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Abstract

We investigate reactive gas mixtures in the kinetic chemical equilibrium regime. Our start-
ing point is a generalized Boltzmann equation with a chemical source term valid for arbitrary
reaction mechanisms and yielding a positive entropy production. We first study the Enskog
expansion in the kinetic chemical equilibrium regime. We derive a new set of macroscopic
equations in the zeroth- and first-order regimes, expressing conservation of element densities,
momentum and energy. The transport fluxes arising in the Navier—Stokes equilibrium regime are
the element diffusion velocities, the heat flux vector and the pressure tensor and are written in
terms of transport coefficients. Upon introducing species diffusion velocities, the kinetic equilib-
rium regime appears to be formally equivalent to the one obtained for gas mixtures in chemical
nonequilibrium and then letting the chemical reactions approach equilibrium. The actual values
of the transport coefficients are, however, different. Finally, we derive the entropy conservation
equation in the Navier—Stokes equilibrium regime and show that the source term is positive and
that it is compatible with Onsager’s reciprocal relations. (©) 1998 Elsevier Science B.V. All rights
reserved.

PACS: 82A40, 82A70
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1. Introduction

Extensive interest in the kinetic theory of gas mixtures with chemical reactions has
grown significantly over the past few years. The subject is indeed related to a wide
range of practical applications, including spacecraft flights, plasma physics, combustion
processes and chemical reactors. An attractive approach for modeling gas mixtures with
chemical reactions relies upon a generalized Boltzmann equation with chemical source
term and the Enskog expansion. With this approach, the collision term in the Boltzmann
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equation is split into fast and slow processes, thus giving rise to a formal expansion
of the species distribution functions and the kinetic equations. Most applications are
concerned with the zeroth- and first-order terms in the expansion.

In this context, several kinetic regimes may arise for chemically reactive gas mix-
tures [1,2]. When the chemistry times are much larger than the relaxation times for
translational and internal energy exchange, the chemical source term in the Boltzmann
equation accounts for slow processes while the nonreactive source term results from
fast processes. This regime has been studied extensively in the past and gives rise,
in particular, to the tempered and slow reaction regimes, for which expressions of
transport coefficients have been given [1,3—6]. On the other hand, when the chemical
characteristic times are of the same order of magnitude as the relaxation times of trans-
lational and internal energy, a kinetic chemical equilibrium regime arises. This regime
has been introduced formally by Ludwig and Heil [6] for dissociation and ionization of
gas mixtures, but these authors did not introduce the appropriate collisional invariants
associated with the chemical elements. The main goal of this work is now to derive
a general theoretical framework for gas mixtures in the kinetic chemical equilibrium
regime.

Our paper is organized as follows. In the next section we present the generalized
Boltzmann equation for chemically reactive mixtures in a semi-classical framework.
Our analysis is concerned with dilute, isotropic mixtures with fast relaxation of all
the internal energy modes, thus excluding cases such as external magnetic and electric
fields or strong vibrational desequilibrium [7]. We discuss the form of the chemical
source term for arbitrary chemical reaction mechanisms and show that all nonreactive
and reactive collisions arising at the microscopic level yield a positive contribution to
the entropy production. We then introduce the collisional invariants associated with
chemical elements, momentum and energy and study the Enskog expansion in the
kinetic chemical equilibrium regime.

In Section 3 we investigate the Euler regime corresponding to the zeroth-order
Enskog expansion. In this regime, the species distribution functions are given by local
Maxwellian distribution functions, but the species number densities are constrained by
the chemical equilibrium conditions. We present the macroscopic equations expressing
conservation of element densities, momentum and energy.

Finally, in Section 4 we investigate the Navier—Stokes regime corresponding to the
first-order Enskog expansion. The macroscopic equations for element densities, momen-
tum and energy involve several transport fluxes: the element diffusion velocities, the
pressure tensor and the heat flux vector. We express these fluxes in terms of various
transport coefficients including, in particular, the element diffusion matrix. Upon intro-
ducing the species diffusion velocities, we show that the first order kinetic equilibrium
regime is formally equivalent to the one obtained from a first order expansion with
nonequilibrium chemistry and then letting the chemical reactions approach equilibrium.
The actual values of the transport coefficients are, however, different. Finally, we derive
the conservation equation for the entropy and show that the source term is positive
and that it is compatible with Onsager’s reciprocal relations.
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2. Theoretical framework

In this section we derive a theoretical framework for the kinetic chemical equilib-
rium regime. We first derive a generalized Boltzmann equation for chemically reactive
mixtures and present explicitly the form of the chemical source term for an arbitrary
reaction mechanism. We then show that both nonreactive and reactive source terms are
compatible with the positivity of entropy production. We next present the collisional
invariants for reactive mixtures at equilibrium, accounting for element, momentum and
energy conservation. Finally, we investigate the Enskog expansion in the kinetic chem-
ical equilibrium regime.

2.1. Generalized Boltzmann equation

We consider a dilute isotropic reactive gas mixture consisting of n chemical species
having internal degrees of freedom. The starting point of our analysis is the Boltzmann
equation derived in [8] for polyatomic gas mixtures without chemical reactions. This
equation is obtained in a semiclassical framework, i.e., the translational motion of
the particules is treated classically and the internal degrees of freedom are treated
quantum mechanically. It preaverages the collision cross-sections over all the magnetic
quantum numbers and can be derived from the Waldmann—Snider quantum mechanical
Boltzmann equation [9,10]. For a relativistic kinetic gas theory, we refer to [11].

The state of the mixture is described by the species distribution functions denoted
by fi(t,x,¢;, 1), where ¢ is the time, x the three-dimensional spatial coordinate, ¢; the
velocity of the ith species and / the index for the internal energy state. For brevity,
the dependence on (¢,x) is made implicit. For a family of functions &;, i € &, where
&; depends on ¢; and I, we introduce the compact notation &= (&;);cs. The family of
species distribution functions f =(f;)ico is the solution of a generalized Boltzmann
equation written in the form

Di(f)=B()+C()), i€, (2.1)

where & =[1,n] is the set of species indices. In the above equation, &; is the usual
differential operator

Di(fi)=01fi + (¢i- 0x) fi + (bi - 0c,) [, (2.2)

where b; is the external force acting on the ith species, and %;(f) and %;(f) are,
respectively, the nonreactive and reactive source terms. The nonreactive source term is
given by [1,8]

2(H=Y Y / (ff,M - ﬁf,-) Wi de; de] e, 2.3)

agpa;
e LI e

where I and J are the indices for the quantum energy states of the ith and jth species
before collision, I’ and J’ the corresponding numbers after collision, a;; the degeneracy
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of the /th quantum energy shell of the ith species and W} /' the transition probability
for the nonreactive collision. Note that the transition probabilities have been preaver-
aged over all the magnetic quantum numbers and satisfy the reciprocity relations [8]

'y’ 1'J'1J
VVU al'](ljj = VVI} a,-pajJ/ . (24)

It is also possible to consider a formalism based on collision cross-sections rather
than transition probabilities, but the present formalism is more convenient for reactive
collisions [2,6].

The reactive source term %;(f) results from chemical reactions between species in
the mixture. We consider both bimolecular and trimolecular chemical reactions. In par-
ticular, although triple nonreactive collisions have been neglected in the nonreactive
source term (2.3), triple reactive collisions are retained since recombination reactions
cannot often proceed otherwise [6,12]. Triple reactive collisions can also be viewed as
a sequence of two bimolecular reactions proceeding extremely fast [2].

Before giving the general form of the reactive source term, we present some exam-
ples. Consider first a bimolecular reaction of the form

Xi T X =Lkt X1 (2.5)

with species indices i, j,k,/ assumed to be distinct and with y; denoting the chemical
symbol for the ith species. Let 1,J,K, L denote the indices for the internal energy states
of the species. The reactive source term then reads [1,2,6,11,12]

G(f)= JXK:L / (fkfl [Z‘fg Lo ﬁf,) WK de; dey dey (2.6)

where the statistical weight f;; is given by

h3
Bu=—t, 2.7)

a;ym;

and where 4p is the Planck constant, m; the mass of the particules of the ith species
and “/K%IIQ the transition probability for the forward reaction in Eq. (2.5). In Eq. (2.6),
we have used the reciprocity relation between the forward and reverse transition prob-
abilities which reads [1,2,6,12]

IJKL KLIJ
Wig~_ W ki

= . (2.8)
BBy PrxPir
In the case, where i and j are the same in reaction (2.5), i.c.,
L+ L=+, (2.9)

the forward and reverse reaction delete or produce, respectively, two molecules of the
ith species so that the reactive source term becomes [2,6,12]

“GH=2) / (fkf PP —ﬁf) Wi déde de (2.10)

KL
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with fl denoting fi(t, x,é,1). In the case of a chemical reaction involving three prod-
ucts, as in

X+ 0=k A Ao s (2.11)

with all the indices assumed to be distinct, the reactive source term reads [2,6,12]

GH= D /(fffmﬂ"Kﬁ’Lﬁ"’M—ﬁf,> WHEM e, deg derde,,  (2.12)

JKLM Bibjs

with obvious notation. Note that the Planck constant does no longer cancel out in
Eq. (2.12). Finally, in the case where the ith species is present as reactant and product
in reaction (2.5), i.e.,

Xi T Xj=Xi+T L (2.13)

the forward and reverse reactions do not account for the same statistical event regarding
species i so that the source term reads [2,6,12]

C(f)= Z/ (ff Db _fzf1> 11;{11L de; dé; de

JLiL Birbjs
+> / (f g0 ’[?Lﬁfz) W dé de; de . (2.14)
LiJ Biibis

We now generalize the above expressions into a single formalism valid for arbitrary
reaction mechanisms. The reactive source term for the ith species reads

GNH=>_6"f). (2.15)
(r)

Here, %(r)( f) is the source term for the rth elementary reaction written in the form

o= > ws (2.16)

jean kep®

where 27 and 2 are, respectively, the indices for reactants and products. For in-
stance, for reaction (2.5), we have 2 = {i, j} and 2") = {k, [}, whereas for reaction
(2.9), we have 20 = {i,i} and 2) ={k,I}. We denote by v*" and v?" the sto-
ichiometric coeflicients of the ith species among reactants and products, respectively,
and we also denote by R and P the indices of internal energy states for reactants and
products, respectively. For a given species i € &, we denote by %i(r) the set of reactant
indices where the index i has been removed only once. For example, for reaction (2.5),
we have 2" ={;} and for reaction (2.9) we have 2 = {i}. Finally, we introduce
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a similar notation for Q’i(’), R; and P;. With this notation, the source term for the rth
elementary reaction reads

o wre
6y =" E /(l I ik fi — | I - ) —A070
7 R,P 70 P /s 20 Piat; [Ts0 B

X H%‘(F)’%ﬂ de; dey,
RP
p ) W@(r)/,;(,-)
+v7 Z/ (H Bt — H ﬁkak) =
' R #0 70 [0 Bis

X H%(I_),%(,,) de; dcy, , (2.17)

with, for instance, [],, , de;de; standing for [],0) de¢;[,0 der. In addition,
W ;{3,.) @ i the transition {j)robability for a reactive collision in which the reactants
") with internal energy states R are transformed into products 2" with internal
energy states P. Note that the following reciprocity relation holds for the transition
probabilities [2]:

W RP WIR
) gp(r) P )P (r)

H;%W ﬁjJ B H_ﬂ)w ﬁkK .

2.2. Entropy production

We now show that the nonreactive source term (2.3) and the reactive source term
(2.17) are both compatible with the H-theorem or, in other words, that they yield a
positive entropy production. To this purpose, we introduce the kinetic entropy per unit
volume given by

$0 =k S [ filtostpu i~ e 219)
il

Multiplying the Boltzmann equation (2.1) by —kg log(f; f;), integrating over dc; and
summing over i and / yields the entropy conservation equation in the form

0, SKM 4 9, - (SK¥p) + 0, - JNIN = ghin | (2.20)

where v is the mean average velocity defined later, J¥ the entropy diffusive flux given
by

70—k 3 [(@ = vfitogpuf - 1da. 221)
il

and ¢*" the kinetic entropy source term. The source term reads

O,km _ len,:% + O_k1n,‘€ , (222)



A. Ern, V. Giovangigli| Physica A 260 (1998) 49-72 55

with the nonreactive source term given by

oA — Z /,%(f) log(fir fi) de;
il

iy - WIJIJ
:—kB >y / <aﬁf{ ; ﬁf/) . de; de; de] de,

LS LI wdis” dudjs ) (@ais)™! (2.23)
and the reactive source term by
SR> [ ostpusde
= kp / Bix fi; B Jf) Lavpo
%): RX}; Hd)(r) HJ’(” e H,?(:) ﬁj./
X H%m,ym de;j dey, , (2.24)

with Q(x; y) =log(x/y)(x— ). It is readily seen that both ¢¥"# and ¢*™% are a sum of
positive terms. In other words, all the collisions arising at the microscopic level, either
nonreactive or reactive, yield a positive contribution to the kinetic entropy production.
The generalized Boltzmann equation (2.1) is thus compatible with the H-theorem and
yields a dissipative structure. This property is particularly important in the modeling of
reactive gas mixtures where special care should be taken so that all the terms arising
in the entropy production yield a positive contribution.

2.3. Collisional invariants and macroscopic properties

As opposed to the nonreactive case where species, momentum and energy are con-
served by any microscopic collision, in the reactive case only elements, momentum
and energy are conserved. We denote by n, the number of elements in the mixture
and by & =[1,n.] the set of element indices. The n, + 4 collisional invariants are then
given by

()iess €&,
¥ =< (micy)ies, I=n,+v, v=123, (2.25)
(3mici- ¢+ Eyicy, 1=n.+4,

where &;; is the number of element / in the ith species, ¢,; the component of ¢; in the
vth spatial coordinate, and £;; the total internal energy of the ith species in the /th
quantum energy shell, given by the sum of the energy of formation plus the internal
energy. For later convenience, we denote by .# the space spanned by the collisional
invariants.

For two families &= (&;);csy and {=({;)icy, we introduce the scalar product

(&)= Z/fi(z’ de; . (2.26)
il
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More generally, when dealing with tensor quantities & and ¢, the scalar product becomes
(&,0) =221, [& © L dei, where & ©(; denotes the maximum contracted product be-
tween tensors &; and ;.

The macroscopic properties are given by

%1, leé,

{f "))y =X pv,, I=n.+v, v=1,2,3, (2.27)
%pv~v+E, l=n,+4,

where 7, denotes the number density for the /th element, p= ), , mn; the density
of the mixture, m; the molecular mass of the /th element, v, the component in the
vth spatial coordinate of the mean average velocity v, and £ the total internal energy
per unit volume of the mixture. We introduce the partition function for internal energy
Ot for the ith species

=" ay exp(—Eq/ksT) . (2.28)
1

where kg is the Boltzmann constant and T the temperature, as well as the translational
and full partition functions

. 2nmikg T 32 i
o' = (h—2B> , 0,=0/0". (2.29)
P

We also introduce the averaged internal energy of the ith species

E =

1
o E ajEir exp(—Eir kg T') (2.30)
i

as well as the internal energy of the ith species and its enthalpy
Ej=3ksT +E;,  Hj=3ksT +E; i€ . (2.31)

The species number densities are defined as

n = Z/ﬁdc,«, ics, (2.32)
I

in such a way that

A=Y mbuy, 1€6. (2.33)
i€y
The total internal energy per unit volume of the mixture then reads

i€y
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2.4. The kinetic chemical equilibrium regime

In this work we are concerned with the kinetic chemical equilibrium regime in which
both the chemistry times and the relaxation times for translational and internal energy
are much smaller than the characteristic times of the flow. An approximate solution to
the Boltzmann equation (2.1) is then obtained using an Enskog expansion. Rewriting
Eq. (2.1) in the form

Ii(fi)= é(%(f) + (), i, (2.35)

where ¢ is a formal expansion parameter, the species distribution functions are expanded
as

fi= 21 +eg + OEP), i€d. (2.36)
The family of zeroth-order distribution functions f°=(f),cs is the solution of
B(f)+G(f)=0, i€ (237)

In order to determine f° uniquely, it is classical to impose that f° yield the local
macroscopic properties

(o =rvh)), ves. (2.38)

We will see in Section 3 that Eqs. (2.37) and (2.38) uniquely determine the zeroth-
order distribution functions f° and give rise to the Euler equilibrium regime.

The first-order perturbations ¢ = (¢;);c» are the solution of non-homogeneous inte-
gral equations written in the form

Sp)=Y¥, ie?, (2.39)
where the right member ¥; uniquely depends on f° and reads
¥,=—-Z(log 1), ics. (2.40)

In addition, 3; denotes the linearized collision operator for the ith species, which reads

Si(9)=37(9) + 37 (9), (2.41)
where the nonreactive and reactive collision operators are given by
y 1 ’ 1
37 ()= 0 (0B S°9),  Si(d)= 0 (0r6(f). f¢). (242)

In order to determine uniquely the perturbation ¢, the integral equations (2.39) are
completed with the n, + 4 constraints

{(fOp.y"))y=0, yY'es. (2.43)
The first-order species distribution functions f 1 =( fl-1 )ics given by
f=R0+¢). i€, (2.44)
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are then such that

(SN =) =), vers, (2.45)

and give rise to the Navier—Stokes equilibrium regime discussed in Section 4.

3. The Euler equilibrium regime

In this section we discuss the Euler equilibrium regime for reactive mixtures in ki-
netic chemical equilibrium. This regime results from the zeroth order Enskog expansion
discussed in Section 2.4.

3.1. Generalized Maxwellian distribution functions

The zeroth-order distribution functions f° are generalized Maxwellian distribution
functions. Indeed, we have seen in Section 2.4 that they satisfy Eqs. (2.37) and (2.38).
Using Eq. (2.37), we first deduce that

= kg / (Bi(S°) + G ) log(Ba £ dei =0, (3.1)
il

and hence the entropy production corresponding to f° is zero. Since ¢° is a sum of

nonnegative terms, it is readily seen from Egs. (2.23) and (2.24) that ¢° can vanish if
and only if the vector (log(fBi f:°))ico is conserved in both nonreactive and reactive
collisions. We may therefore write

(log(Bir /))ies €7 . (3.2)
Using Eq. (2.25) we obtain that

ne+4

log(Bu f) =D o, i€, (3.3)

=1

and the constants o; are determined from the macroscopic constraints (2.38). After
some algebra we get

3
o_amin f omi oo Eq
fi=" QieXp{ 2T V) kBT}

m; 32 a;n; m; E;
i ity i 2 i
= 0 - l_ - . 3.4
(anBT) o™ eXp{ 2kBT(c ") kBT} (34)

These expressions are similar to those obtained for flows in both tempered and slow
reaction regimes, except that the species number densities are now constrained by the
relations

| ") cE, 35
(ogQ[ Y (3.5)
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where we have introduced the element space
E=Vect(é),...,6,,), (3.6)

where & =(&)icy for 1€ &.

It is important to point out that the constraints (3.5) actually yield the usual chemical
equilibrium conditions for the species number densities. Indeed, upon introducing the
zeroth order entropy per unit volume

S'=—ta Y [ £200epu )~ 1)der (3.7)
il
we obtain after some algebra that
SO=>"nsp, (3.8)
i€y

with the zeroth order molecular entropies S given by

H;
SY ="' — kglog

n; .
— S 3.9
=7 o i€ (3.9)
At the zeroth order, the species chemical potentials read
1 kgT i
0= —(H; — TS?) = 2= Jog =, (3.10)
m; m; O

and it is readily seen from Eq. (3.5) that the vector Mu® with components m;u? is in
the element space

My’ = (miyicy €. (3.11)

This relation simply states the usual equilibrium conditions for the chemical reactions,
as detailed for instance in [14,15]. In addition, the resulting equilibrium constant is
exactly the same as would be obtained using the rules of statistical mechanics [1,16].

3.2. Macroscopic conservation equations

The macroscopic conservation equations in the Euler regime are obtained from the
relations

(W 2(19))=0, y'es, (3.12)

where we have introduced the family Z(f°)=(Z:(f))ics. After some algebra, we
obtain

b/ + 05 (A)=0, [€&, (3.13)

o(py) + 0x - (py@¥)=0p+ > _ pibi. (3.14)
ics
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W5V +E)+ 0 (3py* + EW)=—0 - (pv)+ > piby-v. (3.15)
ics
where p; =n;m; is the density of the ith species. These equations express conservation
of element densities, momentum and energy.
An equation for the temperature is easily recovered from the energy equation (3.15).
Upon introduing the particular derivative D, =0, + v - 0, a straightforward calculation
yields

cm(’lDtT:{—(p—FE)—FZ(71’;22,?&)}0,5-11. (3.16)
I

le& i€y

The molecular heat capacity c™!

butions

mol 3 - int, mol chem, mol
" = skpn + E n;c; + E n;c; , (3.17)
ey i€y

which appears in Eq. (3.16) consists of three contri-

where 7=}, ., n; is the total number density. The first term in Eq. (3.17) accounts
for the translational heat capacity, while ™™ and ™™™ are, respectively, the

internal and chemical molecular heat capacity of the ith species given by

; dE; 1 On;

int, mol i chem, mol i

" e} N 4 —_—— l . 3.18
€i ar’ i n; 0T ( )

4. The Navier—Stokes equilibrium regime

In this section we discuss the Navier—Stokes equilibrium regime for reactive mix-
tures in kinetic chemical equilibrium. This regime results from the first-order Enskog
expansion discussed in Section 2.4.

4.1. Linearized Boltzmann equations

The species perturbed distribution functions ¢ =(¢;);co are the solution of the in-
tegral equations (2.39) completed by the constraints (2.43). Using Eq. (3.2), the non-
reactive and reactive collision operators now read

SHOEDSY /fﬁ(qsi + ¢ — bl — ST de; del de, (4.1)

JjESL JI'J!

and

SE) ="y / IL,.7 (Z 6= ¢k> W
R;,P !

20 P
20 20 de; dey,
),
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/(' Z/Hﬁ(r) fk <Z¢k _Z¢]> f(rj(;)

R,P; P ) R )
x H%(r},w de; dey . (4.2)

The linearized collision operator & = 3% 4+ 3% has important structure properties which
generalize those discussed in [13] for nonreactive mixtures. We introduce the bracket
operator

1& 0= ((fO°6S()). (4.3)

keeping in mind that ¢ and { may be either scalar or tensor quantities. It is readily
seen from Eqgs. (4.1) and (4.2) that the bracket operator has the following fundamental
properties.

(1) it is symmetric: [, {]=](, &,

(i) it is positive semi-definite: [&, £]>0,
(iii) its kernel is spanned by the collisional invariants: [£,{]=0& e S,

On the other hand, the right member ¥; in Eq. (2.39) may now be evaluated using
the zeroth-order macroscopic conservation equations derived in Section 3.2. For con-
venience, we introduce the partial pressure of the /th element and the partial pressure
of the ith species given by

pi=nksT, 1€6,  pi=nkeT, i€¥. (4.4)

With the n, + 4 macroscopic variables ' given by

Di, leé,
=< v, I=n.+v, v=1,2,3, (4.5)
1/kgT, l=n,+4
we obtain
ne+4
W= Y (DS + (e;—v)-0xp’ — )b, (4.6)
=1
with
jr!:iafio
i .](;0 6ﬁl
1 Op;
N leé,
Pi Opi
m;
= kB—T(Ci\'_UV): l:ne+v: V:152737 (47)
ksT?0p;, 1
i Bpila%*zmz(cz v) —Ey, I=n.+4,

for i € . Using the relations presented in the appendix, it is easily verified that for all
[=1,...,n,+4, the vector (Tl ) o is a linear combination of the collisional invariants
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(2.25). After some lengthy calculations, we obtain the following expansion for ¥; in
terms of the macroscopic variable gradients:

1 ~ y
V=P 0p— gqf;ax = W0 pr— P - 0.(1/ksT)
leé

+ Z ¥ - (p;b;), (4.8)

jes

with

ql:’: m; {(Ci—v)®(ci_v)_ ;(ci_v)2l},
B

k
1 P1 0p;
T T
3 s Pi 0D
Y (- )
kBTzcm01 / on;
JjEYS leé
ke T2 Op; opi 1
X{Hi— 2 %— kBT—lap _Emi(ci_v)z_EiI}a
! es  PiopI
ph 1 5pi—Y'Zapj (¢ —»)
1 p[ 6?1 1 6~ 1 b
s
" ksT? [ Op; op; 1
VY =qH - —— LYY =2 | = omi(e—v) —E; i —
i o\ or 237 Zm(c v) 1 (e —v),
jEYS
!
i = ;(50' = Y)(ei —v), (4.9)

where I is the identity matrix and ¢;; the Kronecker symbol. Letting u=n#, «, l~)1
for I€é&, 2, or D; for j€%, we deduce from the expansion (4.8) for ¥; a similar
expansion for ¢;, namely

bi=—@]: 0y — v ¢P b — ¢ 01 ksT)
le&
+>° ¢,-D’ (pjby), (4.10)
JEY

and each of the expansion coefficients ¢ = (¢! );cs in Eq. (4.10) is the solution of
the constrained integral equations

{ (") =P, icd,

(4.11)
(f¢"y)) =0, yles.
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It is easily verified that the above systems are well posed for all u, i.e., the right

member ¥/ is in the range of the operator S; and the solution ¢* is unique.

4.2. Macroscopic conservation equations

The macroscopic equations in the Navier—Stokes regime are obtained from the rela-
tions

((Wa(M)) =0, y'ers, (4.12)

where we have introduced the family Z(f')=(Z;(f;'))ics. We introduce two types
of diffusion fluxes, the classical species diffusion fluxes given by

I’liVi:Z/((’i*V)f}o(ﬁij,’, iey, (413)
1
and the element diffusion fluxes defined as
=3 / Euer — [P bides, €6, (4.14)
il
in such a way that
myVi=Y_&mV, 1€6. (4.15)
i€y

After some algebra, we obtain the macroscopic equations expressing conservation of
element densities, momentum and energy in the form

O+ Ox - (Fv) + 0x - (M V) =0, €6, (4.16)
O(pw) + s (pr @ ¥) + 0x P = pib;, (4.17)
i€y

o, (%pvz—&-E) + 0y - ((%pvz—&-E) v) +0,-(Q+P-v)

=> pibi-(v+ V). (4.18)
ics
With the element diffusion velocities given by Eq. (4.15), we still need to specify
the species diffusion velocities V; for i € &, the heat flux vector Q and the pres-
sure tensor P. These transport fluxes are expressed in terms of the species perturbed
distribution functions as follows:

V,-:kBT<<'I’D",f°¢>>>, ics, (4.19)

P=pl+1, H=kgT{{P", f'¢))+ kBTT REAWAT I B (4.20)
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o-—((w'.r00))+ X (- v, (a21)

=% !

where I1 is the viscous stress tensor. In the next section we express the transport fluxes
Egs. (4.19)—(4.21) in terms of various transport coefficients.

4.3. Transport coefficients

We first consider the viscous stress tensor I1. We introduce the shear viscosity 7
and the volume viscosity x given by

k T .. .
oo ",
(4.22)
¢K ¢IC
and the viscous stress tensor then reads
2
o=—y (axv + (0xv) — g(ax . v)I) — k(0 - . (4.23)

We next turn to the species diffusion velocities V;, i € &, and the heat flux vector Q.
We define the species multicomponent and the thermal diffusion coefficients as

D, = pkB P 197, ¢, ije,

(4.24)

0,= _g[[qs”,qs[’f}], icd,

the partial thermal conductivity as
16", ¢" ], (4.25)

3k T2
and the diffusion driving forces as
PJ ~ .
Z P Pi—pib |, jes. (4.26)
€é
The species diffusion velocities may then be written as
— > Dyd; — OidclogT, i€, (4.27)
i€y

and the heat flux vector as

2 dp:
Q:f/lléxT — pzeld, +Z (1‘], - kBT apl) n; Vi . (428)

i€y ics pi o
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It is also possible to use a formalism identical to the one arising for mixtures with
nonequilibrium chemistry. We first notice that

D Op;
phr — § | Lo Ay 4.29
; opi (4.29)
JEYS

Thus, by linearity, the corresponding solutions of the integral Boltzmann equations
(4.11) are such that

=Y "= ap P (4.30)

JES

We also introduce the quantities
¥/ —=(H; — ‘mic; — v — Eq)e, —v), i€, (4.31)

in such a way that

v = Ty WD/% . (4.32)
JjES

Upon introducing the integral equations

S )=V, e,

ey (4.33)
((r°d" ")) =0, w'er,
we obtain by linearity that
0
¢ =" —kaT?Y_ ¢ pf (4.34)
jes
We then define the thermal diffusion coefficients as
=—*[{¢‘ o 1=0, — ZD,, S0 1€, (4.35)
jey
the partial thermal conductivity as
= Tg[[df’ ¢"1. (4.36)
and the species diffusion driving forces as
~ 1 0 - Op
di=— f’“p Lior—pb; |, je. (4.37)
P ap or
les
The species diffusion velocities V; are then given by
Vi=— Dyd; — OidclogT, i€, (4.38)

jes
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and the heat flux vector by

Q=-7'0,T~p> 0:di+> HnV;. (4.39)

IS IS

It is possible to rewrite the species diffusion velocities and the heat flux vector in
terms of the thermal diffusion ratios and the thermal conductivity [17]. The thermal
diffusion ratios %;, for i € &, are the unique solution of the constrained singular system

Z D,:/'/“,'{\j = 6,‘, ie :?,
jES

(4.40)
> 7=0.
jes
while the thermal conductivity reads
J=7 - Zem (4.41)
JEC/’
Upon introducing
¢ =¢" + pkaT > 79" . (4.42)
jey
we may write
I= i 199
- 2 > >
3’“‘3’; ~ (4.43)
~ _ 1 — A y
Sphprion Pk 1€

with Z; = ((¢; —v)J;j )icr, and we recover the formalism derived in [17] for nonreactive
mixtures. Using the thermal conductivity and the thermal diffusion ratios, the species
diffusion velocities and the heat flux vector read

VliszU(aj +yjﬁx10gT), 169,
JjEYS

Q:fjtﬁfo PZ?iVi +2Hinin

ics ics

(4.44)

The transport coefficients introduced above satisfy several important properties which
result from those of the bracket operator [, ]. First, the matrix of order n + 1

a5 E(/g\,). ey
r e (4.45)
20)ics £(Dyj)ijes
is symmetric positive semi-definite with kernel spanned by the vector (0, Y1,...,Y,).

Equivalently, we may state that the thermal conductivity 4 is positive and that the
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diffusion matrix D = (D;;); jes is symmetric positive semi-definite with kernel spanned
by the mass fraction vector (Y7,...,7Y,). On the other hand, the shear viscosity # is
positive and the volume viscosity k is nonnegative, the latter being zero only if there
are no polyatomic species in the mixture.

Finally, we point out that it is possible to define multicomponent and thermal diffu-
sion coefficients for the elements. Indeed, we may write the element diffusion velocities
I7k, k €&, as follows:

~ ~ 1. . = n; D
Vk:—ZDkl—ﬁxpl—QkaxlogT—k Z = ik—jpjbj, (446)
les P ijey K p

where we have introduced the element multicomponent diffusion coefficients

= ni ~ 0p;
Dy = —D;i—6y, k€&, 4.47
ki Z i 35, (4.47)

n
ijer k

and the thermal diffusion coefficients for the elements

_ n; o
Or=> ,ﬁ—ke,-g;-k, keé. (4.48)

ey

Note also that when all the species external forces are equal, i.e., b;=25b for i € &,
the last term in Eq. (4.46) vanishes. Introducing the matrix (y;,);.mees defined in the
appendix, the element multicomponent diffusion coefficients may be expressed as

~ 1
Dy = Z ks Tyim Z »nTkDijni(g)ik n/@@/m . (4.49)

meé i,jeY

As opposed to the diffusion matrix D, the element diffusion matrix 5:(5,(,);@166«
does not appear to have any simple structure properties, such as symmetry or positive
definiteness. We will see in the next section that this matrix does not appear directly
in the framework of Onsager’s reciprocal relations. As a result, it is more convenient
to use the species diffusion matrix D rather than the element diffusion matrix D.

4.4. Entropy production and Onsager’s reciprocal relations
It is well-known that at the first order in the Enskog expansion, the entropy may

be evaluated using the zeroth order Maxwellian distribution functions. The first-order
entropy per unit volume, denoted by S, reads

S=—ta Y [ £l toutBus!) - 1)de
il

=Y S+ 0(), (4.50)

ey
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where the zeroth-order molecular entropies are given by Eq. (3.9). The Gibbs free
energy per unit volume of the species

Gi=H; — TS" = ks T log -,
O
has several important properties. First, as a result of the chemical equilibrium conditions
(3.5) we have

(4.51)

(Gi)ics €E. (4.52)

In addition, as a direct consequence of the first relation in Eq. (A.2), we obtain the
orthogonality property

on;
Y Goi=o0. (4.53)
ies
We then define the Gibbs free energy per unit volume for the elements as
pi
G=> G-=, le¢, (4.54)
1% apl
as well as the enthalpy per unit volume for the elements
ap,
H = ZH leé. (4.55)
IS4

Using the relations given in the appendix, one can easily show that

G=> mG=>» G, (4.56)

ey leé
and that
H= H; = H +T . 4.57
Sowi=Snd () @57)
ey le&

Using the above relations, we deduce that the differential of the volumetric entropy
in the Navier—Stokes equilibrium regime is given by the relation

TdS=dE- Gdi. (4.58)
leé

This relation generalizes the Gibbs differential relation to the kinetic chemical equilib-
rium regime. A conservation equation for S is then easily obtained from Eq. (4.58)
and the macroscopic conservation equations stated in Section 4.2. A straightforward
calculation yields that

08+ 05 (W) + 0y -Jy =0, (4.59)
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where J; is the entropy flux vector given by

- ; <Q =S G %) : (4.60)
leé

and the entropy source term o reads

0-0,T Moy 1 -~ (G
R e e DI ACUED SN S (4.61)

ey le&

For the sake of simplicity, we assume that all the external forces are equal, b; =b for
i €%, so that the third term in the right member of Eq. (4.61) vanishes.
In order to expand the last term in Eq. (4.61), we use the following relations:

o (G H,
= 4.62
ar( >~ o €6, (4.62)

pi

and

= (G'> — kg, kI€E, (463)
Pk T, sk

where the matrix (V)i 1c¢ 1s symmetric and given explicitly in the appendix. The
entropy source term may now be written as

Q— ;Fllﬁ/’;[ II:0,v ~ 7 ~
oc=— Zl;; 0T — Tx B Z kayrni Vi Oxpr - (4.64)
kleé

Using the expressions for the transport fluxes obtained in the previous section, we may
write

- a r
0 - ZHlanl: a0 Zao k0 Pr » (4.65)
leé keé
and
oy a r ) d
> keyui Vi=—o 02 =N " okmo B, ke, (4.66)
leé meé

and the coefficients o™, 0 <k,m<n,, read
0 — T2;L/ ,
opi
=Y 0E kee,
i€ (4.67)

1 op; 0
ock"”:—T i pi afj, kmeé .
p e OPk DPm

The above relations show that the entropy source term in the Navier—Stokes equilibrium
regime is compatible with Onsager’s reciprocal relations.
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Finally, we point out that the entropy source term may also be written using the
same formalism as for gas mixtures in chemical nonequilibrium. After some algebra,
we get

~0,T-0,T p ~ ~ K 2
e Z Dyj(d; + 7i0x 1og T) - (d; + 70 log T) + (9 )
INISE4
+ (ot @) — 200 ) < (000 + (@0) — 2000 ) . (468)
2T 3 3

From the properties of the transport coefficients stated in Section 4.3, we readily obtain
that the entropy production term ¢ is a sum of positive terms.

5. Concluding remarks

In this paper we have derived a theoretical framework for the kinetic chemical equi-
librium regime introduced formally by Ludwig and Heil and we have presented a
detailed investigation of the associated Euler and Navier—Stokes regimes. As a conclu-
sion, it is interesting to consider the following points.

(1) The preceding sections show that the underlying structure of the governing equa-
tions for gas mixtures in the kinetic chemical equilibrium regime is formally
identical to the one obtained for gas mixtures in chemical nonequilibrium and
then letting the chemical reactions approach equilibrium. This remark is valid for
both the transport fluxes and the entropy production. It is important to notice,
however, that the actual value of the transport coefficients is different in each
case. Indeed, in the kinetic chemical equilibrium regime, the linearized Boltz-
mann operator & contains terms accounting for reactive collisions, as opposed to
the linearized Boltzmann operator that would be obtained if the chemical reactions
were considered as a slow process.

(2) It is also interesting to point out that although the macroscopic governing equa-
tions in the kinetic equilibrium regime express conservation of element densities
instead of species densities, the simplest structure in these equations is recovered
by introducing species diffusion velocities. It is actually impossible to eliminate
completely the species from the governing equations since the volumetric energy
of the mixture cannot be expressed as a combination of quantities only depending
on the elements.

Appendix. Differential relations
In this appendix, we present some useful differential relations needed in this work.

We restate that in the kinetic chemical equilibrium regime the macroscopic independent
variables are the element number densities, the mean average flow velocity, and the
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temperature. As a result, the species number densities n;, i € &, are functions of the
element number densities 7;, / € &, and the temperature 7. They are given by

E niéiy=ny,

ey
(A.1)

recalling that E is the element space defined by Eq. (3.6). Differentiating Eq. (A.1)
with respect to 7' first yields

ani> 1
== ek,
(aT ics

kgT? on; (6.2)
E— 2! €k,
ni 0T ) ey
while differentiating Eq. (A.1) with respect to 7, for m € &, yields
@5[1 =0im, mMEE,
€Y Ot
’ (A3)

<iai1i> ek, meéd.
ni O ) i

Rather than number densities, it is also possible to consider partial pressures for the
elements and the species, as given by Eq. (4.4). With the macroscopic variables (4.5),
the species partial pressures are functions of the element partial pressures p;, /€8,
and the temperature 7. Eqs. (A.1) now read

> pibi="r,

IS

(A4)
bi
Io ck,
( s kBTQi>ieV
and differentiating Eq. (A.4) with respect to T and p,,, for m € &, yields
pi 1
— ek,
(7).,
. (A.5)
ksT* 0 p;
<Hi "B p ) cE,
pi T Jicy
and
@(g}[:élma mega
= Pn
’ (A.6)

1 dp;
( fl) €eE, meé&.
Pi0Pm/ icy
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From the second relation in Eq. (A.6) we deduce that there exist a matrix y = (Vi )r.ics
such that

1 8p, o .

— = E Vkléil’ 1€ y, le& , (A.7)
pi Opi Iee

and a straightforward calculation shows that

1 Op; Op;
Vil = Vik = Z_gf 65 . (A.8)
ico Pi 0Pk 0PI
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