − 1}, we deduce from the Cauchy-Schwartz inequality that

C x
Rd
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2
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1
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with, since Aδ
1(q + 2) (see (2.2)) holds,
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1
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1
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Finally, for q′ ∈ {1, . . . , q − 1}, recalling (3.2) and owing to Aδ
1(q) (see (2.2)) yields by similar techniques
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More specifically, we have shown that
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Applying (4.11) with q = 0, yields, for q ⩾ 2,
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t∈T
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1
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Using a recursive approach combined with (4.11) with q = 0, gives (4.10).
Step 3. In this last step, we prove (4.11). For q ∈ N, we define H0 = H and Hq+1 = (Hq)T × N . For Y

satisfying (4.7),we have (remember that Dq Yt, t ∈ πδ, belongs to Hd
q), for every t ∈ πδ
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Now, we aim to obtain an upper bound on C x
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q ,0,p
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q,., B3
q,., B3

q,.).
We study C x

Hd
q ,0,p

(B1
q,., B3

q,., B3
q,.). We first remark that, using (3.14) and Aδ
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and similarly C x
Hd

q ,0,p
(0, B2

q,., 0) ⩽ C x
Hd,q,p(0, B2, 0). Computing the Malliavin derivatives involved in B3

q,.

(recall that B3,1 and B3,1 are defined in (4.12)), we also derive the following estimate
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We study the first term of the estimate above. Similarly as in Step 2. we have, for q′ ∈ {1, . . . , q},
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Moreover, using (3.14) and Aδ
1(q + 3) (see (2.2)) holds, we have the estimates
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Now we focus on the last two terms of the estimate of CHd
q ,0,p(0, 0, B3

q,.). For q′ ∈ {1, . . . , q}, using the same
calculus as a few lines above, we have
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Using (3.14) with the estimate (4.4) from Lemma 4.1 yields, for every q′ ∈ {1, . . . , q},
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In particular, we have shown that
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Applying (4.11) with q = 0 and (4.10) concludes the proof of (4.11) □

Now, we are in a position to prove Theorem 3.2.

Proof of Theorem 3.2. We do not treat the case (pn)n∈N∗ ≡ 0 which is similar but simpler because we
do not use Lemma 4.2 in this case. Let us focus on the case (pn)n∈N∗ ̸≡ 0. We treat the Sobolev norms
of ∂α

xδ
0
Xδ

t . In the case |α| = 1, (3.15) is a direct consequence of Proposition 4.1, since
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For α = (α1, . . . , αd) ∈ Nd with |α| ∈ N∗, we consider i0 ∈ {1, . . . , d} such that αi0 ∈ N∗ and denote
α− = {α1, . . . , αi0−1, αi0 − 1, αi0+1, . . . , αd}. Then
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We proove our estimate using Proposition 4.1. Therefore, it is sufficient to study the quantity
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(the expectation in the norms below are computed conditionalyl to Xδ

0 = x)

∥B1
α,t∥(Rd)N ,q,p ⩽∥∂

x
δ,i0
0
B1,i

α−,t∥Rd,q,p + C Kq+3 sup
t∈T

∑
q′∈{0,1},α′∈Nd

1−q′⩽|α′|<|α|

Ex[(1 + |∂α′

xδ
0
Xδ

t |p(q+2)
Rd,q′,q

)(1 + |Xδ
t |p pq+3

Rd )]
1
p

⩽C Kq+|α|+1 sup
t∈T

∑
q′∈{0,1},α′∈Nd

1−q′⩽|α′|<|α|

Ex[(1 + |∂α′

xδ
0
Xδ

t |p(q+|α|)
Rd,q′,q

)(1 + |Xδ
t |p pq+|α|+1

Rd )]
1
p .

In the same way
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α,w∥Rd,q,p ⩽C(1 + T ) Kq+|α|+2 MC(Zδ)

× sup
t∈T

∑
q′∈{0,1},α′∈Nd

1−q′⩽|α′|<|α|

Ex[(1 + |∂α′

xδ
0
Xδ

t |p(q+|α|)
Rd,q′,q

)(1 + |Xδ
t |p pq+|α|+2

Rd )]
1
p .

Then (3.15) follows from Proposition 4.1 combined with a recursive approach. We now study the
Sobolev norms of LXδ

t . We have

LXδ
t+δ = LXδ

t +Bt LXδ
t + δ

1
2

∑
i∈N

Zδ,i
t+δB

1,i
t + δ

1
2

∑
i∈N

LZδ,i
t+δB

2,i
t +B3

t ,

with B1,i
t = Tr(σXδ

t
∇2

x A
i
1(Xδ

t , t)), B
2,i
t = Ai

1(Xδ
t , t) and

B3
t =δ

∑
i,j∈N

(Zδ,i
t+δ LZδ,j

t+δ + Zδ,j
t+δ LZδ,i

t+δ + χδ
t+δ1i,j)Ai,j

2 (Xδ
t , t, δ

1
2Zδ

t+δ)

+ Zδ,i
t+δZ

δ,j
t+δ(Tr(σXδ

t
∇2

x A
i,j
2 (Xδ

t , t, δ
1
2Zδ

t+δ)) + δ
1
2

∑
l∈N

∂zlAi,j
2 (Xδ

t , t, δ
1
2Zδ

t+δ) LZδ,l
t+δ

+ χδ
t+δδ

∑
l∈N

∂2
zlA

i,j
2 (Xδ

t , t+ δ, δ
1
2Zδ

t+δ)) + χδ
t+δδ

∑
l∈N

∂2
zlA3(Xδ

t , t, δ
1
2Zδ

t+δ, δ)

+ Tr(σXδ
t

∇2
x A3(Xδ

t , t, δ
1
2Zδ

t+δ, δ) + δ
1
2

∑
l∈N

∂zlA3(Xδ
t , t, δ

1
2Zδ

t+δ, δ) LZδ,l
t+δ.

Moreover, for every p ⩾ 1, and every i ∈ N , using Aδ
1(q + 4) (see (2.2)),

∥B1,i
t ∥(Rd)N ,q,p ⩽C Kq+3 sup

t∈T
Ex[(1 + |Xδ

t |p(q+2)
Rd,1,q+1)(1 + |Xδ

t |p pq+3
Rd )]

1
p ,

∥B2,i
t ∥(Rd)N ,q,p ⩽C Kq+1 sup

t∈T
Ex[(1 + |Xδ

t |pq
Rd,1,q

)(1 + |Xδ
t |p pq+1

Rd )]
1
p ,
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and
∥

∑
w∈πδ

w<t

B3
w∥Rd,,q,p ⩽C(1 + T ) Kq+4 MC(Zδ)(1 + sup

t∈T
∥ LZδ

t ∥RN ,q,2p)

× sup
t∈T

Ex[(1 + |Xδ
t |p(q+2)

Rd,1,q+1)(1 + |Xδ
t |p pq+4

Rd )]
1
p .

We finally use (4.4) from Lemma 4.1 and Proposition 4.1 to complete the proof of (3.16).
□

4.2. Proof of Theorem 3.3.

4.2.1. Preliminaries. Before we focus on the proof of Theorem 3.3, we provide a representation formula
for the Malliavin derivatives using the variation of constant formula and some technical results we will
employ in our proof.
Representations formula. Let w, t ∈ πδ,∗, i ∈ N . Then D(w,i) X

δ
t (x) = 0 for every w > t and for

w ⩽ t,

D(w,i) X
δ
t = χδ

t∂ziψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)1w=t + ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ) D(w,i) X
δ
t−δ(x).

We consider the tanget flow process (Ẋt)t∈πδ defined by Ẋ0 = Id×d and

Ẋt := ∂xδ
0
Xδ

t = ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)Ẋt−δ.

We now define the inverse tangent flow. To prove the invertibility, we consider the Hilbert space
(Rd×d, ⟨, ⟩Rd×d), with the Frobenius scalar product defined by ⟨M,M ′⟩Rd×d := Trace(M ′Mt) =

∑d
i=1(M ′Mt)i,i,

M,M ′ ∈ Rd×d. Notice that for M ∈ Rd×d, ∥M∥Rd ⩽ |M |Rd×d ⩽ d
1
2 ∥M∥Rd . Also, for k ∈ N∗,

|Mk|Rd×d ⩽ ∥M∥Rd |Mk−1|Rd×d ⩽ |M |kRd×d (with M0 = Id×d and M l = MM l−1, l ∈ {1, . . . , k}).
Now, since ∇xψ(x, t, 0, 0) = Id×d for every (x, t) ∈ Rd ×πδ, it follows from the Taylor expansion of ∇xψ,
that

∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ) =Id×d + δ
1
2

∑
l∈N

Zδ,l
t

∫ 1

0
∂zl∇xψ(Xδ

t−δ, t− δ, λδ
1
2Zδ

t , 0)dλ.

+ δ

∫ 1

0
∂y∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , λδ)dλ,

and using the assumption A1 (see (2.3)) yields

|Id×d − ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)|Rd×d ⩽δ
1
2 4 K3 max(|Zδ

t |p3 +1
RN , 1).(4.13)

In particular, if we assume that

δ
1
2 η

p3 +1
2 8 K3 < 1,(4.14)

we remark that, on the set {|Zδ
t |RN ⩽ η2}, we have

| det ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)|
2
d ⩾ inf

ξ∈Rd;|ξ|Rd =1
|∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)ξ|Rd

⩾1 − ∥Id×d − ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)∥Rd

⩾1 − δ
1
2 2 K3(1 + η

p3 +1
2 ) ⩾ 1

2 .

The matrix ∇xψ(Xδ
t−δ, t − δ, δ

1
2Zδ

t , δ) is thus invertible on the set {|Zδ
t |RN ⩽ η2}. We are now in a

position to introduce the inverse tangent flow, namely (X̊t)t∈πδ satisfying X̊0 = Id×d and which is well
defined for every t ∈ πδ,∗ as soon as we are on the set {Θη2,πδ,∗,t > 0} and (4.14) holds. In this case

X̊t := Ẋ−1
t = X̊t−δ∇xψ(Xδ

t−δ, t− δ, Zδ
t , δ)−1.(4.15)

In particular we introduce X̊η2,t := X̊t1Θ
η2,πδ,∗,t

>0 which is well defined for every t ∈ πδ.
We conclude this introduction observing that we have the so-called variation of constant formula. Under
assumption (4.14) holds, on the set {Θη2,πδ,∗,t > 0}, for every (w, i) ∈ πδ,∗ ∩ (0, t] × N , we have

D(w,i) X
δ
t = χδ

wẊtX̊w∂ziψ(Xδ
w−δ, w − δ, δ

1
2Zδ

w, δ).(4.16)
Before we give the proof Theorem 3.3, we start with some preliminary results which are crucial in the
study of the determinant of the inverse of the Malliavin covariance matrix.
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Preliminary results. Two standard results will be used in our approach, namely the Burkholder
inequality (see (4.8)) and an exponential martigale inequality, we recall thereafter. First, let us introduce
some notations. Given a R-valued process (Yt)t∈πδ progressively measurable w.r.t. a filtration (FY

t )t∈πδ ,
we denote M (Y )t = δ− 1

2 (Yt+δ − E[Yt+δ|FY
t ]), K (Y )t = δ−1E[Yt+δ − Yt|FY

t ].
Let (Mt)t∈πδ be a R-valued local square integrable (Ft)t∈πδ -martingale. We denote [M ]t = |M0|2 +
δ

∑
w∈πδ

w<t

| M Mw|2 and ⟨M⟩t = E[|M0|2] + δ
∑

w∈πδ

w<t

E[| M Mw|2|FM
w ]. Then (see [14] Corollary 3.4 or

[15]), we have the following extension of the Freedman inequality [17]: For a, b > 0 and t ∈ πδ,

P( sup
w∈πδ

w⩽t

|Mw| ⩾ a, [M ]t + ⟨M⟩t < b) ⩽ 2 exp(−a2

2b ).(4.17)

Now, let us give some additional intermediate results which are proved in the Appendix A. The first one
is a technical result that is used to bound the probability that the determinant of a random matrix Σ is
under some threshold by studying P(ξtΣξ ⩽ ϵ) for ξ ∈ Rd.

Lemma 4.3. Let Σ be a Rd×d-valued random variable and ϵ ∈ (0, 2
1
2

d
1
2

). Then

P( inf
ξ∈Rd;|ξ|Rd =1

ξtΣξ ⩽ 1
2ϵ) ⩽C(d)ϵ−2d sup

ξ∈Rd;|ξ|Rd =1
P(ξtΣξ ⩽ ϵ) + P(∥Σ∥Rd >

1
3ϵ ).(4.18)

The second result provides an estimate of the moments of the inverse tangent flow.

Lemma 4.4. Let T > 0, T = (0, T ] ∩ πδ, x ∈ Rd, let p ⩾ 2 and let η2 > 1. Assume that (2.3) from A1,
Aδ

3(p(qδ
η2

∨ (2 p3 +2))) with qδ
η2

:= 1 + ⌈− ln(δ)
2 ln(η2) ⌉ (see (2.7)) and that (4.14) hold. Then,

Ex[sup
t∈T

∥X̊t∥p
Rd1Θη2,T ,t>0]

1
p ⩽ C(d) exp(C(p)T Mp(qδ

η2 ∨(2 p3 +2))(Zδ)
2
p K4

3).(4.19)

The next result is a discrete-time Lie expansion satisfied by our process Xδ together with a control
of the remainder appearing. Before we state the result, we introduce a set of polynomially bounded
function (together with their derivatives of order q ∈ N) that is Cq

pol(R
d × R+;Rd) := {f ∈ Cq(Rd ×

R+;Rd),∃ Kf,q ⩾ 1,pf,q ∈ N,∀(x, t) ∈ Rd × R+,
∑

|α|⩽q |∂α
x f(x, t)|Rd ⩽ Kf,q(1 + |x|pf,q

Rd )}

Lemma 4.5 (Discrete-time Lie expansion). Let V ∈ C2(Rd × R+) and let η2 > 1. Assume that ψ ∈
C3(Rd × R+ × RN × [0, 1]). Then, for every t ∈ πδ,∗, we have the Lie expansion

X̊η2,tV (Xδ
t , t) =X̊η2,t−δV (Xδ

t−δ, t− δ) + δ
1
2

∑
i∈N

Zδ,i
t X̊η2,t−δV

[i](Xδ
t−δ, t− δ)

+ δX̊η2,t−δV
[0](Xδ

t−δ, t− δ)) + X̊η2,t−δRV (Xδ
t−δ, t− δ, Zδ

t ).

Moreover, let αx ∈ Nd and let us introduce the Rd-valued functions defined for every (x, t, z) ∈
Rd × πδ,∗× ∈ RN by

R̃V (x, t− δ, z) =RV (x, t− δ, z) − E[RV (x, t− δ, Zδ
t )]

R̄V (x, t− δ) =E[RV (x, t− δ, Zδ
t )].

Assume that Aδ
1(|αx| + 4) (see (2.2) and (2.3)) and Aδ

3(+∞) (see (2.7)) hold. Assume also that
V ∈ C|αx|+3

pol (Rd × R+;Rd) and that (4.14) holds. Then, for every (x, t, z) ∈ Rd × πδ,∗ × RN ,

|R̃V (x, t− δ, z)|Rd ⩽δC MC(Zδ) KC
4 KC

V,3(1 + |x|CRd + |z|CRN ),(4.20)

with C = C(p4,pV,3, q
δ
η2

). Moreover

|∂αx

x R̄V (x, t− δ)|Rd ⩽δ
3
2C MC(Zδ) KC

|αx|+4 KC
V,|αx|+3(1 + |x|CRd),(4.21)

with C = C(p|αx|+4,pV,|αx|+3, q
δ
η2
, |αx|).

We point out that, Lemma 4.4 and Lemma 4.5 will be used in the specific situation where η2 = η2(δ)
under assumption Aδ

5(x, T ) hold. In this case δ ⩽ (2p3 +18 K3)−4 so that η2(δ) ⩾ min(δ− 1
188 , δ

− 1
4(1+p3) )

and then qδ
η2(δ) ⩽ C(p3).

The last result is a Norris Lemma adapted to discrete-time processes. In the continuous case, this lemma
can be found in [25], Lemma 2.3.2. Before giving this result, we introduce some notations. Let q > 0
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and T ⊂ πδ,∗. Given a R-valued process (Yt)t∈πδ progressively measurable w.r.t. a filtration (FY
t )t∈πδ ,

we denote,
N Y,T (q) :=1 + sup

t∈T
E[|Yt−δ|q] + E[sup

t∈T
| K (Y )t−δ|q] + E[sup

t∈T
E[| M (Y )t−δ|q|FY

t−δ]](4.22)

+ E[sup
t∈T

| K (K (Y ))t−δ|q] + E[sup
t∈T

E[| M (K (Y ))t−δ|q|FY
t−δ]].

Lemma 4.6 (Discrete-time Norris Lemma). Let T ⩾ δ, T = (0, T ] ∩ πδ. Let (Yt)t∈πδ be a R-valued
random process progressively measurable with respect to a filtration (FY

t )t∈πδ , let r ∈ (0, 1
12 ) and let

p > 0. Let us introduce q(r, p) = max(4, 44p
1−12r ) and assume that
N Y,T (q(r, p)) < +∞.

Then, for every ϵ ∈ [(210(1 ∨ T 3)δ)
44

91−36r , (28(1 ∨ T ))− 11
1−12r ],

P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr)(4.23)

⩽ϵp(1 ∨ T 2q(r,p))25q(r,p)+3 N Y,T (q(r, p)) + 12 exp(− ϵ−
1−12r

22

211(1 ∨ T 2) ).

4.2.2. Proof of Theorem 3.3.

Proof. The strategy of this proof consists in showing that, for every p ⩾ 0,

Ex[| det γ̃Xδ
T

|p1Θ∗
T

>0] ⩽
1 + 1p2L+5>0|x|CRd

VL(x) 3
2 13Ld(p+4)T 13Ldp

KC
2L+5 exp(C(1 + T ) MC(Zδ) K4

3),(4.24)

where γ̃Xδ
T

= Ẋt
T γXδ

T
ẊT and (3.20) follows from the Hölder inequality together with Lemma 4.4.

To show this estimate, we first establish a sufficient condition (see (4.25) and (4.26)) to derive (4.24)
(Step 1.). Then we prove that (4.25) (resp. (4.26)) holds in Step 2 (resp. Step 3). Step 4 is dedicated
to the proof of (3.21). We begin with some notations. For every i ∈ N , we introduce the Rd-valued
process (V i,t)t∈T defined for every t ∈ T by V i,t = X̊t−δ∇xψ

−1∂ziψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ). Notice that,
we have also V i,t = X̊t∂ziψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ). We now introduce the notation v2 = vvt ∈ Rd×d for a
vector v ∈ Rd. Using the variation of constant formula (4.16), denoting σ̃Xδ

T
= δ

∑
(t,i)∈T × N χδ

t (V i,t)2,
on the set {Θη2,T ,t > 0}, we have

σXδ
T

=δ
∑

(t,i)∈T × N

(D(t,i) X
δ
T )2 = δ

∑
(t,i)∈T × N

χδ
t (ẊT X̊t∂ziψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ))2

=δ
∑

(t,i)∈T × N

χδ
t (ẊT V i,t)2 = ẊT σ̃Xδ

T
Ẋt

T .

Step 1. We first show that the proof of (4.24), boils down to prove that there exists ϵ̄ ∈
(η1(δ)− 1

d , 2
1
2

d
1
2

] and κ ⩾ 1 (which do not depend on δ and will be made explicit in the sequel) such
that, for every ϵ ∈ (η1(δ)− 1

d , ϵ̄),
sup

ξ∈Rd;|ξ|Rd =1
Px(ξtσ̃Xδ

T
ξ ⩽ 2ϵ,Θη2(δ),T > 0) ⩽ κϵd(p+4),(4.25)

and

Px(∥σ̃Xδ
T

∥Rd >
1
6ϵ ,Θη2(δ),T > 0) ⩽ κϵd(p+2).(4.26)

In this case
Ex[| det γ̃Xδ

T
|p1Θ∗

T
>0] ⩽Cκ + ⌈ϵ̄−d⌉p.

The result of Step 1 is mainly a consequence of Lemma 4.3. We begin by noticing that
Px(| det γ̃Xδ

T
|1Θ∗

T
>0 ⩾ ϵ−d) =Px(| det σ̃Xδ

T
| ⩽ ϵd,Θ∗

T > 0).

Since | det σ̃δ
Xδ

T
,T | > η1(δ)−1 on {ΘXδ

T
,det(Ẋδ

T
)2,η1(δ),T > 0}, the quantity above is equal to zero as

soon as ϵd ⩽ η1(δ)−1 and for every ϵd > η1(δ)−1,
Px(| det σ̃Xδ

T
| ⩽ ϵd,Θ∗

T > 0) ⩽Px(| det σ̃Xδ
T

| ⩽ ϵd,Θη2(δ),T > 0)

⩽Px( inf
ξ∈Rd;|ξ|Rd =1

ξtσ̃Xδ
T
ξ ⩽ ϵ,Θη2(δ),T > 0).
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Applying Lemma 4.3 (with (4.25) and (4.26)), for every ϵ ∈ (η1(δ)− 1
d , ϵ̄),

Px(| det σ̃Xδ
T

| ⩽ ϵd,Θ∗
T > 0) ⩽Cκϵd(p+2).

Therefore

Ex[| det γ̃Xδ
T

|p1Θ∗
T

>0] ⩽Cκ

⌈η1(δ)⌉−1∑
k=⌈ϵ̄−d⌉

(k + 1)p

kp+2 + ⌈ϵ̄−d⌉p

⩽Cκ

+∞∑
k=1

(k + 1)p

kp+2 + ⌈ϵ̄−d⌉p ⩽ Cκ2pπ
2

6 + ⌈ϵ̄−d⌉p,

and the proof of Step 1 is completed.
Step 2. In this part, we focus on te proof of (4.25). More particularly, we demonstrate that, if we

fix,

ϵ̄ ∈ [η1(δ)− 1
d ,min(2 1

2

d
1
2
, ( T VL(x)m∗

40(L+ 1)N
L(L+1)

2

)13L

,1L=0 + 1L>0|m∗
(28(1 ∨ T ))−143

10N
L(L−1)

2

|13L−1
)),

then, for every ϵ ∈ [η1(δ)− 1
d , ϵ̄),

sup
ξ∈Rd;|ξ|Rd =1

Px(ξtσ̃Xδ
t
ξ ⩽2ϵ,Θη2(δ),T > 0) ⩽ ϵd(p+4) VL(x)− 3

2 13Ld(p+4)(4.27)

× (1 + 1p2L+5>0|x|CRd) KC
2L+5 exp(C(1 + T ) MC(Zδ) K4

3),

Step 2.1. For every l ∈ {0, . . . , L} and ξ ∈ Rd, we introduce the R+-valued process (W ξ
l,t)t∈T

defined for every t ∈ T by W ξ
l,t =

∑
α∈N l

∑
i∈N ⟨ξ, X̊t−δV

[α]
i (Xδ

t−δ, t − δ)⟩2
Rd . Let us denote Nl =

( 10
m∗

)13−l4
1−13−l

1−13−1
∏l

j=1 N
j13j−l . Then, for every ξ ∈ Rd with |ξ| = 1 and every ϵ ∈ [η1(δ)− 1

d , 1),

Px(δ
∑

(t,i)∈T × N

χδ
t ⟨ξ,V i,t⟩2

Rd ⩽ 2ϵ,Θη2(δ),T > 0)(4.28)

⩽ϵd(p+4)(1 + 1p3>0|x|CRd) KC
3 exp(C(1 + T ) MC(Zδ) K4

3)

+
L−1∑
l=0

Px(δ
∑
t∈T

W ξ
l,t ⩽ Nlϵ

13−l

, δ
∑
t∈T

W ξ
l+1,t > Nl+1ϵ

13−l−1
,Θη2(δ),T > 0)

+ Px(δ
∑
t∈T

L∑
l=0

W ξ
l,t ⩽ (L+ 1) 10

m∗
N

L(L+1)
2 ϵ13−L

,Θη2(δ),T > 0).

First, we notice that, using the standard inequality a2 ⩾ 1
2b

2 − (a − b)2 with a = ⟨ξ,V i,t⟩Rd and
b = ⟨ξ, X̊t−δVi(Xδ

t−δ, t− δ)⟩Rd for (t, i) ∈ T × N and considering separately the cases (a− b)2 ⩽ 2ϵ and
(a− b)2 > 2ϵ, yields

Px(δ
∑

(t,i)∈T × N

χδ
t ⟨ξ,V i,t⟩2

Rd ⩽ 2ϵ,Θη2(δ),T > 0) ⩽ Px(δ
∑
t∈T

χδ
t W ξ

0,t ⩽ 8ϵ,Θη2(δ),T > 0)

+ Px(δ
∑

(t,i)∈T × N

⟨ξ,V i,t −X̊t−δVi(Xδ
t−δ, t− δ)⟩2

Rd > 2ϵ,Θη2(δ),T > 0),

with, by decomposing again into two estimates,

Px(δ
∑
t∈T

χδ
t W ξ

0,t ⩽ 8ϵ,Θη2(δ),T > 0) ⩽Px(δ|
∑
t∈T

(χδ
t −m∗) W ξ

0,t | > 2ϵ,Θη2(δ),T > 0)

+ Px(δ
∑
t∈T

W ξ
0,t ⩽

10
m∗

ϵ,Θη2(δ),T > 0).

We focus on the estimate of the second term of the r.h.s. above. Our strategy is to handle this term
by combining Lemma 4.6 (which accounts for the appearance of the exponent 13−1 corresponding to the
choice of the parameter r ∈ (0, 12−1) in the application of the lemma) for a process related to (W ξ

l,t)t∈πδ

and assumption Aδ
5(x, T ). Recalling that N0,r = 1

m∗
, we derive
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Px(δ
∑
t∈T

W ξ
0,t ⩽

10
m∗

ϵ,Θη2(δ),T > 0) ⩽ Px(
L⋂

l=0
δ

∑
t∈T

W ξ
l,t ⩽ Nlϵ

13−l

,Θη2(δ),T > 0)

+
L−1∑
l=0

Px(δ
∑
t∈T

W ξ
l,t ⩽ Nlϵ

13−l

, δ
∑
t∈T

W ξ
l+1,t > Nl+1ϵ

13−l−1
,Θη2(δ),T > 0).

Moreover, since supl∈{0,...,L} Nl ⩽ N0N
L(L+1)

2 = 10
m∗
N

L(L+1)
2 ,

Px(
L⋂

l=0
δ

∑
t∈T

W ξ
l,t ⩽ Nl,rϵ

13−l

,Θη2(δ),T > 0) ⩽Px(δ
∑
t∈T

L∑
l=0

W ξ
l,t ⩽ (L+ 1) 10

m∗
N

L(L+1)
2 ϵ13−L

,Θη2(δ),T > 0),

which is the expected bound on Px(δ
∑

t∈T W ξ
0,t ⩽ 10

m∗
ϵ,Θη2(δ),T > 0). A bound on those terms

will be established in the next step. We now focus on the study of Px(δ|
∑

t∈T (χδ
t − m∗) W ξ

0,t | >
2ϵ,Θη2(δ),T > 0). Our idea is to employ the exponential martingale inequality so, keeping in mind that
χδ

t follows a Bernoulli distribution with mean m∗, we write

Px(δ|
∑
t∈T

(χδ
t −m∗) W ξ

0,t | > 2ϵ,Θη2(δ),T > 0)

⩽Px(δ|
∑
t∈T

(χδ
t −m∗)1Θη2(δ),T ,t−δ>0 W ξ

0,t | > 2ϵ,

δ2
∑
t∈T

(m∗(1 −m∗) + (χδ
t −m∗)2)1Θη2(δ),T ,t−δ>0| W ξ

0,t |2 ⩽ 2ϵ2+ 1
22 )

+ Px(δ2|
∑
t∈T

1Θη2(δ),T ,t−δ>0| W ξ
0,t |2 > 2ϵ2+ 1

22 ).

Notice that the choice of the exponent 1
22 is specific to our approach in order to ensure that we can

estimate the quantity above with the expected bounds when ϵ ⩾ η1(δ) as described thereafter. Using
(4.17), with Mt =

∑
w∈πδ,∗

w⩽t

δ(χδ
t − m∗)1Θη2(δ),T ,t−δ>0 W ξ

0,t, the first term of the r.h.s. of the inequality

above is bounded by 2 exp(−ϵ− 1
22 ), itself being bounded by Cϵd(p+4). In order to treat the second term,

we remark that, W ξ
0,t =

∑
i∈N ⟨ξ, X̊t−δVi(Xδ

t−δ)⟩2
Rd and using the Markov inequality, for every a > 0,

Px(δ2
∑
t∈T

|
∑
i∈N

⟨ξ, X̊t−δVi(Xδ
t−δ, t− δ)⟩2

Rd |21Θη2(δ),T ,t−δ>0 > 2ϵ 45
22 )

⩽δaϵ−a 45
22 K4a

1 T aEx[sup
t∈T

∥X̊t−δ∥4a
Rd1Θη2(δ),T ,t−δ>0(1 + sup

t∈T
|Xt−δ|p1

Rd)4a].

In particular we chose a = d(p+4) ln(η1(δ))
− 1

2 ln(η1(δ))−d ln(δ) (remember that δ ⩽ η1(δ)− 89
44d < η1(δ)− 1

2d so that
a ∈ (0, d(p+ 4)]) and apply Lemma 4.4 (see (4.19)) and Lemma 4.2 to conclude this estimate.

Now, we study Px(δ
∑

(t,i)∈T × N ⟨ξ,V i,t −X̊t−δVi(Xδ
t−δ, t−δ)⟩2

Rd > 2ϵ,Θη2(δ),T > 0). Recall that, on
the set {Θη2(δ),T > 0}, we have |Zδ,j

t | ⩽ η2(δ). Moreover, for η2 > 1, let Dη2 = {z ∈ RN , |z|RN ⩽ δ
1
2 η2}.

We fix (x, t, z, y) ∈ Rd × T ×Dη2 × (0, 1]. Using the Taylor expansion thus yields

|∇xψ
−1∂ziψ(x, t− δ, z, y) − Vi(x, t− δ)|Rd ⩽δ

1
2 η2

∑
j∈N

|∂zj (∇xψ
−1∂ziψ)(x, t− δ, z, y)|Rd

+ δ|∂y(∇xψ
−1∂ziψ)(x, t− δ, z, y)|Rd ,

with ∂zj (∇xψ
−1∂ziψ) = ∇xψ

−1∂zj ∇xψ∇xψ
−1∂ziψ + ∇xψ

−1∂zj ,ziψ. Moreover, a similar formula
for ∂y(∇xψ

−1∂ziψ). The study of this last term is similar to the one of ∂zj (∇xψ
−1∂ziψ) and is left to

the reader. Owing to the estimate∑
i,j∈N

|∂zj (∇xψ
−1∂ziψ)|Rd ⩽∥∇xψ

−1∥2
Rd

∑
i,j∈N

∥∂zj ∇xψ∥Rd |∂ziψ|Rd + |∂zj ,ziψ|Rd ,

we derive our estimate by showing that the function ∥∇xψ
−1∥Rd is bounded on Rd ×T ×Dη2 ×(0, 1].

We consider the following decomposition
∇xψ

−1(x, t− δ, z, δ) = Id×d − (∇xψ(x, t− δ, z, δ) − Id×d)∇xψ
−1(x, t− δ, z, δ).
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Now, assumption A1 (see (2.3)) implies that (4.13) holds. It follows that, under the assumption
(4.14), for every (x, t, z) ∈ Rd × T ×Dη2 , ∥∇xψ(x, t − δ, z, δ) − Id×d∥Rd ⩽ 1

2 and then ∥∇xψ
−1∥Rd ⩽ 2.

The exepected estimate thus follows by observing that

∑
j∈N

∥∂zj ∇xψ∥Rd =
∑
j∈N

|
d∑

l=1
|∂zj∂xlψ|2Rd | 1

2 ⩽
∑
j∈N

d∑
l=1

|∂zj∂xlψ|Rd .

Using similar estimates for the term ∂y(∇xψ
−1∂ziψ) together with A1(3) (see (2.2)) and since (4.14)

holds for η2 = η2(δ), we obtain, for every a ⩾ 1
2 , (with C that may also depend on a in the following)

Px(δ
∑

(t,i)∈T × N

⟨ξ,V i,t −X̊t−δVi(Xδ
t−δ, t− δ)⟩2

Rd > 2ϵ,Θη2(δ),T > 0)

⩽Cδa η2(δ)2aϵ−a K4a
3 T a(Ex[sup

t∈T
∥X̊t−δ∥2a

Rd1Θη2(δ),T ,t−δ>0(1 + sup
t∈T

|Xt−δ|4a p3
Rd )]

+ Cδa η2(δ)2aϵ−aEx[sup
t∈T

∥X̊t−δ∥2a
Rd1Θη2(δ),T ,t−δ>0|δ

∑
t∈T

|Zδ
t |4 p3

RN |a].

Moreover, the Hölder inequality (since 2a ⩾ 1) yields

E[|δ
∑
t∈T

|Zδ
t |4 p3

RN |2a] ⩽ T 2a−1E[δ
∑
t∈T

|Zδ
t |8a p3

RN |] ⩽ T 2a M8a p3(Zδ).

We chose a = max( 1
2 , ⌈

d(p+4) ln(η1(δ))
− ln(η1(δ))−d ln(δ)−2d ln(η2(δ)) ⌉) (remember that δ ⩽ η2(δ)−2 η1(δ)− 2

d so that
a ⩽ d(p + 4)) and conclude using Cauchy-Schwarz inequality, Lemma 4.4 (see (4.19)) and Lemma 4.2.
Gathering all the upper bounds together, we obtain (4.28).

Step 2.2. Let us show that, for every ϵ ∈ (0, ( T VL(x)m∗

40(L+1)N
L(L+1)

2
)13L ],

Px(δ
∑
t∈T

L∑
l=0

W ξ
l,t ⩽ (L+ 1) 10

m∗
N

L(L+1)
2 ϵ13−L

,Θη2(δ),T > 0)

⩽ ϵd(p+4) VL(x)− 3
2 d(p+4)13L

(1 + 1p4+2L>0|x|CRd) KC
2L+4 exp(C(1 + T ) MC(Zδ) K4

3).

It is worth noting that, in case of uniform Hörmander properties, we have a similar result but with
VL(x) replaced by 1 in the r.h.s. above.

Now let us focus on the proof of Step 2.2. Let us denote ϵL = (L + 1)10m−1
∗ N

L(L+1)
2 ϵ13−L . Let

T0 := {δ, . . . , ⌈ 4ϵL

δ VL(x) ⌉δ}. Since ϵ ⩽ ( T VL(x)m∗

40(L+1)N
L(L+1)

2
)13L , then T0 ⊂ T . Therefore,

Px(δ
∑
t∈T

L∑
l=0

W ξ
l,t ⩽ (L+ 1)NLϵ

13−L

,Θη2(δ),T > 0) ⩽ Px(δ
∑
t∈T0

L∑
l=0

W ξ
l,t ⩽ ϵL,Θη2(δ),T > 0)

⩽Px(1
2δ| T0 |

∑
|α|⩽L

∑
i∈N

⟨ξ, V [α]
i (x, 0)⟩2

Rd − ϵL

⩽ δ
∑
t∈T0

∑
|α|⩽L

∑
i∈N

|⟨ξ, X̊t−δV
[α]

i (Xδ
t−δ, t− δ) − V

[α]
i (x, 0)⟩Rd |2,Θη2(δ),T > 0)

⩽Px(sup
t∈T0

∑
|α|⩽L

∑
i∈N

|⟨ξ, X̊η2(δ),t−δV
[α]

i (Xδ
t−δ, t− δ) − V

[α]
i (x, 0)⟩Rd |2 ⩾

VL(x)
4 )

⩽Px(sup
t∈T0

∑
|α|⩽L

∑
i∈N

|Mα,i,t−δ|2 ⩾
VL(x)

8 − sup
t∈T0

∑
|α|⩽L

∑
i∈N

|Bα,i,t−δ|2)

⩽
∑

|α|⩽L

∑
i∈N

Px(sup
t∈T0

|Mα,i,t−δ|2 ⩾
VL(x)

8N
(

N+L
N

) − sup
t∈T0

|Bα,i,t−δ|2),

with for every t ∈ T , and using notations introduced in (4.17),

Mα,i,t =δ 1
2

∑
w∈T ;0<w⩽t

M (Yα,i)w−δ, Bα,i,t = δ
∑

w∈T ;0<w⩽t

K (Yα,i)w−δ,
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where Yα,i,0 = 0 and for every t ∈ T ,

Yα,i,t = ⟨ξ, X̊η2(δ),tV
[α]

i (Xδ
t , t) − V

[α]
i (x, 0)⟩Rd .

Now we decompose our estimate in the following way

Px(δ
∑
t∈T

L∑
l=0

W ξ
l,t ⩽ (L+ 1)NLϵ

13−L

,Θη2(δ),T > 0)

⩽
∑

|α|⩽L

∑
i∈N

Px(sup
t∈T0

|Bα,i,t−δ|2 > VL(x)
16N

(
N+L

N

) ,Θη2(δ),T > 0)

+ Px(sup
t∈T0

|Mα,i,t−δ|2 ⩾
VL(x)

16N
(

N+L
N

) ,Θη2(δ),T > 0).

We study the first term of the r.h.s. above. Using the Markov inequality, for every a > 0, we have

Px(sup
t∈T0

|Bα,i,t−δ|2 > VL(x)
16N

(
N+L

N

) ,Θη2(δ),T > 0) ⩽Px(|δ
∑
t∈T0

| K (Yα,i)t−δ||2 > VL(x)
16N

(
N+L

N

) ,Θη2(δ),T > 0)

⩽Cδa| T0 |a sup
t∈T0

Ex[| K (Yα,i)t−δ|a]|
N

(
N+L

N

)
VL(x) | a

2 .

At this point, we chose a = d(p + 4)13L so that δa| T0 |a ⩽ C VL(x)−aϵd(p+4). In addition, as a
consequence of Lemma 4.5 with V = V

[α]
i (recall that owing to Aδ

5(x, T ) we have qδ
η2(δ) ⩽ C)). Using the

Cauchy-Schwarz inequality and remarking that K
V

[α]
i

,3 ⩽ C(|α|) KC(|α|)
4+2|α| and p

V
[α]

i
,3 ⩽ C(|α|) p4+2|α|,

we derive
Ex[| K (Yα,i)t−δ|a] ⩽C KC

4+2|α| MC(Zδ)Ex[∥X̊t−δ∥2a
Rd1Θη2(δ),T >0] 1

2 (1 + Ex[|Xδ
t−δ|CRd ] 1

2 ),
To complete our estimate, we bound the r.h.s. above using Lemma 4.4 (see (4.19)) and Lemma 4.2

(when 4a < 2 we also use the Hölder inequality to conclude). We consider now the temrminvolving
Mα,i,t−δ and first observe that we have the following inequality

Px(sup
t∈T0

|Mα,i,t−δ|2 ⩾
VL(x)

16N
(

N+L
N

) ) ⩽ Px(δ
∑
t∈T0

E[| M (Mα,i)t−δ|2|FXδ

t−δ] + | M (Mα,i)t−δ|2 ⩾ ϵ
13−L

3 )

+ Px(sup
t∈T0

|Mα,i,t|2 ⩾
VL(x)

16N
(

N+L
N

) , δ ∑
t∈T0

Ex[| M (Mα,i)t−δ|2|FXδ

t−δ] + | M (Mα,i)t−δ|2 < ϵ
13−L

3 ).

Using the Doob exponential inequality (4.17), the first term is bounded by 2 exp(− VL(x)

32ϵ
13−L

3 N(N+L
N )

).

In order to bound the second term we take a ⩾ 1 and using again the Markov and Hölder inequalities
and that M (Yα,i) = M (Mα,i), yields

Px(δ
∑
t∈T0

E[| M (Mα,i)t−δ|2|FXδ

t−δ] + | M (Mα,i)t−δ|2) ⩾ ϵ
13−L

3 ) ⩽ δa| T0 |aϵ−a 13−L

3 2a+1 sup
t∈T0

Ex[| M (Yα,i)t−δ|2a].

At this point, we chose a = 2−13d(p+ 4)13L so that δa| T0 |aϵ−a 13−L

3 ⩽ C VL(x)−aϵd(p+4). In order
to bound the r.h.s. above we use Lemma 4.5 and the Cauchy-Schwarz inequality to derive

Ex[| M (Yα,i)t−δ|2a] ⩽C KC
4+2|α| MC(Zδ)2Ex[∥X̊t−δ∥4a

Rd1Θη2(δ),T >0] 1
2 (1 + Ex[|Xδ

t−δ|CRd ] 1
2 ),

and then use Lemma 4.4 (see (4.19)) and Lemma 4.2. Gathering all the estimates and using standard
inequalities between exponantial and polynomial functions concludes the proof of Step 2.2.

Step 2.3. Consider the case L ∈ N∗. Let l ∈ {0, . . . , L− 1}. Let us show that for every

ϵ ∈ [η1(δ)− 1
d , | (2

8(1 ∨ T ))−143

Nl
|13l

],

then
Px(δ

∑
t∈T

W ξ
l,t ⩽ Nl,rϵ

13−l

,δ
∑
t∈T

W ξ
l+1,t > Nl+1ϵ

13−l−1
,Θη2(δ),T > 0)

⩽ ϵd(p+4)(1 + 1p2l+7>0|x|CRd) KC
2l+7 exp(C(1 + T ) MC(Zδ) K4

3).

First, for α ∈ N l and i ∈ N , we introduce the R-valued process (Ỹα,i,t)t∈πδ such that Ỹα,i,0 = 0 and
Ỹα,i,t = ⟨ξ, X̊η2(δ),t−δV

[α]
i (Xδ

t−δ, t − δ)⟩Rd , t ∈ πδ,∗. In particular, on the set {Θη2(δ),T > 0}, we have
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W ξ
l,t =

∑
α∈N l

∑
i∈N |Ỹα,i,t|2, t ∈ πδ. Furthermore, it follows from Lemma 4.5 with V = V

[α]
i , that, for

t ∈ πδ,∗,

Ỹα,i,t+δ−Ỹα,i,t = δ
1
2

∑
j∈N

Zδ,j
t ⟨ξ, X̊η2(δ),t−δV

[(α,j)]
i (Xδ

t−δ, t− δ)⟩Rd

+ δ⟨ξ, X̊η2(δ),t−δV
[(α,0)]

i (Xδ
t−δ, t− δ))⟩Rd + ⟨ξ, X̊η2(δ),t−δRV

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd

=δ 1
2

∑
j∈N

Zδ,j
t Ỹ(α,j),i,t + δỸ(α,0),i,t + ⟨ξ, X̊η2(δ),t−δRV

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd ,

and

W ξ
l+1,t =

∑
α∈N l

∑
i∈N

E[| M (Ỹα,i)t − δ− 1
2 ⟨ξ, X̊η2(δ),t−δR̃V

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd |2|F Ỹα,i

t−δ ]

+ | K (Ỹα,i)t − δ−1⟨ξ, X̊η2(δ),t−δR̄V
[α]

i (Xδ
t−δ, t− δ)⟩Rd |2.

Therefore,

Px(δ
∑
t∈T

W ξ
l,t ⩽ Nlϵ

13−l

, δ
∑
t∈T

W ξ
l+1,t > Nl+1ϵ

13−l−1
,Θη2(δ),T > 0)

⩽Px(δ
∑

t∈T −

∑
α∈N l

∑
i∈N

|Ỹα,i,t|2 ⩽ Nlϵ
13−l

,

δ
∑
t∈T

∑
α∈N l

∑
i∈N

Ex[| M (Ỹα,i)t − δ− 1
2 ⟨ξ, X̊η2(δ),t−δR̃V

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd |2|F Ỹα,i

t−δ ]

+ | K (Ỹα,i)t − δ−1⟨ξ, X̊η2(δ),t−δR̄V
[α]

i (Xδ
t−δ, t− δ)⟩Rd |2 > Nl+1ϵ

13−l−1
)

⩽
∑

α∈N l

∑
i∈N

Px(δ
∑

t∈T −

|Ỹα,i,t|2 ⩽ Nlϵ
13−l

, δ
∑
t∈T

Ex[| M (Ỹα,i)t|2] + | K (Ỹα,i)t|2 >
1
4N

−l−1Nl+1ϵ
13−l−1

)

+
∑

α∈N l

∑
i∈N

Px(δ
∑
t∈T

Ex[|δ− 1
2 ⟨ξ, X̊η2,t−δR̃V

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd |2]

+ |δ−1⟨ξ, X̊η2(δ),t−δR̄V
[α]

i (Xδ
t−δ, t− δ)⟩Rd |2 > 1

4N
−l−1Nl+1ϵ

13−l−1
),

where T − = T \{sup{t, t ∈ T }}. We bound the the first term of the r.h.s. above. Since Nl+1 =
4N l+1N

1
13

l and, sinceNl ∈ [1, ( 10
m∗

)13−l4 13
12N

l(l+1)
2 ], we haveNlϵ

13−l ∈ [|210(1∨T 3)δ|
44

91− 36
13 , (28(1∨T ))−143]

and the expected bound is obtained by applying Lemma 4.6 with Y = Ỹα,i, T = T −, r = 13−1,
ϵ = Nlϵ

13−l

, and p = 13ld(p+4). To obtain our estimate we use standard inequalities on polynomial and
exponential functions and we are left to show that N Ỹα,i,T −(q(d, l, p)) (this quantity being defined in
(4.22)) with q(d, l, p) = 13l+144d(p+ 4)), is bounded. We notice that K (K (Ỹα,i))0 = ⟨ξ, V [α]

i (x, 0)⟩Rd ,
M (K (Ỹα,i))0 = 0 and that, for t ∈ πδ,∗, as a consequence of Lemma 4.5,

K (K (Ỹα,i))t =Ỹ(α,0,0),i,t + δ−1⟨ξ, X̊η2(δ),t−δR̄V
[(α,0)]

i (Xδ
t−δ, t− δ)

+ δ−1⟨ξ, X̊η2(δ),t−δ(R̄V
[α]

i )[0](Xδ
t−δ, t− δ)⟩Rd + δ−2⟨ξ, X̊η2,(δ)t−δR̄R̄V

[α]
i (Xδ

t−δ, t− δ)⟩Rd ,

and

M (K (Ỹα,i))t =
∑
j∈N

Zδ,j
t Ỹ(α,0,j),i,t + δ− 1

2 ⟨ξ, X̊η2(δ),t−δR̃V
[(α,0)]

i (Xδ
t−δ, t− δ, Zδ

t )

+ δ−1Zδ,j
t ⟨ξ, X̊η2(δ),t−δ(R̄V

[α]
i )[j](Xδ

t−δ, t− δ)⟩Rd

+ δ− 3
2 ⟨ξ, X̊η2(δ),t−δR̃R̄V

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd .

Applying (4.21) and (4.20), we obtain

N Ỹα,i,T −(q(d, l, p)) ⩽C MC(Zδ) KC
2l+7 Ex[sup

t∈T
∥X̊η2(δ),t−δ∥2q(d,l,p)

Rd ] 1
2 (1 + Ex[sup

t∈T
|Xδ

t−δ|CRd ] 1
2 ).
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Using the Markov and Cauchy-Schwarz inequalities together with Lemma 4.5 gives also, for every
a > 0,

Px(δ
∑
t∈T

Ex[|δ− 1
2 ⟨ξ, X̊η2(δ),t−δR̃V

[α]
i (Xδ

t−δ, t− δ, Zδ
t )⟩Rd |2]

+ |δ−1⟨ξ, X̊η2(δ),t−δR̄V
[α]

i (Xδ
t−δ, t− δ)⟩Rd |2 > 1

4N
−l−1Nl+1ϵ

13−l−1
)

⩽δ
a
2 ϵ−a13−l−1

T a MC(Zδ) KC
2l+4 Ex[sup

t∈T
∥X̊η2(δ),t−δ∥2a

Rd ] 1
2 (1 + Ex[sup

t∈T
|Xδ

t−δ|2aC
Rd ] 1

2 ).

In particular, we chose a = d(p+4) ln(η1(δ))
−13−l−1 ln(η1(δ))− d

2 ln(δ) so that δ a
2 ϵ−a13−l−1

⩽ ϵd(p+4) (remember that
δ ⩽ η1(δ)− 2

d so a ∈ (0, 2d(p + 4)]) and then apply Lemma 4.4 (see (4.19)) and Lemma 4.2 to conclude
the proof of Step 2.3 (when 4a < 2 we also use the Hölder inequality).

Step 2.4 To conclude the proof of Step 2 we simply gather the estimates obtained in Step 2.1,
2.2 and 2.3.

Step 3. We now focus on the proof of (4.26). In particular, we show that for every ϵ ∈ R∗,

Px(∥σ̃Xδ
t
∥Rd >

1
6ϵ ) ⩽ϵd(p+2)(1 + 1p3>0|x|CRd) KC

3 exp(C(T + 1) MC(Zδ) K4
3).(4.29)

First, we notice that, using Cauchy-Schwarz inequality, we have

∥σ̃Xδ
t
∥Rd ⩽∥σδ

Xδ
t ,T ∥Rd∥X̊T ∥2

Rd ⩽ |Xδ
t |2Rd,1,1∥X̊T ∥2

Rd .

As a consequence of the Markov inequality and again the Cauchy-Schwarz inequality, we obtain

Px(∥σ̃Xδ
t
∥Rd >

1
6ϵ ,Θη2(δ),T > 0) ⩽Cϵd(p+2)Ex[sup

t∈T
|Xδ

t−δ|4d(p+2)
Rd ] 1

2 Ex[sup
t∈T

∥X̊t∥4d(p+2)
Rd 1Θη2(δ),T ,t>0] 1

2 .

To conclude the proof of Step 3, we then apply Proposition 4.1 (see (4.10)) and Lemma 4.4 and
obtain (4.29).

Step 4. In order to complete the proof of Theorem 3.3, it remains to show that (3.21) holds.
Similarly as in Step 1, we have

Px(| det γ̃Xδ
T

| ⩾ η1(δ)
2 ,Θ∗

T > 0) ⩽Px(| det σ̃Xδ
T

| ⩽ 2 η1(δ)−1,Θη2(δ),T > 0)

⩽Px( inf
ξ∈Rd;|ξ|Rd =1

ξtσ̃Xδ
T
ξ ⩽ 2 1

d η1(δ)− 1
d ,Θη2(δ),T > 0).

Using the result from Step 2, (see (4.27) with ϵ = 2 1
d η1(δ)− 1

d ), for p ⩾ 4, we have

Px(| det γ̃Xδ
T

| ⩾ η1(δ)
2 ,Θη2(δ),T > 0) ⩽ η1(δ)−p(1 + VL(x)− 3

2 13Ldp)

× (1 + 1p2L+5>0|x|CRd) KC
2L+5 exp(C(1 + T ) MC(Zδ) K4

3).

To conclude the proof, we simply observe that, since η1(δ),η2(δ) > 1,

Px(Θ∗
T < 1) ⩽Px(| det γ̃Xδ

T
| ⩾ η1(δ) − 1

2 ,Θη2(δ),T > 0) +
∑
t∈T

P(|Zδ
t |RN ⩾ η2(δ) − 1

2)

⩽Px(| det γ̃Xδ
T

| ⩾ η1(δ)
2 ,Θη2(δ),T > 0) +

∑
t∈T

P(|Zδ
t |RN ⩾

η2(δ)
2 ),

and apply the Markov inequality.
□

Appendix A. Proof of technical lemmas

A.1. Proof of Lemma 4.3.

Proof. First notice that, since ϵ ∈ (0,
√

2
d ), there exists {ξ1, . . . , ξN(ϵ)} with ξi ∈ Rd, N(ϵ) ⩽ 7d32dϵ−2d

(see e.g. or [29] Theorem 2 or [34] Theorem 1.1 for a refined constant) such that {ξ ∈ Rd, |ξ|Rd = 1} ⊂
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∪N(ϵ)
i=1 {ξ ∈ Rd, |ξi − ξ|Rd ⩽ ϵ2

2 }. Moreover

P( inf
ξ∈Rd;|ξ|Rd =1

ξtΣξ ⩽ 1
2ϵ) =P( inf

ξ∈Rd;|ξ|Rd =1
ξtΣξ ⩽ 1

2ϵ, ∥Σ∥Rd ⩽
1
3ϵ ) + P(∥Σ∥Rd >

1
3ϵ ).

In particular for every ξ ∈ Rd, |ξ|Rd = 1,

ξtΣξ =ξti Σξi + (ξ − ξi)t(Σξi + Σtξ)

⩾ξti Σξi − 2|ξi − ξ|Rd∥Σ∥Rd − |ξi − ξ|2Rd∥Σ∥Rd .

Therefore

P( inf
ξ∈Rd;|ξ|Rd =1

ξtΣξ ⩽ 1
2ϵ, ∥Σ∥Rd ⩽

1
3ϵ ) ⩽P(∪N(ϵ)

i=1 ξ
t
i Σξi ⩽ ϵ),

and the proof of (4.18) is completed taking C(d) = 7d32d. □

A.2. Proof of Lemma 4.4. In this proof, we are going to use the Burkholder inequality (see (4.8)) on
the Hilbert space (Rd×d, ⟨, ⟩Rd×d), with the scalar product defined by ⟨M,M ′⟩Rd×d := Trace(M ′Mt) =∑d

i=1(M ′Mt)i,i, M,M ′ ∈ Rd×d. Recall that for M ∈ Rd×d, ∥M∥Rd ⩽ |M |Rd×d .

Proof. Step 1. First we show that

Ex[sup
t∈T

|X̊t|pRd×d1Θη2,T ,t>0]
1
p ⩽d+ Ex[sup

t∈T
|

∑
w∈πδ∩(0,t]

Υ̂w|pRd×d ]
1
p + Ex[sup

t∈T
|

∑
w∈πδ∩(0,t]

Υ̃w|pRd×d ]
1
p ,

where we have introduced Υt = 1Θη2,T ,t>0X̊t−δ(Id×d−∇xψ
−1)(Xδ

t−δ, t−δ, δ
1
2Zδ

t , δ), Υ̂t = Ex[Υt|FZδ

t−δ]
and Υ̃t = Υt − Υ̂t, t ∈ πδ,∗. On the set {Θη2,T ,t > 0}, owing to (4.15), we have

X̊t =Id×d −
∑

w∈πδ∩(0,t]

X̊w−δ(Id×d − ∇xψ
−1(Xδ

w−δ, w − δ, δ
1
2Zδ

w, δ)).

Now, using the triangle inequality yields

Ex[sup
t∈T

|X̊t|pRd×d1Θη2,T >0]
1
p ⩽

√
d+ E[sup

t∈T
|

∑
w∈πδ∩(0,t]

Υw|pRd×d ]
1
p ,

and, using the triangle inequality once again, the proof of Step 1 is completed.
Step 2. Let us show that, for t ∈ T ,

|Υ̂t|Rd×d ⩽δ|X̊t−δ|Rd×d1Θη2,T ,t−δ>0C K2
3 Mqδ

η2 ∨(2 p3 +2)(Zδ).

We begin by noticing that, since 1Θη2,T ,t>0 = 1
δ

1
2 Zδ

t ∈Dη2
1Θη2,T ,t−δ>0 (with Dη2 = {z ∈ RN , |z|RN ⩽

δ
1
2 η2} introduced in the proof of Theorem 3.3), for every t ∈ πδ,∗,

|Υ̂t|Rd×d =|X̊t−δ1Θη2,T ,t−δ>0E[Id×d − ∇xψ
−1(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)1δ
1
2 Zδ

t ∈Dη2
|FZδ

t−δ]|Rd×d .

Now, we remark that

Ex[δ 1
2

∑
l∈N

Zδ,l
t ∇xVl(Xδ

t−δ, t− δ)(1
δ

1
2 Zδ

t ∈Dη2
+ 1

δ
1
2 Zδ

t /∈Dη2
)|FZδ

t−δ] = 0.

Moreover, the Markov inequality, combined with (2.3) implies that,

Ex[δ 1
2 |

∑
l∈N

Zδ,l
t ∇xVl(Xδ

t−δ, t− δ)1
δ

1
2 Zδ

t /∈Dη2
|Rd×d |FZδ

t−δ] ⩽δK3 E[|Zδ
t |

qδ
η2

RN ].

In particular, applying the Taylor expansion to ∇xψ, we can show that

|Ex[(Id×d − ∇xψ)(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)1δ
1
2 Zδ

t ∈Dη2
|FZδ

t−δ]|Rd×d ⩽δK3 C Mqδ
η2 ∨(p3 +2)(Zδ).

On the other hand, using (4.13), for every k ∈ N, k ⩾ 2, we have

Ex[|Id×d − ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)|kRd×d1
δ

1
2 Zδ

t ∈Dη2
|FZδ

t−δ] ⩽ δ
k
2 η

(k−2)(p +1)
2 4k Kk

3 2 M2(p3 +1)(Zδ).

Since δ 1
2 ηp +1

2 4 K3 <
1
2 , the following geometric series converge and satisfies

Ex[
∞∑

k=2
|Id×d − ∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)|kRd×d1
δ

1
2 Zδ

t ∈Dη2
|FZδ

t−δ] ⩽ δC K2
3 M2(p +1)(Zδ).
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In particular, using the Neumann series to write ∇xψ
−1 =

∑∞
k=0(Id×d − ∇xψ)k, we have

Ex[|(∇xψ
−1 − 2Id×d+∇xψ)(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)|Rd×d1
δ

1
2 Zδ

t ∈Dη2
|FZδ

t−δ]

⩽Ex[
∞∑

k=2
|Id×d − ∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)|kRd×d1
δ

1
2 Zδ

t ∈Dη2
|FZδ

t−δ],

so that
|Υ̂t|Rd×d ⩽|X̊t−δ|Rd×d1Θη2,T ,t−δ>0(|Ex[(Id×d − ∇xψ)(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)1δ
1
2 Zδ

t ∈Dη2
|FZδ

t−δ]|Rd×d

+ Ex[
∞∑

k=2
|Id×d − ∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)|kRd×d1
δ

1
2 Zδ

t ∈Dη2
|FZδ

t−δ]).

We already obtained an estimate of the second term of the r.h.s. above. To bound the other term, we
compute ∇xψ(Xδ

t−δ, t−δ, δ
1
2Zδ

t , δ) using the decomposition (4.2) and by standard estimates we complete
the proof of Step 2.

Step 3. Let us show that

Ex[|Υ̃t|pRd×d1Θη2,T ,t−δ>0]
1
p ⩽ δ

1
2 Ex[|X̊t−δ|pRd×d ]

1
pC K2

3 Mp(qδ
η2 ∨(2 p3 +2))(Zδ)

1
p ).

First, we remark that |Υ̃t|Rd×d ⩽ |Υt|Rd×d + |Υ̂t|Rd×d . We have already studied the second term of
the r.h.s. in Step 2 so we focus on the first one. Proceeding similarly as in Step 2, we have

|Υt|Rd×d ⩽|X̊t−δ|Rd×d1Θη2,T ,t−δ>0(|(Id×d − ∇xψ)(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)1δ
1
2 Zδ

t ∈Dη2
|Rd×d

+
∞∑

k=2
|Id×d − ∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)|kRd×d1
δ

1
2 Zδ

t ∈Dη2
).

Using (4.13), it follows that

Ex[|X̊t−δ|pRd×d1Θη2,T ,t−δ>0|Id×d − ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)|
p
Rd×d1

δ
1
2 Zδ

t ∈Dη2
]

⩽δ
p
2 Ex[|X̊t−δ|pRd×d1Θη2,T ,t−δ>0] Kp

3 4pC Mp(p3 +1)(Zδ).

Moreover, since δ 1
2 η

p3 +1
2 4 K3 <

1
2 , on the space {δ 1

2Zδ
t ∈ Dη2}, we have (4.13) and

∞∑
k=2

|Id×d − ∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ)|kRd×d ⩽ δC K2
3(1 ∨ |Zδ

t |2(p3 +1)
RN ),

and

Ex[|X̊t−δ|pRd×d1Θη2,T ,t−δ>0|
∞∑

k=2
|Id×d − ∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)|kRd×d |p1
δ

1
2 Zδ

t ∈Dη2
]

⩽δpE[|X̊t−δ|pRd×d1Θη2,T ,t−δ>0]C K2p
3 M2p(p3 +1)(Zδ).

Gathering all the terms concludes the proof of Step 3.
Step 4. We are now in a position to conclude the proof. First, employing the Burkholder inequality

(4.8), we have for every p ⩾ 2,

Ex[sup
t∈T

|
∑

w∈πδ∩(0,t]

Υ̃t|pRd×d ] ⩽Bp Ex[(
∑
t∈T

|Υ̃t|2Rd×d)
p
2 ] ⩽ C(

∑
t∈T

Ex[|Υ̃t|pRd×d ]
2
p )

p
2 .

We deduce from Step 1,2,3 that

Ex[supt∈T ∪{0}|X̊t|pRd×d1Θη2,T ,t>0]
1
p ⩽ d+ Ex[sup

t∈T
|

∑
w∈πδ∩(0,t]

Υ̂w|pRd×d ]
1
p + C(

∑
t∈T

Ex[|Υ̃t|pRd×d ]
2
p ) 1

2

⩽d+ C K2
3 Mqδ

η2 ∨(2 p3 +2)(Zδ)Ex[|
∑
t∈T

δ|X̊t−δ|Rd×d |p1Θη2,T ,t−δ>0]
1
p

+ C K2
3 Mp(qδ

η2 ∨(2 p3 +2))(Zδ)
1
p (

∑
t∈T

δEx[|X̊t−δ|pRd×d1Θη2,T ,t−δ>0]
2
p ) 1

2

⩽d+ C K2
3 Mp(qδ

η2 ∨(2 p3 +2))(Zδ)
1
p (

∑
t∈T

δEx[ sup
w∈T ∪{0},w<t

|X̊w|pRd×d1Θη2,T ,t−δ>0]
2
p ) 1

2 .

Therefore, (4.19) follows from the Gronwall lemma.
□
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A.3. Proof of Lemma 4.5.

Proof. In this proof we first derive the expansion formula and give an explicit value for RV (Step 1,2,3)
and then establish the estimates on this remainder in Step 4.
Step 1. Let us show that for every t ∈ πδ,∗,

V (Xδ
t , t) − V (Xδ

t−δ, t− δ) = δ
1
2

N∑
l=1

Zδ,i
t ∇xV (Xδ

t−δ, t− δ)Vl(Xδ
t−δ, t− δ)

+ δ∇xV (Xδ
t−δ, t− δ)V0(Xδ

t−δ, t− δ) + δ∂tV (Xδ
t−δ, t− δ)

+ δ
1
2

N∑
l=1

Vl(Xδ
t−δ, t− δ)t ∇2

x V (Xδ
t−δ, t− δ)Vl(Xδ

t−δ, t− δ)

+Rδ,1(Xδ
t−δ, t− δ, Zδ

t ),

with for every (x, t, z) ∈ Rd × πδ × RN ,

Rδ,1(x, t, z) =1
2δ

∑
i,l∈N

(zizl − 1i=l)Vi(x, t)t ∇2
x V (x, t)Vl(x, t)

+ (Rδ,1,1(x, t, z) + 2δ 1
2

N∑
l=1

zlVl(x, t))t ∇2
x V (x, t)Rδ,1,1(x, t, z)

+ ∇xV (x, t)Rδ,1,2(x, t, z) +Rδ,1,3(x, t, z),

with (remembering notation (4.1), Rδ,1,1(x, t, z) = δA3(x, t, δ 1
2 z, δ) + δ

∑
i,j∈N zizjAi,j

2 (x, t, δ 1
2 z),

Rδ,1,2(x, t, z) =δ 1
2

∑
i,j∈N

(zizj − 1i=j)∂zi∂zjψ(x, t, 0, 0) + δ2
∫ 1

0
(1 − λ)∂2

yψ(x, t, δ 1
2 z, λδ)dλ

+ δ
3
2

∑
i∈N

zi

∫ 1

0
∂zi∂yψ(x, t, λδ 1

2 z, 0)dλ

+ δ
3
2

1
2

∑
i,j,l∈N

zizjzl

∫ 1

0
(1 − λ)2∂zi∂zj∂zlψ(x, t, λδ 1

2 z, 0)dλ,

and

Rδ,1,3(x, t, z) = δ2
∫ 1

0
∂2

t V (x, t+ λδ)dλ,

+
d∑

i=1

∫ 1

0
∂xi T V (x+ λRδ,1,0(x, t, z), t)dλRδ,1,0(x, t, z)i

+ 1
2

d∑
i,j,k=1

Rδ,1,0(x, t, z)⊗3
i,j,k

∫ 1

0
(1 − λ)2∂(i,j,k)

x V (x+ λRδ,1,0(x, t, z), t)dλ,

with Rδ,1,0(x, t, z) = δA3(x, t, δ 1
2 z, δ) + δ

1
2

∑
i∈N zi

∫ 1
0 ∂ziψ(x, t, λδ 1

2 z, 0)dλ and

T V (x, t) := δ

∫ 1

0
∂tV (x, t+ λδ)dλ = δ∂tV (x, t) + δ2

∫ 1

0
∂2

t V (x, t+ λδ)dλ.

We begin by noticing that, using the Taylor expansion of ψ w.r.t. its fourth and then third variables,
we have

ψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ) =Xδ
t−δ +Rδ,1,0(Xδ

t−δ, t− δ, Zδ
t )

(A.1)

=Xδ
t−δ + δ

1
2

∑
l∈N

Zδ,l
t Vl(Xδ

t−δ, t− δ) +Rδ,1,1(Xδ
t−δ, t− δ, Zδ

t )

=Xδ
t−δ + δ

1
2

∑
l∈N

Zδ,l
t Vl(Xδ

t−δ, t− δ) + δV0(Xδ
t−δ, t− δ) +Rδ,1,2(Xδ

t−δ, Z
δ
t ).
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Now, using again the Taylor expansion on the function V w.r.t. its second variable,

V (Xδ
t , t) − V (Xδ

t−δ, t− δ) =(T V + V )(Xδ
t , t− δ) − V (Xδ

t−δ, t− δ).

The Taylor expansion on the function T V w.r.t its first variable combined with (A.1) yields

T V (Xδ
t , t− δ) = T V (Xδ

t−δ, t− δ)

+
d∑

i=1
Rδ,1,0(Xδ

t , t− δ, Zδ
t )i

∫ 1

0
∂xi T V (Xδ

t + λRδ,1,0(Xδ
t , t− δ, Zδ

t ), t)dλ.

To conclude the proof of Step 1. it remains to study V (Xδ
t , t− δ) − V (Xδ

t−δ, t− δ). To do so, we
employ the third order Taylor expansion of V w.r.t. its first variable together with the representation
formulas given in (A.1) and gathering all the temrs together completes the proof.

Step 2. Let us show that for every t ∈ πδ,∗, on the set {δ 1
2Zδ

t ∈ Dη2} (with Dη2 = {z ∈ RN , |z| ⩽
δ

1
2 η2} introduced in the proof of Theorem 3.3), we have

∇xψ
−1(Xδ

t−δ, t− δ,δ
1
2Zδ

t , δ) = Id×d − δ
1
2

N∑
i=1

Zδ,i
t ∇xVl(Xδ

t−δ, t− δ) − δ∇xV0(Xδ
t−δ, t− δ)

+ δ

N∑
i=1

∇xVi(Xδ
t−δ, t− δ)2 + R̂δ,2(Xδ

t−δ, t− δ, Zδ
t ),

with, for every (x, t, z) ∈ Rd × πδ × RN ,

R̂δ,2(x, t, z) = R̂δ,2,3(x, t, z) − R̂δ,2,2(x, t, z) + δ
∑

i,l∈N

(zizl − 1i=l)∇xVi(x, t)∇xVl(x, t)

− δ
1
2

∑
l∈N

zl(∇xVl(x, t)Rδ,2,1(x, t, z) +Rδ,2,1(x, t, z)∇xVl(x, t)) − R̂δ,2,1(x, t, z)2,

where R̂δ,2,1(x, t, z) = ∇xR̂
δ,1,1(x, t, z), R̂δ,2,2(x, t, z) = ∇xR̂

δ,1,2(x, t, z) and R̂δ,2,3(x, t, z) = (∇xψ
−1−

Id×d − (Id×d −∇xψ)− (Id×d −∇xψ)2)(x, t, δ 1
2 z, δ) where for a matrix M ∈ Rd×d, M2 = MM . The proof

simply boils down to notice that we have the identites

∇xψ(Xδ
t−δ, t− δ, δ

1
2Zδ

t , δ) = Id×d + δ
1
2

∑
l∈N

Zδ,l
t ∇xVl(Xδ

t−δ, t− δ) + R̂δ,2,1(Xδ
t−δ, t− δ, Zδ

t ),

=Id×d + δ
1
2

∑
l∈N

Zδ,l
t ∇xVl(Xδ

t−δ, t− δ) + δ∇xV0(Xδ
t−δ, t− δ) + R̂δ,2,2(Xδ

t−δ, t− δ, Zδ
t ),

and to rearrange the terms together.
Step 3. Let us show that for every t ∈ πδ,∗, on the set {Θη2,T ,t > 0}, we have

X̊tV (Xδ
t , t) =X̊t−δV (Xδ

t−δ, t− δ) + δ
1
2

∑
i∈N

Zδ,i
t X̊t−δV

[i](Xδ
t−δ, t− δ)

+ δX̊t−δV
[0](Xδ

t−δ, t− δ)) + X̊t−δR
δV (Xδ

t−δ, t− δ, Zδ
t ),

with, for every (x, t, z) ∈ Rd × πδ × RN , RδV (x, t, z) = Rδ,1(x, t, z) + Rδ,2(x, t, z) + Rδ,3(x, t, z),
where Rδ,2(x, t, z) = R̂δ,2(x, t, z)V (x, t) and

Rδ,3(x, t, z) = −δ
∑
i,∈N

(zizl − 1i=l)∇xVi(x, t)∇xV (x, t)Vl(x, t)

+ (−δ∇xV0(x, t) + δ
∑
l∈N

∇xVl(x, t)2 + R̂δ,2(x, t, z))(δ 1
2

∑
i∈N

zi∇xV (x, t)Vl(x, t)

+ δ∇xV (x, t)V0(x, t) + δ∂tV (x, t) + δ
1
2

∑
i∈N

Vi(x, t)t ∇2
x V (x, t)Vi(x, t) +Rδ,1(x, t, z))

− δ
1
2

∑
i N

zi∇xVi(x, t)(δ∇xV (x, t)V0(x, t) + δ∂tV (x, t)

+ δ
1
2

∑
i∈N

Vi(x, t)t ∇2
x V (x, t)Vi(x, t) +Rδ,1(x, t, z)).
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First, owing to (4.15), we write the following decomposition

X̊tV (Xδ
t , t) − X̊t−δV (Xδ

t−δ, t− δ) =X̊t−δ∇xψ
−1(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)
(
V (Xδ

t , t) − V (Xδ
t−δ, t− δ)

)
+ X̊t−δ

(
∇xψ(Xδ

t−δ, t− δ, δ
1
2Zδ

t , δ)−1 − Id×d

)
V (Xδ

t−δ, t− δ).

Then, using Step 1 and Step 2, a direct computation yields

∇xψ
−1(Xδ

t−δ, t− δ, Zδ
t , δ)(V (Xδ

t , t) − V (Xδ
t−δ, t− δ))

=δ 1
2

∑
l∈N

Zδ,l
t ∇xV (Xδ

t−δ, t− δ)Vl(Xδ
t−δ, t− δ)

+ δ∇xV (Xδ
t−δ, t− δ)V0(Xδ

t−δ, t− δ) + δ∂tV (Xδ
t−δ, t− δ)

+ δ
1
2

∑
l∈N

Vl(Xδ
t−δ, t− δ)t ∇2

x V (Xδ
t−δ, t− δ)Vl(Xδ

t−δ, t− δ)

− δ
∑
l N

∇xVl(Xδ
t−δ, t− δ)∇xV (Xδ

t−δ, t− δ)Vl(Xδ
t−δ, t− δ)

+Rδ,3(Xδ
t−δ, t− δ, Zδ

t ) +Rδ,1(Xδ
t−δ, t− δ, Zδ

t ).

The study of the other term was done in Step 2 and the proof of Step 3 is completed.
Step 4. Let us prove (4.21) and (4.20) begining with the proof of (4.21). For i ∈ {1, 2, 3}, t ∈ πδ,∗,

we introduce the functions defined for every x ∈ Rd by R̄i
t(x) = E[Rδ,i(x, t − δ, Zδ

t )1
δ

1
2 Zδ

t ∈Dη2
] and for

i ∈ {1, 2}, j ∈ {1, 2, 3}, R̄i,j
t (x) = E[Rδ,i,j(x, t − δ, Zδ

t )1
δ

1
2 Zδ

t ∈Dη2
] (with the notation Rδ,2,j = R̂δ,2,jV ).

In particular, since {Θη2,T ,t > 0} = {Θη2,T ,t−δ > 0}∩{δ 1
2Zδ

t ∈ Dη2}, then R̄V (x, t− δ) =
∑5

i=1 R̄
i
t(x) =

E[Rδ(x, t− δ, Zδ
t )1

δ
1
2 Zδ

t ∈Dη2
] + R̄4

t (x) + R̄5
t (x) with

R̄4
t (x) = − δ

1
2

N∑
i=1

V [i](x, t− δ)E[Zδ,i
t 1

δ
1
2 Zδ

t /∈Dη2
],

R̄5
t (x) = − δV [0](x, t− δ)P(δ 1

2Zδ
t /∈ Dη2).

We first study ∂αx

x R̄1
t for αx ∈ Nd. We first remark that R̄1

t = R̄1,3
t + ∇xV (·, t− δ)R̄1,2

t + R̄1,4
t , with,

for every x ∈ Rd and t ∈ πδ,∗,

R̄1,4
t (x) =E[(2δ 1

2

N∑
l=1

Zδ,l
t Vl(x, t− δ) +Rδ,1,1(x, t− δ, Zδ

t ))t

× ∇2
x V (x, t− δ)Rδ,1,1(x, t− δ, Zδ

t )1
δ

1
2 Zδ

t ∈Dη2
]

We begin with the study of R̄1,2
t (x). We observe that, for every t ∈ πδ,∗,∑

i,l∈N

(Zδ,i
t Zδ,l

t − 1i=l)∂zi∂zlψ(x, t− δ, 0, 0)1
δ

1
2 Zδ

t ∈Dη2

=
∑

i,l∈N

(Zδ,i
t Zδ,l

t 1
δ

1
2 Zδ

t ∈Dη2
− E[Zδ,i

t Zδ,l
t 1

δ
1
2 Zδ

t ∈Dη2
] + E[Zδ,i

t Zδ,l
t 1

δ
1
2 Zδ

t ∈Dη2
])∂zi∂zlψ(x, t, 0, 0)

with |
∑

i,l∈N E[Zδ,i
t Zδ,l

t 1
δ

1
2 Zδ

t /∈Dη2
]| ⩽ η−a

2 E[|Zδ
t |2+a

RN ], for every a > 0. In particular we take a =

⌈− 3 ln(δ)
2 ln(η2) ⌉. Combining this estimate with standard calculus together with hypothesis A1(|αx| + 3) (see

(2.2)) and Aδ
3(+∞) (see (2.7)), we obtain, for every x ∈ Rd,

|∂αx

x R̄1,2
t (x)|Rd ⩽δ

3
2C MC(Zδ) K|αx|+3(1 + |x|CRd).

By similar arguments, it follows from A1(|αx| + 2) (see (2.2)), that

|∂αx

x R̄1,3
t (x)|Rd + |∂αx

x R̄1,4
t (x)|Rd ⩽δ

3
2C MC(Zδ) KC

|αx|+2 KV,|αx|+3(1 + |x|CR ).

We conclude that, under the assumptions A1(|αx| + 3) and Aδ
3(+∞), then, for every x ∈ Rd,

|∂αx

x R̄1
t (x)|Rd ⩽δ

3
2C MC(Zδ) KC

|αx|+3 KV,|αx|+3(1 + |x|CRd).
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Now, we focus on the study of ∂αx

x R̄2
t . We first observe that R̄2

t = (R̄2,3
t − R̄2,2

t − R̄2,4
t )V (·, t − δ),

where we have introduced the function R̄2,4
t defined for every x ∈ Rd by

R̄2,4
t (x) =E[1

δ
1
2 Zδ

t ∈Dη2
(R̂δ,2,1(x, t− δ, Zδ

t )2

+ δ
1
2

∑
l∈N

Zδ,l
t (∇xVl(x, t− δ)R̂δ,2,1(x, t− δ, Zδ

t ) + R̂δ,2,1(x, t− δ, Zδ
t )∇xVl(x, t− δ)))],

We begin with the study of R̄2,2
t . Remembering that R̄2,2

t = ∇xR̄
1,2
t V (·, t − δ) and using similar

arguments as in the study of R̄1,2
t , under the assumptions A1(|αx| + 4) (see (2.2)) and Aδ

3(+∞) (see
(2.7)), then, for every x ∈ Rd,

|∂αx

x R̄2,2
t (x)|Rd ⩽δ

3
2C MC(Zδ) K|αx|+4 KV,|αx|(1 + |x|CR ).

We then bound the derivatives of R̄2,3
t . We first remark that R̂δ,2,3(x, t, z) =

∑∞
k=3(Id×d−∇xψ(x, t−

δ, δ
1
2Zδ

t , δ))k, where for a matrix M ∈ Rd×d, Mk+1 = MMk, k ∈ N. If |αx| = 1, it follows from standard
calculus that

∂αx

x R̄2,3
t (x) =E[

∞∑
k=3

(Id×d − ∇xψ(x, t− δ, δ
1
2Zδ

t , δ))k]∂αx

x V (x, t− δ)

− E[
∞∑

k=3

k∑
l=1

((Id×d − ∇xψ)l−1∂αx

x ∇xψ(Id×d − ∇xψ)k−l)(x, t− δ, δ
1
2Zδ

t , δ)]V (x, t− δ).

When |αx| > 1, we iterate the above formula. Combining this decomposition with the following
estimate

|∂αx

x ∇xψ(x, t− δ, δ
1
2Zδ

t , δ)|Rd×d =|δ 1
2

∑
l∈N

Zδ,l
t ∂αx

x ∇xVl(x, t− δ) + ∂αx

x R̂δ,2,1(x, t− δ, Zδ
t )|Rd×d

⩽2δ 1
2 K|αx|+3(1 + |x|p|αx|+3

Rd + |Zδ
t |p|αx|+3

RN )(1 + |Zδ
t |2RN ),

we deduce that

|∂αx

x R̄2,3
t (x)|Rd ⩽C KC

|αx|+3 KV,|αx| E[(1 + |x|CRd + |Zδ
t |CRN )

×
∞∑

k=0
δ

max(3−k,0)
2 (k + 1)|αx||Id×d − ∇xψ|kRd×d(x, t− δ, δ

1
2Zδ

t , δ)1δ
1
2 Zδ

t ∈Dη2
].

Using Aδ
1 (see (2.3)), we have (4.13). Moreover, when k ⩾ 3, we use |Zδ

t |kRN 1
δ

1
2 Zδ

t ∈Dη2
⩽ |Zδ

t |3RN η
k−3
2

and we obtain (where the constant C in the first line below is the same as in the previous estimate)

E[δ
max(3−k,0)

2 (k + 1)|αx|(1 + |x|CRd + |Zδ
t |CRN )|Id×d − ∇xψ|kRd×d(x, t− δ, δ

1
2Zδ

t , δ)1δ
1
2 Zδ

t ∈Dη2
]

⩽δ
max(k,3)

2 η
max(k−3,0)(p +1)
2 (k + 1)|αx|4k Kk

3 MC(Zδ
t )(1 + |x|CRd).

Since δ 1
2 η

p3 +1
2 4 K3 <

1
2 (see (4.14)), we also obtain the estimate

|∂αx

x R̄2,3
t (x)|Rd + |∂αx

x R̄2,4
t (x)|Rd ⩽δ

3
2C MC(Zδ) KC

|αx|+3 KV,|αx|(1 + |x|CRd).

We conclude that, under the assumptions Aδ
1(|αx| + 4) and (2.3)), Aδ

3(+∞), and δ 1
2 η

p3 +1
2 4 K3 <

1
2 ,

then, for every x ∈ Rd,

|∂αx

x R̄2
t (x)|Rd ⩽δ

3
2C MC(Zδ) KC

|αx|+4 KV,|αx|(1 + |x|CRd).

We now focus on the study of R̄3
t . We have

R̄3
t =R̄3,1

t − R̄3,2
t + R̄3,3

t − R̄3,4
t ,
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where we have introduced

R̄3,1
t (x) =δ 1

2
∑
l∈N

E[Zδ,l
t R̂δ,2(x, t− δ, Zδ

t )∇xV (x, t− δ)Vl(x, t− δ)1
δ

1
2 Zδ

t ∈Dη2
]

R̄3,2
t (x) =δ 1

2
∑
l∈N

E[Zδ,l
t ∇xVl(x, t− δ)Rδ,1(x, t− δ, Zδ

t ))1
δ

1
2 Zδ

t ∈Dη2
]

R̄3,3
t (x) =E[1

δ
1
2 Zδ

t ∈Dη2
R̂δ,2(x, t− δ, Zδ

t )

× (δ∇xV (x, t− δ)V0(x, t− δ) + δ∂tV (x, t− δ)

+ δ
1
2

∑
l∈N

Vl(x, t− δ)t ∇2
x V (x, t− δ)Vl(x, t− δ) +Rδ,1(x, t− δ, Zδ

t ))]

R̄3,4
t (x) =δ2(∇xV0(x, t− δ) −

N∑
l=1

∇xVl(x, t− δ)2)

× (∇xV (x, t− δ)V0(x, t− δ) + ∂tV (x, t− δ)

+ 1
2

N∑
l=1

Vl(x, t− δ)t ∇2
x V (x, t− δ)Vl(x, t− δ)).

Using a similar approach as in the study of R̄1
t and R̄2

t , we also deduce that, under the assumptions
(4.14), it follows from Aδ

1(|αx| + 4) (see (2.2) and (2.3)) and Aδ
3(+∞) (see (2.7)) that

|∂αx

x R̄3
t (x)|Rd ⩽δ

3
2C MC(Zδ) KC

|αx|+4 KC
V,|αx|+3(1 + |x|CRd).

To complete the proof, it remains to study R̄4
t and R̄5

t . As a direct consequence of the Markov
inequality, we have

E[
∑
i∈N

Zδ,i
t 1

δ
1
2 Zδ

t /∈Dη2
] ⩽ δ

3
2 MC(Zδ) and P(δ 1

2Zδ
t /∈ Dη2) ⩽ δ

3
2 M⌈− C

⌉
(Zδ).

Consequently

|∂αx

x R̄4
t (x)|Rd ⩽δ

3
2C MC(Zδ) K|αx|+2 KV,|αx|+1(1 + |x|p|αx|+2 + pV,|αx|+1

R ),

and

|∂αx

x R̄5
t (x)|Rd ⩽δ

3
2C MC(Zδ) K2

|αx|+3 KV,|αx|+2(1 + |x|2 p|αx|+3 + pV,|αx|+2
R ).

and this complete the proof of (4.21). To conclude, it remains to study R̃V . We first observe that
R̃V (x, t− δ) = (Rδ(x, t− δ, Zδ

t )1
δ

1
2 Zδ

t ∈Dη2
− E[Rδ(x, t− δ, Zδ

t )1
δ

1
2 Zδ

t ∈Dη2
]) + R̃4

t (x) + R̃5
t (x), with

R̃4
t (x, z) = − δ

1
2

∑
i∈N

V [i](x, t− δ)(zi1
δ

1
2 z /∈Dη2

− E[Zδ,i
t 1

δ
1
2 Zδ

t /∈Dη2
]),

R̃5
t (x, z) = − δV [0](x, t− δ)(1

δ
1
2 z /∈Dη2

− P(δ 1
2Zδ

t /∈ Dη2)).

Using Aδ
1(2) (see (2.2)) and Aδ

3(q̃δ
η2

) (see (2.7)), we obtain

|R̃4
t (x, z)|Rd =|δ 1

2
∑
i∈N

V [i](x, t− δ)(zi1
δ

1
2 z /∈Dη2

− E[Zδ,i
t 1

δ
1
2 Zδ

t /∈Dη2
])|Rd

⩽δC K2 KV,1 MC(Zδ)(1 + |x|2(p2 + pV,1)
Rd + |z|CRN ),

and using Aδ
1(3) (see (2.2)), we get |R̃5

t (x, z)|Rd ⩽ δC K2
3 KV,2(1 + |x|2 p3 + pV,2

Rd ). We treat the other
terms by a similar but simpler (since it does not involves derivatives) method used to study R̄ and
complete the proof of (4.20). □

A.4. Proof of Lemma 4.6.

Proof. The strategy of this proof is to derive localized estimates on our probability together with (small)
estimates of the probability that the localizing spaces are not reached. Step 1. To begin we show that
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for every ϵ ∈ [ϵ1(δ), ϵ̄1(δ)], every s ∈ (3r, 1
2 ), u ∈ (0, 1

2 − s), every p, v, v′ > 0, and every q ⩾ 4,

P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr,AY

u,q)

⩽ϵpE[|Y0|
p
v ] + P(δ|Y0|2 ⩾ ϵ)

+ δ
q
4 (δ

q
4 ϵ−q(s+2u) + ϵ−q(s+u) + ϵ−q

(2+v′)
4 )25q(1 ∨ T 2q)(1 + sup

t∈T
E[|Yt−δ|q])

+ 2 exp(−ϵ−4s

16 ) + 2 exp(−2ϵ−v′
) + 2 exp(−ϵ2(s+u)−1

211T 2 )

+ P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr,A1, |Y0|2 < ϵs

δ| T |
,AY

u,q),

with ϵ1(δ) = max((16δT 2)
1

s+2u , (210δT 3)
1

2u+2s+2v ), ϵ̄1(δ) = 2− 1
1−s and

AY
u,q ={sup

t∈T
| K (Y )t−δ| ⩽ ϵ−u} ∩ {sup

t∈T
E[| M (Y )t−δ|q|FY

t−δ] ⩽ ϵ−qu}

∩ {sup
t∈T

| K (K (Y ))t−δ| ⩽ ϵ−u} ∩ {sup
t∈T

E[| M (K (Y ))t−δ|q|FY
t−δ] ⩽ ϵ−qu},

A1 :={δ2
∑

w,t∈T
w⩽t

E[| M (Y )w−δ|2|FY
w−δ] < ϵs} ∩ {δ2

∑
w,t∈T

w⩽t

| M (Y )w−δ|2 < ϵs}.

We begin by writing, with notation introduced in (4.17), for every t ∈ T ,

Y 2
t =Y 2

t−δ + δ
1
2 2 M (Y )t−δYt−δ + δ(2 K (Y )t−δYt−δ + | M (Y )t−δ|2) + δ

3
2 2 M (Y )t−δ K (Y )t−δ + δ2| K (Y )t−δ|2

=Y 2
0 +

∑
w∈T
w⩽t

δ
1
2 2 M (Y )w−δYw−δ + δ(2 K (Y )w−δYw−δ + | M (Y )w−δ|2) + δ

3
2 2 M (Y )w−δ K (Y )w−δ + δ2| K (Y )w−δ|2.

We now introduce the following event, on which we can control δ
∑

t∈T |Yt|2,

A2 :={δ 3
2 |

∑
w,t∈T

w⩽t

2 M (Y )w−δYw−δ| < ϵs

8 } ∩ {|δ2
∑

w,t∈T
w⩽t

2 K (Y )w−δYw−δ| < ϵs

8 }

∩ {|δ2
∑

w,t∈T
w⩽t

| M (Y )w−δ|2 − E[| M (Y )w−δ|2|FY
w ]| < ϵs

8 }

∩ {δ3
∑

w,t∈T
w⩽t

|δ 1
2 2 M (Y )w−δ K (Y )w−δ + δ| K (Y )w−δ|2| < ϵs

8 }.

Our idea is to distinguish the cases w.r.t. the event A2. We first estimate P(δ
∑

t∈T |Yt|2 <

ϵ,Ac
2,AY

u,q). We then treat each event appearing the definition of A2 separately. In the sequel, for t ∈ πδ

we will denote nT ,δ,t = | T |−tδ−1. Concerning the first term, since supt∈T | M (Y )t−δ|2, supt∈T E[| M (Y )t−δ|2|FY
t−δ] ⩽

ϵ−2u on AY
u,q, for every s ∈ (3r, 1

2 ), u ∈ (0, 1
2 − s), we have

P(|δ 3
2

∑
w,t∈T

w⩽t

2 M (Y )w−δYw−δ| ⩾ ϵs

8 , δ
∑
t∈T

|Yt|2 < ϵ,AY
u,q)

⩽P(|δ 3
2

∑
t∈T

nT ,δ,t−δ M (Y )t−δYt−δ| ⩾ ϵs

16 , δ
∑
t∈T

|Yt−δ|2 < 2ϵ,AY
u,q) + P(δ|Y0|2 ⩾ ϵ)

⩽P(|δ 3
2

∑
t∈T

nT ,δ,t−δ M (Y )t−δYt−δ| ⩾ ϵs

16 ,

δ3
∑
t∈T

|nT ,δ,t−δ|2(| M (Y )t−δ|2 + E[| M (Y )t−δ|2|FY
t−δ])|Yt−δ|2 < 4(δ| T |)2ϵ1−2u)

+ P(δ3
∑
t∈T

|nT ,δ,t−δ|2(| M (Y )t−δ|2 + E[| M (Y )t−δ|2|FY
t−δ])|Yt−δ|2 ⩾ 4(δ| T |)2ϵ1−2u,

δ
∑
t∈T

|Yt−δ|2 < 2ϵ,AY
u,q) + P(δ|Y0|2 ⩾ ϵ).
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Using the martingale exponential inequality (4.17), the first term of the r.h.s. above is bounded by
2 exp(− ϵ2(s+u)−1

211(δ| T |)2 ). We now study the second term of the r.h.s. above. Let us denote Ht = | M (Y )t|2 −
E[| M (Y )t|2|FY

t ], t ∈ πδ. Then the aforementioned term is bounded by

P(δ3
∑
t∈T

|nT ,δ,t−δ|2Ht−δ|Yt−δ|2 ⩾ 2(δ| T |)2ϵ1−2u,AY
u,q)

+ P(δ3
∑
t∈T

|nT ,δ,t−δ|2|E[| M (Y )t−δ|2|FY
t−δ]|Yt−δ|2 ⩾ (δ| T |)2ϵ1−2u, δ

∑
t∈T

|Yt−δ|2 < 2ϵ,AY
u,q).

Since nT ,δ,t ⩽ | T | for every t ∈ T and supt∈T E[| M (Y )t−δ|2|FY
t−δ] ⩽ ϵ−2u on AY

u,q, the second term
of the r.h.s. above is equal to zero. We then focus to the first term of the r.h.s. above. Let v′ > 0. In
preparation to use the martingale exponential inequality, we consider the following estimate

P(δ3
∑
t∈T

|nT ,δ,t−δ|2Ht−δ|Yt−δ|2 ⩾ 2(δ| T |)2ϵ1−2u,AY
u,q)

⩽P(δ3
∑
t∈T

|nT ,δ,t−δ|2Ht−δ|Yt−δ|2 ⩾ 2(δ| T |)2ϵ1−2u,

δ6
∑
t∈T

|nT ,δ,t−δ|4(|Ht−δ|2 + E[|Ht−δ|2|FY
t−δ])|Yt−δ|4 < (δ| T |)4ϵ2+v′−4u,AY

u,q)

+ P(δ6
∑
t∈T

|nT ,δ,t−δ|4(|Ht−δ|2 + E[|Ht−δ|2|FY
t−δ])|Yt−δ|4 ⩾ (δ| T |)4ϵ2+v′−4u,AY

u,q).

Using (4.17), the first term of the r.h.s. above is bounded by 2 exp(−2ϵ−v′). To study the second
term, we use the Markov and the Hölder inequalities and for every q′ ∈ [1, q

4 ] (more specifically, triangle
inequality when q′ = 1), we obtain

P(δ6
∑
t∈T

|nT ,δ,t−δ|4(|Ht−δ|2 + E[|Ht−δ|2|FY
t−δ])|Yt−δ|4 ⩾ (δ| T |)4ϵ2+v′−4u,AY

u,q)

⩽P((δ| T |)q′−1δ
∑
t∈T

(|Ht−δ|2 + E[|Ht−δ|2|FY
t−δ])q′

|Yt−δ|4q′
⩾ δ−q′

ϵq
′(2+v′−4u),AY

u,q)

⩽δq′
ϵ−q′(2+v′−4u)(δ| T |)q′−1δ

∑
t∈T

2q′
E[|Ht−δ|2q′

|Yt−δ|4q′
1supt∈T E[| M (Y )t−δ|q|FY

t−δ
]⩽ϵ−qu ]

⩽δq′
ϵ−q′(2+v′−4u)23q′−1(δ| T |)q′−1(δ

∑
t∈T

E[|Yt−δ|4q′
E[| M (Y )t−δ|4q′

|FY
t ]1E[| M (Y )t−δ|q|FY

t−δ
]⩽ϵ−qu ]

+ δ
∑
t∈T

E[|Yt−δ|4q′
| M (Y )t−δ|4q′

1E[| M (Y )t−δ|q|FY
t−δ

]⩽ϵ−qu ])

⩽δq′
ϵ−(2+v′)q′

23q′
(δ| T |)q′−1 sup

t∈T
E[|Yt−δ|4q′

],

where for the last inequality, we use that, since q′ ⩽ q
4 , it follows from the Hölder inequality that

E[|Yt−δ|4q′
| M (Y )t|4q′

1E[| M (Y )t−δ|q|FY
t−δ

]⩽ϵ−qu ] ⩽E[|Yt−δ|4q′
E[| M (Y )t|4q′

|FY
t ]1E[| M (Y )t−δ|4q′ |FY

t−δ
]⩽ϵ−4q′u ]

⩽ϵ−4q′uE[|Yt−δ|4q′
].

Gathering all the previous bounds, we complete the estimation of P(|δ 3
2

∑
w,t∈T ;w⩽t 2 M (Y )w−δYw−δ| ⩾

ϵs

8 , δ
∑

t∈T |Yt|2 < ϵ,AY
u,q). Conducting a similar approach we also obtain

P(|δ2
∑

w,t∈T
w⩽t

| M (Y )w−δ|2 − E[| M (Y )w−δ|2|FY
w−δ]| ⩾ ϵs

8 ,A
Y
u,q) = P(δ2|

∑
t∈T

nT ,δ,t−δHt−δ| ⩾ ϵs

8 ,A
Y
u,q)

⩽P(δ2
∑
t∈T

nT ,δ,t−δHt−δ ⩾
ϵs

8 , δ
4

∑
t∈T

|nT ,δ,t−δ|2(|Ht−δ|2 + E[|Ht−δ|2|FY
t−δ]) < ϵ4s

8 ,AY
u,q)

+ P(δ4
∑
t∈T

|nT ,δ,t−δ|2(|Ht−δ|2 + E[|Ht−δ|2|FY
t−δ]) ⩾ ϵ4s

8 ,AY
u,q),

where, as a consequence of the exponential martingale inequality (4.17), the first term is bounded
by 2 exp(− 1

16ϵ
−4s). To complete the upper bound on the l.h.s. above, we notive that,owing to the Hölder
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and Markov inequalities that, for every q′ ∈ [1, q
4 ],

P(δ4
∑
t∈T

|nT ,δ,t−δ|2(|Ht−δ|2+E[|Ht−δ|2|FY
t−δ]) ⩾ ϵ4s

8 ,AY
u,q)

⩽δq′
ϵ−4(s+u)q′

26q′
(δ| T |)3q′−1.

For the next term, we remark that, since supt∈T | K (Y )t−δ|1AY
u,q

⩽ ϵ−u, it follows from the Cauchy-
Schwarz inequality that

|
∑

w,t∈T
w⩽t

K (Y )w−δYw−δ|1AY
u,q

1|Y0|<ϵ−v < | T | 3
2 ϵ−u(ϵ−2v +

∑
t∈T

|Yt|2) 1
2 ,

and, for v > 0, as soon as ϵ ∈ [(32(δ| T |) 3
2 δ

1
2 )

1
u+s+v , 1],

P(δ
∑
t∈T

|Yt|2 < ϵ, |δ2
∑

w,t∈T
w⩽t

2 K (Y )w−δYw−δ| ⩾ ϵs

8 ,A
Y
u,q, |Y0| < ϵ−v) = 0.

Moreover, from the Markov inequality, we deduce that for every q′ ⩾ p
v , P(|Y0| ⩾ ϵ−v) ⩽ ϵpE[|Y0|q′ ].

Finally, for every ϵ ⩾ |16δ3| T |2|
1

s+2u , using the Markov and Hölder inequalities and then the tower
property, yields

P(δ2
∑
w∈T
w⩽t

|δ 1
2 2 M (Y )w−δ K (Y )w−δ + δ| K (Y )w−δ|2| ⩾ ϵs

8 ,A
Y
u,q)

⩽P(δ5/2
∑
w∈T
w⩽t

|2 M (Y )w−δ K (Y )w−δ| ⩾ ϵs

8 − δ3| T |2ϵ−2u,AY
u,q)

⩽E[32q| T |2q−2δ5q/2
∑
w∈T
w⩽t

| M (Y )w−δ|qϵ−q(s+u)1AY
u,q

]

⩽32q| T |2q−2ϵ−q(s+u)δ5q/2
∑
w∈T
w⩽t

E[| M (Y )w−δ|q1E[| M (Y )w−δ|q|FY
w−δ

]⩽ϵ−qu ]

⩽32qδ
q
2 ϵ−q(s+2u)(δ| T |)2q.

In particular, taking q′ = q
4 , we have proved that for every ϵ ∈ [ϵ1(δ), 1],

P(δ
∑
t∈T

|Yt|2 <ϵ,Ac
2,AY

u,q) ⩽ ϵpE[|Y0|
p
v ]) + P(δ|Y0|2 ⩾ ϵ) + δ

q
4 ϵ−q(s+u)2

3q
2 (δ| T |)

3q
4 −1

+ 25qδ
q
2 ϵ−q(s+2u)(δ| T |)2q + δ

q
4 ϵ−

(2+v′)q
4 2

3q
4 (δ| T |)

q
4 −1 sup

t∈T
E[|Yt−δ|q]

+ 2 exp(−ϵ−4s

16 ) + 2 exp(−2ϵ−v′
) + 2 exp(− ϵ2(s+u)−1

212(δ| T |)2 ).

At this point, we remark that

A2 ⊂{δ
∑
t∈T

|Y0|2 + δ2
∑

w,t∈T
w⩽t

| M (Y )w−δ|2 < δ
∑
t∈T

|Yt|2 + ϵs

2 }

∩ {δ
∑
t∈T

|Y0|2 + δ2
∑

w,t∈T
w⩽t

E[| M (Y )w−δ|2|FY
w−δ] < δ

∑
t∈T

|Yt|2 + ϵs

2 }.

In particular, for every ϵ ⩽ 2− 1
1−s , we have ϵ ⩽ ϵs

2 and

{δ
∑
t∈T

|Yt|2 < ϵ} ∩ A2 ⊂ {δ
∑
t∈T

|Yt|2 < ϵ} ∩ A1 ∩ {|Y0|2 < ϵs

δ| T |
},

and, remarking that δ| T | ⩽ T . the proof of Step 1 is completed.



50 C. Rey

Step 2. We show that for every ϵ ∈ (0, ϵ̄2(δ)] and u ∈ (0, s
4 − 3r

4 ),

P(δ
∑
t∈T

|Yt|2 < ϵ,δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] ⩾ ϵr

2 ,A1,AY
u,q) = 0.

with ϵ̄2(δ) = min(4δ| T |)
1

2u+r , |27δ| T ||−
1

s−3r−4u ). First, we recall that AY
u,q ⊂ {supt∈T E[| M (Y )t−δ|2|FY

t−δ] ⩽
ϵ−2u} and we observe that

ϵr+2u

4 ϵ−2u + δ(| T | − ϵr+2u

4 ) ϵr

4δ| T |
<
ϵr+2u

4 ϵ−2u + δ| T | ϵr

4δ| T |
= ϵr

2 ,

with ϵr+2u ⩽ 4| T | and ϵr

4δ| T | ⩽ ϵ−2u for ϵ ⩽ (4δ| T |)
1

2u+r . Therefore, on the set {δ
∑

t∈T E[| M (Y )t−δ|2|FY
t−δ] ⩾

ϵr

2 } ∩ {supt∈T E[| M (Y )t−δ|2|FY
t−δ] ⩽ ϵ−2u}, the following minoration holds

δ
∑
t∈T

1E[| M (Y )t−δ|2|FY
t−δ

]⩾ ϵr

4δ| T |
⩾
ϵr+2u

4 .

It follows that

δ2
∑

w,t∈T
w⩽t

E[| M (Y )w−δ|2|FY
w−δ] ⩾δ2

∑
w,t∈T

w⩽t

E[| M (Y )w−δ|2|FY
w−δ]1E[| M (Y )w−δ|2|FY

w−δ
]⩾ ϵr

4δ| T |

⩾
ϵr

4δ| T |
δ2

∑
w,t∈T

w⩽t

1E[| M (Y )w−δ|2|FY
w−δ

]⩾ ϵr

4δ| T |

⩾
ϵr

4δ| T |
1
2
ϵr+2u

4 (ϵ
r+2u

4 + 1) ⩾ ϵ3r+4u

27δ| T |
.

In particular, since ϵ ⩽ |27δ| T ||−
1

s−3r−4u

{δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] ⩾ ϵr

2 } ∩ {δ2
∑

w,t∈T
w⩽t

E[| M (Y )w−δ|2|FY
w−δ] < ϵs} ∩ AY

u,q = ∅.

Recalling that we have A1 ⊂ {δ2 ∑
w,t∈T

w⩽t

E[| M (Y )w−δ|2|FY
w−δ] < ϵs} the proof of Step 2 is

completed.
Step 3. In this part we show that for every ϵ ∈ (ϵ3(δ), ϵ̄3(δ)), every h, s ∈ (3r, 1

2 ) with 2h < s,
u ∈ (0,min( s

2 − h, h
4 − 3r

4 )),

P(δ
∑
t∈T

|Yt|2 < ϵ,δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t ] < ϵr

2 , δ
∑
t∈T

| K (Y )t−δ|2 ⩾
ϵr

2 ,A1, |Y0|2 < ϵs

δ| T |
,AY

u,q)

⩽δ
q
4 (δ

q
4 ϵ−q(h+2u) + ϵ−

(2+v′)q
4 )25q(1 ∨ T 2q)(1 + sup

t∈T
E[|Yt−δ|q])

+ ϵ
q(s−2h−2u)

2 23qT q + P(δ|Y0|2 ⩾ ϵ)

+ 2 exp(−ϵ2(h+u)−1

29T 2 ) + 2 exp(−2ϵ−v′
) + 2 exp(−ϵ2h+2u

28δT 2 ),

with

ϵ3(δ) =(16δT 2)
1

h+2u ,

ϵ̄3(δ) = min((28δ| T |)− 1
h−3r−4u , (4δ| T |)− 1

s−2h−2u , 1).

In the same way as in the proof of Step 1, we begin by writing for every t ∈ T ,

Yt K (Y )t =Y0 K (Y )0 +
∑
w∈T
w⩽t

δ
1
2 (M (Y )w−δ K (Y )w−δ + M (K (Y ))w−δYw−δ)

+ δ(| K (Y )w−δ|2 + M (K (Y ))w−δ M (Y )w−δ)

+ δ
3
2 (M (K (Y ))w−δ K (Y )w−δ + M (Y )w−δ K (K (Y ))w−δ) + δ2 K (K (Y ))w−δ K (Y )w−δ,
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and we define for h ∈ (3r, s
2 )

A3 :={|
∑

w,t∈T
w⩽t

δ
3
2 M (K (Y ))w−δYw−δ| < ϵh

8 } ∩ {δ 3
2 |

∑
w,t∈T

w⩽t

M (Y )w−δ K (Y )w−δ| < ϵh

8 }

∩ {|δ2
∑

w,t∈T
w⩽t

M (K (Y ))w−δ M (Y )w−δ| < ϵh

8 }

∩ {δ2
∑

w,t∈T
w⩽t

|δ 1
2 (M (K (Y ))w−δ K (Y )w−δ + M (Y )w−δ K (K (Y ))w−δ) + δK (K (Y ))w−δ K (Y )w−δ| < ϵh

8 }.

We take u ∈ (0, s
2 − h). Using the exact same approach as in Step 1, the exponential martingale

inequality (4.17) together with the Markov and Hölder inequalities imply that, for every v′ > 0, we
obtain the following first estimate

P(|
∑

w,t∈T
w⩽t

δ
3
2 M (K (Y ))w−δYw−δ| ⩾ ϵh

8 , δ
∑
t∈T

|Yt|2 < ϵ,AY
u,q)

⩽δ
q
4 ϵ−

(2+v′)q
4 2

3q
4 (δ| T |)

3q
4 −1 sup

t∈T
E[|Yt−δ|q]

+ P(δ|Y0|2 ⩾ ϵ) + 2 exp(− ϵ2h+2u−1

29(δ| T |)2 ) + 2 exp(−2ϵ−v′
).

Moreover, since A3 ⊂ {δ2 ∑
w,t∈T ;w⩽t E[| M (Y )w−δ|2|FY

w−δ]+| M (Y )w−δ|2 < 2ϵs} and supt∈T | K (Y )t−δ| ⩽
ϵ−u on AY

u,q, the inequality (4.17) yields

P(δ 3
2 |

∑
w,t∈T

w⩽t

M (Y )w−δ K (Y )w−δ| ⩾ ϵh

8 ,A3,AY
u,q) ⩽2 exp(−ϵ2h+2u−s

28δ| T |
).

It remains to study thlas term steming from the definition of A3. Using the Cauchy-Schwarz
inequality, we have

P(|δ2
∑

w,t∈T
w⩽t

M (K (Y ))w−δ M (Y )w−δ| ⩾ ϵh

8 , δ
2

∑
w,t∈T

w⩽t

| M (Y )w−δ|2 < ϵs,AY
u,q)

⩽P(δ2
∑

w,t∈T
w⩽t

| M (K (Y ))w−δ|2 ⩾
ϵ2h−s

64 , δ2
∑

w,t∈T
w⩽t

| M (Y )w−δ|2 < ϵs,AY
u,q),

In addition, by the Markov and Hölder inequalities, we derive

P(δ2
∑

w,t∈T
w⩽t

| M (K (Y ))w−δ|2 ⩾
ϵ2h−s

64 ,AY
u,q) ⩽ϵ

q(s−2h)
2 23qE[|δ2

∑
w,t∈T

w⩽t

| M (K (Y ))w−δ|2|
q
2 1AY

u,q
]

⩽ϵ
q(s−2h)

2 23qδ2
∑

w,t∈T
w⩽t

E[| M (K (Y ))w−δ|q1AY
u,q

](δ2| T |2)q/2−1

⩽ϵ
q(s−2h−2u)

2 23q(δ| T |)q.
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Besides, for every ϵ ⩾ (16δ3| T |2)
1

h+2u , we have δ3 ∑
w,t∈T ;w⩽t | K (K (Y ))w−δ K (Y )w−δ| ⩽ ϵh

16 on
the set AY

u,q. Using again the triangle, Markov and Hölder inequalities yields

P(δ2
∑

w,t∈T
w⩽t

|δ 1
2 (M (K (Y ))w−δ K (Y )w−δ + M (Y )w−δ K (K (Y ))w−δ) + δK (K (Y ))w−δ K (Y )w−δ| ⩾ ϵh

8 ,A
Y
u,q)

⩽P(δ5/2
∑

w,t∈T
w⩽t

| M (K (Y ))w−δ K (Y )w−δ + M (Y )w−δ K (K (Y ))w−δ| ⩾ ϵh

16 ,A
Y
u,q)

⩽25qδ
q
2 ϵ−q(h+2u)(δ| T |)2q.

In particular, for every ϵ ⩾ ϵ3(δ), we have just shown that

P(δ
∑
t∈T

|Yt|2 <ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] < ϵr

2 ,A1,Ac
3,AY

u,q) ⩽

δ
q
4 (25qδ

q
4 ϵ−q(h+2u)T 2q + ϵ−

(2+v′)q
4 2

3q
4 T

3q
4 −1 sup

t∈T
E[|Yt−δ|q])

+ ϵ
q(s−2h−2u)

2 23qT q + P(δ|Y0|2 ⩾ ϵ)

+ 2 exp(− ϵ2h+2u−1

29(δ| T |)2 ) + 2 exp(−2ϵ−v′
) + 2 exp(−ϵ2h+2u−s

28δ| T |
).

We notice that, similarly as in Step 1,

A3 ⊂ {δ
∑
t∈T

Y0 K (Y )0 + δ2
∑

w,t∈T
w⩽t

| K (Y )w−δ|2 < δ|
∑
t∈T

Yt K (Y )t| + ϵh

2 }.

It follows from the Cauchy-Schwarz inequality, applied to
∑

t∈T Yt K (Y )t, and the triangle inequality
that, for every ϵ ⩽ 1 ∧ (4δ| T |)

1
s−2u−2h ,

P(δ
∑
t∈T

|Yt|2 <ϵ, δ
∑
t∈T

| K (Y )t−δ|2 ⩾
ϵr

2 ,A1,A3, |Y0|2 < ϵs

δ| T |
,AY

u,q)

⩽P(δ
∑
t∈T

| K (Y )t−δ|2 ⩾
ϵr

2 , δ
2

∑
w,t∈T

w⩽t

| K (Y )w−δ|2 < ϵh

2 + (δ| T |) 1
2 ϵ−u(ϵ s

2 + ϵ
1
2 ),AY

u,q)

⩽P(δ
∑
t∈T

| K (Y )t−δ|2 ⩾
ϵr

2 , δ
2

∑
w,t∈T

w⩽t

| K (Y )w−δ|2 < ϵh,AY
u,q).

Similarly as in Step 2, we notice that, on the set {δ
∑

t∈T | K (Y )t−δ|2 > ϵr

2 } ∩ AY
u,q then

δ
∑
t∈T

1| K (Y )t|2⩾ ϵr

4δ| T |
⩾
ϵr+2u

4 and δ2
∑

w,t∈T
w⩽t

| K (Y )w−δ|2 ⩾
ϵ3r+4u

27δ| T |
.

In particular for every ϵ ⩽ |27δ| T ||−
1

h−3r−4u ,

{δ
∑
t∈T

| K (Y )t−δ|2 ⩾
ϵr

2 } ∩ {δ2
∑

w,t∈T
w⩽t

| K (Y )w−δ|2 < ϵh} = ∅.

and the proof of Step 3 is completed.
Step 4. We now show (4.23). In the first three steps we have proved that, for every h, s ∈

(3r, 1
2 ) with 2h < s, u ∈ (0,min( 1

2 − s, s
2 − h, h

4 − 3r
4 )), every p, v, v′ > 0, every q ⩾ 4 and every
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ϵ ∈ [max(ϵ1(δ), ϵ3(δ), 8δ),min(1, ϵ̄1(δ), ϵ̄2(δ), ϵ̄3(δ))],

P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr,AY

u,q)

⩽ϵpE[|Y0|
p
v ]) + 2P(δ|Y0|2 ⩾ ϵ) + ϵ

q(s−2h−2u)
2 23qT q

+ δ
q
4 (2δ

q
4 ϵ−q(s+2u) + 3ϵ−q

(2+v′)
4 )25q(1 ∨ T 2q)(1 + sup

t∈T
E[|Yt−δ|q])

+ 2 exp(−ϵ−4s

16 ) + 4 exp(−2ϵ−v′
) + 6 exp(−ϵ2s+2u−1

211T 2 ).

We first observe that, as a direct consequence of the Markov inequality, for p > 0,

P((AY
u,q)c) ⩽ϵp(E[sup

t∈T
| K (K (Y ))t−δ|

p
u ] + E[sup

t∈T
E[| M (Y )t−δ|q|FY

t−δ]
p

qu ]

+ E[sup
t∈T

| K (K (Y ))t−δ|
p
u ] + E[sup

t∈T
E[| M (K (Y ))t−δ|q|FY

t−δ]
p

qu ]).

At this point, we assume that q ⩾ 2p
s−2h−2u . Then, for every v′ > 0 such that ϵ ⩾ δ

1
2+v′+ p

q , we have

P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr,AY

u,q)

⩽ϵpE[|Y0|
p
v ]) + 2P(δ|Y0|2 ⩾ ϵ)

+ ϵp25q5(1 ∨ T 2q)(1 + sup
t∈T

E[|Yt−δ|q])

+ 2 exp(−ϵ−4s

16 ) + 4 exp(−2ϵ−v′
) + 6 exp(−ϵ2s+2u−1

211T 2 ).

Moreover, for every q′ > 0 such that ϵ ⩾ δ
q′

q′+2p , P(δ|Y0|2 ⩾ ϵ) ⩽ ϵpE[|Y0|q′ ]. In particular, we take

q′ = 2pq
q(1+v′)+p so that this inequality is satisfied when ϵ ⩾ δ

1
2+v′+ p

q .
Now we fix s = s(r) := 5

11 + 6
11r, h = h(r) := 2

11 + 9
11r and take u < 1

22 − 6
11r. Notice that, snce

r ∈ (0, 1
12 ), we have s(r) ∈ (6r, 1

2 ), h(r) ∈ (3r, s(r)
2 ). Therefore, taking v = 6

11 − 6
11r − u + v′

2 + p
2q , and

q ⩾ max(4, 2p
1

11 − 12
11 r−2u

), we have, for every ϵ ∈ [|210(1 ∨ T 3)δ|
1

2+v′+ p
q ,min(|28T |

− 1
2

11 − 24
11 r−4u , 2

− 1
6

11 − 6
11 r )] ,

P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr, )

⩽ϵpE[|Y0|
p

6
11 − 6

11 r−u+ v′
2 + p

2q ]) + 2ϵpE[|Y0|
2pq

q(1+v′)+p ]
+ ϵp25q5(1 ∨ T 2q)(1 + sup

t∈T
E[|Yt−δ|q])

+ ϵp(E[sup
t∈T

| K (K (Y ))t−δ|
p
u ] + E[sup

t∈T
E[| M (Y )t−δ|q|FY

t−δ]
p

qu ]

+ E[sup
t∈T

| K (K (Y ))t−δ|
p
u ] + E[sup

t∈T
E[| M (K (Y ))t−δ|q|FY

t−δ]
p

qu ])

+ 4 exp(−2ϵ−v′
)) + 8 exp(−ϵ−

1
11 + 12

11 r+2u

211(1 ∨ T 2) ).
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Now we take u = 1
44 − 3

11r and q = q(r, p) = max(4, 2p
1

11 − 12
11 r−2u

, p
u ) = max(4, 44p

1−12r ) (in particular

q(r, p) ⩾ 2p
s−2h−2u ). It follows that, for every ϵ ∈ [|210(1 ∨ T 3)δ|

1
2+v′+ p

q(r,p) , (28(1 ∨ T ))− 11
1−12r ],

P(δ
∑
t∈T

|Yt|2 < ϵ, δ
∑
t∈T

E[| M (Y )t−δ|2|FY
t−δ] + | K (Y )t−δ|2 ⩾ ϵr)

⩽3ϵpE[|Y0|
2pq(r,p)

q(r,p)(1+v′)+p ]

+ ϵp25q(r,p)5(1 ∨ T 2q(r,p))(1 + sup
t∈T

E[|Yt−δ|q(r,p)])

+ ϵp(2 + E[sup
t∈T

| K (K (Y ))t−δ|q(r,p)] + E[sup
t∈T

E[| M (Y )t−δ|q(r,p)|FY
t−δ]]

+ E[sup
t∈T

| K (K (Y ))t−δ|q(r,p)] + E[sup
t∈T

E[| M (K (Y ))t−δ|q(r,p)|FY
t−δ]])

+ 4 exp(−2ϵ−v′
) + 8 exp(− ϵ−

1
22 + 6

11 r

211(1 ∨ T 2) ).

Since q(r, p) > p and v′ > 0, E[|Y0|
2pq(r,p)

q(r,p)(1+v′)+p ] ⩽ 1 + E[|Y0|q(r,p)]. We fix v′ = 1
22 − 6

11r and the
proof of (4.23) is completed.

□
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