
ASYMPTOTIC STABILITY OF EQUILIBRIUM STATESFOR MULTICOMPONENT REACTIVE FLOWSVincent GIOVANGIGLI and Marc MASSOTCentre de Math�ematiques Appliqu�ees,Ecole Polytechnique, 91128 Palaiseau Cedex, Francegiovangi@cmapx.polytechnique.fr and massot@cmapx.polytechnique.frWe consider the equations governing multicomponent reactive 
ows derived fromthe kinetic theory of dilute polyatomic reactive gas mixtures. Using an entropy function,we derive a symmetric conservative form of the system. In the framework of Kawashima'sand Shizuta's theory, we recast the resulting system into a normal form, that is, in theform of a symmetric hyperbolic-parabolic composite system. We also characterize allnormal forms for symmetric systems of conservation laws such that the nullspace asso-ciated with dissipation matrices is invariant. We then investigate an abstract secondorder quasilinear system with a source term, around a constant equilibrium state. As-suming the existence of a generalized entropy function, the invariance of the nullspacenaturally associated with dissipation matrices, stability conditions for the source term,and a dissipative structure for the linearized equations, we establish global existence andasymptotic stability around the constant equilibrium state in all space dimensions andwe obtain decay estimates. These results are then applied to multicomponent reactive
ows using a normal form and the properties of Maxwellian chemical source terms.1. IntroductionIn this paper, we investigate the system of equations modeling multicomponentreactive 
ows. We derive various symmetric forms of the system and we establishglobal existence and asymptotic stability around constant equilibrium states for theCauchy problem in all space dimensions.We �rst present the governing equations for multicomponent gaseous 
ows de-rived from the kinetic theory of dilute polyatomic reactive gas mixtures [EG94].We express the conservation equations, the transport 
uxes and the thermody-namic properties. An important point in these equations is that the transport




uxes have their natural symmetry properties. We use in particular the symmetricdi�usion coe�cients introduced by Waldmann and Tr�ubenbacher [WT62] [Gi91].On the contrary, Hirschfelder, Curtiss and Bird [HCB64] have arti�cially destroyedthis symmetry [Gi91] [EG94]. The detailed form of the chemistry source term de-rived from the kinetic theory is not needed in the �rst sections of the paper and ispostponed to Section 6.We then discuss symmetrizability for an abstract system of conservation laws.This property is closely related to the existence of an entropy function as shownby Kawashima and Shizuta in the case of hyperbolic{parabolic systems [KS88], ex-tending previous work on hyperbolic systems [Go62] [FL71] [Mo80]. Starting froman entropy related conservative symmetric form, Kawashima and Shizuta have fur-ther investigated normal forms, that is, symmetric hyperbolic{parabolic compositeforms. These authors have shown in particular that symmetric systems of conser-vation laws such that the nullspace naturally associated with dissipation matricesis invariant can be recast into a normal form. In the framework of their theory,we further characterize, in this paper, all normal forms for systems satisfying theinvariance property.As an application, we exhibit an entropy function for the system of equationsmodeling multicomponent 
ows. By using the corresponding entropic variable, wederive a symmetric conservative formulation of the system. Chalot, Hughes andShakib [CHS90] have carried out similar calculations in the case of 
ows in ther-mochemical nonequilibrium. However, they have used a multicomponent di�usionmatrix which is not symmetric [HCB54] and which prohibits complete symmetriza-tion. These authors have thus advocated Onsager's phenomenological coe�cients inorder to achieve symmetrization. On the contrary, by using the symmetric form ofthe transport 
uxes and of the di�usion coe�cients [WT62] [Gi91] [EG94], we haveobtained a naturally symmetric conservative formulation. The symmetrized multi-component reactive 
ows governing equations are then shown to satisfy the invari-ance property and are recast into two di�erent normal forms. The �rst normal formhas simpler matrix coe�cients and generalizes previous results from Kawashimaand Shizuta [KS88]. The second normal form has dissipative terms in conservativeform and leaves unchanged the structure of the source term. Both forms can beused for the asymptotic stability of constant equilibrium states investigated in thepaper.We then consider an abstract second order quasilinear system which admitsan entropy function and satis�es the nullspace invariance property so that it canbe recast into a normal form. Under stability conditions on the source term, andassuming conditions which guarantee the dissipative structure of the linearized nor-mal system around the constant equilibrium state, we obtain global existence andasymptotic stability of the stationary state. As stability conditions, we assume thatthe chemical entropy production is nonnegative and that the source term lies in therange of its derivative at equilibrium. Our method of proof relies on Kawashima'stheory [Ka84], on a priori estimates provided by the entropy conservation law and



on stability properties of the source term. Decay estimates towards the constantstationary state are also obtained in all space dimensions. This work extends previ-ous results of Kawashima [Ka84] in space dimension d � 3 for general source term.It also extend results of Kawashima [Ka84] concerning entropic systems with nosource term in space dimension d � 1.We then apply these results to the system modeling multicomponent reactive
ows. We �rst investigate Maxwellian chemical source terms provided by the kinetictheory. We restate the existence of constant stationary states and investigate thestructure of the corresponding linearized equations at equilibrium. We then obtainglobal existence, asymptotic stability of the constant equilibrium state togetherwith decay estimates. To the authors' knowledge, these results on multicomponentreactive 
ows, obtained in a mathematical framework deduced from the kinetictheory of gas mixtures [Gi91] [EG94], are new.The governing equation for multicomponent reactive 
ows are presented in Sec-tion 2. Symmetrizability for systems of conservation laws, entropy functions andnormal forms are investigated in Section 3. These results are then applied to mul-ticomponent reacting 
ows in Section 4. In Section 5 we investigate an abstracthyperbolic-parabolic composite system with a source term. Finally, Maxwellianchemical source terms and equilibrium states are discussed in Section 6 and asymp-totic stability is obtained in Section 7.2. Governing Equations2.1. Conservation equationsThe equations modeling multicomponent reactive 
ows express the conserva-tion of species mass, momentum and energy. These equations can be written in theform [WT62] [EG94] @tU +Xi2C @iFi +Xi2C @iFi = 
; (2.1)where @t is the time derivative operator, U the conservative variable, @i the spacederivative operator in the ith direction, C = f1; 2; 3g the set of direction indices,Fi the advective 
ux in the ith direction, Fi the dissipative 
ux in the ith directionand 
 the source term. The variable U and the advective 
uxes Fi, i 2 C, are givenby U = ��1; : : : ; �nS ; �v1; �v2; �v3; �etot�t; (2.2)andFi = ��1vi; : : : ; �nSvi; �v1vi+�i1p; �v2vi+�i2p; �v3vi+�i3p; �etotvi+pvi�t; (2.3)where �k is the density of the kth species, nS the number of species, S = [1; nS]the set of species indices, � =Pk2S �k the total density, vi the mass averaged 
ow



velocity in the ith direction, etot the total energy per unit mass of the mixture, andp the thermodynamical pressure. For convenience, the dissipative 
ux Fi is splittedbetween the mass and heat di�usion 
ux FD�i and the viscous 
ux F��i so thatFi = FD�i +F��i : (2.4)The 
uxes FD�i and F��i , i 2 C, and the source term 
, are given byF��i = �0; : : : ; 0; �i1; �i2; �i3; Xj2C�ijvj�t; (2.5)FD�i = ��1V1i; : : : ; �nSVnSi; 0; 0; 0; qi�t; (2.6)
 = �m1!1; : : : ; mnS!nS ; �g1; �g2; �g3; �g �v�t; (2.7)where � = (�ij)i;j2C is the viscous stress tensor, Vk = (Vk1;Vk2;Vk3)t the di�usionvelocity of the kth species, q = (q1; q2; q3)t the heat 
ux vector, mk the molar massof the kth species, !k the molar production rate of the kth species, g = (g1; g2; g3)tthe external force per unit mass acting on the species, v = (v1; v2; v3)t the velocityvector and t the transposition symbol.These equations have to be completed by the relations expressing the transport
uxes �, Vk, k 2 S, and q, the thermodynamic properties p and etot, the chemicalsource terms !k, k 2 S, and the speci�c force g.2.2. Transport 
uxesThe expressions for the transport 
uxes rigorously derived from the kinetictheory of dilute polyatomic gas mixture can be written as [WT62] [EG94]Vk = �Xl2S Dkldl � �k@x logT; k 2 S; (2.8)� = �(� � 23�)(@x �v)I � ��@xv + (@xv)t�; (2.9)q = ��0@xT � pXk2S �kdk +Xk2S �khkVk; (2.10)where D = (Dkl)k;l2S is the di�usion matrix, dk the di�usion driving force of thekth species, � = (�1; : : : ; �nS )t the thermal di�usion vector, @x = (@1; @2; @3)t theusual di�erential operator, T the absolute temperature, � the volume viscosity, �the shear viscosity, �0 the partial thermal conductivity and hk the enthalpy perunit mass of the kth species. The vectors dk, k 2 S, take into account the e�ects ofvarious state variable gradients and are given bydk = @xXk +Xk @xpp ; (2.11)



where Xk denotes the mole fraction of the kth species. Alternate expressions forthe di�usion velocities and the heat 
ux vector areVk = �Xl2S Dkl(dl + �l@x logT ); k 2 S; (2.12)q = ��@xT + pXl2S �lVl +Xl2S �lhlVl; (2.13)where � = (�1; : : : ; �nS)t is the thermal di�usion ratio vector and � the thermalconductivity. Both expressions (2.8) (2.12) for the di�usion velocities and (2.10)(2.13) for the heat 
ux vector will be used in the following.These formulations of the pressure tensor (2.9), the di�usion velocities (2.8)(2.12), and the heat 
ux (2.10) (2.13) are due to Waldmann and Tr�ubenbacher[WT62] [EG94]. In particular, the di�usion matrix D associated with these 
uxesis symmetric as speci�ed in Section 2.5 where the properties of the various transportcoe�cients are expressed.2.3. Thermodynamic propertiesFrom the kinetic theory, the state law expressing the pressure p isp = � r T; (2.14)where � r = RgXk2S �kmk : (2.15)In these expressions, � = Pk2S �k is the total mass density, r the speci�c gasconstant of the mixture, and Rg the universal gas constant. The speci�c totalenergy etot and the speci�c internal energy e of the mixture are given byetot = e + 12v�v; (2.16)where �e =Xk2S �kek: (2.17)The quantity ek is the internal energy per unit mass of the kth species and can bewritten ek(T ) = e0k + Z TT0cvk(T 0) dT 0; (2.18)where e0k is the energy of formation of the kth species at the positive referencetemperature T0 and cvk is the speci�c heat at constant volume of the kth species.The mixture speci�c heat at constant volume cv is also de�ned by�cv =Xk2S �kcvk: (2.19)



Similarly, the speci�c total enthalpy htot and speci�c enthalpy h are writtenhtot = h+ 12v�v; �h =Xk2S �khk; (2.20)where hk, the enthalpy per unit mass of the kth species, readshk(T ) = ek(T ) + rkT; (2.21)and where rk = Rg=mk is the speci�c gas constant of the kth species. It is alsoconvenient to denote by etotk the total energy per unit mass of the kth species andby htotk the total enthalpy per unit mass of the kth speciesetotk = ek + 12v�v; htotk = hk + 12v�v: (2.22)The kinetic theory also yields the speci�c (physical) entropy of the kth speciessk(�k; T ) = s00k + Z TT0 cvk(T 0)T 0 dT 0 � rk log� �k
0mk� ; (2.23)where s00k is the standard formation entropy at the positive reference temperatureT0 and positive reference pressure 
0RgT0. Note that �k=mk = 
k is the molarconcentration of the kth species and 
0 is the reference concentration. Finally, wewill also need the expression of the chemical potential �k(�k; T ) of the kth species�k = ek + rkT � skT: (2.24)2.4. Source termsThe detailed description of the chemical source terms !k, k 2 S, is not neededin the �rst sections of the paper. It will only be needed for investigating globalexistence results and asymptotic stability of constant equilibrium states. Therefore,the detailed description of the terms !k, k 2 S, is postponed to Section 6. In thefollowing, we only require that the chemical source terms !k, k 2 S, are functionsof the natural variable Y = (�1; : : : ; �nS ; v1; v2; v3; T )t!k = !k(Y ); (2.25)with a similar assumption for the speci�c force term gg = g(Y ): (2.26)Remark 2.1. In this paper, for sake of simplicity, we only consider a speciesindependent speci�c force, as gravity for instance. When the speci�c forces arespecies dependent, the overall force term reads g = Pk2S �kgk, and the di�usion



driving force terms become d0k = dk � (�k=p)gk, where gk denotes the speci�c forceacting on the kth species. In this situation, there are extra 
uxes arising from themodi�ed di�usion driving force terms, and symmetrization of these 
uxes can onlybe achieved provided that special compatibility relations hold between the speci�cforces and the transport coe�cients [Ma96].2.5. Mathematical assumptionsWe introduce here the mathematical assumptions concerning the transportcoe�cients, the thermodynamic properties and the simpli�ed source terms. Weassume that the natural variable Y = (�1; : : : ; �nS ; v1; v2; v3; T )t takes its values inthe open convex set OY OY = (0;1)nS �R3 � (T0;1); (2.27)where T0 is positive and we assume the following dependence and regularity prop-erties.(H1) The transport coe�cients (Dkl)k;l2S , (�1; : : : ; �nS)t, (�1; : : : ; �nS)t, �, �,�0, and � are C1 functions of (�1; : : : ; �nS ; T ) 2 (0;1)nS � (T0;1).(H2) The speci�c heats cvk, k 2 S, are C1 functions of T 2 [T0;1). Moreoverthere exists a positive constant a with 0 < a � cvk(�), for � � T0 andk 2 S.(H3) The force term g is a C1 function of Y 2 OY .(H4) The chemical production rate vector ! = (!1; : : : ; !nS)t is a C1 functionof Y 2 OY .(H5) The shear viscosity �, the thermal conductivity �, and the partial thermalconductivity �0 are positive and the volume viscosity � is nonnegative.(H6) The matrix D = (Dkl)k;l2S is symmetric positive semi-de�nite and itsnullspace is spanned by % = (�1; : : : ; �nS )t. We have in particular the massconstraints Xk2S �kDkl = 0; l 2 S:(H7) The thermal di�usion vector � = (�1; : : : ; �nS )t satis�es the mass constraintXk2S �k�k = 0:(H8) The thermal di�usion ratio vector � = (�1; : : : ; �nS)t satis�es the relationsXl2S Dkl�l = �k; k 2 S; Xk2S �k = 0:



The partial thermal conductivity �0 is given by� = �0 � pT Xl2S �l�l :(H9) The chemical production rate vector ! = (!1; : : : ; !nS)t satis�es the massconservation relation Xk2Smk!k = 0:We point out that all these assumptions are suggested by the semi-classical ki-netic theory of dilute polyatomic reactive gas mixtures [Gi91] [EG94]. As previouslymentioned, the di�usion coe�cients considered here are symmetric and, therefore,are consistent with Onsager reciprocal relations. On the contrary, Hirschifelder,Curtiss and Bird have introduced an alternate de�nition [HCB54] and arti�ciallydestroyed the symmetry of the di�usion process [Gi91] [EG94]. The mass con-straints of the di�usion matrix and the thermal di�usion vector also imply the massconservation relation Pk2S �kVk = 0. In addition, the positivity properties of thetransport coe�cients are associated with the positivity of the entropy productionquadratic form [Gi91] [EG94].Further note that the gas species speci�c heats|and therefore the energiesand enthalpies|obtained from the kinetic theory, could also be extended|froma mathematical point of view|up to zero temperature, but not the gas entropywhich explodes like logT . However, since the basic assumptions of the kinetictheory of dilute gas mixtures are not valid at low temperatures, where the gases areultimately transformed into liquids and then into solids, we have chosen to restrictthe temperature domain to [T0;1), where T0 is positive, for modeling gas mixtures.2.6. The quasilinear formBy expressing the natural variable Y in term of the conservative variable U , wenow rewrite the system of conservation equations (2.1) in a quasilinear form. Forthis purpose, we �rst investigate the map Y ! U and its range.Proposition 2.2. The map Y 7�! U is a C1 di�eomorphism from the open setOY = (0;1)nS �R3 � (T0;1) onto an open set OU . The open set OU is convexand given byOU = f z 2 RnS+4; zi > 0; 1 � i � nS ; znS+4 � �(z1; : : : ; znS+3) > 0 g; (2.28)where �(z1; : : : ; znS+3) = 12 z2nS+1 + z2nS+2 + z2nS+3Pi2S zi +Xi2S zie0i :



Proof. From Assumption (H2) and the expression (2.2) we �rst deduce that themap Y ! U is C1 over the domain OY . The matrix @YU is easily shown to benonsingular over OY thanks to its triangular structure. Finally, it is straightforwardto show that the map Y ! U is one to one so that Y ! U is a C1 di�eomorphismonto an open set OU . From (H2), it is then easily established that OU is givenby (2.28). The convexity of OU is then a direct consequence of the convexity of �which is established by evaluating its second derivative. utFrom (2.8){(2.11) and Proposition 2.2, the dissipation 
uxes can then be ex-pressed as functions of the conservative variable gradientsFi = �Xj2CGij(U )@jU (2.29)where Gij(U ), i; j 2 C, are the dissipation matrices. These matrices are squarematrices of dimension nS + 4, and, from (2.4){(2.6), they admit the following de-composition Gij = G��ij +GD�ij ; (2.30)where F��i = �Xj2CG��ij (U )@jU; FD�i = �Xj2CGD�ij (U )@jU:We may further introduce the jacobian matrices Ai, i 2 C, of the advection 
uxesFi, i 2 C, Ai = @UFi; (2.31)and �nally rewrite the system into the quasilinear form@tU +Xi2CAi@iU = Xi;j2C @i�Gij@jU�+
(U ); (2.32)where the matrix coe�cients are de�ned on the open convex set OU . The detailedform of the coe�cient matrices Ai, i 2 C, and Gij(U ), i; j 2 C, will not be neededin the following, and, therefore, will not be given and we refer to [Ma96] for moredetails.3. Symmetrization and Normal FormsFor hyperbolic systems of conservation laws, the existence of a conservativesymmetric formulation has been shown to be equivalent to the existence of anentropy function [Go62] [FL71] [Mo80]. These results have been generalized to thecase of second order quasilinear systems of equations by Kawashima and Shizuta[KS88], using Kawashima's de�nition of an entropy function [Ka84]. In this section,we �rst restate these results on conservative symmetrizability. FollowingKawashima



and Shizuta [KS88], we then investigate normal forms of the system, i.e., symmetrichyperbolic-parabolic composite forms. Kawashima and Shizuta [KS88] have shownthat, when the nullspace naturally associated with dissipation matrices is a �xedsubspace, a symmetric system of conservation equations can be put into a normalform. In the framework of their theory, we further characterize in this section allnormal forms for such symmetric systems of conservation laws.3.1. Entropy functions and symmetric conservative formsWe consider an abstract second order quasilinear system in the form@tU� + Xi2C� @iF �i (U�) = Xi;j2C� @i�G�ij(U�)@jU��+ 
�(U�); (3.1)where U� 2 OU� , OU� is an open convex set of Rn, and C� = f1; : : : ; dg is the set ofdirection indices of Rd. Note that the superscript � is used in order to distinguishbetween the abstract second order system (3.1) of size n in Rd and the particularmulticomponent reactive 
ows system (2.32) of size nS + 4 in R3. All quantitiesassociated with the abstract system have the corresponding superscript �, so thatfor instance the unknown vector is U�. We assume that the following propertieshold for system (3.1).(A1) The 
ux vectors F �i , i 2 C�, the dissipation matrices G�ij, i; j 2 C�, andthe source term 
�, are smooth functions of the variable U� 2 OU� , whereOU� is a convex open set of Rn.The following de�nition of a symmetric (conservative) form, for the system(3.1), is due to Kawashima and Shizuta [KS88].De�nition 3.1. Assume that V � ! U� is a di�eomorphism from OV� onto OU� ,and consider the system in the V � variableeA�0@tV � + Xi2C� eA�i @iV � = Xi;j2C� @i� eG�ij@jV ��+ e
�; (3.2)where ( eA�0 = @V�U�; eA�i = A�i eA�0;eG�ij = G�ij eA�0; e
� = 
�: (3.3)The system (3.2) is said to be of the symmetric form if the matrix coe�cients satisfythe following properties.(S1) The matrix eA�0(V �) is symmetric and positive de�nite for V �2OV�,(S2) The matrices eA�i (V �), i 2 C�, are symmetric for V �2OV� ,(S3) We have eG�ij(V �)t = eG�ji(V �) for i; j 2 C� and V �2OV� ,



(S4) The matrix eB�(V �; w) =Pi;j2C� eG�ij(V �)wiwj is symmetric and positivesemi-de�nite, for V �2OV� and w 2 Sd�1, where Sd�1 is the unit spherein d dimensions.Note that both �rst and second order derivative terms are in conservative form in(3.2). On the other hand, the following generalized de�nition of an entropy functionhas been given by Kawashima [Ka84] [KS88].De�nition 3.2. A real-valued smooth function H�(U�) de�ned on a convex setOU� is said to be an entropy function for system (3.1) if the following propertieshold(E1) The function H� is a strictly convex function on OU� in the sense that theHessian matrix is positive de�nite on OU� ,(E2) There exists real-valued smooth functions ��i = ��i (U�) such that�@U�H��A�i = @U���i ; i 2 C�; U� 2 OU� ; (3.4)(E3) We have the property�@2U�H�(U�)��1 (G�ij)t = G�ji �@2U�H�(U�)��1 ; i; j 2 C�; U� 2 OU� :(3.5)(E4) The matrix eB�(V �; w) = Pi;j2C� G�ij(U�) �@2U�H�(U�)��1 wiwj is sym-metric positive semi-de�nite for U� 2 OU� and w 2 Sd�1.Kawashima and Shizuta have established the equivalence between conservative sym-metrizability and the existence of an entropy function for the system [KS88].Theorem 3.3. The system (3.1) can be symmetrized on the open convex set OU� ifand only if the system admits an entropy function H� on OU� . In this situation, thesymmetrizing variable V � can be expressed in terms of the gradient of the entropyfunction H� V � = �@U�H��t: (3.6)The mathematical entropy H� is generally taken to be the opposite of thephysical mixture entropy density per unit volume. The variable V � is usually termedthe entropic variable associated with the variable U�.Remark 3.4. Note that, for convenience, we have considered source terms in theprevious de�nitions, which are minor modi�cations of [KS88]. Properties of entropyfunctions associated with source terms are discussed in Section 5.2.



3.2. Normal formsWe now assume that the abstract second order quasilinear system (3.1) issymmetrizable in the sense of De�nition 3.1, that is, we assume(A2) The system (3.1) admits an entropy function H� over the domain OU� .Introducing the symmetrizing variable V �t = @U�H�, the corresponding system(3.2) then satis�es Properties (S1){(S4). However, depending on the range of thedissipation matrices eG�ij, this system lies between the two limit cases of an hy-perbolic system and a strongly parabolic one. In this section, we use a su�cientcondition on the matrices eG�ij, i; j 2 C�, the Condition N introduced by Kawashimaand Shizuta [KS88], under which the system can be recast in the form of a symmet-ric hyperbolic-parabolic composite system, de�ned as a normal form of the system.We then characterize all normal forms for symmetric systems of conservation lawssatisfying Condition N.Introducing a new variable W �, associated with a di�eomorphism from OW�onto OV� , and multiplying the conservative symmetric form on the left side by thetranspose of the matrix @W�V � we then get a new system in the variable W � andwe have the following de�nition of a normal form [KS88].De�nition 3.5. Consider a system in symmetric form as in De�nition 3.1 and adi�eomorphismW � ! V � from OW� to OV� . The system in the new variable W �A�0@tW � + Xi2C�A�i @iW � = Xi;j2C� @i�G�ij@jW ��+H� + 
�; (3.7)where8>>>>><>>>>>: A�0 = (@W�V �)t eA�0 (@W�V �); G�ij = (@W�V �)t eG�ij (@W�V �);A�i = (@W�V �)t eA�i (@W�V �); 
� = (@W�V �)te
�;H� = � Xi;j2C� @i(@W�V �)t eG�ij (@W�V �)@jW �; (3.8)satis�es(S1) The matrix A�0(W �) is symmetric and positive de�nite for W �2OW� ,(S2) The matrices A�i (W �), i 2 C�, are symmetric for W �2OW� ,(S3) We have G�ij(W �)t = G�ji(W �) for i; j 2 C� and W �2OW� ,(S4) The matrix B�(W �; w) = Pi;j2C� G�ij(W �)wiwj is symmetric positivesemi-de�nite, for W � 2 OW� and w 2 Sd�1.This system is then said to be of the normal form if there exists a partitionof f1; : : : ; ng into I = f1; : : : ; n0g and II = fn0 + 1; : : : ; ng, such that the followingproperties hold.



(N1) The matrices A�0 and G�ij have the block structureA�0 =0@A�I;I0 00 A�II;II0 1A ; G�ij =0@ 0 00 G�II;IIij 1A ;(N2) The matrix B�II;II(W �; w) =Pi;j2C� G�II;IIij (W �)wiwj is positive de�nite,for W � 2 OW� and w 2 Sd�1,(N3) We have H� (W �; @xW �) = �H�I (W �; @xW �II) ;H�II (W �; @xW �)�t ;where we have used the vector and matrix block structure induced by the parti-tioning of f1; : : : ; ng into I = f1; : : : ; n0g and II = fn0 + 1; : : : ; ng, so that we haveW � = (W �I ;W �II)t for instance.Remark 3.6. Note that, for convenience, we have kept the dissipative terms G�ijin conservation form and we have considered a source term 
� in De�nition 3.5,which are minor modi�cations of [KS88].A su�cient condition for system (3.2) to be recast into a normal form is that thenullspace naturally associated with dissipation matrices is a �xed subspace of Rn.This is Condition N introduced by Kawashima and Shizuta which is now assumedto hold.(A3) The null space of the matrixeB�(V �; w) = Xi;j2C� eG�ij(V �)wiwj;does not depend on V � 2 OV � and w 2 Sd�1 and we denote by n0 itsdimension n0 = dim�N ( eB�)�.In order to characterize more easily normal forms for symmetric systems of conserva-tion laws satisfying Condition N, that is, satisfying (A3), we introduce the auxiliaryvariables U�0 and V �0, depending linearly on U� and V �, respectively. The dissi-pation matrices corresponding to these auxiliary variables have nonzero coe�cientsonly in the lower right block of size n � n0, where n0 = dim�N ( eB�)�. Normalforms are then equivalently|and more easily|obtained from the V �0 symmetricequation.Lemma 3.7. Consider a system of conservation laws (3.2) which is symmetric inthe sense of De�nition 3.1. Denote by H� the associated entropy function and byV � = (@U�H�)t the symmetrizing variable, and assume that Condition N is satis�edover OV� .Further consider any constant nonsingular matrix P of dimension n, such thatits �rst n0 columns span the nullspace N ( eB�) associated with Condition N, wheren0 = dim�N ( eB�)�. More speci�cally, assume that P is such thatspann (P1j; : : : ; Pnj)t; 1 � j � n0 o = N ( eB�):



The auxiliary variable U�0 = P tU�;satis�es the equation@tU�0 + Xi2C�A�0i @iU�0 = Xi;j2C� @i�G�0ij@jU�0�+
�0; (3.9)where A�0i = P tA�i (P t)�1, G�0ij = P tG�ij(P t)�1, and 
�0 = P t
�. The correspondingentropy is then the functional U�0 ! H��(P t)�1U�0� and the associated entropicvariable V �0 = (@U�0H�)t is given byV �0 = P�1V �;and satis�es the equationeA�00 @tV �0 + Xi2C� eA�0i @iV �0 = Xi;j2C� @i� eG�0ij@jV �0�+ e
�0; (3.10)where eA�00 = P t eA�0P , eA�0i = P t eA�iP , eG�0ij = P t eG�ijP , and e
�0 = P te
�. In particular,eG�0ij is in the form eG�0ij =0@ 0n0�n0 0n0�(n�n0 )0(n�n0 )�n0 eG�0II;IIij 1A ; (3.11)and eB�0II;II(V �0; w) =Pi;j2S eG�0II;IIij wiwj is positive de�nite over OV �0 � Sd�1.Finally, the normal form (3.7) is equivalently obtained by multiplying the V �equation (3.2) by (@W�V �)t or the V �0 equation (3.10) by (@W�V �0)t.Proof. Eq. (3.9) is easily established by multiplying Eq. (3.1) on the left byP t. This also yields the relations A�0i = P tA�i (P t)�1 and G�0ij = P tG�ij(P t)�1, and
�0 = P t
�. It is also easily checked that the functional U�0 ! H��(P t)�1U�0� isthe corresponding entropy. From V �0 = (@U�0H�)t and the chain rule, we then getthat V �0 = P�1V � and Eq. (3.10) is obtained as in (3.2) (3.3). Since eB�0 = P t eB�Pand since the �rst n0 columns of P span N ( eB�), we next deduce that eB�0 is in theform eB�0 =0@ 0n0�n0 0n0�(n�n0)0(n�n0)�n0 eB�0II;II 1A ; (3.12)so that all the matrices eG�0ij, i; j 2 C�, are also in the form (3.11). Moreover, thematrix eB�0II;II(V �0; w) is positive de�nite since the n� n0 last columns of P span asubspace complementary to N ( eB�). utNormal forms for symmetrizable systems of conservation laws satisfying Con-dition N are now completely characterized in the following theorem, in terms of theauxiliary variables U�0 and V �0.



Theorem 3.8. Keeping the assumptions and notation of Lemma 3.7, any normalform of the system (3.2) is given by a change of variable in the formW � = � I(U�0I ); 'II(V �0II )�t; (3.13)where  I and 'II are two di�eomorphisms of Rn0 and Rn�n0, respectively. Then0 components of U�0I can thus be termed hyperbolic components and the n � n0components of V �0II parabolic components. Furthermore we haveH�(W �; @xW �) = �0; H�II(W �; @xW �II )�t;and when 'II is a constant linear mapping, we also have H�II = 0 and the dissipativeterms are in conservative form.Proof.The mappingU�0 7�!W � is smooth from assumptions and a straightforwardcalculation yields that@U�0W � =0@ @U�0I  I 0(n�n0)�n@V �0II 'II� eA�0�10 �II;I @V �0II 'II� eA�0�10 �II;II1A ;so that @U�0W � is invertible. On the other hand, the derivative of the mappingU�0II 7�! V �0II (U�0I ; U�0II ), for a �xed value of U�0I , is given by @U�0II V �0II = � eA�0�10 �II;II andis positive de�nite. Since OU�0 is an open convex set, we deduce that U�0 7�! W �is one to one. As a consequence, the mapping U�0 7�! W � is a di�eomorphismfrom OU�0 = P tOU� onto an open set denoted by OW� and, similarly, the mappingV �0 7�!W � is a di�eomorphism from OV�0 = P�1OV� onto OW� .Evaluating and inverting the matrix @V�0W �, we next obtain the followingexpression for @W�V �0@W�V �0 = 0@� eA�0 I;I0 ��1�@U�0I  I��1 �� eA�0 I;I0 ��1 eA�0 I;II0 �@V �0II 'II��10(n�n0)�n �@V �0II 'II��1 1A ; (3.14)and a direct calculation using (3.14) then shows that Properties (N1){(N3) aresatis�ed, keeping in mind that normal forms are equivalently obtained from the V �0equation (3.10) or the V � equation (3.2).Consider a di�eomorphism V �0 7�! Z� = �'I(V �0I ; V �0II ); 'II(V �0I ; V �0II )�t andassume that the system (3.7) in the variable Z� is of the normal form. By usingthe de�nition of B� and the auxiliary variable V �0, it is easily established thateB�0 = �@V �0Z��tB��@V �0Z��:Using the block structure of B� and eB�0 then yields that �@V �0I Z�II�tB�II;II�@V �0I Z�II� �@V �0I Z�II�tB�II;II�@V �0II Z�II��@V �0II Z�II�tB�II;II�@V �0I Z�II� �@V �0II Z�II�tB�II;II�@V �0II Z�II�! = �0 00 eB�0II;II � ;(3.15)



which implies that @V �0I Z�II = 0 since eB�II;II is positive de�nite, and thus thatZ�II = 'II(V �0II ): (3.16)On the other hand, by using the de�nition of A�0, it is easily establish thatA�0�@U�0Z�� = �@Z�V �0�t:Using the block structure ofA�0 and the relation @Z�I V 0�II = 0, derived from @V 0�I Z�II =0, we then obtain that @U�0II Z�I = 0 and thus thatZ�I =  I(U�0I ); (3.17)where we have de�ned 'I(V �0I ; V �0II ) =  I(U�0I ; U�0II ). This shows that any di�eomor-phism associated with a normal form is of type (3.13).Moreover, a direct calculation yieldsH� = �0;� Xi;j2C� @i�(@V �0II 'II)�1�t eG�0II;IIij �@V �0II 'II��1@jW �II�t: (3.18)This shows that H�I = 0, and that H�II = 0 when 'II is constant linear mapping aswas to be shown. utRemark 3.9. Theorem 3.8 shows in particular that the general form (3.13) isindependent of the choice of P . It is also possible, however, to check it directly.Consider indeed another matrix Q, as in Lemma 3.7, and de�ne U�00 = QtU� andV �00 = Q�1V �. Denoting by P the matrix P = P�1Q, we thus get U�00 = PtU�0and V �00 = P�1V �0. Since the nullspace N ( eB) is spanned by the n0 �rst columnsof P and Q, it is easily checked that PII;I = 0. This implies that PI;I and PII;II areinvertible so that U�00I = (PI;I)tU�0I and V �00II = (PII;II)�1V �0II and we recover thatthe general form (3.13) is independent of P .4. Symmetrization for Multicomponent FlowsWe now apply the general results of Section 3 to the system of equations gov-erning multicomponent reactive 
ows (2.32). We �rst exhibit an entropy functionand derive the corresponding conservative symmetric form. We then establish thatCondition N is satis�ed. As a result, we recast the symmetrized system into twonormal forms. The �rst normal form has simpler matrix coe�cients and generalizesthe normal form of the Navier-Stokes equations previously obtained by Kawashimaand Shizuta [KS88]. This form also perturbs the structure of the source term. The



second normal form, given in the Appendix, is more natural but also more com-plex, and has dissipative terms in conservative form. Both forms can be used for theasymptotic stability of constant equilibrium states investigated in the next sections.4.1. Entropy and symmetric conservative formWe �rst note that Property (A1) is a direct consequence of Assumptions (H1){(H4). We next de�ne the mathematical entropy function H as the opposite of thephysical mixture entropy density per unit volumeH = �Xk2S �ksk: (4.1)The corresponding entropic variableV = �@UH�t; (4.2)is then easily obtained and is in the formV = 1T ��1 � 12v �v; : : : ; �nS � 12v �v; v1; v2; v3; �1� ; (4.3)where �k is the chemical potential of the kth species.Proposition 4.1. The change of variable U 7�! V from the open convex set OUonto the open set OV = RnS+3 � (�1;�1=T0) is a C1 di�eomorphism.Proof. From Proposition 2.2, Y ! U is a C1 di�eomorphism from OY onto OU ,so that we only have to show that Y ! V is a C1 di�eomorphism from OY ontothe open set OV . From Assumption (H2) and the expressions (2.18) (2.23) (2.24),we �rst deduce that the map Y ! V is C1 over the domain OY . The matrix @Y Vis then easily shown to be nonsingular over OY thanks to its triangular structure.Finally, it is straightforward to show that the map Y ! V is one to one|since �skis an increasing function of �k at �xed T|and that its range is OV , and the proofis complete. utThe conservative symmetric form is now investigated in the following theorem.Theorem 4.2. The function H is an entropy for system (2.32), that is, H satistiesProperties (E1){(E4) of De�nition 3.2. The system associated with the entropicvariable V 2 OV can then be writteneA0@tV +Xi2C eAi@iV = Xi;j2C @i� eGij@jV �+ e
; (4.4)



and satis�es Properties (S1){(S4) of De�nition 3.1. The matrix eA0 is given byeA0 = 0BBBBBBBB@ ��krk �kl�k;l2S Sym��lrl vi�i2C;l2S (��vivj + �T�ij)i;j2C��lrl etotl �l2S (�evj + �Tvj)j2C �e 1CCCCCCCCA (4.5)where�� =Xk2S �krk ; �e =Xk2S �krk etotk ; �e =Xk2S �krk etotk 2+ �T (v �v + cvT ) :Since this matrix is symmetric, we only give its block lower triangular part and write\Sym" in the upper triangular part. On the other hand, denoting by � = (�1; �2; �3)tan arbitrary vector of R3, the matrices eAi, i 2 C, are given byXi2C eAi�i =0BBBBBBBB@ ��kl �lrl v ���k;l2S Sym��lT�i + �lrl vi v���i2C;l2S ���vivjv�� + �T (vi�j+vj�i+v���ij)�i;j2C�htotl �lrl v���l2S (�hvjv�� + �Tvjv�� + �Thtot�j)j2C �hv��1CCCCCCCCA(4.6)where �h =Xk2S �krk htotk ; �h =Xk2S �krk htotk 2+ �T (v �v + (cv + r)T ) :Furthermore, concerning the dissipation matrices, we have the usual decompositioneGij = eG��ij + eGD�ij : (4.7)The viscous matrices eG��ij , i; j 2 C, have the following structureeG��ij =  0nS�nS 0nS�404�nS eKij ! ; (4.8)



so that we only need the expressions of eKij, i; j 2 C. For sake of brevity, we onlyexpress eK11 and eK12eK11 = T 0BBBBBB@ (�+ 43�) 0 0 (� + 43�)v10 � 0 �v20 0 � �v3(� + 43�)v1 �v2 �v3 (�+ 13�)v21 + �v�v1CCCCCCA ;eK12 = T 0BBBBBB@ 0 (� � 23�) 0 (� � 23�)v2� 0 0 �v10 0 0 0�v2 (�� 23�)v1 0 (�+ 13�)v1v21CCCCCCA ;the other matrices being obtained by circular permutation and using the relationseK12 = eKt21; eK13 = eKt31; eK23 = eKt32:On the other hand, the heat and mass di�usion matrices eGD�ij , i; j 2 C, satisfyeGD�11 = eGD�22 = eGD�33 = eGD�; eGD�ij = 0; i 6= j;whereeGD� = 0BBB@ (Dkl)k;l2S Sym03�nS 03�3�Pk2SDklhk+�l�lT�l2S 01�3 �0T 2+2 Pk2S �k�khkT+ Pk;l2S Dklhkhl1CCCA ;(4.9)and the symmetric matrix D has been de�ned from the multicomponent di�usionmatrix D by Dkl = �k�lDkl=r�: (4.10)Finally, the source term e
 is given bye
 = 
: (4.11)Proof. The calculation of the matrices eA0, eAi, i 2 C, and eGij, i; j 2 C, is lengthybut straighforward and, therefore, is omitted [Ma96]. This calculation is easily con-ducted by using the natural variable Y as an intermediate variable. The symmetryproperties of eA0, eAi, i 2 C, and eGij, i; j 2 C, required in (S1){(S4), are then



obtained. We also have the identity e
 = 
, since (4.4) is derived by a change ofvariable.Consider then a vector x 2 RnS+4, with components (x1; : : : ; xnS+4). After alittle algebra, we obtain thatxt eA0x = �T �(xnS+1+v1xnS+4)2+(xnS+2+v1xnS+4)2+(xnS+3+v1xnS+4)2�+Xk2S �krk �xk + v1xnS+1 + v2xnS+2 + v3xnS+3 + etotk xnS+4�2 + �cvT 2x2nS+4;so that from (H2) and the positivity of �k, k 2 S, and T , we deduce that eA0 ispositive de�nite.On the other hand, by using (H6){(H8), one can establish thatxt eGD�x = Xk;l2SDkl�xk + (hk + p �k�k )xnS+4��xl + (hl + p �l�l )xnS+4� + �T 2x2nS+4;(4.12)which shows that eGD� is positive semi-de�nite thanks to (H6).Furthermore, a straightforward calculation leads to the following expression forthe quadratic form associated with eB(V;w)xt eB(V;w)x = T (�+ 13�)(o1w1+o2w2+o3w3)2+T�(o21+o22+o23)+xt eGD�x; (4.13)where oi = xnS+i+vixnS+4, i = 1; 2; 3, and where w21+w22+w23 = 1. We thus obtainthat the matrix eB is symmetric, because it is the sum of symmetric matrices, andis positive semi-de�nite for V 2 OV and w 2 S2, thanks to Assumptions (H5) and(H6). Finally, H also satis�es (E1){(E4) as is easily checked and is strictly convexsince eA0 is positive de�nite over the open convex set OU . ut4.2. Normal forms for multicomponent 
owsIn this section we establish that system (4.4) satis�es Condition N and weinvestigate normal forms.Proposition 4.3. The nullspace of the matrix eB associated with system (4.4) isone dimensional and is given byN ( eB) = span(1; : : : ; 1; 0; 0; 0; 0)t: (4.14)Proof. According to Eq. (4.12) (4.13), the matrix eB is positive semi-de�nite, sothat its nullspace is constituted by the vectors x of RnS+4 such that xt eBx = 0. Onthe other hand, we havext eB(V;w)x = ��+ 13�� T (o1w1 + o2w2 + o3w3)2 + �T (o21 + o22 + o23)+



Xk;l2SDkl�xk + (hk + p�k�k )xnS+4��xl + (hl + p�l�l )xnS+4�+ �T 2x2nS+4;where oi = xnS+i + vixnS+4, i = 1; 2; 3. As a consequence, xt eBx = 0 implies thatxnS+4 = 0 and that xnS+i = 0, i = 1; 2; 3, thanks to (H5). Therefore, x is in thenullspace of eB(V;w) if and only if we haveXk;l2SDklxkxl = 0: (4.15)Using (H6) and (4.10) we then obtain that the nullspace of eB(V;w) is one dimen-sional and spanned by (1; : : : ; 1; 0; 0; 0;0)t and is thus independent of V 2 OV andw 2 S2. utSince the system of equations governing multicomponent reacting 
ows satis�esCondition N, we can now obtain from Lemma 3.7 the auxiliary variables U 0 and V 0.From Lemma 3.7 and Proposition 4.3 the matrix P can be taken to beP = 0BBBBBBBBBBBBB@ 1 0 � � � � � � 0 0 0 0 01 1 . . . ... ... ... ... ...... 0 . . . . . . ... ... ... ... ...... ... . . . . . . 0 ... ... ... ...1 0 � � � 0 1 0 0 0 00 � � � � � � � � � 0 1 0 0 00 � � � � � � � � � 0 0 1 0 00 � � � � � � � � � 0 0 0 1 00 � � � � � � � � � 0 0 0 0 11CCCCCCCCCCCCCA (4.16)in such a way thatU 0 = P tU = ��; �2; : : : ; �nS ; �v1; �v2; �v3; �etot�t: (4.17)The associated entropic variable is then V 0 = P�1V where V is given by (4.3), andthe corresponding symmetric system is easily obtained from (4.4).Proposition 4.4. The system in the new dependent variable V 0,V 0 = 1T ��1 � 12v �v; �2��1; : : : ; �nS��1; v1; v2; v3; �1�t; (4.18)can be written eA00@tV 0 +Xi2C eA0i@iV 0 = Xi;j2C @i� eG0ij@jV 0�+ e
0; (4.19)where V 0 2 OV 0 = RnS+3 � (�1;�1=T0), eA00 = P t eA0P , eA0i = P t eAiP , i = 1; 2; 3,eG0ij = P t eGijP , i; j = 1; 2; 3, and where e
0 = P t
 = (0;
II)t.



In particular, Properties (S1){(S4) of De�nition 3.1 are satis�ed and the dissi-pation matrices are given byeG0ij =0@ 0 01�(nS+3)0(nS+3)�1 eGII;IIij 1A ; (4.20)where eGII;IIij is the lower right block of size nS + 3 of eG.We now investigate normal forms for system (4.4), or, equivalently, for sys-tem (4.19). We �rst use the possibility of mixing parabolic components|the V 0IIcomponents|established in Theorem 3.8, in order to simplify the analytic expres-sion of the normal variable, and, consequently, of the matrix coe�cients appearingin the normal form. More speci�cally, we consider the variableW = ��; log(�r22 =�r11 ); : : : ; log(�rnSnS =�r11 ); v1; v2; v3; T�t;easily obtained by combining the V 0II components, and derive the correspondingnormal form of the governing equations. When there is only one gas, this normalform is identical with the one previously obtained by Kawashima and Shizuta in[KS88]. We also investigate, in the Appendix, the normal form associated with the\natural" normal variable cW = (U 0I ; V 0II)t which guarantees a conservative form forthe dissipative terms of the system, leaves invariant the source term 
II, but has amore complex expression.Theorem 4.5. The system in the variableW = (WI ;WII)t, on the open convex setOW = (0;1)�RnS�1�R3�(T0;1), with hyperbolic variableWI = � and parabolicvariable WII = �log(�r22 =�r11 ); : : : ; log(�rnSnS =�r11 ); v1; v2; v3; T �t, can be writtenAI;I0 @tWI +Pi2C AI;Ii @iWI +Pi2C AI;IIi @iWII = 0; (4.21)AII;II0 @tWII +Pi2C AII;Ii @iWI +Pi2C AII;IIi @iWII =Xi;j2C @i�GII;IIij @jWII�+HII +
II; (4.22)and is of the normal form. The matrix A0 is given byA0 = 0BBBBBBB@ 1�� 0X �T I30 �cvT 2 1CCCCCCCA ;



where X is a square matrix of dimension nS � 1 given byXkl = �kl �krk � �k�lrkrl 1�� ; k; l 2 [2; nS]: (4.23)Denoting by � = (�1; �2; �3)t an arbitrary vector of R3, the matrices Ai, i = 1; 2; 3,are given by Xi2CAi�i = 0BBBBBBBB@ v ���� Sym0(nS�1)�1 X v ����� � �
Z �T v �� I30 01�(nS�1) �rT �t �cvT 2 v ��1CCCCCCCCA ;where Z is a vector of dimension nS � 1 given byZl = �l � �l �rl�� ; l 2 [2; nS]:For the heat and mass di�usion matrices, GD�ij , i; j = 1; 2; 3; we haveGD�11 = GD�22 = GD�33 = GD� =0BBBBBBBBBB@ 0 Sym0(nS�1)�1 (Dkl)k;l�203�1 03�(nS�1) 03�30 1T�Pk2SDklrk+�l�l�l�2 01�3 �0T 2 + 2Xk2S �k�krkT 2 + Xk;l2SDklrkrlT 2 1CCCCCCCCCCA ;whereas the nondiagonal terms vanish GD�ij = 0; i 6= j. The dissipation matricesdue to the viscous e�ects G��ij , i; j = 1; 2; 3, still have the structure (4.8) and thecorresponding matrices Kij , i; j = 1; 2; 3, are given byK11 = 1T 0BBBBBB@ �+ 43� 0 0 00 � 0 00 0 � 00 0 0 01CCCCCCA ; K12= 1T 0BBBBBB@ 0 �� 23� 0 0� 0 0 00 0 0 00 0 0 01CCCCCCA ;with the other ones deduced by circular permutation and from the relationsK12 = Kt21; K13 = Kt31; K23 = Kt32:



Finally, the terms HII is easily computed from (3.18) whereas the correspondingsource term 
 = (@W�V �)t
 is given by
 = �0; m2!2; : : : ; mnS!nS ; g1T ; g2T ; g3T ; � 1T 2 �Xk2S ekmk!k + g�v��t:Proof. The calculations are lenghty but straightforward and make use of Theorem4.2, Proposition 4.4 and Assumptions (H1){(H9). utRemark 4.6. Note that if g = 0 and if the source term 
 remains in a �xedsubspace of RnS�0R4 , the source term 
 is no longer in a �xed subspace of RnS+4 ofthe same dimension because of the coe�cients ek=T 2 in the termPk2S ekmk!k=T 2which introduce an explicit dependence on the state variables.5. Global Existence and Asymptotic Stability for an Abstract SystemIn this section, we further consider the abstract quasilinear second order system(3.1). We assume that the system admits an entropy function and that Condition Nholds, so that the system can be recast into a normal form. Under stability condi-tions on the source term, and assuming conditions which guarantee the dissipativestructure of the linearized normal system around the constant equilibrium state,we prove global existence, asymptotic stability and decay estimates for the Cauchyproblem.5.1. Equilibrium point and conservation of entropyWe consider an abstract system of conservation laws (3.1) satisfying Assump-tions (A1){(A3) of Section 3. This system can then be written in the symmetricform (3.2) and in a normal form (3.7). We further assume in the following thatsystem (3.1) possesses a constant equilibrium state.(A4) There exists a constant equilibrium state U�e 2 OU� such that
(U�e) = 0:The equilibrium states corresponding to the various variables are also denoted withthe superscript e, so that the equilibrium states in the variables V � and W �, forinstance, are denoted by V �e and W�e, respectively.In order to establish existence theorems, we will need a priori estimates for thesolution. To this purpose, we establish a conservation equation for the generalized



entropy function H�. This equation is easily obtained by taking the scalar productof (3.2) with the vector V � and reads@tH� + Xi2C� @i��i = Xi;j2C�@i
V �; eG�ij@jV ��� Xi;j2C�
@iV �; eG�ij@jV ��+ 
V �; e
(V �)�;(5.1)where ��i , i 2 C�, are the entropy 
uxes. We also introduce the associated functionh(U�; U�e) de�ned byh(U�; U�e) = H�(U�)�H�(U�e)� hV �e; U� � U�ei; U� 2 OU� : (5.2)Thanks to the strict convexity of H�, this function plays the role of a distancebetween U� and the stationary state U�e and the following proposition is easilyestablished.Proposition 5.1. The function h is a positive, smooth, strictly convex function ofU� 2 OU� , satisfying h(U�; U�e) = 0 if and only if U� = U�e. There exists also aneighborhood O = f z 2 Rn; jz�W�ej < r g of W�e with r small enough such thatfor any W � in O and U� = U�(W �)cjW � �W�ej2 � h(U�; U�e) � CjW � �W�ej2; (5.3)where c and C are positive constants. In addition, the function h satis�es theconservation equation@th+ Xi2C� @i���i (U�) � ��i (U�e) � 
V �e; F �i (U�)� F �i (U�e)�� =Xi;j2C�@i
V � � V �e; eG�ij@jV ��� Xi;j2C�
@iV �; eG�ij@jV ��+ 
V � � V �e; e
�(V �)�:(5.4)5.2. Local dissipative structureIn order to establish global existence in time and asymptotic stability of aconstant stationary state, decay estimates for linearized equations are needed. Acondition which guarantees decay properties for the linearized system is the localdissipative structure introduced by Kawashima [Ka84]. This dissipative structureis completed here by stability properties of the source term.5.2.1. Linearized equationsIf we linearize system (3.7) around the constant stationary stateW�e, we obtainthe following linear system in terms of the variable z = W � �W�eA�0(W�e)@tz + Xi2C�A�i (W�e)@iz = Xi;j2C�G�ij(W�e)@i@jz � L�(W�e)z; (5.5)



where L� is de�ned by L� = �@W�
�. We assume that this linearized system hasa dissipative structure in the sense of Kawashima.(D1) The matrix A�0(W�e) is symmetric and positive de�nite, the matricesA�i (W�e), i 2 C� are symmetric, we have G�ij(W�e)t = G�ji(W�e) fori; j 2 C� and the matrix L�(W�e) is symmetric positive semi-de�nite,(D2) There exist compensating matrices Kj , j 2 C�, such that the productsKjA�0(W�e), j 2 C�, are skew-symmetric, and such that the matrixXi;j2C� 12�KjA�i (W�e) + �KjA�i (W�e)�t�wiwj +B�(W�e; w) + L�(W�e);is positive de�nite for w 2 Sd�1.Remark 5.2. The existence of the compensatingmatricesKj , j 2 C�, implies thatthe linearized normal form is strictly dissipative in the sense that the eigenvalues��(�; w) of the problem��A�0(W�e)�+ [� Xi2C�A�i (W�e)wi � �2B�(W�e; w) + L�(W�e)]� = 0;for � 2 iR and w 2 Sd�1, have a negative real part [SK85]. However, the converseis not known to be true [SK85]. The latter property only implies the existenceof a combined compensating matrix K(w), for w 2 Sd�1, such that w ! K(w)is C1 on Sd�1, K(w) is real, the product K(w)A�0(W�e) is skew-symmetric, andK(�w) = �K(w), for w 2 Sd�1, and such that the matrixXi2C� 12�K(w)A�i (W�e) + �K(w)A�i (W�e)�t�wj + B�(W�e; w) + L�(W�e);is positive de�nite for w 2 Sd�1. It is not known, however, if the matrix K(w) is ofthe formPj2C� Kjwj [SK85]. Nevertheless, all the results obtained in this papercan be proved without the existence of matrices Kj , j 2 C, by only using the com-bined compensating matrix K(w), w 2 Sd�1, that is, by only using the strict dissi-pativity of the system. Nevertheless, in practical applications, it is generally possibleto obtain compensating matrices Kj , j 2 C�, and to set K(w) =Pj2C Kjwj.5.2.2. Locally stable source termsWe have already assumed that the matrix L�(W�e) is symmetric in (D1). Wenow further introduce local stability assumptions concerning the source term.(D3) The smallest subspace containing the source term e
�(V �) = 
��U�(V �)�,for all V � 2 OV� , is included in the range of eL�(V �e) = �(@V� e
�)(V �e).(D4) There exists a neighborhood of V �e in OV� and a positive constant c suchthat for any V � in this neighborhood, we havec �� e
�(V �)��2 � � 
V � � V e�; e
�(V �)�:



We can choose r small enough such that this inequality holds with V � =V �(W �) and W � in O = f z 2 Rn; jz �W�ej < r g.Note that Properties (D3) and (D4) only concern the source term e
�. Property(D3) will be used for decay estimates whereas Property (D4) will be needed for theexistence theorem.5.2.3. Global dissipative structureThe physical meaning of the entropy conservation equation (5.1) is that whenXi;j2C�h@iV �; eG�ij@jV �i � 0; (5.6)and hV �; e
(V �)i � 0 (5.7)then the integral RRd H� dx is nonincreasing in time, which corresponds to the secondprinciple of thermodynamics.Note however, that Property (S4) does not imply the stronger condition (5.6).Similarly, we have only assumed, with Property (D4), that the source term is lo-cally stable, and it does not implies (5.7) globally. However, for multicomponentreactive 
ows, Properties (5.6) and (5.7) are globally satis�ed, as they should forany physically reasonable model. This suggests the following de�nition of a strongentropy which could be used in order to obtain global estimates, not necessarily inthe neighborhood of a constant state.De�nition 5.3. A function H� is be said to be a strong entropy for system (3.1) ifit is an entropy according to De�nition 3.2 of Section 3 and if the inequalities (5.6)and (5.7) hold over OV� .5.3. A global existence theoremNow that we have stated Assumptions (A1){(A4) and Dissipative conditions(D1){(D4), concerning the various forms of the governing equations, we investigateglobal existence of solutions around the stationary state W�e and its asymptoticstability. Of course, Assumptions (A1){(A4) imply Properties (S1){(S4), (S1){(S4), and (N1){(N3) of Section 3. Asymptotic decay towards the equilibrium stateW�e will be investigated in Section 5.4.5.3.1. The main resultTheorem 5.4. Consider the quasilinear system (3.1) and assume that (A1){(A4)and (D1){(D4) hold. Let d � 1, l � [d=2] + 2, and let W�0(x) such thatW�0 �W�e 2W l2(Rd): (5.8)



Then if kW�0�W�ekl;2 is small enough, there exists a unique global solution to theCauchy problemA�0@tW � + Xi2C�A�i @iW � = Xi;j2C� @i�G�ij@jW ��+ H� + 
�; (5.9)with initial conditions W �(0; x) = W�0(x); (5.10)such that(W �I �W�eI 2 C0�[0;1);W l2(Rd)) \C1�[0;1);W l�12 (Rd)) \ L2(0;1;W l2(Rd));W �II �W�eII 2 C0�[0;1);W l2(Rd)) \C1�[0;1);W l�22 (Rd)) \ L2(0;1;W l+12 (Rd)):(5.11)This solution W � satis�es the following estimatekW �(t)�W�ek2l;2+ Z t0 �k@xW �I (� )k2l�1;2 + k@xW �II (� )k2l;2�d� � CkW�0�W�ek2l;2 ;(5.12)and supRd jW �(t) �W�ej goes to zero as t!1.In order to establish this result, following Kawashima [Ka84], we restate a localexistence theorem, we derive a priori estimates for the local solution of the Cauchyproblem and we show that this local solution can be extended inde�nitely.5.3.2. Local existenceIn this section we restate a local existence theorem due to Kawashima [Ka84].Local existence is proved for an initial data near the stationary state with a controlon the distance between the solution and the constant state.Theorem 5.5. Assume that Properties (A1){(A4) are satis�ed. Let d � 1 andl � [d=2]+2 be integers. Let O0 be a bounded convex open set such that O0 � OW� ,let d1 < d�O0; @OW��, let b0 be positive and let O1 = f z 2 Rn; d(z;O0) < d1 g.Then there exists a positive constant T1, depending only on O0, d1 and b0, suchthat for any W�0(x) with W�0 �W�e 2W l2(Rd) andkW�0 �W�ekl;2 � b0; W�0(x) 2 O0; x 2 Rd; (5.13)the system (5.9) with initial condition W�0 has a unique solution W � satisfying(W �I �W�eI 2 C0�[0; T1];W l2(Rd)� \C1�[0; T1];W l�12 (Rd)� \ L2�0; T1;W l2(Rd)�;W �II �W�eII 2 C0�[0; T1];W l2(Rd)� \C1�[0; T1];W l�22 (Rd)� \ L2�0; T1;W l+12 (Rd)�;(5.14)and W �(t; x) 2 O1, for (t; x) 2 [0; T1]�Rd. This solution also satis�es the estimate,for t 2 [0; T1] Nl(t) � ClkW�0 �W�ekl;2 ; (5.15)



where Cl > 1 is a constant depending only on O0, d1, and b0, where we have de�nedNl(t) = Nl(0; t), andNl(t1; t2)2 = supt1���t2 kW �(� )�W�ek2l;2 +Z t2t1 �k@xW �I (� )k2l�1;2 + k@xW �II (� )k2l;2�d�:(5.16)This theorem is essentially obtained by �rst considering linear equations andestablishing a priori estimates. Successive iterations are then shown to be convergentand we refer to Kawashima [Ka84] for more details.5.3.3. A priori estimatesWe �rst remark that the normNl(T ) can be used is order to control the solutionin a given neighborhood of W�e in OW� .Lemma 5.6. Let l � [d=2] + 1 and let B be a bounded neighborhood of W�e inOW� . Then there exists a constant �0(B) such that if the solution W � satis�esNl(T ) � �0(B), then W �(t; x) 2 B for any (t; x) 2 [0; T ]�Rd. In particular, whenNl(T ) � �0(O), then inequality (5.3) of Proposition 5.1 and the estimate of (D4)hold.We now want to estimate the quantity Nl(T ) when it satis�es a smallnessassumption. We �rst restate a result of Kawashima concerning the norms of higherderivatives of W �I and W �II . In the next lemmas, we complete this estimate byconsidering lower derivatives. These estimates involve the orthogonal projector Ponto the range of L�(W�e). The following result has been established by Kawashima[Ka84] and is given here without proof.Lemma 5.7. Assume that Properties (A1){(A4) and (D1){(D2) hold. Let d � 1and l � [d=2] + 2 be integers and let the initial data satisfy W�0 �W�e 2 W l2(Rd).Let b be positive and W � be a solution of (5.9) (5.10) satisfying(W �I �W�eI 2 C0�[0; T ];W l2(Rd)� \C1�[0; T ];W l�12 (Rd)� \L2�0; T ;W l2(Rd)�;W �II �W�eII 2 C0�[0; T ];W l2(Rd)� \C1�[0; T ];W l�22 (Rd)� \L2�0; T ;W l+12 (Rd)�;and Nl(T ) � b. Then there exists a constant Cg1 = Cg1(b) such that the followingestimate holds for t 2 [0; T ]k@xW �(t)k2l�1;2 + Z t0 �kP@xW �(� )k2l�1;2 + k@2xW �II (� )k2l�1;2 + k@2xW �I (� )k2l�2;2� d�� Cg1 �k@xW�0k2l�1;2 +Nl(T )3� : (5.17)We next estimate kW � �W�ek0;2 and R t0 (k@xW �II (� )k20;2 + k
�(� )k20;2) d� bymeans of the modi�ed entropy function h.



Proposition 5.8. Keep the hypotheses of Lemma 5.7 and assume also that (D4)holds and that b � �0(O). Then there exists a positive constant Cg2 = Cg2(b) suchthat the following estimate holds for t 2 [0; T ]kW �(t) �W�ek20;2 + Z t0 �k@xW �II (� )k20;2 + k
�(� )k20;2� d�� Cg2 �kW�0 �W�ek20;2 + Nl(T )3� : (5.18)Proof. Integrating the conservation equation (5.4) for h over [0; T ]�Rd using in-equality (5.3) and (D4) we easily obtain thatkW �(t) �W�ek20;2 + Xi;j2C� Z t0ZRd h@iV �; eG�ij@jV �i dxd�+ Z t0ZRd �� e
�(V �)��2 dxd� � CkW�0 �W�ek20;2: (5.19)From Property (N1) we also have h@iV �; eG�ij@jV �i = h@iV �0II ; eG�0II;IIij @jV �0II i sinceV �0 = P�1V � and eG�0ij = P t eG�ijP , and there exists constants c and C such thatXi;j2C� Z t0ZRdh@iV �0II ; eG�0II;IIij @jV �0II i dxd� � c Z t0ZRd j@xV �0II j2 dxd� � C Nl(t)3;sincePi;j2C� eG�0II;IIij (W�e)wiwj is positive de�nite. The proof is then complete sinceW �II = 'II(V �0II ) where 'II is a di�eomorphism of Rn�n0 and 
� = (@W�V �)t e
�. ut5.3.4. More a priori estimatesWe now focus on a priori estimates concerning R t0 k@xW �I (� )k20;2d� .Lemma 5.9. Keep the assumptions of Lemma 5.7. Then there exists a positiveconstant Cg3 = Cg3(b) such that the following estimate holds for t 2 [0; T ]Z t0 k@xW �I (� )k20;2d� � Cg3�kW �(t)�W�ek21;2 + Z t0 k@xPW �(� )k20;2 d�+ Z t0 k@xW �II (� )k21;2 d� + Z t0 k
�(� )k20;2 d�� � Cg3 �kW�0 �W�ek21;2 + Nl(T )3� :(5.20)Proof. We rewrite the system (5.9) in the formA0(W�e)@tW � +Xi2CA�i (W�e)@iW � � Xi;j2CG�ij(W�e)@i@jW �



� A�0(W�e)�A�0(W �)��1
� = h; (5.21)whereh = Xi2C�A�0(W�e)h�A�0(W�e)��1Ai(W�e) � �A�0(W �)��1A�i (W �)i@iW �� Xi;j2C�A�0(W�e)h�A�0(W�e)��1G�ij(W�e) � �A�0(W �)��1Gij(W �)i@i@jW �+A�0(W�e)�A�0(W �)��1�Xi;j2C @W�G�ij(W �)@iW �@jW � +H��Multiplying this equation by Kj , taking the scalar product with @jW �, summingwith respect to j, and integrating over [0; t]�Rd yields the estimate (5.20) up tothe rightest term which reads R t0 T (� ) d� with T given byT (t) = Xi2C� ZRd h@jW �;Kjhi dx: (5.22)This results form the skew-symmetry of KjA�0(W�e) which implies thatD@jW �; KjA�0(W�e)@tW �E = 12@tD@jW �; KjA�0(W�e)(W � �W�e)E+ 12@jD(W � �W�e); KjA�0(W�e)@tW �E;from Property (D2) and from the structure of G�(W�e)ij , i; j 2 C�, and L�(W�e)which yield thatXi;j2C�D@jW �;KjA�i (W�e)@iW �E � cj@xW �j2 �C�j@xW �II j2 + j@xPW �j2�:We further deduce from expression (5.22) thatT (t) = O�ZRd�j@xW �j3 + jW � �W�ej j@xW �j2 + jW � �W�ej j@xW �j j@2xW �IIj� dx�;and, therefore, we have R t0 T (t) dt � CNl(t)3 and the proof is complete. utWe can now combine the preceding lemmas in order to obtain a priori estimatesfor Nl(T ).Proposition 5.10. Keep the hypotheses of Lemma 5.7 and assume also that (D4)holds. Then there exists a positive constant Cg = Cg(�0(O)), depending only on�0(O), such that the following a priori estimate holds for t 2 [0; T ]Nl(t) � CgkW�0 �W�ekl;2 : (5.23)



Proof. Letting b = �0(O) in Lemma 5.7, Proposition 5.8 and Lemma 5.9 yieldsthe inequality Nl(T )2 � Cg4�kW�0 � W�ek2l;2 + Nl(T )3�. As a consequence, forNl(T ) < 1=(2Cg4), we obtain the estimate (5.23). ut5.3.5. Global existence proofWe now use repeatedly the local existence theorem and the a priori estimates[Ka84]. We apply Theorem 5.5 with O0 = O, d1 < d(O; @OW� ), and b0 = �0(O),and we assume that W�0 satis�eskW�0 �W�ekl;2 � b1 = min �0(O)Cl ; �0(O)Cg(1 + C2l ) 12 ! : (5.24)The solution is then de�ned on [0; T1] and from (5.15) we obtain that Nl(t) � Clb1 ��0(O) over [0; T1]. As a consequence, the estimates obtained in Proposition 5.10hold and Nl(T1) � Cgb1. We then apply again Theorem 5.5 on [T1; 2T1], with T1as a new initial time, still with O0 = O, and with the same d1 and b0. The solutionon [T1; 2T1] then satis�es the estimate Nl(T1; 2T1) � ClNl(T1). As a consequence,we obtain Nl(2T1) � �Nl(T1)2 +Nl(T1; 2T1)2� 12 � (1 +C2l ) 12Nl(T1) so thatNl(2T1) � (1 +C2l ) 12Cgb1 � �0(O):The estimates of Proposition 5.10 are therefore again valid on [0; 2T1] and we canagain use Theorem 5.5 on [2T1; 3T1]. An easy induction then yields global existenceand Nl(t) � CgkW�0 �W�ekl;2 for t � 0.De�ning then �(t) = k@xW �(t)k2l�2;2 , it follows from the a priori estimates andthe relations (5.9) thatZ 10 j�(t)j dt+ Z 10 j@t�(t)j dt � CkW�0 �W�ek2l;2 ;which shows that �(t)! 0 as t!1. From the interpolation inequalitysupRd jW �(t) �W�ej � C k@l�1x W �(t)ka0;2 kW �(t)k1�a0;2 ;with a = d=�2(l�1)� > 0, we then deduce that supRd jW �(t)�W�ej ! 0 as t!1.5.4. Asymptotic decayIn this section we establish decay estimates towards the equilibrium state.Theorem 5.11. Assume that Properties (A1){(A4) and (D1){(D4) hold. Let d � 1and l � [d=2] + 3 be integers and let W�0(x) be such thatW�0 �W�e 2W l2(Rd): (5.25)



Assume that kW�0 �W�ekl;2 is small enough so that there exists a unique globalsolution to the Cauchy problem from Theorem 5.4. Assume further that W�0 �W�e 2 W l2(Rd) \ Lp(Rd), where p = 1, if d = 1, and p 2 [1; 2), if d � 2. De�ningfor � � l kW�0 �W�ek�;2jp = kW�0 �W�ek�;2 + kW�0 �W�ek0;p ; (5.26)then, if kW�0�W�ekl;2jp is small enough, the unique global solution to the Cauchyproblem satis�es the decay estimatekW �(t) �W�ekl�2;2 � C(1 + t)�
kW�0 �W�ekl�2;2jp; (5.27)for t 2 [0;1), where C a positive constant and where 
 = d� (1=2p� 1=4).Proof. Introducing the new variable z(U�) = �@U�W �(U�e)� (U� � U�e) we obtainfrom (3.1) thatA�0(W�e)@tz + Xi2C� A�i (W�e)@iz � Xi;j2C�G�ij(W�e)@i@jz + L�z = h1 + h2; (5.28)and z(0; x) = z(U�0). The �rst nonlinear term h1 is in conservative form and readsh1 = Xi2C� @i (bi + b0i)where8>><>>: bi = �@W�V �(W�e)�t�F �i (W�e)� F �i (W �)�+A�i (W�e) z;b0i = Xj2C� ��@W�V �(W�e)�tG�ij(U�) @W�U�(W�e)� G�ij(W�e)� @jz:On the other hand, the second term h2 readsh2 = �@W�V �(W�e)�t e
� + L�(W�e) z;and lies in the subspace R�L�(W�e)� thanks to (D3), so that (I � P)h2 = 0.We now introduce the symbol associated with the linear part of (5.28)S(�) = A�0(W�e)� 12ni Xi2C�A�i (W�e)�i+ Xi;j2C�G�ij(W�e)�i�j+L�(W�e)oA�0(W�e)� 12 ;and we de�ne for � 2 L2(Rd)exp(�tS)�(x) = 1(2�)d=2 ZRd exp(ix��) exp��tS(�)� �̂(�) d�;



where �̂ is the Fourier transform of �. We can then express the solution of system(5.28) by the relation [Ka84]z(t) = exp(�tS)z(0) + Z t0 exp(�(t � � )S)h1(� ) d� + Z t0 exp(�(t � � )S)h2(� ) d�;(5.29)and we estimate kz(t)kl�2;2 in two steps. We �rst deduce from Proposition 3.12 of[Ka84] the estimatek exp(�tS)z(0) + Z t0 exp(�(t� � )S)h2(� )d�kl�2;2 � C(1 + t)�
kz(0)kl�2;2jp ;(5.30)where 
 = d� (1=2p� 1=4) and C denotes a positive constant, since the nonlinearterm h2 satis�es (I � P)h2 = 0.On the other hand, by using the estimate 3.A.14 of [Ka84] or Theorem 1.2 of[SK85], we also obtain thatk Z t0 exp(�(t� � )S)h1(� ) d�kl�2;2 � C Z t0 exp(�c(t � � ))kh1(� )kl�2;2 d�+C Z t0 (1 + t� � )�d=4�1=2k Xi2C� (bi + b0i) (� )k0;1 d�; (5.31)where c and C are positive constants. Since the initial data (5.10) is supposed tobe su�ciently near W�e in W l2(Rd)\Lp(X), the a priori estimates show that kzkl;2remains small for any time and we can write that bi = O(jzj2) and b0i = (@iz)O(jzj).We thus obtain that for l � [d=2]+ 3, and for kzkl;2 su�ciently small, we haveXi2C� �kbik0;1 + kb0ik0;1� � Ckzk21;2; (5.32)Xi2C� �k@ibikl�2;2 + k@ib0ikl�2;2� � Ckzkl�2;2kzkl;2 : (5.33)Combining (5.29) with inequalities (5.30) (5.31) (5.32) and (5.33) �nally yieldskz(t)kl�2;2 � C(1+t)�
kz(0)kl�2;2jp +C Z t0 exp��c(t�� )�kz(� )kl;2kz(� )kl�2;2 d�+ C Z t0 (1 + t� � )�d=4�1=2kz(� )k21;2 d�: (5.34)De�ning then jjjz(t)jjjl�2;
 = sup0���t(1 + � )
kz(� )kl�2;2, we obtainjjjz(t)jjjl�2;
 � Ckz(0)kl�2;2jp + C�3(t)kz(0)kl;2 jjjz(t)jjjl�2;
 +C�4(t)jjjz(t)jjj2l�2;
;



where 8>>><>>>:�3(t) = sup0���t(1 + � )
 Z �0 exp��c(� � �1)�(1 + �1)�
 d�1;�4(t) = sup0���t(1 + � )
 Z �0 (1 + � � �1)�d=4�1=2(1 + �1)�2
 d�1:Since �3(t) and �4(t) are uniformly bounded with respect to t, we obtain the desiredestimate for jjjz(0)jjjl�2;
 small enough and this completes the proof. ut6. Equilibrium Points for Maxwellian ChemistryIn order to apply Theorem 5.4 and 5.11 to the multicomponent reactive 
owgoverning equations (2.32), it is �rst necessary to establish the existence of equilib-rium states and to investigate the corresponding linearized source terms. This isthe purpose of this section where we introduce the detailed structure of the sourceterm !k, k 2 S.6.1. Maxwellian chemistryIn the following Sections, in order to investigate asymptotic stability of constantequilibrium states, the source term is taken to be
 = (m1!1; : : : ;mnS!nS ; 0; 0; 0; 0)t; (6.1)where mk is the molar mass of the kth species and !k the molar production rateof the kth species. More speci�cally, we no longer consider force terms in 
 andonly chemistry e�ects are included in the model. The molar production rates thatwe consider are the Maxwellian production rates obtained from the kinetic theory[EG94]. These rates are obtained in a reactive kinetic framework when the chemistrycharacteristic times are larger than the mean free times of the molecules [EG94].Therefore, we consider a system of nR reversible reactions for nS speciesXk2S �0kiSk *) Xk2S � 00kiSk; i 2 R; (6.2)where Sk is the chemical symbol of the kth species, � 0ki and � 00ki the stoichiometriccoe�cients of the kth species in the ith reaction, and R = [1; nR] the set of reactionindices. The chemical species are assumed to be constituted by elements and wedenote by Ekl the number of lth element in the kth species. We also denote byE = [1; nE] the set of element indices and by nE the number of elements.



The molar production rate of the kth species is then given by!k =Xi2R �ki�i; (6.3)where �ki = � 00ki � � 0ki; (6.4)and where �i is the rate of progress of the ith reaction. This rate �i is given by�i = KfiYk2S
�0kik �KriYk2S
�00kik ; (6.5)where 
k = �k=mk is the molar concentration of the kth species, Kfi and Kri arethe direct and reverse rate constants of the ith reaction. The quantities Kfi andKri are functions of the temperature and their ratio is the equilibrium constant Keiof the ith reaction Kei(T ) = Kfi(T )Kri(T ) : (6.6)The equilibrium constant Kei(T ) is given bylogKei(T ) =Xk2S �kimkRg �sk(mk; T )� hk(T )T �; (6.7)where hk is the enthalpy per unit mass of the kth species , Rg the universal gas con-stant, and sk(mk; T ) is the speci�c entropy of the kth species at unit concentration,that is at �k = mk.Remark 6.1. The direct rate constant is usually approximated by using anArrhenius empirical relationKfi(T ) = AiT bi exp�� TiRgT �;where Ai is the pre-exponential factor, bi the pre-exponential exponent and Ti theactivation energy of the ith reaction, but the exact expression of Kfi(T ) will not beneeded in the following.6.2. Mathematical assumptions for chemistry termsThe mathematical assumptions concerning the chemical productions rates arethe following.(H10) The rate constants �Kfi(T )�i2R are C1 positive bounded functions ofT 2 [T0;1) and the reverse constants are given by Kfi(T )=Kei(T ) whereKei(T ) is the equilibrium constant of the ith reaction.



(H11) The element vectors El, l 2 E, de�ned by El = (E1l; : : : ; EnSl)t, and thereaction vectors �i, i 2 R, de�ned by �i = (�1i; : : : ; �nSi)t, satisfy theelement conservation relationsh�i; Eli = 0; i 2 R; l 2 E;where hx; yi denotes the scalar product between vectors x and y. The spacespanned by the reaction vectors is denoted by R and the space spannedby the element vectors is denoted by ER = spanf �i; l 2 R g;E = spanf El; l 2 E g;in such a way that R � E?; E � R?:(H12) The vector of chemical production rates ! = (!1; : : : ; !nS)t is given by(6.3) (6.4) which can be written in vector form! =Xi2R �i �i; (6.8)with the rate of progress �i given by (6.5). In particular, we always have!(U ) 2 R for U 2 OU .(H13) The species molar mass mk, k 2 S, are related to the elemental masses al,l 2 E, by the relations mk =Xl2E al Ekl:Denoting by m the mass vector m = (m1; : : : ;mnS)t, these relations canbe written in vector form m =Xl2E al El: (6.9)With respect to these assumptions, we make the following comments. We�rst note that Properties (H10) and (H12) imply the smoothness Property (H4).Similarly, since the force term g is taken to be zero in the following sections, thesmoothness Property (H3) is also trivially satis�ed. Properties (H12) and (H13)also imply the mass conservation relation (H9) sinceXk2Smk�ki = hm; �ii =Xl2E alhEl; �ii = 0;and therefore Xk2Smk!k = hm;!i =Xi2R �ihm; �ii = 0:



The element vectors may taken to be the atomic elements provided that the corre-sponding vectors are independent. When this is not the case, it is �rst necessaryto eliminate linearly dependent atomic elements. Finally, the fundamental relationbetween the direct and reverse rate constants Kri(T ) = Kfi(T )=Kei(T ) is a directconsequence of the kinetic theory [EG94].6.3. MiscellaneousIn the following, we will have to manipulate the mass weighted production ratesmk!k, k 2 S. To this purpose, we introduce the mass weights matrix M , of ordernS , de�ned by M = diag(m1; : : : ;mnS);which acts on vectors of length nS . The mass weighted stoichiometric coe�cientsare then the vectors M�i, i 2 R, and the speci�c elemental compositions are thevectors M�1El, l 2 E. The corresponding spaces MR andM�1E , spanned by thesemass weighted vectors, are also such that MR � (M�1E)? and M�1E � (MR)?in the composition space RnS . In particular, we have M! 2 MR and the massrelation (6.9) can also be writtenU =Xl2E alM�1El;where U 2 RnS is the unity vector de�ned by U = (1; : : : ; 1)t, which implies thatU 2 (MR)? .Various forms of the multicomponent reactive 
ow governing equations havebeen investigated in Section 4. We present here some additional properties of thecorresponding source terms. We �rst observe that the source term e
 of the sym-metric form (4.4) is identical to that of the original formulation, that is, e
 = 
. Asa consequence, we have
 = e
 = (m1!1; : : : ;mnS!nS ; 0; 0; 0; 0�t 2MR� 0R4 : (6.10)On the other hand, the source terms for the auxiliary variables U 0 = P tU andV 0 = P�1V , where the constant matrix P is given by Eq. (4.16), are given by
0 = e
0 = P t
, that is to say
0 = e
0 = (0;m2!2; : : : ;mnS!nS ; 0; 0; 0; 0)t: (6.11)In particular, 
0 is also in a �xed subspace of RnS+4 of dimension dim(R) since
0 2 P t(MR� 0R4): (6.12)Finally, the source terms 
 corresponding to the variable W is given by
 = (0; m2!2; : : : ; mnS!nS ; 0; 0; 0; � 1T 2 Xk2S ekmk!k)t: (6.13)



6.4. Equilibrium pointsIn this section we establish the existence of constant equilibrium states whenthe source terms are taken as in (H10){(H13). We restate existence and uniquenessof an equilibrium density vector at a �xed temperature in a given a�ne submanifoldof element conservation, as well as detailed balance at equilibrium [Kr70] [SS65].Let us introduce the vector % of species densities% = (�1; : : : ; �nS)t; (6.14)and the vector Y of reduced chemical potentialY = 1RgT (�1; : : : ; �nS)t; (6.15)which coincides with the �rst nS components of V up to a scaling factor and up toa term proportional to U = (1; : : : ; 1)t.Proposition 6.2. The reduced entropy production due to chemical reactions�(�1 : : : ; �nS ; T ) = hY;M!i = 1RgT Xk2S �kmk!k;de�ned on (0;1)nS � (T0;1), is nonpositive and admits 0 as a maximum at equi-librium points. Any equilibrium point (�e1; : : : ; �enS ; T e)t in (0;1)nS � (T0;1), thatis, any point (�e1; : : : ; �enS ; T e)t where the source terms vanish!k(�e1; : : : ; �enS ; T e) = 0; k 2 S; (6.16)is also such that the rates of progress of each reaction vanish�i(�e1; : : : ; �enS ; T e) = 0; i 2 R; (6.17)which can also be written in the formDY(�e1; : : : ; �enS ; T e);M�iE = 0; i 2 R: (6.18)Proof. Some straightforward calculation yields that�i = �i�1� exp
Y;M�i��; (6.19)where �i = Kfi Yk2S 
�0kik ; i 2 R; (6.20)thanks to the expression of the equilibrium constant Kei. As a consequence, wehave � =Xi2R hY;M�ii �i =Xi2R�ihY;M�ii�1� exp
Y;M�i��; (6.21)



and, since �i is positive, we deduce that �(%; T ) � 0 and that �(%; T ) = 0 if andonly if hY;M�ii = 0, i 2 R, that is to say, if and only if �i = 0, i 2 R. In addition,�i = 0, i 2 R if and only if !k = 0, k 2 S, from the expression of �. utProposition 6.3. Consider a temperature T e 2 (T0;1), a point %c of (0;1)nSand the associated reaction simplex (%c +MR)\ (0;1)nS. Assume that Properties(H10){(H13) hold. Then there exists a unique equilibrium state %e in the reactionsimplex (%c +MR) \ (0;1)nS where the source term ! vanishes, and, therefore,where the reaction rates of progress also vanish. Finally, as a function of %, theentropy production due to chemical reactions admits 0 as a strict maximum at %eover the reaction simplex (%c +MR) \ (0;1)nS .Proof.We characterize the equilibrium point as the only extremum of the reducedHelmholtz free energy function [Kr70][SS65]H(%; T ) = h%;Y �M�1Ui;where U = (1; : : : ; 1)t. The function H is a C1 strictly convex function of % in(0;1)nS at a �xed temperature T = T e, and is given byH(%; T ) = 1Rg Xk2S rk�k�log �k � 1 + ak(T e)�;where ak(T ) = �k(1; T )=rkT . The partial derivative with respect to the massdensity vector % is also given by @%H = Y:The function H is easily extended over the closure of (%c +MR) \ (0;1)nS into acontinuous function by using 0 log0 = 0, and, therefore, H admits a minimum onthis convex compact set. Note that the boundedness of the reaction simplex is adirect consequence of U 2 (MR)?, that is, of mass conservation. This minimumcannot be reached at the boundaries as easily checked by inspecting the sign of thenormal derivative. As a consequence, it is reached in the interior, and, thanks tothe strict convexity of H, this mimimum is unique. Since the minimum is reachedin the interior of the reaction simplex, we also haveYe = Y(%e; T e) 2 (MR)?: (6.22)As a consequence, � = hY;M!i vanishes at (%e; T e) which is therefore an equilib-rium point. Conversely, from (6.21), any equilibrium point on the reaction simplexis such that the quantities hY;M�ii, i 2 R, vanish so that the partial derivativesof H along the reaction simplex are zero. Since H is a strictly convex function, itreaches a minimum at this point. Therefore, this point coincides with the uniqueminimum of H and the proof is complete. utAs a direct consequence of the preceding results, we obtain the following propo-sition, which implies Property (A4).



Proposition 6.4. Given a temperature T e and a mass density vector %c, andunder Assumptions (H10){(H13), there exists a unique constant stationary stateU e = U (Y e), with Y e = (�e1; : : : ; �enS ; 0; 0; 0; T e)t, such that
(U e) = 0; (6.23)and %e 2 (%c +MR) \ (0;1)nS , ve = 0, and Ye 2 (MR)?.We will denote by V e and W e the equilibrium states in the variables V andW , respectively. In the following proposition, we establish Property (D4).Proposition 6.5. Let U e = U (Y e), with Y e = (�e1; : : : ; �enS ; 0; 0; 0; T e)t, be aconstant equilibrium state in OU . Then we have V e 2 (MR � 0R4)? and thereexists a neighborhood V of V e such thatc�� e
(V )��2 � �hV � V e; e
(V )i; V 2 V; (6.24)where c is a positive constant.Proof. We �rst note that Ye = (1=Rg)V e from (4.3) since ve = 0. This impliesthat V e 2 (MR�0R4)? from Proposition 6.4. Combining this property with (6.10)and noting that (V1; : : : ; VnS)t = RgY + 12 (v�v=T )U ;where U = (1; : : : ; 1)t 2 (MR)?, we obtainhV � V e; e
(V )i = 1T Xk2S �kmk!k = RghY;M!i: (6.25)From (6.21) we also havehY;M!i =Xi2R�ihY;M�ii�1� exp
Y;M�i��; (6.26)where �i = KfiQk2S 
�0kik , i 2 R, is a positive function. Denoting by V any closedball centered on V e and included in OV , we deduce that for any V in VcXi2RhY;M�ii2 � �hY;M!i � CXi2RhY;M�ii2; (6.27)for positive constants c and C depending on V. On the other hand the relationsM! =Pi2R �iM�i and (6.19) also imply thatjM!j2 � C 0Xi2R �2i � C 00Xi2RhY;M�ii2; (6.28)where C 0 and C 00 are positive constants, and combining (6.25), (6.27) and (6.28)completes the proof. ut



6.5. Linearized source termIn this section we describe the linearized chemical source term around an equi-librium state and we establish Property (D3).Proposition 6.6. The linearized source term eL(V e) = �(@V e
)(V e) around thestationary state V e is given byeL(V e) = 0@ (Ckl)k;l2S 0nS�404�nS 04�4 1A ; (6.29)where Ckl =Xi2R�i mk�ki ml�li; (6.30)and �i = Kfi(T e)Rg Yk2S(
ek)�0ki = Kri(T e)Rg Yk2S(
ek)�00ki : (6.31)The matrix eL(V e) can also we written in the formeL(V e) =Xi2R�i ni
ni;where ni denotes the vector ni = (M�i; 0R4)t. This matrix eL(V e) is symmetricpositive semi-de�nite and satis�esR�eL(V e)� =MR� 0R4 ;in such a way that we have 
�U (V )� = e
(V ) 2 R�eL(V e)�, for all V 2 OV .Proof. Evaluating the matrix eL(V e) is straightforward from (H10){(H13). Theexpression (6.30) shows that eL(V e) is symmetric and yields
x; eL(V e)x� =Xi2R�i
ni; x�2 =Xi2R�i�Xk2S xkmk�ki�2; (6.32)where x = (x1; : : : ; xnS+4)t, so that eL(V e) is positive semi-de�nite. Furthermore,the nullspace of eL(V e) is also constituted by the vectors orthogonal to the vectorsni, i 2 R, and we thus conclude that R�eL(V e)� = N�eL(V e)�? =MR� 0R4 . utProperty (D3) is now a direct consequence of Proposition 6.6.Remark 6.7. The fact that the rank of eL is maximal at V e shows that theequilibrium point is regular in the sense of Krambeck [Kr70].



7. Asymptotic Stability for Multicomponent Reactive FlowsIn this section we apply theorems 5.4 and Theorem 5.11 to the multicomponentreactive 
ow governing equations (2.32). To this purpose, we have to establish thatProperties (A1){(A4) and (D1){(D4) are satis�ed. In the previous sections, we havealready established Properties (A1){(A4) and (D3){(D4). Therefore, we now onlyhave to investigate the dissipative structure of the linearized normal form and toestablish (D1){(D2). We will use the normal variable W introduced in Theorem4.5 but the natural normal variable cW could be used as well.7.1. The linearized normal formIf we linearize the symmetric hyperbolic-parabolic system (4.21) (4.22) aroundthis constant stationary state W e, we obtain the linear symmetric systemA0(W e)@tz +Xi2CAi(W e)@iz = Xi;j2CGij(W e)@i@jz � L(W e)z: (7.1)The relation 
 = (@WV )te
 �rst yields by linearization thatL(W e) = �@WV (W e)�t eL(V e) @WV (W e); (7.2)taking into account that e
(V e) = 0. As a consequence, L(W e) is also symmetricpositive semi-de�nite. Taking into account that (4.21) (4.22) is a normal form, wethus obtain that Property (D1) is satis�ed. We now investigate the existence ofcompensating matrices Kj , j 2 C.Proposition 7.1. For a su�ciently small positive �, the matrices Kj, j 2 C,de�ned by Xj2C �jKj = �0B@ 0 0 �t 00 0 0 0�� 0 0 00 0 0 01CA �A0(W e)��1; (7.3)where � = (�1; �2; �3)t, are compensatingmatrices. In particular, the products KjA0are skew-symmetric and the matrixXi;j2C 12�KjAi(W e) + �KjAi(W e)�t�wiwj +B(W e; w) + L(W e);is positive de�nite for w 2 S2.Proof. It is obvious by construction that the products KjA0, j 2 C, are skew-symmetric. On the other hand, a direct calculation yieldsXi;j2C �jKjAi(W e)�i = 0BBBBB@ �T e�e� j�j2 �T e�e Ztj�j2 0 �rej�j20 0 0 00 0 ���eT e�
� 00 0 0 0 1CCCCCA; (7.4)



where Z is a vector of RnS�1 given byZl = �el � �el �erl�e� ; l 2 [2; nS];and where the superscript e indicates that the corresponding quantity is evaluatedat W e. As a consequence, for � 2 S2, we have j�j = 1, and there exists C 2 (0;1)such that hxt;Xij2C �jKjAi(W e)�ixi � �T e2�e� �x21 �C Xl2[2;nS+4]x2l �:Using now Property (N2), the matrixXij2C 12�KjAi(W e) + �KjAi(W e)�t�wiwj + B(W e; w);is positive de�nite for w 2 S2 and � su�ciently small. utRemark 7.2. The particular normal form in the W variable has additional prop-erties. More speci�cally, we have the relationsKjA0(W e) �A0(W )��1
 = 0; j 2 C; (7.5)which can be established by a direct calculation. Indeed, from (6.13) and theexpression of A0 in Theorem 4.5 we easily get that�A0(W )��1
 = Rg�0; (!2�2 � !1�1 ); : : : ; (!nS�nS � !1�1 ); 0; 0; 0;� 1�cv Xk2S ekmk!k�t;and from the sparse structure of Pj2C �jKjA0(W e) we immediately obtain (7.5).As a consequence, for this particular formulation, the term involving k
k0;2 is notneeded in the estimate (5.20).Remark 7.3. Similarly, with the \natural" cW formulation of the Appendix, onecan establish the particular estimatecjP(cW �cW e)j � jb
j � CjP(cW �cW e)j;where c and C are positive constants. As a consequence, the terms involving thenorm k b
k0;2 in a priori estimates can be replaced by the corresponding terms in-volving the norm kP(cW �cW e)k0;2.



7.2. Global existence and asymptotic stability for reactive 
owsIn the previous sections, we have established that Properties (A1){(A4) and(D1){(D4) are satis�ed. Therefore, Theorem 5.4 and Theorem 5.11 can be appliedto the system (4.21) (4.22) governing multicomponent reactive 
ows, written in theW = (WI ;WII)t variable, with the hyperbolic variableWI = �; (7.6)and the parabolic variableWII = �log(�r22 =�r11 ); : : : ; log(�rnSnS =�r11 ); v1; v2; v3; T �t: (7.7)Theorem 7.4. Consider system (4.1) (4.2), let d 2 f 1; 2; 3 g, l � [d=2]+ 2 and letW 0(x) such that W 0 �W e 2W l2(Rd):Then, if kW 0�W ekl;2 is small enough, there exists a unique global solution to thethe Cauchy problemA0@tW +Xi2CAi@iW = Xi;j2C @i�Gij@jW�+ H + 
;with initial condition W (0; x) = W 0(x);such that( WI �W eI 2 C0�[0;1);W l2(Rd)) \C1�[0;1);W l�12 (Rd)) \ L2(0;1;W l2(Rd));WII �W eII 2 C0�[0;1);W l2(Rd)) \C1�[0;1);W l�22 (Rd)) \ L2(0;1;W l+12 (Rd)):Furthermore, W satis�es the estimatekW (t) �W ek2l;2 + Z t0 �k@x�(� )k2l�1;2 +Xk�2k@x log(�rkk =�r11 )(� )k2l;2+ k@xv(� )k2l;2 + k@xT (� )k2l;2�d� � CkW 0 �W ek2l;2 ;and supx2Rd jW (t)�W ej goes to zero as t!1.In addition, assume that l � [d=2]+ 3 and W 0�W e 2 W l2(Rd)\Lp(Rd), withp = 1, if d = 1, and p 2 [1; 2), if d � 2. Then, if kW 0 �W ekl;2jp is small enough,the unique global solution to Cauchy problem also satis�es the decay estimatekW (t) �W ekl�2;2 � C(1 + t)�
kW 0 �W ekl�2;2jp ; t 2 [0;1);where C is a positive constant and 
 = d� (1=2p� 1=4).



AppendixWe consider here the normal form of the multicomponent reactive 
ows systemof equations obtained with the \natural" normal variable cW = (U 0I; V 0II)t suggestedby Theorem 3.8. This normal form has dissipative terms in conservative form andleaves unchanged the parabolic components of the source term 
II. This form,however, has a more complex expression than the one obtained in Theorem 4.5.Theorem 7.4 can also be applied to this normal form of the system.The system in the new variablebW = 1T ��T; �2 � �1; : : : ; �nS � �1; v1; v2; v3; �1�t; (A:1)on the open convex set O bW = (0;1)�RnS�1 �R3 � (�1;�1=T0) can be writtenin the formbAI;I0 @t bWI +Pi2C bAI;Ii @i bWI +Pi2C bAI;IIi @i bWII = 0; (A:2)bAII;II0 @t bWII +Pi2C bAII;Ii @i bWI +Pi2C bAII;IIi @i bWII =Xi;j2C @i� bGII;IIij @j bWII�+ b
II : (A:3)and is of the normal form. The matrix bA0 is given bybA0 = 0BBBBBB@ 1�� Sym0 X0 0 �T I30 (�e)t �T vt �0e 1CCCCCCA ; (A:4)where �e is a vector given by given by�el = �lrl �etotl � �e��� ; l 2 [2; nS];and where �0e =Xk2S �krk etotk 2 + �T (v �v + cvT ) � �2e�� :The matrices bAi, i = 1; 2; 3, are also given byXi2C bAi�i = 0BBBBBBBBB@ v ���� Sym0(nS�1)�1 Xv ���T�� � T �
Z �Tv �� I3�T�� v �� (v ��)�th �T (v ��)vt + �T�h0�t �0hv ��1CCCCCCCCCA ; (A:5)



where �h0 and �hl are de�ned by�h0 = htot � �h�� + �T�� ; �hl = �lrl �htotl � �h��� ; l 2 [2; nS];and where �0h =Xk2S �krk htotk 2 + �T (v �v + (cv + r)T ) � �2h�� + (�T )2�� :For the dissipative part, we also havebGII;IIij = eGII;IIij ; (A:6)and an explicit expression for eGII;IIij is given by (4.7){(4.10). Finally, concerning thesource term, we haveb
I = e
0I = 
0I = 0; b
II = e
0II = 
0II = 
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