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Abstract

A novel theoretical basis for the evaluation of the thermal conductivity and the thermal diffusion
ratios of dilute polyatomic gas mixtures is derived within the semi-classical isotropic kinetic theory.
New expressions for species diffusion coefficients, thermal diffusion coefficients, and thermal
diffusion ratios are also obtained by using an expansion vector based upon the total energy of
the molecules. Finally, practical and accurate expressions for the thermal conductivity and the
thermal diffusion ratios are derived by using the recent theory of iterative transport algorithms, as
developed by the authors. The resulting expressions can be used in either theoretical calculations
or computational models of multicomponent flows.

1. Introduction

Fundamental scientific interest as well as a wide range of practical applications have
motivated extensive interest in the study of transport properties in dilute polyatomic
gas mixtures. The purpose of this paper is to provide a new theoretical basis and also
practical expressions for the evaluation of two transport coefficients in dilute polyatomic
gas mixtures: the thermal conductivity and the thermal diffusion ratios. As discussed
later, these two coefficients arise in the kinetic theory expression of the species diffusion
velocities and the heat flux vector.
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In this paper transport properties of dilute polyatomic gases are treated semi-classically
[1] rather than quantum mechanically [2]. Indeed we will not consider the effects of
applied magnetic or electric fields on transport properties, e.g., polarization of angular
momentum, for which a quantum mechanical theory is needed. Furthermore, the quantum
mechanical theory yields the same formal results as the semi-classical approach for
the isotropic approximation valid in the absence of polarization effects [2-4]. We
consider here the semi-classical theory as extended to dilute polyatomic gas mixtures
in [5]. The corresponding Boltzmann equation preaverages the cross-sections over all
the magnetic quantum numbers and can be derived from the Waldmann-Snider [6,7]
quantum mechanical Boltzmann equation. This form of the Boltzmann equation is also
equivalent to the Wang Chang and Uhlenbeck type equation considered in [8].

In the next section we introduce some useful notation and briefly restate some clas-
sical kinetic theory results. We then derive, for the first time, a variational framework
for evaluating the thermal conductivity and the thermal diffusion ratios directly. This
allows the derivation of linear systems with which to evaluate these transport coefficients
without cumbersome algebraic manipulations. Furthermore, we introduce new expres-
sions for the species diffusion coefficients, the thermal diffusion coefficients, and the
thermal diffusion ratios by generalizing the total-energy approach derived in {9,10] for
the thermal conductivity of pure gases and in [11] for the partial thermal conductivity
of binary mixtures. When some species concentrations become arbitrarily small, it is
worthwhile to note that artificial singularities arise in the linear systems presented in
Section 2. These numerical difficulties can be overcome by introducing rescaled linear
systems [12] and will not be discussed further in this paper. Finally, in Section 3 we
apply the general theory of iterative transport algorithms [12] to the evaluation of the
thermal conductivity and the thermal diffusion ratios. Iterative methods provide indeed
a particularly cost-effective approach to obtain accurate approximate solutions to the
linear systems described in Section 2. Practical expressions for the thermal conductivity
and the thermal diffusion ratios are then obtained by truncation. These expressions can
be used at a low computational cost in numerical models of multicomponent flows such
as flames [25-27] or chemical vapor deposition reactors. Numerical simulation of these
flows indeed requires the evaluation of transport properties at each computational cell in
space and time, since temperature, pressure and concentration distributions are generally
not uniform. These simplified expressions are also directly related to the linear system
coefficients written in terms of collision integrals.

2. Theory

2.1. Preliminaries

We consider a multicomponent gas mixture with n species and we denote by S
[1,n] the set of species indices. For a family of functions &, k € S, where &
&v(ci, k) depends on the particle velocity ¢, and the k™ energy state Ejx, we introduce

It
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the compact notation ¢ = (£ )kes. Denoting by & the set of quantum energy shells of
the k™ species, we then introduce the scalar product

€.0)=3 [eo e (M

k€S
KEE:

where f? is the Maxwellian equilibrium distribution function of the k™ species. Follow-
ing [13], we next define the integral bracket operator [£,{] = ((¢,Im({))), where Im
is the linearized Boltzmann collision operator.

In the Enskog-Chapman procedure, the species distribution functions are written as
a linear perturbation of the equilibrium Maxwellian distribution functions [5,11,13]. In
the first-order expansion, the species diffusion velocities may be expressed as

Vi=—Y Dud —6;VIiegT, k€S, (2)
1es

and the heat flux vector as

g=Y_ phitiVi ~N'VT —p ) ids, (3)
kes kes

where dy is diffusion driving force acting on the k™ species given by

dk=VXk+(Xk—ﬁ)@%—ngiﬁ(l)z—blc), ke, (4)
les

and where X; is the mole fraction of the k™ species, ¥; its mass fraction, p the pressure,
p the density, b; the external force on the k™ species, T the temperature, and h; the
specific enthalpy of the k™ species. Furthermore, several transport coefficients arise in
(2) and (3): the diffusion matrix D = (Dy)ics formed by the species diffusion
coefficients, the thermal diffusion vector 8 = (6;)rcs formed by the thermal diffusion
coefficients, and the partial thermal conductivity A’. These transport coefficients can be
written in the form [5,11,13]

Du=¥[¢“,¢”'], kles,
0= - 316761, kes, (5)

’_ 1 AN
A ——31@7«2[95 ;o7 1.

Here, k, denotes the Boltzmann constant and we have also introduced n + 1 families of
functions ¢* = (¢} Jkecs, where u stands for D;, I € S, and A’.

The auxiliary functions ¢ are three-dimensional vector functions that are the solution
of the following linearized Boltzmann equations

{Im(tﬁ“) =¥,

. 6
(", 9"y =0, k€ [1,n+4], ©
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where J;" are the n+4 collisional invariants of the mixture. Furthermore, the right-hand
sides in (6) have components given by [5]

{ng:= (1/(Xp)) (8u — Ye) (ck —v), 1€, 7

= KT(3 — wewr + & — €x) (ck — 0),

where Jy; is the Kronecker symbol and v the mass averaged flow velocity. The reduced
velocity wy, the reduced internal energy €, and the averaged reduced internal energy
&, of the k™ species are given by

my 1/2 Ekx
Wi = (———) (cx —v), €ix = 0, &= E Ark€xx XP(—€rx) / Ok,
ZkBT kBT KEE;

(8)

where my is the mass of the molecules of the k™ species, ay, the degeneracy of the k™
quantum energy shell of the & species, and g; = 2 xee, G €Xp(—€x,) the partition
function.

2.2. Polynomial expansions

The linearized Boltzmann Egs. (6) are solved approximately with a variational proce-
dure using polynomial expansions {5]. More specifically, a finite dimensional functional
space A4 = span{ &k (r,k) eB } is first selected, where &% are orthogonal basis func-
tions for the scalar product (1) and where B is a set of basis function indices. The basis
functions £7 are generally chosen as simple linear combinations of the vector functions
@'%4k defined by

B0k = (Sg/Z(Wk'Wk) Wi () w 8"')155' ”

where §5 P is the Laguerre and Sonine polynomial of order ¢ with parameter 3/2, and W¢
the Wang Chang and Uhlenbeck polynomial of order d for the k™ species. The notation
in (9) is similar to the one in [11], but the basis functions (9) are not normalized since
it would lead to artificial notational complexities and introduce concentration dependent
functions. In particular, the following vector basis functions will be used to expand the
auxiliary functions ¢*

' "% = (wibu)ies, k€S,
¢'""% = (3 —wew)widu),cs» kK ES, (10)
' = (& — ew)wibu),cs»  kEP.

Here, P denotes the set of species that have at least two different energy levels. This set

is generally taken to be the set of polyatomic species, and we denote by p the number
of such species in the mixture.
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Since the basis functions ¢!%? involve the polynomials W¢ in the internal energy €,
of the molecules, all the internal modes of the molecules, e.g., rotation and vibration,
are forced to have the same internal temperature [14]. However, it is possible to
consider polynomials in the energies of the various internal modes, which leads to
larger variational approximation spaces for the species perturbed distribution functions
[14,15]. This would only complicate the final expressions for the transport coefficients,
but the general theory that is presented would equally apply. In addition, considering
polynomials in the internal energy of the molecules only may sometimes lead to a
faster convergence of the orthogonal polynomial expansions of the perturbed distribution
functions. In particular, it has been observed experimentally in [16] that, for iodine at
room temperature, in the presence of a temperature gradient, the perturbed distribution
function ¢*" is linear in the total internal energy, but not in the different internal energy
modes, i.e., rotation and vibration, for which the quadratic terms become significant in
the orthogonal polynomial expansions.

Expanding the auxiliary functions ¢* in terms of the basis functions £* yields linear
systems in the form

> Lga =8, (rk) €B, (11
(s.HeB

completed with the appropriate constraints, where

= —ZV;’;""” (€%, ¢%],

kl —

,BrD’ - \/2r;kknT «é"k’lpbl», Ir()\’ = 3\/_\/: «f’k W)‘I»

The scaling factors appearing in (12) have been chosen for convenience. Furthermore,
since we use the same functional space to expand ¢?' and ¢)", the same matrix L is
obtained in (11) for w = D; and x = A’. Finally, it is straightforward to relate the
cross-sections appearing in the elements of the matrix L to those defined in [11].

(12)

2.3. Evaluation of D, X', and 6

We now assume that the functions ¢'%% are in the functional space .A. This assump-
tion is natural since the suppression of these functions in the polynomial expansions of
¢* would yield 8 = 0. The set {00} xS is then included in the indexing set B. Hence,
we obtain the following partitioning

B={00}xS U B, (13)

and we denote by w and w* = w — n the number of elements of B and B*, respectively.
One may then easily verify that the partitioning (13) yields the following block
structure for the linear system (11)
[LOMO LOOA] |:a00,u,:| [ﬂOO,u.]

L/\OO LAA aAp. BA;L ( 14)
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Here, L%% is a nxn matrix, L®* is a nx @* matrix, L% is a @*xn matrix, and LA
is a w*x@* matrix. Similarly, @®* and % are n vectors and a** and B* are w?
vectors. The linear system (14) must be completed by the constraint

> had* =0. (15)
kes

Furthermore, one can show [12] that the matrix L is symmetric positive semi-definite,
and that the submatrix L** is symmetric positive definite. In addition, the kernel of the
matrix L is spanned by the vector U = (U%, U*) such that U® =1, k € S, and U* =0,
and the vectors B# are in the range of the matrix L since ) ,cs ,320" =0, for u = D,
and p = A'. As a consequence, the constrained singular system (14) and (15) is well
posed and admits, therefore, a unique solution.

Finally, the diffusion matrix, the thermal diffusion vector, and the partial thermal
conductivity are given by

00D; _ 00D, 004’
Dy=ay; '=a; % Or=—ap ",

>
[
N

> M. (16)

(r.k)eB

2.4. The thermal conductivity and the thermal diffusion ratios

The partial thermal conductivity coefficient A’, appearing in the expression for the
heat flux vector (3), is not accessible to direct experimental measurement. Indeed, in a
mixture of gases, a temperature gradient induces thermal diffusion and thus concentration
gradients, so that the term Zke s 0xdi is nonzero. It may then be convenient to introduce
the thermal diffusion ratios y = ( x«)ecs defined by the relations [5,17]

Dy =86,
Y xe=0. (a7
kes

The above system is well posed and, therefore, defines uniquely the thermal diffusion
ratios [12,13]. Defining next the thermal conductivity A as [5]

A=X = (p/T) Y bexr, (18)
k€S

the species diffusion velocities and the heat flux vector may be expressed as

Vo= — ) Du(di+ xViegT), k€S, (19)
les
q= Y phXeVe — AVT +5 ) xiVi. (20)
keS kes

The thermal conductivity coefficient A is accessible to direct experimental measurement.
Indeed, in a gas mixture with an external temperature gradient, the species diffusion
velocities vanish at equilibrium so that the relation g = —AVT is then recovered.
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The thermal conductivity and the thermal diffusion ratios can be expressed in terms
of the solution of a linear system which is simply a subsystem of (14). Indeed, denote
A = L™ and B* = B’ Keeping in mind that the matrix A is symmetric positive
definite, the linear system

Aat = g%, (21)

admits a unique solution a*. Moreover, after some algebra, one can deduce from (17)
and (18) that the thermal conductivity and the thermal diffusion ratios are given by

A= g > aah (22)
(r.k)eBA
x = L%, (23)

Expression (22) for the thermal conductivity has been derived in [18] also. On the
other hand, the expression (23) for the thermal diffusion ratios generalizes the one
given in [ 13], which is a first-order approximation valid for monatomic mixtures.

2.5. New definition of the thermal conductivity and the thermal diffusion ratios

We now show, for the first time, that the thermal conductivity and the thermal diffusion
ratios can also be defined within the variational procedure described in Section 2.2. We
first note that it is possible to express these transport coefficients in terms of bracket
products. Indeed, let ¢* and ¥* be given by

¢* = " +pkT > xi6”,
les

h= oV L PRT Y P
les

(24)

By linearity, ¢ then satisfies the linearized Boltzmann Eq. (6) for u = A. Furthermore,
the function ¢* has necessarily to be orthogonal to the basis functions ¢'%%, | € S.
Indeed, making use of (5), (17), and (18), we first have the relations [¢”,¢*] =0
which imply that (¥, #*)) =0 for I € S. On the other hand, it is straightforward to
check that ¢!®% is a linear combination of ¥?! and of the vector collisional invariant
Ykes vmd'®% to which ¢* must also be orthogonal. Hence, we conclude that we
must have (¢!%% #A) = 0 for | € S. Finally, after some algebra, one may establish
from (5), (17), and (18) that

1
A= ——[¢", ¢"],
3512 (25)
"~ 3pkT
where the family C* is defined by C* = ((cx — v)8u) jcs- The above expression for A is
classical, but the one for y is, to the authors’ knowledge, new.

[ck,¢*1, ke,

Xk
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Assume now that a functional space A has been selected to approximate ¢! and ¢*'
in such a way that the partitioning (13) holds. Such a partitioning yields the following
decomposition for the functional space .4

A=span{ ¢'%* ke S}@ A, (26)

where A* = span{ ¢*, (r,k) € B* }. Since ¢* is orthogonal to the basis func-
tions ¢'%% | € S, the natural functional space for expanding ¢* is the space .A*.
The resulting matrix A} = (2¢W/3p) (€%, 611, (r, k), (s,]) € B, is clearly a
submatrix of L in such a way that A = L**, Furthermore, consider the vector ﬂ;* =
(V2mi/3pVkT) (£, %*), (r,k) € B. Since the basis functions £ in A* are nec-
essarily orthogonal to the functions ¥2, [ € S, we deduce from (24) that we have
(&%, w) = (£, w*). Hence, the thermal diffusion ratios are eliminated from the
computation of B* which simply becomes the subvector of 8%’ such that g* = gV,

Conversely, assume that the thermal conductivity and the thermal diffusion ratios are
defined by (25) and that the space .A* is used to approximate ¢*. Consider then the
functional space A such that the decomposition (26) holds and the resulting diffusion
matrix, thermal diffusion vector, and partial thermal conductivity. We now prove that
the classical relations (17) and (18) are recovered.

Let indeed A" be the functional space

Al={éeA (&> vmad' ™) =0}, (27)

keS

and consider, for £ € A, the functional F(£) = 1(¢,Im(&)) — (#¥,£). We note
that ¢* minimizes 7 on A' whereas ¢* minimizes F on A*. Furthermore, it is
straightforward to check that

A ={Ec Al (£¥P)=0,1<I<n-1}, (28)

keeping in mind that 3, o ¥¥? =0 and that ¢!, | € S, is a linear combination
of P and of the collisional invariant 3, ¢ \/mi!®*. As a consequence, there exist
Lagrange multipliers 7y, . ..,7,_1 such that Im(¢*) =X + 3, (., m¥P". Letting
now 7, =0 and (PET) wi= (i — Y1) 1csm), €S, we deduce that

Im(¢*) =¥ + phT Y @, (29)
les
where 3,5 w; =0 since Y5 ¥/¥" = 0. By linearity we obtain that
¢ =" +pT_ wid”, (30)
les

and from (25) we then deduce that w; = y;, | € S. Hence, the relations (24) are
recovered, and it is then straightforward to obtain the classical relations (17) and (18).
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2.6. Translational-and-internal-energy approach

Noticing that the right-hand side ¥+ can be written in the form

Y =3 V2T m 6 + Y V26T me 0, (31)

kES keP

a first natural approximation space A for ¢2, 1 € S, and ¢*' is then
A=span{ ¢! %% kc S, ¢N% recs, @'%* keP}, (32)

with the indexing set B = {00, 10} xS U {01}xP. We refer to this approach as the
translational-and-internal-energy approach. Since it has been used traditionally to evalu-
ate the diffusion matrix, the thermal diffusion vector, and the partial thermal conductivity,
the resulting transport coefficients will still be denoted by D, 8, and A, respectively.
The system matrix is still denoted by L and is given in the Appendix in terms of colli-
sion integrals. The matrix L is given in its naturally symmetric singular form which is
preferable for a cost-effective implementation of iterative transport algorithms and which
also yields simpler analytic expressions [12]. On the other hand, the matrix L given
in [8] is not symmetric and also contains one misprint. For u = Dj, the right member
may be written

ﬂOODI = 6]([ — Yk, BIODI = 0, ﬂOlD( = 0’ (33)
k k k
and for u = A’ the right member becomes

BY¥ =0, B =ix,, B =inX. (34)

For convenience, we have introduced the ratio ry = 2¢i/(5k) where ci* denotes the
internal heat capacity of the molecules of the k™ species. The explicit expressions for
D, 6, and X are directly obtained from the ones derived in Section 2.3 and are omitted
for brevity.

We now turn to the thermal conductivity and the thermal diffusion ratios. In the
translational-and-internal-energy approach, the approximation space is given by A* =
span{ ¢'01% Kk c S, @!®k ke P} with the indexing set B* = {10} xS U {01} xP.
Hence, the resulting linear system is of size n+p and admits the block structure

AI0I0 10017 751007 T giOA 35)
A0 qoto1 | | 4014 | = | gota | -
Here, A'%10 is a nxn matrix, A% is a nxp matrix, 4°'10 is a pxn matrix, and A% is

a pxp matrix. Similarly, @!%* and B8'°* are n vectors and %2 and B°'* are p vectors.
The matrix A is simply a submatrix of the larger matrix L given in the Appendix ,
and the right-hand side 8* is a subvector of the vector ,3"' given by (34). The thermal
conductivity and the thermal diffusion ratios are then given by

5p
A= 22 (X Xeal® + Y Xemead?), (36)
k€S kEP
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¥= [ 0010104 70001 01 (37)
where L®'0 and L%%! are subblocks of the matrix L given in the Appendix. A result
equivalent to (36) is presented for the thermal conductivity in [18]. Finally, as a result
of Section 2.5, the relations (17) and (18) are automatically recovered.

2.7. Total-energy approach

Upon introducing the functions ¢!%* = $1010% 1 55 (k) $'®k where for k € S we
have defined p(k) =1 if k € P and 8p (k) = 0 otherwise, the right member ¥ can
be written in the form

= Z V2(kT)3/my ¢'%*. (38)

kes

The superscript e is used here because ¢'%* is associated with the total energy of the
molecules, i.e., the sum of the translational and internal energy. The expression (38)
then suggests the use of the approximation space

Ape; =span{ ¢'%%* e S, @'% kesS}, (39)

with the corresponding indexing set B = {00, e}xS. This approach extends the ideas
of [9,10] for the thermal conductivity of pure mixtures and [11] for the partial ther-
mal conductivity of binary mixtures. The accuracy of the thermal conductivity in this
approach has been verified in [4] for polyatomic gases and in [19] for atom-diatom
gas mixtures.

Using the approximation space Afe), we obtain linear systems denoted by Liejaf,, =
,Bf‘e], with the block structure

[L[e] L{e]] [“([)27] ['B[e] ] (40)

L5 Liy ) Lol B
and which must be completed by the constraint
> Yeallhi = 0. (41)
keS

Here, L%, L%, L%, and LS, are nxn matrices. Similarly, ajor, o, B{or, and B
are n vectors. The matrix L[e; is explicitly given in the Appendix. For u = Dy, the right
member may be written

Bl =8u—Y,  BD.=0, (42)
and for u = A’ the right member becomes
B[e]k_o’ B‘fé],k= 2(1 + re) X (43)

Applying the results of Section 2.3, we deduce that the matrix Li¢; is symmetric
positive semi-definite, and that the submatrix L, is symmetric positive definite. In
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addition, the kernel of the matrix L) is spanned by the vector Upe) = (U([)g »Ufep) such
that U, = 1, k € S, and U[e]k =0, k € S, and the vectors Bf,, are in the range of
the matrix Lie) since Eke s ,B[e] ¢ =0, for u =Dy and u = X. As a consequence, the
constrained singular system (40) and (41) is well posed and admits, therefore, a unique
solution.

The total-energy approach yields new expressions for the diffusion matrix, the thermal
diffusion vector, and the partial thermal conductivity. These transport coefficients are
denoted by Dic), ffe}, and Af,, respectively, and are given by

00D, 00)’
Dyeju = a3y = alopt, Brelk = —fejis Ale) = T Zxk(l + rk)a[e]k

keS
(44)

In the total-energy approach, the thermal conductivity and the thermal diffusion
ratios are denoted by Afe; and Y., respectively. Using the approximation space Af‘e] =
span{ ¢'%*, k € S } with the indexing set Bf,; = {e} xS yields the linear system

Afe1afe = Biey- (45)

Here, A[e) is a nXxn matrix given by Are) = Lf;;, and ,B{‘e] is a n vector given by
Bl = Bth. The system (45) is of size n and admits a unique solution ar\;, since
the matrix Apf) is symmetric positive definite. Finally, the thermal conductivity and the
thermal diffusion ratios are given by

Ale] = 2T Z Xe(1+ri)afh,, (46)
kES
Xlel = L[e]a[e]‘ (47)

The expression (47) is, to the authors’ knowledge, new, whereas an expression equiva-
lent to (46) has been derived in [18].

As a result of Section 2.5, we immediately obtain, without further algebraic manipu-
lations, that the thermal diffusion ratios y[e; are also the unique solution of the linear
system

Diej X1et = Olers
> X =0, (48)

kesS

and that the thermal conductivity Afe is also given by

Ae) = Ale) — (B/T) D Oretexieir- (49)
kes
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3. Practical, approximate expressions
3.1. Iterative methods

In Section 2 we have expressed the thermal conductivity and the thermal diffusion
ratios of dilute polyatomic gas mixtures in terms of the solution of various linear systems.
These linear systems relate the transport coefficients to a series of collision cross-sections
describing the dynamical interaction between polyatomic molecules. However, solving
these linear systems by direct methods (such as Gaussian elimination) presents two
serious drawbacks. First, it does not provide expressions for the transport coefficients
that can be written explicitly in a tractable manner for an arbitrary number of species
in the mixture. Second, this approach is extremely expensive in computational models
of multicomponent flows since the size of the linear systems can be relatively large
and since transport properties have to be evaluated at each computational cell in space
and time. Numerical algorithms devoted to solve the nonlinear discretized equations
governing these flows may also proceed by iteration, such as Newton’s method for
instance, and this even increases the number of transport properties evaluations. In this
context, iterative methods offer an interesting alternative since they provide a rigorous
way to define approximate transport coefficients by truncating convergent series.

Iterative methods have been considered implicitly in [20,21] when deriving approxi-
mate formulas for the thermal conductivity of monatomic gas mixtures. A general theory
of iterative methods for evaluating transport coefficients in dilute polyatomic gas mix-
tures has been developed in {12]. Convergence theorems were presented in a rigorous
mathematical framework that was extracted from the Boltzmann equation and from the
variational procedure used to expand the species perturbed distribution functions. Two
categories of iterative methods were considered: standard iterative methods and conju-
gate gradient methods. These two methods are now briefly described and we refer to
(12,22-24] for a more mathematical description of these algorithms.

Consider a linear system in the form

Ga = S, (50)

where, in our applications, the matrix G stands for A or Aj) and is, therefore, symmetric
positive definite. Standard iterative methods are based on a splitting of the form

G=M-2, (51)

where the matrix M is assumed to be symmetric positive definite. Consider the iteration
matrix S = M~!Z, the initialization xo = 0, and for i > O the iterative scheme

Xip1 =Sx; + M71B. (52)

Then the iterates x; converge towards the unique solution of (50) if and only if the
matrix 2M — G is positive definite. On the other hand, the conjugate gradient method
is particularly cost-effective for solving symmetric positive definite systems. Let (,)
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denote the scalar product between vectors and consider the initialization xo =0, ro = 8,
po =0, and 79 =0, and for { > O the iterates

( Pt = M7 + tips,

sivt = {ri, M) /{Pis1, Gpis1),
§ Xi+1 = Xi + Siv1Pir1, (53)
rivi =71 — $it1Gpis1,

Ll = (r,~+|,M“lriﬂ)/(r,-,M“lr,-).

Then the iterates x; converge towards the solution of (50) in at most w steps, where
w is the size of the matrix G. The matrix M in (53) is termed the preconditioner.
It is clear from the above discussion that an efficient implementation of both iterative
methods requires a matrix M such that the action of M~! on a given vector can be
written explicitly in a simple form. Examples of such matrices are presented in the next
section.

3.2. The matrices db(A) and db(Ae})

A fundamental matrix in the theory of iterative transport algorithms is the matrix
db(G) formed by the diagonal of the blocks of the matrix G [12]. In the translational-
and-internal-energy approach, the system matrix A is composed of four blocks, as
discussed in Section 2.6. The matrix db(A) is then given by

diag(A'91%)  diag(A!%!)

diag(AOIIO) diag(AOIOI) ’ (54)

db(A) = [

and it is straightforward to write the matrix db(A) ™! explicitly in terms of the inverse
of the 2x2 subblocks

A e
. (55)
o 2
Furthermore, one can show that the matrices db(A) and 2db(A) — A are symmetric
positive definite [12].

In the total-energy approach, the system matrix Afe) is composed of one block, as
discussed in Section 2.7. The matrix db(A(e;) is simply given by

db(Aje)) =diag(A5,)), (56)

and one can show that the matrices db(A[e)) and 2db(A[e]) — Afe} are symmetric
positive definite [12]. The total-energy approach is particularly attractive since the
diagonal matrix db(Aje)) is trivially inverted.
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3.3. Truncated convergent series

Using standard iterative methods, the thermal conductivity and the thermal diffusion
ratios can be expressed as convergent series [12]. Truncating these series then provides
explicit, approximate expressions for the thermal conductivity and the thermal diffusion
ratios. In the translational-and-internal-energy approach, we obtain

A = BS™sian(a) ' g4, ),

Jj=0

~

,. (57)
X[i] = [LOOIO, LOOOI] Zsjdb(A)_lﬂA,
Jj=0
where S = I — db(A)~1A, I is the identity matrix, and [L%10, 1901 is a nx(n + p)
matrix formed by the blocks L%!0 and L%%!, Similar expressions are easily derived in
the total-energy approach {12].
Explicit approximate expressions for the thermal conductivity and the thermal diffu-
sion ratios can also be obtained by truncating the conjugate gradient method. In the
translational-and-internal-energy approach, this yields sequences of iterates in the form

Al = (B pj)?
TZ (PJvAPJ

il [ po010 ;o001 (8%.p))
X [ ]Z (PJ’AP1>p

where the vectors p; are given by the iterative scheme (53). Similar expressions are
easily derived in the total-energy approach [12].

The explicit expressions (57) and (58) are relatively straightforward to implement on
a computer and the evaluation of the first few terms in the series requires significantly
less computational effort than if Gaussian elimination were employed on the original
linear system. Furthermore, these expressions are directly related to the matrix elements
of the original systems, as detailed in Section 3.1. Thus, they can be written explicitly
in terms of collision integrals.

(58)

3.4. Numerical experiments

In this section we verify the accuracy of all the transport coefficients obtained in
the total-energy approach. We also consider iterative methods for the evaluation of the
thermal conductivity and the thermal diffusion ratios. The numerical experiments are
performed on four gas mixtures. Mixture 1 is air, i.e., a binary mixture consisting of
oxygen and nitrogen with mole fractions Xo, = 0.21 and Xy, = 0.79. Mixture 2 is a typ-
ical ternary mixture often considered in crystal growth applications [25]; it is formed by
hydrogen, arsine, and trimethylgallium with mole fractions Xu, = 0.9895, Xan, = 0.01,
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Table 1
Reduced errors for the transport coefficients in the total-energy approach

Mixture 1 Mixture 2 Mixture 3 Mixture 4
e 1.90E-3 2.66E-3 8.15E-4 1.56E-3
e Ay 1.90E-3 2.68E-3 7.22E4 1.51E-3
[
exel 2.13E-2 3.26E-2 1.68E-2 4.66E-2
€0y 2.18E-2 3.28E-2 4,03E-3 9.11E-3
€Dy 5.07E-4 6.09E-6 5.48E-3 6.29E-3

and Xga(cn,), = 0.005, respectively. Mixtures 3 and 4 contain more chemical species
and are typical mixtures considered in hydrogen and methane combustion applications
[25-27]. Mixture 3 is an equimolar hydrogen mixture composed of the n = 9 species
H;, 0;, N3, H,0, H, O, OH, HO;, and H;O,. Mixture 4 is an equimolar methane
mixture composed of the n = 26 species CHy4, CH3, CHy, CH, N, H;, O;, H,0, H, O,
OH, HO;, H,0,, C;H, C,Hs, C,Hs, C,Hs, C;H,, C;H, CHO, CH,0, CH30, CH,CO,
CO,, CO, and C;HO. Finally, mixtures 1 and 2 are considered at pressure p = 1 atm
and temperature T = 300 K, and mixtures 3 and 4 at pressure p = 1 atm and temperature
T=1500 K.

In the present numerical experiments, the linear system coefficients given in the Ap-
pendix are evaluated using approximate collision integrals [12,28-30]. The convergence
of the iterative algorithms in the framework of these approximations has been proven in
[12]. The validity of some of these approximations is sometimes questioned [4], but
we point out that the general theory presented in this paper does not rely upon these
approximations since convergence theorems are valid for the exact systems also.

In Table 1 we first present the reduced errors associated with all the transport coeffi-
cients obtained in the total-energy approach. More specifically, we evaluate

A=A A — Ay
erg = ANl e (59)
X = xieilloo 110 — Ote|oo ||D — Diejl}oo
ey, = X —_Aelllee -, N7 Zlelllee o 12— Zellleo 60
CI TP %= ol P Dl (0

where we have defined ||v||oo = maxges |vk| and |}A]|co = maxy es |An| for a vector v
and a matrix A, respectively. For the four test mixtures, the thermal conductivity Afe; and
the partial thermal conductivity Afe] are within 2x10~3 accuracy, the diffusion matrix
Dy} is within 6x 1073 accuracy, and the thermal diffusion vector 6[) and the thermal
diffusion ratios yiej are within 4x 1072 accuracy. The transport coefficients 6e}, X[e)>
and Dy provide, therefore, a new and accurate means of evaluating thermal and species
diffusion coefficients in polyatomic gas mixtures.

We now consider iterative methods in both the translational-and-internal-energy and
the total-energy approaches. Only the numerical experiments obtained with conjugate
gradient methods are discussed here, and we refer to [12] for those related to standard
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Table 2 )
Conjugate gradient method. Reduced errors for )l{‘e]]

i Mixture 1 Mixture 2 Mixture 3 Mixture 4
1 1.07E-2 7.78E-5 8.60E-3 448E-3

2 - 241E-11 5.23E-6 3.01E-7

3 - 2.00E-16 1.28E-10 5.09E-12
4 - - 7.26E-15 2.01E-16

Table 3

Conjugate gradient method. Reduced errors for x{?,

i Mixture 1 Mixture 2 Mixture 3 Mixture 4
1 1.20E+0 9.00E-4 9.87E-2 1.11E-1
2 8.24E-16 3.34E-7 2.27E-3 9.74E-4
3 - 1.93E-16 1.13E-5 3.39E-6
4 - - 1.19E-7 2.24E-8

iterative methods. We first apply the conjugate gradient method to the system A[e]af‘e] =
,Bf‘e] preconditioned by the matrix db(A(e)) defined in Section 3.2. The reduced errors

Ly _ |’\IC] - )‘{é]]' i) - ”)([e] - X{;l]”oo
Ate Ay Atel Hxrellloo

are presented in Tables 2 and 3 for the four test mixtures. For the thermal conductivity,
the first iterate, A};]] is within 1072 accuracy of Are) and may be expressed as

) i=1,2,3,4, (61)

_ _ 2
fny_P (B?e]’db(/l[e]) : f\e]>2 P (Ekes A?:]kkv,%)

Al =2 = ,
117 T (db(Are) 7' Bl Ate1db(Are) 7' Bl) T g ses A ViV

(62)

where V), = Bfé\] «/ Afeju- An additional iteration yields the approximate expression

I_’ (:B[Ae]’p2>2
T {p2, Aje1p2)’
with p; given by (53). We deduce from Table 2 that A{Z_]] is within 5x107% accuracy

of Ae) for the present test mixtures. For the thermal diffusion ratios, two iterates yield
the approximate expression

/\[2] =/\[|] +

[e] fe] (63)

A A
(2] _ 700e {Bie> P1) + {Bie)» P2) (68)
Xlel [e] ((pI’A[e]PI)pI <P2,A[e]P2>p2 R

which is within 2x107% accuracy of ye).

Similar results are obtained in the translational-and-internal-energy approach for the
system Aa* = B* preconditioned by the matrix db(A) defined in Section 3.2. One
iteration yields the expression
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m E (ﬂA,db(A)—IBA>2
ATET (db(A) =1 BA, Adb(A)~1BA)’ ©

which is within 2x 1072 accuracy of A. Instead of the matrix db(A), one can also con-
sider the simpler preconditioner diag(A) which can be trivially inverted. The expression
for the thermal conductivity, after one conjugate gradient iteration, is given by

N2
o p (Sewes 4 0%)) | “
T X tn.shes WiV
where WE = B2/ A%, Finally, for the thermal diffusion ratios, the approximate expres-
sion

A A
(21 _ L0010, 70001 ( (B, p1) (B, p2) ) 6
X ( ] (pl,Apl)pl + (pz,Apz)m (67)

obtained after two conjugate gradient iterations, is within 3x 103 accuracy of y for the
mixtures considered in this paper.

4. Conclusion

In this paper we have derived, for the first time, a variational framework with which
to evaluate directly the thermal conductivity and the thermal diffusion ratios of dilute
polyatomic gas mixtures. By considering basis functions in the variational space based
on the total energy of the molecules, we have also introduced new expressions for the
diffusion matrix, the thermal diffusion vector, and the thermal diffusion ratios. Finally,
we have obtained practical, approximate expressions for the thermal conductivity and
the thermal diffusion ratios of dilute polyatomic gas mixtures. These expressions are
associated with a low computational cost and are directly related to the collision integrals
appearing in the linear system coefficients. Hence, they are particularly appealing to use
in numerical calculations of multicomponent flows — such as flames or chemical vapor
deposition reactors — and may also provide further incentive to compute collision cross-
sections of polyatomic gases.

Appendix

In this appendix we restate the explicit expression of the system matrix L in its
naturally symmetric singular form [12]. We also present, for the first time, the explicit
expression of the system matrix Liej. The subblock L{G, has already been written in
[19] for a monatomic—diatomic binary mixture. The present expression is more general
since it is valid for arbitrary polyatomic gas mixtures. There are no approximations in it
beyond those involved in the semi-classical isotropic kinetic theory and the total-energy
approach.
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The notation used in this appendix follows that in [13]. For a species pair (k,[),
we denote by Dy the binary diffusion coefficient and by Dyin; the binary diffusion
coefficient for internal energy. Furthermore, we introduce the quantities dey = Aek—{—Zel,
where A€y = €3 — €3, and A~el = €+ — €1,. The primes denote values after the binary
collision in which a molecule of the k™ species in energy state x interacts with a
molecule of the /" species in energy state L. The superscript ~ is used to distinguish
one of the collisions partners from the other, in the case where k and [ are the same. We
denote by g the modulus of the relative velocity ¢, — & of the colliding particles before
collision, and by y and ¢ the polar and azimuthal angles which describe the orientation
of ¢}, — & with respect to cx — &.

We consider the averaging operator [[ }]i defined in [12] and equivalent to the
one introduced in [8], and we define the following classical collision integrals .Q,(d“) =
[V2 =7y cosx] . 277 = [v*—v*v?costy — L (dew)?], 2 = [¥v* —¥*Y cosx]
and 25" 3= = [y — ¥*»" cos,\/]kl, where y = g(my/2kT)/?, ¥ = g (my/2T)'/?, and
my = mymy/(my + my). The quantities Ay, By, and Cy are classical ratios of collision
integrals given by

1 Q2D ) 15_0(1 2) 0(13) ) 1 00D
A_k1=—%3, By = _(IT—— Cu= '("1 I (A1)
20" 3 o 3.0
We also introduce
( — I[ekl( 7 —vYY COSX)]kl
Ep = 0(1 §)
k1
_ [ (¥ =y cosx)]
K =% K= I[ . (LD 4, (A2)
Xl
_ [€2(hy? — €0 vy cos,\/)]k,
G = 0(1 )
\

where €}, = €, — € is a shifted reduced internal energy. Finally, the pure species

thermal conductivity Aj¢)x is defined as

y Ade
L _8_135—1 1 +§ L, Du  1]C :‘:)2)]kk (A3)
Atete 25 Diw (1 +ri)? katk 6 2
The matrix L may then be expressed as
X X,
L9 = —5——’, kes, (A4)
les M
Ik
L‘,z?"":—@—’, kileS, k#l, (A.5)
Dy
XieXo m _
0010 _ _ 6¢y —5), kc S, A6
L Z 2Dy mk+ml( C 1l ) (A6)
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XX
(0 2k T 65y, kIE€S, k#

2Dy mi +m
XX
LY== % ’sz, keP,
lesS
1#k
XX,
[0 =2 keS, 1eP, k#1,
Du

L1010 Z Xi Xy mmy [15 me  25my

U LY + 44
Du (mk+m1)2 2 my 4 my my M K

€8
1%k
25 [(Aekl)z]kl] X; [4[ i 25 [(dew)?],,
12 o0b 2D LT 127 gD
XkXI mm 55 _ _
71010 _ [ 35y —4
“ Dy (myt+m;)? oS u

4
_QM] kil€S, k#1,

12 b

1001
ka

_ Z XieXp my [é [AE"AEH] K ﬂf ]
Du mt+m L4 oD me ©

les
I#k

5 X2 [(dew) ]kk

T80y agv 0 T

XX m 5 [deiden],
71001 [_ 2 i ] , kes, 1 ’
K Dy mp+ml 4 _Ql(dl,l) + ik € €p

g = 3 2k X Xi [5 Dy 3my [[(A€k)2]|k,]

(1,1)
ies Dy 12 katl 4m
*

keP,

X X2 [sr D 3[(A€kk)2]kk]’

Duc L2 “Dpimsc 8 o»

A€y A
Ly %X [G_I 3Lﬂ——e—']—|-"i] k1eP, k+lI,

Du 4 o)

and the matrix L) as

XX
LY = Z ) kes,
ics Du

I1+k

XX
LY, = —#, kleS, k+1,

(A7)

(A8)

(A9)

], kesS, (A.10)

(A.11)

(A.12)

k+1,

(A.13)

(A.14)

(A.15)

(A.16)

(A17)
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XX,
9%, = -y =2 6Cy — 5) +2Ey| , .
le]kk ; 2Dy [mk+m (6Cu —35) + Ekl] kesS, (A.18)
1%k
X X; my, _
L 6 5 2 s s ) ’ .
lelkl = 2Dy [mk+m (6Cu —5) + Elk:l k1eS, k=+1 (A.19)
XkXI [ 1 15 2 _ _
Tolkk = +( — 35 )m? + dmumyi
(e]kk zez.s D (mk+ml)2( w)m oy
1%k
n érk Du _,_ m F_kz 3my [(der — $ 52 den) ]u]
2 " Drin, my + my 4m oo
25p 2 Xi
—=( , ke S, )
+ 4T( + 1) Arels € (A.20)
XkXI 55 _ _ mpny 1 — _
L¥, = — [ = 35y — 44 — Fu +
(e]k! Dy (4 Kl kl)(mk+ml)2 e (meF + mFy)
oy 4 3 TG = 2m) [(4e0], | 5 m(3m —2my) [(de)?],,
12 (me+m)? oV 12 (m+mp? oD
1 25 'nkml [AEkZE[]] kl
-2 ] kicS, k#1 (A2l
3t 3 (mg+m)?” o © (A2D)
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