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This is not an introductory tutorial to 

multiobjective optimization!
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Disclaimer II
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Lƴ ǘƘŜ 9ŀǊƭȅ .ŜƎƛƴƴƛƴƎǎΧ
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Tables

arXiv, 2012
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Tables

arXiv, 2020Numbers have their value.

But not only tables, please!
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v1.0v1.0
Performance Assessment



v1.0: Two Approaches for Empirical Studies

Attainment function approach
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see e.g. [Zitzleret al. 2003]

[Fonseca and Fleming 1996]



Empirical Attainment Functions

© Manuel López-Ibáñez
[López-Ibáñezet al. 2010]
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Empirical Attainment Functions
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Empirical Attainment Functions: Definition

The Empirical Attainment Function ‌ᾀ "counts" how many solution sets ת
attain or dominate a vector ᾀat time Ὕ:

‌ ᾀ
ρ

ὔ Ẇת

with Ẇ being the weak dominance relation between a solution set and an 
objective vector at time Ὕ.
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latest implementation online at 
http://eden.dei.uc.pt/~cmfonsec/software.html

R package: http://lopez - ibanez.eu/eaftools

see also[López-Ibáñezet al. 2010, Fonseca et al. 2011]

© Manuel López-Ibáñez
[López-Ibáñezet al. 2010]

Empirical Attainment Functions in Practice
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Quality Indicator Approach

Idea

ÅTransfer multiobjective problem into a set problem
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ὃṌὄȡᵾ ᶪᶰᶬᶰ ὥṌὦ
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Example: Refinements Using Indicators
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Unaryhypervolumeindicator Unaryepsilonindicator

strictly monotone

I(A,R) = how much A needs to be 
moved to weakly dominate R

R

A

!Ω

monotone

max

max

V

K

I(A) = volume of the weakly 
dominated area in objective space

I(A)
A

V

max

max

J

[Zitzlerand Thiele 1989]
[Zitzleret al. 2007]

[Zitzleret al. 2003]
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Many Indicators Available

22 indicators

[Zitzleret al. 2003]
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9ǾŜƴ aƻǊŜ LƴŘƛŎŀǘƻǊǎΧ

[Audetet al 2021]

63 indicators

100 indicators

[Li and Yao 2019]
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Many Indicators: What Do We Do?

Focus on indicators which are (strictly) monotone

ÅAll hypervolume-based indicators [Zitzleret al. 2007]

ÅUnary epsilon indicator [Zitzleret al. 2003]

ÅR2 [Hansen and Jaszkiewicz1998]

ÅIGD+ [Ishibuchiet al. 2015]

Focus on indicators which are (strictly) monotone

ÅAll hypervolume-based indicators [Zitzleret al. 2007]

ÅUnary epsilon indicator [Zitzleret al. 2003]

ÅR2 [Hansen and Jaszkiewicz1998]

ÅIGD+ [Ishibuchiet al. 2015]
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Benchmarking Multiobjective Optimizers 2.0

With the right (strictly) monotone indicator, multiobjective 
optimization is not different from single-objective optimization (!)

We can use our normal tools from single-objective optimization, 
including

ÅReporting of target-based runtimes

ÅECDFs of runtimes, performance profiles, data profiles

Å{ǘŀǘƛǎǘƛŎŀƭ ǘŜǎǘǎΣ ōƻȄ ǇƭƻǘǎΣ Χ
see for example [Hansen et al. 2021]
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Convergence graphs 
is all we have to start
with...

Convergence graphs 
is all we have to start
with...

Measuring Performance Empirically

© The BBOBies
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Advantage of the fixed target view:

Ratio scale (interpretation of #fevals 

easier than for f-values)
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ECDF

Empirical Cumulative Distribution Function of the Runtime

ECDF

Empirical Cumulative Distribution Function of the Runtime
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A Convergence Graph
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First Hitting Time is Monotonous
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Empirical Cumulative Distribution
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TheECDFof run lengths to 
reach the target

ÅHas for each data point a 
vertical step of constant size

ÅDisplays for each x-value 
(budget) the count of 
observations to the left (first 
hitting times)
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Aggregation

15 runs

50 targets

ECDF with 750 steps
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Interpretation
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integrated in a single graph

area over the ECDFcurve
=

average log runtime
(or geometric avg. runtime) 
over all targets (difficult and 

easy) and all runs
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ECDF graphs

ÅShould never aggregate over dimension
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Example ECDF (later more)
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Recommended Experimental Setup (w/ or w/o COCO)

u Benchmarking Experiment  

v Choosing Algorithms for Comparison 

Seehttps://numbbo.github.io/data - archive/

w Postprocessing

python ïm cocopp resultfolder / ALG2 ALG3

x Displaying and Discussing Summary Results

y Investigating and Discussing Complementary Results

z Processed Data Sharing

Provide html output somewhere

² Raw Data Sharing

Easy with COCO archive module & through issue tracker
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Overview

uPerformance AssessmentuPerformance Assessment

vTest Problems and Their VisualizationsvTest Problems and Their Visualizations

wRecommendations from Numerical ResultswRecommendations from Numerical Results
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Test Problems and Their Visualizations

Introduction

Test Problems (1)

Artificial problems (continuous and unconstrained)
v0.1: Individual problems

v0.2:MOP suite (unscalable problems)

v0.5:ZDT suite (scalable number of variables)

v1.0:DTLZ suite (scalable number of variables and objectives)

v1.2:WFG suite

v1.3:Other suites with a bottom-up construction

v1.5:Suites of distance-based problems

v2.0:The bbob-biobj(-ext) suite
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Test Problems and Their Visualizations

Visualization of multiobjective landscapes

Low-dimensional search spaces

Dominance ratio

Local dominance 

Gradient path length

Any-dimensional search spaces

Line cuts

Some notes on problem properties
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Test Problems and Their Visualizations

Test Problems (2)

Artificial problems (other)
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Why use test problems?Why use test problems?

Introduction

Algorithm A

Algorithm B

?
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Algorithm A

Introduction

Algorithm B

? Expert knowledge
Landscape analysis
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Introduction

Desirable characteristics of a benchmark problem set
[Bartz-Beielsteinet al. 2020]

1. Diverse

2. Representative

3. Scalable and tunable

4. Knownoptima/ best performance
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Introduction

Recommendations for multiobjective test suites 
Adapted from [Hubandet al. 2006]

1. ! ŦŜǿ άŜŀǎȅέ όǳƴƛƳƻŘŀƭύ ǘŜǎǘ ǇǊƻōƭŜƳǎ

2. The majority of problems should be hard (multimodal, nonseparableand 
both multimodal and nonseparable)

3. Diverse Pareto front geometries (including degenerate fronts, 
disconnected fronts) and disconnected Pareto sets
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Introduction

Additional recommendations for multiobjective test problems 
Adapted from [Hubandet al. 2006]

1. No extremal variables

2. No medial variables

3. Dissimilar variable domains

4. Dissimilar objective ranges
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Introduction

Problem Design Approaches
[Deb et al. 2005]

1. Multiple single-objective functions approach

2. Bottom-up approach

1. Choose a Pareto front

2. Build the objective space

3. Construct the search space
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Artificial Problems 
(Continuous and Unconstrained)
Artificial Problems 
(Continuous and Unconstrained)



v0.1v0.1
Artificial Problems (Continuous and Unconstrained)



Individual Problems

[Schaffer1985]

[Kursawe1991]

Images licensed under CC BY 2.0
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Individual Problems

[Poloniet al. 1996]

[Fonseca and Fleming 1995]
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v0.2v0.2
Artificial Problems (Continuous and Unconstrained)



MOP Suite

MOP = Multi-ObjectiveProblem[Van Veldhuizen1999]

Properties

ÅA collection of 7 test problems from the literature

ÅSome problems are both nonseparableand multimodal 

ÅA collection of various Pareto front geometries

Issues

ÅMost problems have 2 or 3 variables

ÅNot scalable in the number of objectives

ÅIn many problems the optima lie on the boundary or in the middle of the search space

ÅThe Pareto set is hard to compute for some problems
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v0.5v0.5
Artificial Problems (Continuous and Unconstrained)



ZDT = Zitzler, Deb, Thiele [Zitzleret al. 2000]

Construction with the bottom-ǳǇ ŀǇǇǊƻŀŎƘ όŦƻƭƭƻǿƛƴƎ 5ŜōΩǎ 
toolkit [Deb 1999])

The separation of variables was done to simplify problem construction

ZDT = Zitzler, Deb, Thiele [Zitzleret al. 2000]

Construction with the bottom-ǳǇ ŀǇǇǊƻŀŎƘ όŦƻƭƭƻǿƛƴƎ 5ŜōΩǎ 
toolkit [Deb 1999])

The separation of variables was done to simplify problem construction

ZDT Suite

Position variable(s) (j = 1 for ZDT)

Distance variables

Distributionf.

Distance f. Front shape
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ZDT Suite

Properties

ÅScalable in the number of (distance) variables

ÅSome problems are multimodal

ÅConvex, concave and disconnected Pareto fronts

ÅThe Pareto sets and fronts are known

Issues

ÅNot scalable in the number of objectives (2 objectives)

Å4 problems have optima on the boundary of the search space

Å1 problem has optima in the middle of the search space

ÅAll problems are separable (the first objective depends only on the first variable)
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v1.0v1.0
Artificial Problems (Continuous and Unconstrained)



DTLZ Suite

DTLZ = Deb, Thiele, Laumanns, Zitzler[Deb et al. 2005]

Improvement over ZDT

ÅScalable number of objectives

ÅOptima do not lie on the boundary of the search space

Remaining issues

ÅMost problems have optima in the middle of the search space

ÅProblems still separable in practice (optimizing one variable at a time will yield at least 
one global optimum)
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v1.2v1.2
Artificial Problems (Continuous and Unconstrained)



WFG Suite

WFG = Walking Fish Group [Hubandet al. 2006]

Improvement over DTLZ

ÅOptima do not lie in the middle of the search space

ÅSome nonseparable, multimodal, deceptive and biased problems

ÅConvex, linear, concave, mixed, disconnected and degenerate Pareto fronts

Remaining issues

ÅThe Pareto set is linear for 8 of the 9 problems

ÅStill rely on distance and position variables
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v1.3v1.3
Artificial Problems (Continuous and Unconstrained)



Other Suites and Problems

Problems constructed with the bottom-up approach [Zapotecaset al. 2019]

ÅL-ZDT and L-DTLZ problems with linkages [Deb et al. 2006]

ÅIHR test suite of 5 rotated ZDT problems [Igelet al. 2007]

ÅED problems based on Lamésuperspheres[Emmerich and Deutz 2007]

ÅLZ test suite of 9 problems with complicated Pareto sets [Li and Zhang 2009]

ÅSZDT test suite of 7 scalable problems with complicated Pareto sets [Saxena et al. 2011]

ÅConvex DTLZ problem [Deb and Jain 2014]

ÅInverted DTLZ problem [Jain and Deb 2014]

ÅMNI test suite of 2 problems with diverse shapes of the Pareto front [Masuda et al. 2016]

ÅLSMOPtest suite of 9 problems for large-scale optimization with variable dependencies 
[Cheng et al. 2017b]
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Other Suites and Problems

Problems constructed with the bottom-up approach 

ÅMinus-DTLZ and Minus-WFG test suites [Ishibuchiet al. 2017]

ÅMMF test problems with diverse landscapes [Yue et al. 2019]

ÅGPD (Generalized Position-Distance) benchmark problem generator (problems can have 
various difficulties)[Meneghiniet al. 2020]

ÅSuite of 10 ZCAT problems with various difficulties [Zapotecaset al. 2023]
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CEC Competition Suites

Information about all CEC competitions: 
https://www3.ntu.edu.sg/home/EPNSugan/index_files/cec -

benchmarking.htm

13 test problems for CEC 2007 [Huang et al. 2007]

ÅOKA [Okabe et al. 2004], SYM-PART [Rudolph et al. 2007]

Å4 shifted ZDT, 1 rotated ZDT

Å2 shifted DTLZ, 1 rotated DTLZ

Å3 WFG
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CEC Competition Suites

13 test problems for CEC 2009 (UF suite) [Zhang et al. 2009]

Å10 with complicated Pareto sets (4 from the LZ suite)

Å2 extended rotated DTLZ

Å1 WFG

15 test problems for CEC 2017 (MaFsuite) [Cheng et al. 2017a]

Å7 modified DTLZ problems

Å2 distance minimization problems

Å3 WFG problems

Å1 SZDT problem

Å2 LSMOP problem 
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Å7 modified DTLZ problems

Å2 distance minimization problems
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CEC Competition Suites

22 test problems for CEC 2019 [Liang et al. 2019]

Å2 SYM-PART 

ÅOmni-test [Deb and Tiwari 2008]

Å19 MMF problems

24 test problems for CEC 2020 [Liang et al. 2020]
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Survey of Recent Papers

64 papers on unconstrained continuous multiobjective 
optimization from recent conferences (without application papers)

ÅCEC 2020

ÅGECCO 2020

ÅPPSN 2020

ÅEMO 2021

64 papers on unconstrained continuous multiobjective 
optimization from recent conferences (without application papers)

ÅCEC 2020

ÅGECCO 2020

ÅPPSN 2020

ÅEMO 2021
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v1.5v1.5
Artificial Problems (Continuous and Unconstrained)



Distance-Based Problems

General idea [Ishibuchiet al. 2010] 

ÅBasedon earlier work [Köppenet al. 2005, Rudolph et al. 2007]

Properties

Å2-D test problems that are inherently visualizable

ÅPareto set easy to characterize

ÅScalable in the number of objectives

ÅUseful for visualizing the distribution of solutions

Issues

ÅSimple objective functions
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ÅUseful for visualizing the distribution of solutions

Issues
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╪ ╪

╪╪

╪ ╪

╪╪
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Distance-Based Problems

Extensions

ÅHigh-dimensional searchspaces[Masuda et al. 2014]

ÅDistance to lines(insteadof points) [Li et al. 2014, 2018]

ÅDominance resistance regions [Fieldsend2016]

ÅLocalPareto fronts [Liu et al. 2018]

ÅProblem generator for scalable problems with various properties (local fronts, 
disconnected Pareto sets and fronts, dominance resistance regions, uneven ranges of 
objective values, varyingdensity of solutions) [Fieldsendet al. 2019]

Extensions
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v2.0v2.0
Artificial Problems (Continuous and Unconstrained)



bbob-biobjSuite

Motivation [Brockhoffet al. 2022]

ÅReal-world problems are not constructed using the bottom-up approach

ÅGo back to basics ςuse single-objective functions for each objective

ÅIdea not new [Schaffer1985, Igelet al. 2007, Kerschkeet al. 2016]

Motivation [Brockhoffet al. 2022]

ÅReal-world problems are not constructed using the bottom-up approach

ÅGo back to basics ςuse single-objective functions for each objective

ÅIdea not new [Schaffer1985, Igelet al. 2007, Kerschkeet al. 2016]
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bbob-biobjSuite

Construction

ÅUse the functions from the bbobsuite [Fincket al. 2009] 

ÅWell-understood

ÅScalable in the number of variables and parametrized (instances) 

Å24 functions categorized in 5 groups based on their properties

ÅSeparable

ÅLow or moderate conditioning

ÅHigh conditioning and unimodal

ÅMultimodal with global structure

ÅMultimodal with weak global structure

Construction
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bbob-biobj(-ext) Suites
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bbob-biobj(-ext) Suites

Properties

ÅConstruction similar as in real-world problems

ÅScalability in the number of variables

ÅVarious problem properties (more diverse than existing multiobjective test suites)

ÅIncluded in the COCO benchmarking platform [Hansen et al. 2021] 

ÅProblem instances can be quite diverse

Issues

ÅOnly 2 objectives

ÅUnknown Pareto set and front, but known single-objective optima and available 
approximations of the Pareto fronts (and sets for lower-dimensional problems)

Properties

ÅConstruction similar as in real-world problems

ÅScalability in the number of variables

ÅVarious problem properties (more diverse than existing multiobjective test suites)

ÅIncluded in the COCO benchmarking platform [Hansen et al. 2021] 

ÅProblem instances can be quite diverse

Issues

ÅOnly 2 objectives

ÅUnknown Pareto set and front, but known single-objective optima and available 
approximations of the Pareto fronts (and sets for lower-dimensional problems)
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Visualization of Multiobjective 
Landscapes
Visualization of Multiobjective 
Landscapes



Visualization in Multiobjective Optimization

ώCƛƭƛǇƛő ŀƴŘ ¢ǳǑŀǊ нлмуΣ нлнлϐ
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Visualization of Multiobjective Problem Landscapes

Low-dimensional search spaces

ÅDominance ratio [Fonseca 1995]

ÅGradient path length (inspired by gradient plots [Kerschkeand Grimme 2017])

ÅLocal dominance [Fieldsendet al. 2019]

ÅPLOT[Schäpermeieret al. 2020]

Any-dimensional search spaces

ÅLine cuts [Brockhoffet al. 2022, Volz et al. 2019]

ÅOptima network [Liefoogheet al. 2018, Fieldsendand Alyahya2019]
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Visualization of Multiobjective Problem Landscapes

Various visualizations of bbob-biobj-ext problems
https://numbbo.github.io/bbob - biobj/

Visualizations of bbob-biobj and other multi-objective suites using PLOT

https://schaepermeier.shinyapps.io/moPLOT/

Various visualizations of bbob-biobj-ext problems
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Visualizations of bbob-biobj and other multi-objective suites using PLOT

https://schaepermeier.shinyapps.io/moPLOT/

© DimoBrockhoffŀƴŘ ¢Ŝŀ ¢ǳǑŀǊ Benchmarking Multiobjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal 104

https://numbbo.github.io/bbob-biobj/
https://schaepermeier.shinyapps.io/moPLOT/
https://numbbo.github.io/bbob-biobj/
https://schaepermeier.shinyapps.io/moPLOT/


Visualization of Multiobjective Problem Landscapes

Problems for demonstration

ÅDouble sphere problem bbob-biobjὊ ὪȟὪ , instance 1

ÅSphere-Gallagher problem bbob-biobjὊ ὪȟὪ , instance 1

ÅDouble Gallagher problem bbob-biobjὊ ὪȟὪ , instance 1

DŀƭƭŀƎƘŜǊ Ґ DŀƭƭŀƎƘŜǊΩǎ Dŀǳǎǎƛŀƴ 

101-me Peaks Function
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Dominance Ratio

ÅDiscretized search space (501 x 501 grid)

ÅDominance ratio = the ratio of grid points that dominate the current point

ÅAll nondominated points have a ratio of zero

ÅVisualize dominance ratios in logarithmic scale 

ÅDiscretized search space (501 x 501 grid)

ÅDominance ratio = the ratio of grid points that dominate the current point

ÅAll nondominated points have a ratio of zero

ÅVisualize dominance ratios in logarithmic scale 
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Gradient Path Length

ÅCompute the bi-objective gradient for all grid points

ὺ
​Ὢὼ

​Ὢὼ

​Ὢὼ

​Ὢὼ

ÅFrom a grid point, follow the path in the direction of thisgradient

ÅVisualize the length of the path to the local optimum

ÅCompute the bi-objective gradient for all grid points

ὺ
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​Ὢὼ

ÅFrom a grid point, follow the path in the direction of thisgradient

ÅVisualize the length of the path to the local optimum
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Adapted from
[Kerschkeand Grimme 2017]



LocalDominance

ÅGreen: Dominance-neutral local optima regions
ÅPoints that are mutually nondominated with all their 8 neighbors

ÅPink: Basins of attraction
ÅPoints dominated by at least one neighbor, their dominating paths lead to the same green region

ÅWhite: Boundary regions
ÅPoints whose dominating paths lead to different green regions
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ÅWhite: Boundary regions
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[Fieldsendet al. 2019]



Line Cuts
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