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Overview

Our plan
ADiscuss history, present and future of multiobjective benchmarking

With respect to different topics
APerformance assessment / methodology
ATest functions

Finally, recommendations on good algorithms
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Disclaimer

his is not an introductory tutorial to
multiobjective optimization!

We assume you know basic definitions like
AObijective function

APareto dominance/Pareto front/Pareto set
Aldeal/Nadir points
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Disclaimer ||

We only consider continuous search spaces
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Disclaimer ||

We only consider continuous search spaces

We only consider unconstrained problems
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Disclaimer ||

We only consider continuous search spaces

We only consider unconstrained problems

What we present is highly subjective & selective
A How important do we find each milestone?
A Use version numbering and branches
A What have we learned from the past?
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Overview

u Performance Assessment

v Test Problems and Their Visualizations

w Recommendations from Numerical Results
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v0.0.Jalpha

Performance Assessment



LY GKS 9FNIe& . S3IAYYAY

... multiobjective EAs were mainly compared visually:

A

ZDT6 benchmark proble
IBEASPEAINSGA
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v0.Ibeta

Performance Assessment



Tables

Problem MOCSA NSGA2
{d) S GD ER (d) S GD ER
0404 | 0.0055 0 | 0.0270 | 0.0156 | 0.0011 | O
0404 | 0.0082 0 | 0.0292 | 0.0146 | 0.0212 | 0.02
( 0
0 0

ZDTI1
ZDT2
ZDT3
ZDT4

0438 | 0.0148 0.0329 | 0.0201 | 0.0020

0404 | 0.0097 0.0328 | 0.0159 | 0.0006

0

ZDT6 0327 | 0.0150 0 0 |0.0216 | 0.0119 | 0.0000 | O

DTLZ1 1114 | 0.0068 0 0 |0.0615|0.0319| 0.0000 | 0O
21 | 0.02 | 0.1361 | 0.0683 | 0.0020 | 0.04

DTLZ3 | 0.2770 | 0.0225 00| 0 | 0.1139 | 0.0739 | 0.0000 | ©
DTLZ4 | 0.2478 | 0.0424 09 | 0 | 0.1630 | 0.0898 | 0.0019 | 0.02
DTLZ5 | 0.0487 | 0.0059 00 | 0 | 0.0309 | 0.0176 | 0.0610 | 0.06

DTLZ6 | 0.0484 | 0.0156 00 | O | 0.0306 | 0.0135 | 0.0000 | 0O

0 0.00
0 0.00
0 0.00
0 0.00
0 0.00
0 0.00
DTLZ2 | 0.2319 | 0.0646 | 0.00
0 0.00
0 0.00
0 0.00
0 0.00
0 0.00

DTLZT | 0.2897 | 0.0510 11 ] 0.04 | 0.1880 | 0.1322 | 0.0071 | 0.22

arxiy 2012
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Tables

Table 4: Influence of different  values on the performance of the conee-MOEA on test
problems Deb52, ZDT1, and DTLZ2 with three and four objective functions. Median
(M) and standard deviation (SD) over 30 independent runs are shown. Intermediate

Table 7: Problemwise comparison of the algorithms on the four performance metrics
used, for problems Deb52, Pol and the ZDT family. The values reported represent the
mean and standard error obtained for each combination of algorithm, problem and

Table 8: Problemwise comparison of the algorithms on the four performance metrics
used, for the DTLZ family. The values reported represent the mean and standard error
obtained for each combination of algorithm, problem and performance metric.

values for # seem to yield reasonably good performance values for all metrics. A more performance metric. Problem | Metric | NSGA-II | «MOEA [ conecMOEA | C-NSGA-Il | SPEA2 | NSGA-II
. L L. p . . Problem | Metric | NSGA-l | ~MOEA | cone=MOEA | C-NSGA-Il | SPEAZ | NSGA-IIF ~ 0735e3 | 01351e3 | 01722e2 | 030f1el | 0.1852e3 | 0.7 23
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v1.0

Performance Assessment



v1.0: Two Approaches for Empirical Studies

Attainment function apJJroach Quality indicator approach

[Fonseca and Fleming 1996]
AApplies statistical tests directly to AReduces each approximation set to
the approximation set a single quality value
ADetailed information about how  AApplies statistical tests to the
and where performance guality values
differences occur
Aatains B atiains Indicator A B

Hypervolume indicator | 6.3431  7.1924
e-indicator | 1.2090  0.12722

Ry indicator | 0.2434  0.1643

Rs indicator | 0.6454  0.3475

see e.g|[Zitzleret al. 2003]

grand worst g1 and worel
allalmr[lent attainment
surface -

surface -

minimize
minimize

grand best
attainment

minimize minimize
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Empirical Attainment Functions

fi(x)
2 <> Run 1

_ © ManuellLopezlibafiez
J(x) [Lopezibafiezet al. 2010]
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Empirical Attainment Functions

f(x)

<& Run -

0% 20% 40% 60% 80% 100%

p © ManuelLopezlbanez
(x)
1
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Empirical Attainment Functions

f(x)

<& Run -

0% 20% 40% 60% 80% 100%
() Run 2

p © ManuelLopezlbanez
(x)
1
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Empirical Attainment Functions

f(x)

<& Run -

0% 20% 40% 60% 80% 100%
() Run 2

p © ManuelLopezlbanez
(x)
1
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Empirical Attainment Functions

f(x)

<& Run -

0% 20% 40% 60% 80% 100%
() Run 2

[ 1 Run 3

p © ManuelLopezlbanez
(x)
1
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Empirical Attainment Functions

f(X)

<& Run -

0% 20% 40% 60% 80% 100%
() Run 2

[ 1 Run 3

© ManuellLopezlibafiez

1(x)
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Empirical Attainment Functions: Definition

The Empirical Attainment Functior(d) "counts" how many solution sefs
attain or dominate a vectom at time ™Y

P |

with W being the weak dominance relation between a solution set and an
objective vector at timeY
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Empirical Attainment Functions: Definition

The Empirical Attainment Functior(d) "counts" how many solution sefs
attain or dominate a vectom at time ™Y

P |

with W being the weak dominance relation between a solution set and an
objective vector at timeY

Note that| (qQ) is theempirical cumulative distribution function of the
achieved objective function distribution at timafthe singleobjective case
("fixed budget scenario").
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Empirical Attainment Functions in Practice

objective 1
5e+09  7e+09  9e+09 1.1e+10 1.3e+10
(e} (o)]
o o
+ - +
] ]
(e} (o)]
_ objective 1
o 5e+09  7e+09  9e+09 1.1e+10 1.3e+10
~ ?0 - 2 [ I | I | | I | 2
g~ b m &
'..3 _ (2] D
2 L
S o
T 4 m 81 o @
Q
S | m [06,08) ~ F
| m [0.4,086) o~ ~ 9
. | B 204 = 2
(] Q
g | o002 5 o o o
3 I T | | T | T | I ° e e °
5e+09  7e+09  9e+09 1.1e+10 1.3e+10 8 S
objective 1
ALG_1_dat ALG_2_dat 3 2
[} @
o (s}
Z zZ ~ 5e+09 7e+09 9e+09 1.17e+10 1.3e+10
© ManuellLopezlbanez objective 1
ALG_1_dat ALG_2_ dat

latest implementation online at
http://eden.dei.uc.pt/~cmfonsec/software.html

R packagehttp://lopez - iIbanez.eu/eaftools
see alsg
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Quality Indicator Approach

ldea

ATransfer multiobjective problem into a set problem

ABSTAYS 'y 2028S0O0AQS FTdzyOQu A2y 6adz
AUse the resulting total (pegorder (on the quality values)
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Quality Indicator Approach

ldea

ATransfer multiobjective problem into a set problem

ASBSTAYS 'y 202SOU0AQS FTdzy OUuA2Yy 0 adz
AUse the resulting total (pegorder (on the quality values)

Underlying dominance relation should be reflected!

606 | «m. OO
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Monotonicity and Strict Monotonicity

Monotonicity when quality indicator does not contradict relation

-~
~

000t @) OO
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Monotonicity and Strict Monotonicity

Monotonicity when quality indicator does not contradict relation

-~
~

000t @) OO
Strict monotonicity: better = higher indicator

00 O6AT®A 6+ @) "0
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Example: Refinements Using Indicators

I(A) = volume of the weakly I(A,R) = how much A needs to be
dominated area in objective space moved to weakly dominate R

. monotone
------ ® \/ strictly monotone
SN
o A" s S - _!'Q
IA) ° |
maxf _ . A
~ . avbul A
max
Unaryhypervolumeindicator Unaryepsilonindicator
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v1.0. 1q v1 0.100 and counting

Performance Assessmen



Many Indicators Available

Performance Assessment of
Multiobjective Optimizers:
An Analysis and Review

Eckart Zitzler! Lothar Thiele!, Marco Laumanns',
o raow
Carlos M. Fonseca”, and Viviane Grunert da Fonseca’

! Computer Engineering and Networks Laboratory (TIK) 2 2 I n d I Cato rS

Department of Information Technology and Electrical Engineering
Swiss Federal Institute of Technology (ETH) Zurich, Switzerland
Email: {ztzler, thiele, laumanns}@tik.ee.ethz.ch

2ADEEC and ISR (Coimbra)

Faculty of Sciences and Technology
University of Algarve, Portugal
Email: cmfonsec@ualg.pt, vgrunert@ecsi.fet.ualg.pt

[Zitzleret al. 2003]
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9@SY a2NB LYRAOI G2 NAX

Performance indicators in multiobjective optimization

Charles Audet®, Jean Bigeon?, Dominique Cartier®, Sébastien Le Digabel®,
£ q g
Ludovic Salomon®!

aGERAD and Département de mathématiques ef génie industriel, Ecole Polytechnigue de Monirdal, 6 3 I n d I Cato rS
C.P. 6070, Succ. Centre-ville, Montréal, Québec, H3C 347, Canada.

Eliniv. Grenoble Alpes, CNRS, Grenoble INP, G-8C0P, 38000 Grenoble, France.
“Collége de Maisonneuve, 3800 Rue Sherbrooke E, Montréal, Québec, HIX 242, Canada.

[Audetet al 2021]

Quality Evaluation of Solution Sets in
Multiobjective Optimisation: A Survey

100 indicators

'CERCIA, School of Computer Science, University of Birmingham, Birmingham B15 2TT. U. K.
*Email: limitsing@gmail.com, xyao@cs bham_acuk

[Li and Yao 2019]
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Many Indicators: What Do We Do?

Focus on Indicators which are (strictly) monotone
AAIl hypervolumebased indicatorsitieret al. 2007]
AUnary epsilon indicatoricleret al. 2003]

ARZ[Hansen andaszkiewic1998]

AIGDHishibuchiet al. 2015]
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v2.0

Performance Assessment



Benchmarking Multiobjective Optimizers 2.0

With the right (strictly) monotone indicator, multiobjective
optimization is not different from singlebjective optimization (!)

We can use our normal tools from singlbjective optimization
iIncluding

AReporting of targebased runtimes
AECDFs of runtimes, performance profiles, data profiles
AL GFOGAAGAOLE GSadasx o02E L2043z X

see for exampléHansen et al. 2021]
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Measuring Performance Empirically

Convergence graphs
IS all we have to star
with...

ized)

quality indicator (to be minim

number of function evaluations © TheBBOBies
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Measuring Performance Empirically

Convergence graphs Ak
s all we have to star g NN
2 X
g é:
Advantage of the fixed target view: 5 : ‘ 5 :
Ratio scale (interpretation of #fevals et |\, e o ]
easier than for f-values) | '

|
number of function evaluations © TheBBOBies
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ECDF
Empirical Cumulative Distribution Function of the Runtime
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G

A Convergence Graph

110

100

90

80

70

quality indicator (to be minimized)

60

5AY2

r 2 3 4
log;o(function evaluations)
. NRPO1K2FF
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First Hitting Time is Monotonous

110

quality indicator (to be minimized)

60

6 5AYZ2

w0
o
T

co
o
T

|
o
T

2 3 4
log;o(function evaluations)

. NROTK2FT I yR B&thmarkia®Mulibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal

39



15 Runs

6

100

co w0
o o

quality indicator (to be minimized)
~J
o

60

5AY2

log;o(function evaluations)

. NRPO1K2FF

I YR Béhthmarkiz® Multibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal

40



Mp wdzyd X mp wdzydAyYS$
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Empirical Cumulative Distribution

110 pymyry
The of run lengths to
reach the target

AHas for each data point a
vertical step of constant size

ADisplays for each-walue
(budget) the count of
observations to the left (first
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Aggregation

6

110 gz

100

90

80

70

quality indicator (to be minimized)

60

5AY2

15 runs

log;o(function evaluations)

. NRPO1K2FF

I YR Béhthmarkiz® Multibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal

43



Aggregation
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Aggregation
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Aggregation
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Aggregation

110 pgmw
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50 targets from 15 runs
Integrated In a single graph

w0
o

co
o

~J
o

quality indicator (to be minimized)

60

2
log;o(function evaluations)

6 5AY2 . NRO{K2FF | YR Béhthmarkiz®Wultibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal A7



Interpretation

110 gy

50 targets from 15 runs
Integrated In a single graph
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average log runtime
(or geometric avg. runtime)
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easy) and all runs
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Worth to Note

ECDF graphs

AShould never aggregate over dimension
Dimension Is input parameter to algorithm
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Worth to Note

ECDF graphs

AShould never aggregate over dimension
Dimension Is input parameter to algorithm
ABut often over targets and functions

ACan show data of more than 1 algorithm at a time
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Worth to Note

ECDF graphs

AShould never aggregate over dimension

Dimension Is input parameter to algorithm
ABut often over targets and functions
ACan show data of more than 1 algorithm at a time

AAre an extension of data profiles

Alntroduced byMoré and Wild for single and relative targetsré¢ and wild 2009]
ABut here for multiple and absolute targets
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Worth to Note

ECDF graphs
AShould never aggregate over dimension
Dimension Is input parameter to algorithm
ABut often over targets and functions
ACan show data of more than 1 algorithm at a time

AAre an extension of data profiles

Alntroduced byMoré and Wild for single and relative targetsré¢ and wild 2009]
ABut here for multiple and absolute targets

AlNBE / h/ hQa YIFIAY LISNF2NXYI YOS OAadz

[Hansen et al. 20214 https://github.com/numbbo/coco
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Mostly Overlooked: Scaling with Dimension

In singleobjective optimization:
A Scaling behavior mandatory to investigate
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Mostly Overlooked: Scaling with Dimension

In singleobjective optimization:
A Scaling behavior mandatory to investigate

In multiobjective optimization:
A Actually two dimensions: search and objective space
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Mostly Overlooked: Scaling with Dimension

In singleobjective optimization:
A Scaling behavior mandatory to investigate

In multiobjective optimization:
A Actually two dimensions: search and objective space
A But former almost never looked at right ndw

Number of variables

dmn LI LISNE  FNR
tt {bkD9// hk/ 9/ Qun C

odzi pnb LI LISNE KI @S

Multiple settings
15.6%
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Mostly Overlooked: Scaling with Dimension

In singleobjective optimization:
A Scaling behavior mandatory to investigate

In multiobjective optimization:
A Actually two dimensions: search and objective space

A But former almost never looked at right ndw

| I.\Iumberofvariables d M LJl LJS N\E F NR ]
e e tt {bkD9// hk/ 9/ Qun C

odzi pnb LI LISNE KI @S

Single setting
84.4%

A But in practice search space SCaiauiity annust more important
Number of objectives often fixed
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A Few General Recommendations

A Alwaysdisplay everythingou have
A Look atsingle runs
A Do each experiment least twice

(= look at thevarianceof your results)
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A Few General Recommendations

A Alwaysdisplay everythingou have
A Look atsingle runs
A Do each experiment least twice

(= look at thevarianceof your results)
A As quality indicators, use hypervolume, R2, or epsilon indicator

or any indicator which is at least monotone
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A Few General Recommendations

A Alwaysdisplay everythingou have
A Look atsingle runs
A Do each experiment least twice

(= look at thevarianceof your results)
A As quality indicators, use hypervolume, R2, or epsilon indicator

or any indicator which is at least monotone

A See also the tutorial slides by Nikolaus Hansen on this topic (not restricte
to singleobjective optimization!)
http://www.cmap.polytechnique.fr/~nikolaus.hansen/gecco
2018 - experimentation - guide - slides.pdf
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Recommended Experimental Segupr wio coco)

u Benchmarking Experiment

v Choosing Algorithms for Comparison
Seéehttps://numbbo.github.io/data - archive/

w Postprocessing
python T m cocopp resultfolder /| ALG2 ALG3

Displaying and Discussing Summary Results
Investigating and Discussing Complementary Results

z Processed Data Sharing
Provide html output somewhere

2 Raw Data Sharing
Easy with COCO archive module & through issue tracke
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Overview

u Performance Assessment

v Test Problems and Their Visualizations

w Recommendations from Numerical Results

6 5AYZ2
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Test Problems and Their Visualizations

Introduction

Test Problems (1)

Artificial problems (continuous and unconstrained)
v0.1:Individual problems
v0.2: MOP suite (unscalable problems)
v0.5:ZDT suite (scalable number of variables)
v1.0:DTLZ suite (scalable number of variables and objectives)
v1.2: WFG suite
v1.3:Other suites with a bottorup construction
v1.5:Suites of distancéased problems
v2.0: Thebbob-biobj(-ext) suite
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Test Problems and Their Visualizations

Visualization of multiobjective landscapes

Low-dimensional search spaces
Dominance ratio
Local dominance
Gradient path length

Any-dimensional search spaces
Line cuts

Some notes on problem properties
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Test Problems and Their Visualizations

est Problems (2)

Artificial problems (other)
Constrained problems
Mixed-integer problems

Reatworld problems
vO.1:Individual problems
v0.2:Suites of unscalable problems
v0.5:Suites of scalable problems (in the number of variables)

Conclusions
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Introduction

Why use test problems?

6 5AYZ2

Algorithm A

Algorithm B

%ﬁw

N~
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Introduction

Why use test problems

)
Algorithm A

7 Expert knowledge
* Landscape analysis

>—

G |

fq \\5 K/ Algorithm B J
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Introduction

Desirable characteristics of a benchmark problem set

[BartzBeielsteinet al. 2020]

1. Diverse

Representative

Scalable and tunable
Knownoptima/ best performance
[Continually updated]

ok W

6 5AY2 . NRO]lK2FTF I YR Béhthmarkiz®Mulibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal



Introduction

Recommendations for multiobjective test suites
Adapted from[Hubandet al. 2006]

1.1 F¥S¢ aSlaeéé¢ O6dzyAYZ2RIT 0O (GSaid LINP
2. The majority of problems should be hard (multimodainseparableand
both multimodal andhonseparablé

3. Diverse Pareto front geometries (including degenerate fronts,
disconnected fronts) and disconnected Pareto sets
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Introduction

Additional recommendations for multiobjective test problems
Adapted from[Hubandet al. 2006]

1. No extremal variables

2. No medial variables

3. Dissimilar variable domains
4. Dissimilar objective ranges
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Introduction

Problem Design Approaches
[Deb et al. 2005]

1. Multiple singleobjective functions approach

2. Bottom-up approach
1. Choose a Pareto front
2. Build the objective space
3. Construct the search space
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Artificial Problems
(Continuous and Unconstrained)



v0.1

Artificial Problems (Continuous and Unconstrained)



Individual Problems

Images licensed undé&C BY 2.0

fi(z) = 2° fi(@) =Ty :_10 eXp(_0'2 z + w;‘-"H)]

f2(z) = (z - 2)°
[Schaffer1 985] \

Minimize = { Minimize = <

f2 (@) = XL, [Joil*® +5sin(a?)]

[Kursawel991]

e e Pareto front e e Pareto front

f2{x)

i i i ~12 i i = i
035 0.5 1.0 15 2.0 25 3.0 3.5 4.0 20 19 18 a7 16 15 14
f] (X) fl \X)
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6

Individual Problems

4

fi(e) =1 —exp i
Minimize = ¢

fo(x) =1—exp

\

[Fonseca and Fleming 1995]

1.0

e e Pareto front

fa(x)

45

i i i i \
0.2 0.4 0.6 . R

5AY2 . NRO{K2FT¥
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Minimize — { fi (@) = |1+ (41 — B1 (2.9))" + (42 — B (2,))’|
f2(z,9) = (z+3)° + (y+ 1)’

A; = 0.5sin(1) — 2 cos(1) + sin(2) — 1.5 cos(2)
where =

Ay = 1.5sin(1) — cos(1) + 2sin(2) — 0.5 cos(2)
B (z,y) = 0.5sin(x) — 2 cos(z) + sin(y) — 1.5 cos(y)
B; (z,y) = 1.5sin(x) — cos(x) + 2sin(y) — 0.5 cos(y)

30

[Poloniet al. 1996]

® e Pareto front

i
4

| e d 3
6 8

hH (X)

10 12 14
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Individual Problems

Minimize = ¢

[ fi(z,y) = 0.5 (2* +¢*) + sin(z® + y?)
3z—2y+4)> z—y+1)2
fg(m,y):( y+4) (z—y+1)

\

6 5AY2 . NROJ

8 27 +15
f3 (z,y) = I2+Lz+1 — 1.lexp(— (z* + %))

[Viennetet al. 1996]

K2T¥T
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v(0.2

Artificial Problems (Continuous and Unconstrained)



MOP Suite

MOP =Multi-ObjectiveProblem|vanveldhuizer1999]

Properties

A A collection of 7 test problems from the literature
A Some problems are bothonseparablend multimodal
A A collection of various Pareto front geometries

Issues

A Most problems have 2 or 3 variables

A Not scalable in the number of objectives
A In many problems the optima lie on the boundary or in the middle of the search spac

A The Pareto set is hard to compute for some problems
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v0.5

Artificial Problems (Continuous and Unconstrained)



ZDT Suite

ZDT #Zitzler Deb, Thielezitzleret al. 2000]

Construction with the bottorrdzL | LILINR | OK o0 F2fft2Avy 3 58506

toolkit [Deb 1999)

Given x = {z1,...,Zn}
Distributionf.
Minimise fil(y)

Distancef. Front shape

f2(y,z) =lgfz)h) f1(y), 9(z))
where y ={21,...,25} Position variable(s) € 1 for ZDT

z ={Zjt1,...,Zn} Distance variables

f2

Position
along the
front

Distance to
the front

.

The separation of variables was done to simplify problem construction
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ZDT Suite

Properties

A Scalable in the number of (distance) variables

A Some problems are multimodal
A Convex, concave and disconnected Pareto fronts

A The Pareto sets and fronts are known

ISssues

A Not scalable in the number of objectives (2 objectives)

A 4 problems have optima on the boundary of the search space

A 1 problem has optima in the middle of the search space

A All problems are separable (the first objective depends only on the first variable)
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v1.0

Artificial Problems (Continuous and Unconstrained)



DTLZ Suite

DTLZ = Deb, ThieleaumannsZitzler[peb et al. 2005]
Improvement over ZDT

A Scalable number of objectives
A Optima do not lie on the boundary of the search space

Remaining Issues

A Most problems have optima in the middle of the search space

A Problems still separable in practice (optimizing one variable at a time will yield at leas
one global optimum)
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vl1.2

Artificial Problems (Continuous and Unconstrained)



WFG Suite

WFG = Walking Fish Groupbandet al. 2006]
Improvement over DTLZ

A Optima do not lie in the middle of the search space
A Somenonseparablemultimodal, deceptive and biased problems
A Convex, linear, concave, mixed, disconnected and degenerate Pareto fronts

Remaining Issues

A The Pareto set is linear for 8 of the 9 problems
A Still rely on distance and position variables
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v1.3

Artificial Problems (Continuous and Unconstrained)



Other Suites and Problems

Problems constructed with the bottomp approachzapotecast al. 2019

A L-ZDT andDTLZ problems with linkagesb et al. 2006]

A IHR test suite of 5 rotated ZDT problemset al. 2007]

A ED problems based dramésuperspheres=mmerich and Deutz 2007]

A LZ test suite of 9 problems with complicated Pareto setsd zhang 2009]

A SZDT test suite of 7 scalable problems with complicated Paretgsets: et al. 2011]
A Convex DTLZ problemeb and Jain 2014]

A Inverted DTLZ problemein and Deb 2014]

A MNI test suite of 2 problems with diverse shapes of the Pareto frentida et al. 2016]

A LSMORest suite of 9 problems for larggcale optimization with variable dependencies
[Cheng et al. 2017Db]
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Other Suites and Problems

Problems constructed with the bottomp approach

A Minus-DTLZ and Minu®/FG test suitesshibuchiet al. 2017]
A MMF test problems with diverse landscapes: et al. 2019]

A GPD (Generalized Posititdistance) benchmark problem generator (problems can hav
various difficulties)vieneghiniet al. 2020]

A Suite of 10 ZCAT problems with various difficultiesecast al. 2023]
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CEC Competition Suites

Information about all CEC competitions:
https://www3.ntu.edu.sg/home/EPNSugan/index_files/cec

benchmarking.htm

13 test problems for CEC 208 #ang et al. 2007]
AOKAOKabe et al. 20048YMPARTRudolph et al. 2007]
A4 shifted ZDT, 1 rotated ZDT

A2 shifted DTLZ, 1 rotated DTLZ

A3 WFG
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CEC

Competition Suites

13 test problems for CEC 2009 (UF suitey)g et al. 2009]

A 10 with

complicated Pareto sets (4 from the LZ suite)

A2 extended rotated DTLZ

A1 WFG

15 test problems for CEC 20IMaFsuite)cheng et al. 2017a]
A7 modified DTLZ problems

A2 distance minimization problems

A3 WFG problems

A1 SZDT problem

A2 LSMOP problem

6 5AYZ2
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CEC Competition Suites

22 test problems for CEC 201i%g et al. 2019]

A2 SYMPART
AOmnitest [Deb and Tiwari 2008]
A19 MMF problems

24 test problems for CEC 2026hg et al. 2020]
A24 MMF problems

6 H5AYZ2 .

NEOl K2FTF I yR Bé&thmarkia®Mulibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal

91



Survey of Recent Papers

64 papers on unconstrained continuous multiobjective
optimization from recent conferences (without application papers)

ACEC 2020
AGECCO 2020
APPSN
AEMO :

Recent papers Recent papers

Not using

60.9% ZDT/DTLZ/WFG
based problems

23.4%

DTLZ

Using ZDT/DTLZ/WFG
and ZDT/DTLZ/WFG
based prablems
40.6%

WFG 34.4%

ZDT 20.3%
DTLZ/WFG/ZDT variants 20.3% Using only
ZDT/DTLZ/WFG
problems
35.9%
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v1l.5

Artificial Problems (Continuous and Unconstrained)



DistanceBased Problems

Generalidea ishibuchiet al. 2010]

A Basedon earlierwork [Ksppenet al. 2005, Rudolph et al. 2007]
. Minimize f(x)=(f(x), f2(X), .... fr (X))
PropertleS f;(x) = min{dis(x, a;,), dis(x, a;5), ..., dis(x, a;,,)

A 2-D test problems that are inherently visualizable

A Pareto set easy to characterize T_T
A Scalable in the number of objectives L
A Useful for visualizing the distribution of solutions + F
Issues L

A Simple objective functions
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DistanceBased Problems

Extensions

A Highdimensional sarchspacesvasuda et al. 2014]
A Distance tdines(insteadof points) [Li et al. 2014, 2018]
A Dominanceaesistance regionsicldsend2016]

A LocalParetofronts [Liu et al. 2018]

A Problem generator for scalable problems with various properties (local fronts,
disconnected Pareto sets and fronbbominanceaesistance regionsineven ranges of

objective values, varyindensity of solutionp|Fieldsencst al. 2019]
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v2.0

Artificial Problems (Continuous and Unconstrained)



bbob-biobj Suite

Motivation [srockhoffet al. 2022]

A Realworld problems are not constructed using the bottamp approach
A Go back to basiasuse singleobjective functions for each objective

A |dea not NEeWSchaffer1985,Igelet al. 2007 Kerschkeet al. 2016]
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bbob-biobj Suite

Construction

A Use the functions from thBbob suite [Fincket al. 20091
A Wellunderstood
A Scalable in the number of variables and parametrizestgnce3

A 24 functions categorized in 5 groups based on their properties
A Separable
A Low or moderate conditioning
A High conditioning and unimodal
A Multimodal with global structure
A Multimodal with weak global structure
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bbob-bioby-ext) Suites

Low or High Multimodal Multimodal
Separable moderate conditioning with global with weak
D) o — _ - conditioning  and unimodal structure global structure
=9 = = = 38 @ S % ) Ni fo fs fo fs fs fr fs fo Sio S Siz fis Su fis fie Sir fis fre fao for fa2 faz S
= £ g o i oo 2 o3 g
© 5 EE = '8 € o '§ Ezg g Fy |F; Fs |F57 |Fos |F3 Fy Fy || Fs || Fr Fy Fy |Fo h
= = =
o =282 fE-E 2535 E2c595 Fii |Fsg |Foo |Fo1 [Fiz | |Fia P |Fis |Fie | |Fir Fis |Fia £
@ =) o = o £ € St 5 SESS
i - Eo om0 ==0 ==wh Foz [Fes fa Separable
fi f2 fe fs 0 fizs fie fis fir fo fa Foq fi
P\ |F |F | Fs |Fs | Fr | Fs | Fy |Fuo | A s
Separable Fao |\Fos |Fa1 [Fes Fap |Fag |[Fay Fas Fag |Fay fe
Low or
Fpn |Fip (i3 (B | Fis | | | Fir | Fis | Fie | f2 Fior | Fos il
Fog |Fg Fag |F30 [Fa Fiz Faz [Faq fs conditioning
Foy | Fo1 | Foa || Foz | Foy | Fos [ Fae | Fo7 | f6  Low or fo
moderate Frol|Fra | |Fra |Fra Fio
Fos | Fag || Fao | Fa1 | Fyo |Faz | Faa | fs conditioning FraFrs s i [ High
f1 Sphere FrofiFrs o [SORIEGRINE
f2 Ell|p50|d Separable Fis Fg F37 Fgg Fq Fao f13 ngh_ .. F5 |Fag|[F37 Fs Fso |Fao f12 unimodal
COI;dItIDnIng fi Sphere Fa1/|Fa2 Fia Fia |Fus fia
fe Attractive sector an /2 Ellipsoid separable . Fir Fro |Fao |Fas |,
i Rosenbrock original Fo [ Fao | Fas | Faa | Fis | f1a unimodal f» Rastrigin separable - el e fis
fa Skew Rastrigin-Bueche Jie :
! Multimodal
fis Sharp ridge Fog || Far | Fag | Fao | f15 Multimodal fs Linear slope fi5 Rastrigin IFsu Fa1 |Faz |F51 |Fa fiz wtithcflnbal
. . g structure
f12 Sum of different powers with global fs Attractive sector fie Weierstrass Fyy fis
Fyo | Fs1 |Fsy | fur structure fr Step-ellipsoid fiz Schaffer F7 (condition 10) f
f Rastrigin f« Rosenbrock original f1s Schaffer F7 (condition 1000) ! e
f15 Schaff ( diti ) Multimodal fo Rosenbrock rotated fre Griewank-Rosenbrock F8F2 Fi3 |F5q |Fsa |Fas [Fas | fao
17 Schaffer F7 (condition 10 ultimoda .
Frs | Fsa | fa with weak fio Ellipsoid fa0 Schwefel x*sin(x) ‘Fﬁﬁ Fa [Fas | Fro | fr MU:IITHDd:l
. i with wea
f20 Schwefel x*sin(x) global fu Discus fa1 Gallagher 101 peaks Foo For | 22 giobal
llagh K Fs5 | fa1 et fi2 Bent cigar fao Gallagher 21 peaks Fual| f25 | structure
f21 Gallagher 101 peaks structure f1a Sharp ridge fo Katsuuras b2 | fos
f14 Sum of different powers f24 Lunacek bi-Rastrigin Joa

© DimoBrockhofft Yy R ¢ S| ¢ dzOl NJ Benchmarking Multiobjectiv®ptimizers2.0 @ GECCO 2023sbon Portugal 99



bbob-bioby-ext) Suites

Properties

A Construction similar as in realorld problems

A Scalability in the number of variables
A Various problem properties (more diverse than existing multiobjective test suites)

A Included in the COCO benchmarking platformisen et al. 2021]
A Problem instances can be quite diverse

Issues

A Only 2 objectives

A Unknown Pareto set and front, but known singlejective optima and available
approximations of the Pareto fronts (and sets for lovasnensional problems)

6 5AY2 . NRO{K2FF | YR Béhthmarkiz®Wultibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal 100



Visualization of Multiobjective
Landscapes



Visualization in Multiobjective Optimization

[Visualization in Multiobjective Optimization]

Pareto front
approximations

Showing original ] [Showingtransformed] [ Showing optima

objective values objective values networks
- Level Sets - Dominance Ranks [19] - Pareto local optimal
- Line Walks (11, 51] — Local Dominance [17] solutions networks [35]

— Cumulative Gradients [29] ~ Pareto local optima
networks [18]

Showing Showing
— Dominance-neutral
performance performance optima networks [16]
atatime over time
- Line Plots [20] - Grid-Based Sampling [10]

- Heat Maps [36]
- Visualization of Facets [24]
Showing individual I [Showing aggregated] - Grid-Based Sampling [30]

Showing original ]

Showing transformed]

objective values objective values solution properties properties - Slicing (3]
- Scatter Plot Matrix - Radial Coordinate - Self-Organizing Map [43]  ~ Maximum Intensity
- Bubble Chart Visualization [26] - Aggregation Tree [21] PI’IOJQCT\OH Bl
- Parallel Coordinates [28] ~37D RadiaAl Coordinate - MoGram [49] - Direct yolume
Visualization [27] o Rendering [3]
- Radar Chart i - Trend Mining [6] :
Chord Di 121 - Tetrahedron Coordinates - Circular Indicator
- Chord Diagram Model (7] Not optimization Optimization Plots [55]
- Heat Map [45] ~ Polar Plots [25 based based
- Interactive Decision . " - -
Map [37) - H&/F’E"’Ri{d‘aL - Distance and Distribution - Principal Component
" \ Method (37 Visualization [12] Charts [5] Analysis [57]
- Nasseh Metho .
- Level Diagrams (8] - Pareto Shells [52] - Sammon Mapping [50]
- Prosection Plots [2] ~ Hyper-Space Diagonal - Neuroscale [15]
- PaletteViz [47) Counting [4] — Multidimensional
- Tree Map [54] Scaling [53]

- Trade-off Region Map [44] - Isomap [34]
- Seriated Heatmap [53]
- Two-Stage Mapping [33]
- Distance-Based and

OQCAfALIAG YR ¢dzOl NJ H A

Mappings [16]
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Visualization of Multiobjective Problem Landscaj

Lowdimensional search spaces

A Dominance I'atiC[)Fonseca 1995]
A Gradient path length (inspired by gradient plotsschkend Grimme 201
A Local dominanceicidsencet al. 2019]

A [Schapermeieet al. 2020]

Any-dimensional search spaces

A Line CUTSBrockhoffet al. 2022, Volz et al. 2019]

A [Liefoogheet al. 2018Fieldsencand Alyahya2019]

© DimoBrockhofft Yy R ¢ S| ¢ dzO| NJ Benchmarking Multiobjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal 103



Visualization of Multiobjective Problem Landscaj

Various visualizations @bob-biobj-ext problems
https://numbbo.github.io/bbob - biobj/

Visualizations adbbob-biobjand other multtobjective suites using PLOT
https://schaepermeier.shinyapps.io/moPLOT/
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https://numbbo.github.io/bbob-biobj/
https://schaepermeier.shinyapps.io/moPLOT/
https://numbbo.github.io/bbob-biobj/
https://schaepermeier.shinyapps.io/moPLOT/

Visualization of Multiobjective Problem Landscaj

Problems for demonstration

A Double sphere problerhbob-biobj"O  "OhQ , instance 1
A SphereGallagher problenbbob-biobj O "HQ |, instance 1
A Double Gallagher probleimbob-biobj O "Q AQ , instance 1

DI ff1 3KSNJT DI f f
101-me Peaks Function

6 5AY2 . NRO{K2FF | YR Béhthmarkiz®Wultibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal 105



Dominance Ratio

A Discretized search space (501 x 501 grid) [Fonseca 1995
A Dominance ratio = the ratio of grid points that dominate the current point

A All nondominated points have a ratio of zero

A Visualize dominance ratios in logarithmic scale

Dominance ratio (Fy = (f, f1), 2-D, inst. 1) Dominance ratio (F1g = (f1, f>1), 2-D, inst. 1) Dominance ratio (Fs5 = (f>1, f21), 2-D, inst. 1)
4 4 4
10 10 ‘ 10
2 A 2 2 1
10 1072 ‘ 10
X2 i 2 ) . ’

e 10-3 1073 0 d 1073
-2 - 10~ 10-4 -2 1 . 1074
-4 10-3 10-5 ol 10-5

-4 -2 0 2 4 -4 -2 0 2 3 -4 -2 0 2 a
X X

6 5AY2 . NRO{K2FF | YR Béhthmarkiz®Wultibbjective Optimizers 2.0 @ GECCO 2023, Lisbon, Portugal 106



Gradient Path Length

A Compute thebi-objective gradienfor all grid points Adapted from
0 0 O 6 [Kerschkeand Grimme 2017]

| Qo || Qull
A From a grid point, follow the path in the direction of thisidient
A Visualize the length of the path to the local optimum

Path length (F, = (f1, f1), 2-D, inst. 1) Path length (F1g = (f1, f51), 2-D, inst. 1)

U

-4 -2 0 2 4
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LocaDominance

A Green: Dominanceeutral local optima regions [Fieldsencet al. 2019]
A Points that are mutually nondominated with all their 8 neighbors

A Pink: Basins of attraction
A Points dominated by at least one neighbor, their dominating paths lead to the same green region

A White: Boundary regions
A Points whose dominating paths lead to different green regions

Local dominance (F, =(fi, f1), 2-D, inst. 1)
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Line Cuts

8Search space projection (Fy = (f1, f1), 5-D, inst. 2)

E‘é»earch space projection (Fyg = (f1, f21), 5-D, inst. 2)

Saearch space projection (Fss = (21, 1), 5-D, inst. 2)

e reference set (Izooa of 1.1658019 points) e reference set (837 of 4783374 points) e reference set (‘363 of 1970984 points)
64 - cuts through single optlma o cuts through single optima 61— cuts through single qptlma
——=_cut through b9th o'ptlma cut through both optima - cut through bt:)th o.ptlma
ol two random.dlrectlons ) YWouandopn directions N two random_dlrectnons .
= random cut.in plane through optima 4 random/ut.in plane through optima == random cut in plane through optima
2 A 2
SENE < 0
-2 4 -2 4
-4 —4 1 ®
—6 —6 4
v3.0 v3.0
-8 T T T T T T T . . -8 T T T T T T T
-8 -6 -4 -2 0 2 4 6 8 4 6 8 -8 -6 -4 =2 0 2 4 6 8
X1 X1
Unscaled obj. space (F, = (f1, f1), 5-D, inst. 2) Unscaled obj. space (F1p = (f1, f21), 5-D, inst. 2)
e rgference set (3995 of 4658018 points) 6401 o reference set (4004 of 4783374 points)
150 4 ‘cuts through single optima - cuts through single optima
cut through both optima 620 == cut through both optima
125 two random directions two random directions 1
~=—random cut ip-plane through optima —— random cut in plane through optima
(] [
> > 600
5 100 ]
o] )
Q a
o) 4 o
o ° © 5801
= 2
50
S 3 5601
& b
254
540 4
0 N
520 1
_25 -

5
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first objective
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