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Statement of the problem

Geometry : a 2D waveguide with periodic real refractive index n,
r

Q

Cj-2 Cj1 Cj Ci+

Objective : find the infected cell C; and the support of the defect

¢ =n” —n; in C; from far field scattering data

Already some litterature on inverse scattering for periodic
structures (T. Arens, A. Kirsch, A. Lechleiter, ...) : but the
objective was to find the unknown periodic geometry of the structure

from scattering data (no defect)



Outline of the talk

e First part
1. the forward problem (briefly)

2. the inverse problem with near field data

e Second part
1. the inverse problem with far field data

2. numerical experiments



The forward problem

o .

S_ C Sy

The forward problem : u = u* + '

y

(A+w?n*)u=0 in
< (92u =0 on Fb

+oiu® =TLu® on St

\

e 1, > c>0,n,I1s 1— periodic

e n>c >0, contrast ¢ =n® —n? with D := supp(q) C C
o u' solves Au' +w?n u’ =0in Q and dou' =0on T

e 7 : Dirichlet to Neumann operator on S+



The forward problem

o .

Homogeneous waveguide : the forward problem has a unique

solution u in H*();,) expect for at most a countable set of w

Periodic waveguide :

e Proposition : assuming n, is constant near the transverse

sections of the cell, the forward problem is of Fredholm type
e Conjecture : the D-to-N operator is an analytic function of w

e Theorem : the forward problem has a unique solution u in
H?(Qy) expect for at most a countable set of w

(proof : Fredholm analytical theorem provides uniqueness)



Factorization method (A. Kirsch)

Inverse problem with near field data : we measure on
S = S_US, the scattered field @°(-, y) associated to the incident
field v’ = G(-,y) on S : find D

~

e Near field operator : N : L?(S) — L?(S)

e Self-adjoint operator : N; = |[ReN| + [ImN|

e Characterization of D (with assumption that ¢ > ¢ > 0 or
q < —c with ¢ > 0):

2 €D & G(2)|g € RV



Justification
First step (factorization of near field) : N = H*TH

e Reflectivity operator T : L*(D) — L*(D)

(Tf)(z) = w?sgn(q(z)) (f(2) + V]g@)v()), €D

where sgn(q) = ¢/|q| and v solves

v

—(Av +w?*n?v) = w?(q/\/|q))f in Q
< 5’2?} =0 on Fb
+01v = Ty on S

\

e Herglotz operator H : L*(S) — L?(D)

(HR) (@) = v/[a@) / G@,)h(y) ds(y), €D

A

S



Justification (cont.)

Second step (range test) : z € D < G(-,2)|s € R(HY)
Third step (fondamental theorem) :

Consider Hilbert spaces X C U C X* (dense inclusion) and
V=V* operators F' : V =V, H:V - X and T : X — X* with
F=H*TH

Assumptions :
1. H is compact and injective
2. Rel =1y + 17, T, self-adjoint coercive, 17 compact
3. ((ImT)¢,p) >0, for all ¢ € X
4. T is injective

Statement : for Fy = |ReF'| + |[ImF'|, then R(H™) = R(Fﬁ%)



Proot of injectivity of H

Since H = +/|q|.J, it suffices to prove injectivity of J : L?(S) — L*(D)

(Th)(x) = / G, y)h—(y) ds(y) + / G(a,y)hs (y) ds(y) =€ D

_|_

v := Jh is the unique solution of the transmission problem

/

—(A+w’n)v =0 in Q_UQ, UL
< O2v = 0 on ' ul'yul'y
v, =0 [Ov], = —h+t on St
\ + Radiation Condition

0 Q ‘ Q.

D




Proof of injectivity of H (cont.)

Assume v =0 in D

O O . Qy

S

e Since (A + w’n,)v = 0 in €, unique continuation implies v = 0 in

()p, in particular v— =0 on S; and v+ on S_

e Using jump relations [v| , = 0 on S+, we obtain vy = 0 on S, and
v =0on S_

e By using D-t-N operators 7y and 7, v =0 in 24 and v =0 in {)_

e Using jump relations [01v|, = —h4, we obtain hy =0 and h- =0

We conclude h = 0 in S : the proof is completed



Near field /far field data

Q b

The inverse problem with near field data : we measure on
S:=S5_US, the scattered field @°(-,y)/u®(-,y) associated with
the incident field «’ = G(-,y)/G(-,y) on S: find the support D of

the defect

What happens if S (support of the data) is far away from
D (defect) — far field data ?



Factorization method with near field data

Conjugated point source: we measure on S the scattered field
@5 (-, y) associated to the incident field v’ = G(-,y) on S : find D

~

e Near field operator: N : L?(S) — L2(S5)

A

(N = [ @ @) dst), @€

~

e Factorization: N = H*T'H
e Self-adjoint operator: N; = |[ReN| + [ImN]

e Characterization of D (with assumption that ¢ > ¢ > 0 or
q < —c with ¢ > 0):

~

2€D & G(2)|g € RIN?)



Linear Sampling Method with near field data

Point source : we measure on S the scattered field u® (-, y)
associated to the incident field v/ = G(-,y) on S : find D

e Near field operator : N : L?(S) — L?(S)

A

(NB)(z) = / u* (2, )h(y) ds(y), €8

A

S
e Factorization: N = H*TH

e Half-characterization of D (with assumption that ¢ > ¢ > 0
or ¢ < —c with ¢ > 0):

ze€D <=G(-,2)|s € R(N)



Sampling Methods with near field data

For z in the sampling grid,

Factorization Method: “solve”

1
Ngh=G(-,2)|g

Linear Sampling Method: “solve”
Nh=G(2)|q

Indicator function of defect D :

V(z) = 1/]|~(2)|] 24y



Homogeneous waveguide: the guided modes

IQL
T

The guided modes : find u such that

Au+w?u=0 dans
o, u =10 sur [

0, and A, (p > 0): Neumann eigenfunctions and eigenvalues of

the 1D operator —A in transverse section S

Guided modes : u (1, x2) = 0y (22)e™"Pr"1 | B, =\ /w? —
for p < P (propagatmg modes) and (3, = i\/\, — w? for p > P

Assumption on w : 3, # 0



Homogeneous waveguide: the Green function

e Fundamental solution :
.+OO e’iﬁp|$1—y1|

G(z,y) = 25,

p=1

Op(22)0,(y2)

e Far field : for large 1 and + := sgn(z; — y)
G(z,y) = GE (x,y) + O(e =l a>0
with

izﬁp (xl Y1 )

Gz, y) —@Z Op(22)0p(1/2)

Short expression :

G= (z,y) =i

3
M-
—
=
S



Periodic waveguide: the Floquet modes

e Unbounded operator A(¢) in the cell C'= (—35,1) x (0,1) :
1

Al)=—— A L?(C, ng dridxs) — L*(C, ng dridzs)
n
p

D(A(§)) = {u € H'(C), Au e L*(C),
Oou =0 on OCNT, ue QP(C)}
QP (C):= {-quasiperiodic functions for § € (—m, 7]

w(1/2,25) = e u(—=1/2,25), 0O1u(1/2,29) = e*01u(—1/2, )

o A(¢) is self-adjoint, positive and has compact resolvent :
eigenvalues A, (£), eigenfunctions ¢, (+; &) € H*(C)

0 < A(E) < Aal€) < o S Al€) — +ox



Periodic waveguide: the Floquet modes

T
I Q

Cj2 Cj i Ci

® ['ind u s.t. for some § € (—7, 7], u € QP.(C}) for all j € Z and

(

(A+w’n)u=0 in Q

o,u=20 on I
\

For such u, we have A(&)u = w’u and u = > andn(€) in C

= Zan gbn—ZOznw bn = an=0 or M (§)=w

e Floquet modes : for (z,j) € C' x 7Z
Un (1 + J,2; &) = dp(x1,22;6)eVs,  Vn € I(w), V¢ € B, (w)

with I(w) = {n, 3¢, A\, (§) = w?} and =, (w) = {£, A\, (§) = w?}



Properties of the Floquet modes

Symmetry of eigenvalues and eigenfunctions of A(§) :

)‘n(_f) — )‘n(g)v ¢n(a - ) — an(,f)

Assumption on w : Vn € [(w), V¢ € =2, (w)
An (&) is simple and A\ (&) # 0

Group velocity :

For \ (&) > 0,
Uy (58) == un(36), Uy, (€)= up(;—E)

Symmetry of Floquet modes :




Dispersion curves

=61, =

=&, o

=31,



Periodic waveguide: the Green function

The tund. sol. & is given, Vx,y € C' and Vp, q € Z, by:

G(:Ul _I_pa 235 Y1 —I_Q7y2 — Z / ¢n ¢n Y 5) "L(P q)§ dg

— w2
né[(w) -

1 " o (5 §)on (Y5 §) i(p—q)§
"o 2 {p'v' Lo

. Cbn(ﬂfj f)ﬁbn(y 5) z(p Q)f\
D D RG] >

£€En (W) J

Reciprocity:
Ve,y € Q, G(x,y) = Gy, x)



Periodic waveguide: the Green function

Far field:
Ve,y € C,Vq € Z, for large p € Z and + := sgn(p — q)
G(z1 +p,T2; 91 + ¢, y2) = Gag (T1 + D, 2391 + ¢, y2) + O™ P, a >0

with

3 Pn(2:E)On (Y3 €) Lito—a)e

G (2 +pyaasys + g, ys) =i Y X (©)]

nel(w) £€En(w)
£ (£)>0

Short expression:

Va,y € (), Gixy—zz Z Uy (43 €)

nel(w) £€En (w) f)
A7, (£)>0




Far field approximation (LSM)

e Far field of the Green function G-

=i Y @O

\
nel(w) £€En(w),A}, (£)>0 (&)

e Far field of the scattered field associated with G(-,y):

st (.. U .
Uéto(flf,y) — Z Z Un (Qj,§) i(yaf)

A
ncl(w) E€E, (w),\. (£)>0 ”(g)

where u5%(-; €): scattered field associated with u; (-; &)

e Far field operator No.: kernel u*(x,y) replaced by kernel uoo(x,y)

—— Far field formulation for LSM: “solve”

Nooh =G (-, 2)

S



Far field approximation (Factorization Method)

Far field of the Green function G-

Gy =i Y T UACAILACRS

A
nel(w) £€E, (w),A7, (£)>0 (&)

Recall the symmetry of Floquet modes:
U;(,f) :uhl_(vg)? VRGI(W), ngEn(w)7 )‘;1(5) >0

Far field of the conjugated Green function G(-,y):

Gi(zy)=—i Y S w (@3 €)us (y;€)

)\/
ncl(w) E€EE, (w),\. (£)>0 n (&)

Far field of the scattered field associated with G(-,y):
Up T

. u:l: .
ﬂoio(x,y) = —1 Z Z n (SIZ,§) n(yag)

A
necl(w) £€2,(w),A (£)>0 n(g)

Kernel @°(z,y) of N is replaced by kernel o (,y) of Now — far field
formulation of FM: “solve” N;/Qﬂh =G (- 2)|5



Projection (LSM)

Conclusion : in the far field formulation of LSM/FM, the data are the
scattered fields uS=(-; &) associated with the propagating Floquet modes.

s+ (; iME
(Nooh)() =i S 5 Y 5 / (172, 92 ©)h— (y2) ds (1)

nel(w) ¢€8y, (w)
AL (€£)>0

SNE
b3S O [ (12 €h () dii)

ncl(w) ¢€2y, (w)
Ay (£)>0

Two complete basis (¥ )m=o0 of L?(]0, 1]):
upt (5 E)ls. =) UL (Ove, uwn (59)]s, =Y UL (Ow,

k>0 k>0

ZUJ{(S)%Z, Up (4 §)ls, = ZUnk

k>0 k>0

uy, (5€)]s



Projection of left hand side (LSM)

(Noch)ls_ =i) [t  (Neoh)ls, =i) [ 9y

k>0 k>0

U (9™ (X, o @am (M b))
=2 2 ( A (©)

TLEI(UJ) EeEEn (w)
AL (€£)>0

Ui (™ (0 P (O My 1)
()

U (©e™ (3,0 a0 Pam ()M b))
[l = Z Z < :

nEI(w) E€EEn (w)
A (€£)>0

—l— Un—k+ (g)eiNE (Zm,m’ >0 (I)’;Li_m (€>M:r_bm’ hjr_),’) )

A (€)



Projection of right hand side (LSM)

Goo(,2)|s_ =1
k>0
Goo(2)]s; = ZZ
k>0

2. 2

nEI(w) £€8n (w)
A (€)>0

2. 2

neEl(w) (€2 (w)

AL (£)>0

(
(

e MFa=)8 g (21, 20;€) D (€)

A (€)

ei<N_qz>£¢n(21, 22} f)@:k (€)

A (€)

—— Many possible choices for the basis (w,z.t)




Some numerical experiments

Linear Sampling Method

12 Floquet modes

1% noise



Some numerical experiments

Choice of projection basis

Basis 0,

25 2 45 1 05 0 05 1 18 2 25

Traces of

Floquet modes




Some numerical experiments

Higher contrast :

12 Floquet modes

1% noise




Some numerical experiments

Comparison with homogeneous waveguide :

12 guided modes

1% noise




Some numerical experiments

12 Floquet modes

1% noise

12 Floquet modes
10% noise




Some numerical experiments

12 Floquet modes

1% noise

6 Floquet modes

1% noise
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10.
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Some perspectives and open questions

The forward scattering problem for periodic waveguides: an

open question

Bi-periodic structures (many applications): defining the far
field is an open question

Find a junction between two periodic half-waveguides

Imaging a (periodic) waveguide in the time domain and with

realistic data



Thank you for your attention !



