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1 History Dependent or Markov Policies

Proposition 1.1 Equivalence of History Dependent and Markov Policies

Let w be a stochastic history dependent policy. For each state sy € S, there exists a
Markov stochastic policy ©' such that V™ (sg) = V7™ (s0).

Proof. Let 7'(a¢|st) = E [w(ar|Ht)|S: = st,So = so), we can prove by recursion that
P (Se = s, At = a4 So = s0) = Pr (St = s¢, Ar = 4| So = s0) -

This holds by definition for ¢ = 0. Now assume the property is true for ¢’ <t —1. By
construction,

Pr (Sp = 5110 = s0) = > > plselsi—1, A—1)Pr (Si-1 = 511, A1 = ar-1]So = s0)

St—1 at—1

=Y p(selsi—1,a1-1)Prs (Se—1 = 511, A1 = 1110 = o)

St—1 at—1

= Pﬂ-/ (St = St|S() = 80) .
Hence,

P (St =54, Ap = at‘SO) = W’(@tfst)]P)w' (St = St‘SO = 30)
=E; [Pr (Ar = a¢|Hy, St = 54,80 = 50)] Pr (ST = 5¢|S0 = s0)
=E; [Pr (St = s, Ar = ay, H|So = s0)] -

It suffices then to notice that the quality criterion of © and 7’ depends on 7 only through
respectively Er [r(St, A¢)|So = so] or Ex [1(St, A¢)|So = so] which are equals. O






2 Discounted Reward

2.1 Evaluation of a policy

Definition 2.1.1 Value Function
+o0
UW(S) = Eﬂ' lz ’Yth—i-l SO = 51
t=0
+oo
_ t _
= > 7'Er [Re+1]So = ]
t=0
Definition 2.1.2 Bellman Operator

Trv(s) = E [R|s] + /}/Z]P)ﬂ' (s']s) v(s)

Trv =rp + yPrv

Proposition 2.1.3 Value Function Characterization

Let 7 be a stationary Markov policy, if 0 < v < 1 then v, is the only solution of v = Trv,
v =1y +vPv,

and vy = (Id — yP;) " r,.

Proof. By definition, if v is a solution of v = T;v then (Id — vP;)v = r;. As P; is a
stochastic matrix, || Pr|| < 1 and thus

o0
> APk
k=0

is well defined. One verify easily that this is an inverse of I — vP, and such a v exists,
is unique and equal to

o0
Z ’ykijrW.
k=0



2 Discounted Reward

Now,

—+00

vr(s) = Y V'Ex [Ris1[S0 = 5]
=0

+oo
= thzpw (St - 3/’50 = 8) Eﬂ— [R‘S = S,]
t=0

Sl

+oo
= Z ok Z(P;)S,S/TW(S/)
t=0

Sl
—+oo
= A (Plrr)(s)
t=0
and thus v = v,. O

Proposition 2.1.4 Bellman Operator Property

The operator T satisfies the following contraction property
[T2v = Talloo < v — 'l

Furthermore, v < v implies Trv < Tzv" and Tr(v+ 1) = Trv + 01

Proof. For any s,
| Tr(v) = T (v)(5)] = [vPr(v — v')(s)|
<9llv = v'lso

because Py is a stochastic matrix.
It suffices to use the positivity of a stochastic matrix and the fact that 1 is a eigenvector
for the eigenvalue 1 to obtain the two remaining properties. O

Proposition 2.1.5 Policy Prediction

For any vg, define vy,41 = Trv, then

lim v, = v,
n—oo

and

lvn = Vx|l < 7" |lvo = vrlloo

Furthermore,

v

[vn — Vrlloo < v — V100
1

Finally, if vg > Trvo (respectively vy < Trvo) then vy > v, (respectively vy < v;) and
v, converges monotonously to vs.




2.2 Optimal Policy

Proof. For the first part of the proposition, we notice that v, is the only fixed point of
T which is a contraction. Hence, by the fixed point theorem, for any vy, the sequence
defined by vy4+1 = Trv, converges toward v.

A straightforward computation shows that

[vn = Vrlloo < AlVn—1 = Vrlloo <" [[v0 — Vz|lco-
Along the same line,

k+1HUn

V4t — Vngksilloo <Y — V1|0

This implies that

k
[vn = vrlloo < Z [vnti = Untitilloc + [[Un4rt1 — Voo
=0

_ k42
S’Y Y

1_ lvn — vn—1lloo + ’Vn+k+1HUO — Vrloo

which yields the result by taking the limit in k.
Finally, note that as

Unt2 = T + Y PrUnt1
and Py is made of non negative elements, v, 1 < v, implies
Uny2 < T+ Y Prvp = Upy1.

Thus v1 = Trvg < vg implies that v, is a decreasing sequence whose limit is vy, yielding
the result. The increasing case is obtained with a similar proof. O

2.2 Optimal Policy

2.2.1 Characterization

Definition 2.2.1 Optimal Reward

Vi(8) = max vz ($)

where the maximum can be taken indifferently in the set of history dependent policies or
Markov policies.




2 Discounted Reward

Definition 2.2.2 Optimal Bellman Operator

Tev(s) :mng[R]S:s,A:a]—i—’yZIF’(S’:s’]S:s,A:a)v(s’)

S

= max r(s,a)+ 'yZp(s'|s, a)v(s')

S

Proposition 2.2.3 Optimal Bellman Operator and Markov Policies

Tv(s) = max Trv(s)

TES

or Tyv = maxycs rr + vPrv where S is the set of deterministic Markov policies and the
max s componentwise.

Proof. m, = eq is such that T, (s) = E [R]s,a]+7 >4 p(s'|s, a)v(s) so that max, Tr(s) >
Te(s).

Now, for any m,

Ta(s) = )_m(als) (E [R|S =5, A=a] + WZP(S’IM)U(S’)>

a s/

< maxE [R|S =s,A=a]+ ’yZp(s'|s,a)v(s')

< Ti(s)

Proposition 2.2.4 Bellman Operator Property
The operator T, satisfies the following contraction property

1T = Tt/ lloo < Allo = 0'los

Furthermore, v < v implies T,v < T.v" and T (v + 01) = Tv + vd1

10



2.2 Optimal Policy

Proof. For any s, if T,v(s) > T.v'(s)
Tov = Tt ()] = Ton(s) — ot/ (s)

= maxr(s, a) + > p(s']s,a)v(s) — (mgx r(s,a) +v > p(s]s, a)v’(s’))

I I

S S

< max (r(s, a) +7 > _p(s'|s,a)v(s) — (r(s,a) +7)_p(s]s,a)v'(s)

! /

S

<ymax Y p(s|s, a)(v(s") = v'(s))

s'|s,a

S

<Allv = vl
Now, if v </, for any o’

r(s,a’) + ) p(s']s,a)o(s") < r(s,a’) +v) p(s']s, a)v'(s))

)

s’ s’
< T (s)
hence T,v < Ty, ]
Finally,
Te(v+61)(s) = maxr(s,a) +v)_p(s']s,a)(v(s") + )
SI
= maxr(s,a) +7 > p(s|s,a)v(s) + 6
— T.(0)(s) + 0.
Proposition 2.2.5 Optimal Reward Characterization

vy is the unique solution of V.= "T, V.

Proof. Assume v > T,v so that
v > max ry + v Prv.
Let m = (mp, 71, ...) be a sequence of Markov policies,
V2> Try + Y Pr,v

V> Ty + VP (rry + 7Py v)

n
02 Y A Plrn, 49" By
k=0

where P¥ =T o Pr,, - As vr = Y0207 PFre, , we verify that

o0
v — Vg > W”HPJJHU — Z fykafr,rk.
k=n+1

11



2 Discounted Reward

Taking the limit in k yields v > v, and thus v > v,.
Now, if v < Tov = max, rr + vP;v then assuming the max is reached at 7

n
v<r7z +vPv < Z A*Plrs + ’ynHP}:HU
k=0

and thus v < vz < v,.
We deduce thus that v = T,v implies v = v,. It remains to prove that such a solution
exists. This is a direct application of the fixed point theorem for the operator 7. O

Proposition 2.2.6

Any policy 7, such that v;, = v, is optimal.
Proof. This is a direct consequence of the previous theorem. ]

Proposition 2.2.7

Any stationary policy m, verifying 7, € argmax rr + vPrv, is optimal.

Proof. By definition,

7;1'*@* =Tr, + Pﬂ'*v*

= maxr; + Prv,
™
= TiUs = Vs.

Hence v, = v, and the policy is optimal. O

2.2.2 Policy Improvement and Policy Iteration

Proposition 2.2.8 One step look-head policy improvement

For any m, w4 define by

Ty € argmax s + yPrvg
7.r/

satisfies

Ury = Ug

Proof. By construction,
Try +VPr U 2 T + Y Prvgr = vy
and thus

rr. — (I —vPr, )vr > 0.

12



2.2 Optimal Policy

It suffices to notice that vy, = (I — ’me)_err+ so that
Uy — V= (I — 'YPTF+)_1 (rey — (I —7Pr, )vr) 20
where we have use the positivity of (I — ’yPM)*1 =) WkPTIf+. O

Proposition 2.2.9
Let A =T, — Id, the policy iteration scheme satisfies

o0
k pk
Upal = Up + Z ~ PMHAvn.
k=0

Proof. As proved before,
Upt1 = (Id — ’yPﬂnH)*lrwnﬂ.
Now by construction,
Tevn = Trpy1Vn = Tmy + 7P, 0n
and thus
Trnsr = Avp + (Id = vPr, . )vn.
This implies immediately

Unt1l = Up + (Id - rYPTrn-;—l)_lAvn

0
= v, + Z 'ykaanAvn
k=0

2.2.3 Value lteration

Proposition 2.2.10

For any vg, define v,11 = Tiv, then
Jimon = v,

and

[on = vslloo < 7" [[v0 = Valloo

Furthermore,

on = Valloo < ——[m = Vn—1]loo
1

Finally, if vg > Tivg (respectively vg < T.vg) then vy > v, (respectively vy < v.) and
v, converges monotonously to ..

13



2 Discounted Reward

Proof. For the first part of the proposition, we notice that v, is the only fixed point of
T. which is a contraction. Hence, by the fixed point theorem, for any vy, the sequence
defined by vy,4+1 = Tiv, converges toward v,.
A straightforward computation shows that
[on = Velloo < Vllvn-1 = Valloo < 7"*[Jv0 = V4|oo-
Along the same line,

k+1HUn

lvntk — Vngkrtlloo < v — Vp—1]|oo-
This implies that
k
[ — vsloo < Z [Vnti — Vntitilloo + [[Vntrt1 — Villoo
i=0
_ k2
< T lvn = v oo + 7" oo = velos
which yields the result by taking the limit in k. ]

Proposition 2.2.11

For any v and any m € argmax, Trv,

2

o = valloo < 77— ll0 = wells

If v =T.v' then

2y

[[or = Vsl < lv = v'lloo

Proof. By definition of 7, Trv = T,v, hence

[z = velloo < [Jor — Trvlloo + [ Tev — villoo
S| Tavr = Tavlloo + [|Tev = Tovslloo
<A[Jvr = Voo + Y[V = vl o
<A[Jvr = velloo + 27|V — villoo

and thus

2
Jom = valloo < 5 ”7||v—v*uoo

For the second inequality,

[vr = Villoo < [lvr — vlloo + [V — valloo

14



Now
[vr = vlloo < N T7vr = Trvlloo + [|Tev — Tat'| o
< Allvr = vloo +llv = lloo

and thus

[or = v]loo < lv = v'lloc

Along the same line,

[v = velloo < [[v = Tov]loo + [ Tev — Vsl o
< || Tev — Tav|loo + | Tov — Tovi]| oo
<Al =0 [loo + V][0 — valoo

and thus

lv ="l

[o = vslloo <

. Combining those two bounds yields the result.

2.2.4 Modifier Policy Iteration

Proposition 2.2.12

Let vg such that T.vg > vg, define for any n and any m.,,
o Tp+1 € argmaxr, + Prup
* Uno= Tevn = 7;rn+1vn
* Unm = 7;rn+1 Un,m—1
® Untl = Unm,
then vy 11 > v, and

lim v, = vs.

2.2 Optimal Policy

MPI

n—oo
At any step,
V1 = Valloo < 1— [[vn = vno0llc
Furthermore,
_ Aamp+1
onsr = villoo < (%HIPW ~ Prl+ 7’"’”‘“) o = villo

15



2 Discounted Reward

Proposition 2.2.13
Let A =T, —1d, let Wﬁm)v = Ty,

m
Wim)” — Z ~E Py 4y printly,
k=0

m
=, + Z kaijv
k=0

Proof. By definition,

Wi = Ty
=71+ P T"v

m
_ Z ,}/kf)jrcnT + ,Ym+1P77rn+1v
k=0

m
=) ARPF (rp + yPrv —v) 40
k=0

m
=0v+ Z 'ykafAv
k=0

Proposition 2.2.14
Define Wﬂgm") by

W*(mn)v(s) = max Wma)y(s).

then W*(m") is a contraction:

W™y — W)y g < 4™ o — | oo,

Furthermore, W™y, = v, .

Proof. Assume without loss of generality that Wim")v(s) — Wy (s) > 0 and let
T € argmax Wﬂm")fu(s),
Wy (s) — Wy (s) = max Wy (s) — max Wiy (s)
< ngm”)v(s) - ngm”)vl(s)
< ,ymn+1P7~Trnn+1(v o U/)(S)

<A™ v = vl

16



2.2 Optimal Policy

By construction Av, = T,v, — v, = 0 and thus W#m”)v* = v,. We deduce immediately
that W*(m”)v* = sup, qum")v* = Uy O

Proposition 2.2.15

If u> v then for any w, W u > W ™v
If u> v and Au > 0 then for any m Wru > T,v.
If Au > 0 and m, such that T.u = T, u then W#T)u >0

Proof. By definition,
Wu — Wy > Wy — W
> W' (u—v)

> ,yanrlP;nnJrl(u o 1)) > 0

Now,

Wiy =u+ 3" y*PFAu
k=0
>u+ Au=T.u

> Tw
By construction

AW}TT)U = 'EW,&um)u — W,(rzn)u
> Te W u — Wiy
> Au—"Tr,u+u

> Aut (7P, —1d) (WiMu—u) > Aut (vPy, —1d) Y- 4" PE Au

k=0
>"Pl Au >0
O
Proof of MPI. Let ug = vg = wy.
By construction 7r,.,,vn = Tiv, and one verify easily that v,11 = Zr’:j_frlvn =

Wéﬁ‘l)vn.

Define now, u,11 = Tiun and wyq = W*(m")wn. We can prove by recursion that
Avy >0, vyt > vy and uy, < vy < wy.

By assumption, Avg > 0 so that v; = qulnn)vo > Tavg > 1.

Assume the property holds for n — 1 then using the previous lemmas one obtains
immediately Av, > 0 and

Up = Titin—1 < vp = W#Tn_l)vn—l < wp = W*(mn_l)wn—l

17



2 Discounted Reward

Finally,

My
Up = Wﬂ(’n " 1)1}”,1

=Up-1+ Z mnfl’ykpﬂ'nAUnfl
k=0

> Up—1.
Now, we have already proved that u, = T.ug tends to v, with
[un — villoo < 7" [Jvo — villoo

It suffices now to prove that w, also converges toward v, to obtain the convergence of
vp. We verify that

wn = vulloo = W™ D,y — W] o
Y [ wn—1 = Vsl oo

n—1
720 ™ g — v

which implies the convergence of w,.
We have

van+1 — Vslfoo < vanﬂ — Unlloo + l[vn — vlloo
Notice that v, 0 = Tr,,,vn = Tivy, so that

||v7rn+1 — Uplloo < ”Uﬂn+1 - Un,OHOO + ”Un,O — Un|loo
< |’,7;Tn+1v7rn+1 - 7;rn+1vnHoo + ||Un,0 — Unlloo

< 7”U7rn+1 - UHHOO + an,O - Un”oo
Along the same line,

v+ = Vnlloo < [lvx = Vnolloe + [Un,0 = Vnlloo
< N Tvs — Tavnl|oo + ||Un,0 — Un oo

< yllvs = vnlloo + ||Un,0 — Un oo

Combining those two inequalities yields

[V 1 = Vslloo < 7= llvn = vonllo

As show before,

Mn
k pk
0 < vy —Vng1 S v — vy — ny PMHA%
k=0

18



2.3 Asynchronous Dynamic Programming

Now, let 7, such that T, v, = Bu,,
A, = Av, — Av, = Tovy — vy — (Thvs — 4)
< Trotn — v — (Tr, v — 04)
< (yPr, — 1d)(vy, — vs)
Thus

0 <vx —vpy1 < vx— Z fykPk —1d) (v, — vs)

7Tn+1

Mn
< Zv k(O —v) = Y AP P (v, — )
k=0

| /\

Z ,Yk+1P7]:n+1 Tn4+l Pﬂ'*)(vn - U*) - ’ymn—i_lP’f?Zi—l‘rl ('Un - U*)

| /\

Z 7k+1|||P7fn+1 - PTF*
k=0

< (T N, -

mn+1 an

_U*Hoo

[on = velloo +

+ ’Ymn+1> [[[vn — Vsl oo

2.3 Asynchronous Dynamic Programming
Proposition 2.3.1
Assume Tr,v0 > vo and at any step n
o Define a subset S,, of the states and

e FEither

— keep the policy m,+1 = 7, and update the value function following

vnin(5) = {7}"11”(3) ifsels,

U () otherwise
— keep the value function s,+1 = s, and update the policy following

(s) argmax, r(s,a) + yPr,vn(s) ifs € Sy
TT. =
s Tn($) otherwise

Assume that for any state s and any n there exist n’ > n such that s € S, and one
performs a value update at step n’ and n” > n such that s € S,,» and one performs a
policy update at step n” then s, tends monotonously to s..

19



2 Discounted Reward

Proof. We start by proving by recursion that 7, v, > v, implies
Trns1Vnt1 = Uny1 = v and  Tr vy

Note that that 7,00 > vg is an assumption.

Assume now that T v, > vy, then either at step n we update the value function or
the policy.

If we update the value function, 7,41 = 7, and thus

Trenvn(s) ifse S,
V1 ( ) = .
Un(8) otherwise
As Tr,vn(s) > vp(s), we deduce Tz, vy > Upt1 > vy. It suffices to notice that vy,41 >
vy, implies
7;rn+1vn+1 = ﬁrnvn—&—l > ﬁrnvn
to obtain
7;rn+1vn+l > Up41 = Un.

Now, if we update the policy, vy,+1 = v, and

(s) = {’Evn(s) ifse S,

Trni1Vn(s

Tr,Un(s) otherwise

which implies 7z, ., vn > Tr, v and thus as vp41 = vy,

n+1

T I e R R

We deduce thus that
Tkkvn—i-l > 7;rn+1vn+1 > Upgl = Un.
which implies if we take the limit in &
U 2 Untl 2 Un.

Hence v,, converges toward a limit ¢ satisfying
vy <0< Tt < vy

Assume now that there exists s such that 9(s) < 7,0(s). By continuity of 7, there
exists n such that for all n’ > n

0(s) < Tavp(8)

Let n’ > n such that one updates the policy of s and n” the smallest integer larger than
n” where one updates the value of s.

%
SRR

O (8)
7L/+1Un/+1(8)
n’+lvn/(8)

> Tov (s) > 9(s)

which is impossible. ]

Un”+1(3)

v

20



2.4 Approximate Dynamic Programming

2.4 Approximate Dynamic Programming

Proposition 2.4.1

If in a Generalized Policy Improvement, for all k
vk — vmylloo < €
and
| T V% — Taklloo <0

then

. 0+ 2ve
— < —
lim sup max (vs(8) = vm, () < (1—7)2

Proof. By construction,

Ur, (5) — vﬂkﬂ(s) = Tz, Ur, (5) — Tris1 Vo
= Tr Vi (8) = T 0k (8) + T 0 (8) — Ty Vg
< e+ Tavr(s) = Ty Vg
< ye+ Ty V(8) = Ty Vmgyy + 6
< ve+ Trp 0k (8) + Ty Vi (8) = Ty Vi (8) = Ty Vmpsy + 6
<2ve+d0+7 max (vr, (s") — Vrpn (s")

and thus

2ve 4+
rnsf/ix (Uﬂk (S/) — Umgyq (S/)) < J )

21



2 Discounted Reward

Now,
0e(5) = v (5) = 0a(5) = Tr, 0, )
= 00() = Toyy U (3) + Ty 0 (5) = T s (9
< 04(5) — Tregtny (5) + 7 20
< 005) = Tryyata(s) + 76+ 7 90
< 0(5) — Tewn(s) e 4702
< 0u(s) = Touns) 4 e + 54y
< Tavs(8) — Tavg, (8) + 2ve + 6 + 7236_—;5
< ymax (ua(5) — v, () + 2ye 4 6 4700
thus
g (1(s) — vn,(5)) < 7 max (v () — v (5)) + 2y + 67 12
and

lim sup max (v (s)
S

which implies

22

— vg, () < lim sup 7y max (vi(s)

2ve+0
L=y

— U, (8)) +2ve+ 6+

2ve+ 0
(1—7)?

lim sup max (v (s)
S

— vm(s)) <



3 Finite Horizon

Proposition 3.1

If vg = Tn,T—1 and vy, = E,T—nvn—l =TrT-n+t PTr,T—n'Un—l then

T-1

Z Rit1|St—n—1 = 8} = U, 7—n(5)

t=T—-n—1

vnp(s) = Eg

If vg = rye and vp41 = Tivy, then

T-1

Z Rt+1|St7n71 = 5] = U*,Tfn(s)

t=T—-n—1

vp(s) = maxE,
™

Proof. If n = 0 then by definition v, r(s) = Ex [Rr|St—1 = 8] = rx17-1(5).

Now,

T-1
Vg 1—n(8) = Er Z Riy1|S7—pn-1=15
t=T—-—n—1
T-1

== rﬂ',T—n—l(S) + ET( Z Rt—l—l ST—n—l =S

t=T—n
T-1

=Trr-n-1(8) + Z ZP(SI|37 a)m(a|s)Ex Ri1|Si—n = ¢

a t=T—n

=TaT-n-1(8) + Prr—pn_1Vr 7—n—1(5)

Along the same line, if n = 0 then by definition v, 7(s) = max,; E; [Rp|Sr—1 = s] =
maxy Ur,7(s) = r«(s).

23



3 Finite Horizon

Now,
T-1
Ve 7—n(s) = max Fr Z Ry 1|ST—pn-1= 8]
t=T—-—n—1
T-1
= mfrix (TW(S) +E Z Rt+1 ST—n—l = 8] )
t=T—n

T-1

Z Rt

t=T—n

= max (rﬂ,T_n_l(s) + Z Zp(s’\s, a)m(als)E

]

= max g n1(5) + Prgono1 maxver_y1(s)

= TV 7-n-1(5)

24



4 Non Discounted Total Reward

Definition 4.1
Let § be the absorbing state, we define the expected absorption time starting from s
7'7r(3> by

TW(S) =E, [Sltnfgt

Sozs}.

If T is finite, we say that w is proper.

Definition 4.2

We define the maximum expected absorption time starting from s by T.(s) by

T«(8) = max Tr(8)

Proposition 4.3
If T < 400 then

To =14 Prrp. =Tr7r
If 7. < 400 then

T =max 1+ Prry. = Ty
™

Proof. 1t suffices to notice that 7(s) = E, {Zj’;{f Rt+1} with Ry = 0if s, = § and 1
otherwise. O

Proposition 4.4

Tx is a contraction of factor max ()=l vk respect to the norm || - 1
Tr(8) 00,1/7x

T and T, are contraction of factor max % with respect to the norm || - [|o 1+, -
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4 Non Discounted Total Reward

Proof.

| Trv(s) = Txv'(s)] < |Pr(v —v')(s)|
< Po(r x M

—2)s)

< Prer(s)[[o = v'lloo,1/

14+ Pr7(s)—1

< () ) o~ e
1+ P.7(s)—1

< 1) T e

which yields the result for both 7 = 7, and 7 = 7.
Now, assume without loss of generality that T,v(s) > T.v'(s),

| Tev(s) = Tav'(s)]
= max Tzv(s) — max T (s)
< max (Tzv(s) — Trv'(s))
1+ Pr(s)—1 ,
< T(S)THU =V |o0,1/7

which yields the result for 7 = 7.
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5 Bandits

5.1 Regret
Definition 5.1.1

The best arm is a is such that E [R(a.)] > max, E [R(a)].
For any policy 7, the regret is defined by

T
r7.r = TE [R(a.)] — E lz R(At)]
t=1
where A; is the arm chosen at time t following the policy .

Proposition 5.1.2
Let Ty(a) = SL_114,—; and A(a) = E[R(a+)] — E [R(a)] then

k
Tngo = Z A(a)E [Ty(a)]
a=1

Proof. By definition,

r7. = nE [R(a.)] — E [Z R(At)]

t=1

T
:Ehyﬁmmm—Rmm]
t=1
T k
t=1a=1
k T
a=1 t=1

I
M=

7|

M=
[y
=
|
=)
e
&

IS
I
I\
)
I

()] A(a)

I

M=
&
=

S
I
—_

A k-armed bandit is defined by a collection of k random variable R(a), a € {1,...,k}.
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5 Bandits

5.2 Concentration of subgaussian random variables

Definition 5.2.1

A random variable X is said to be o-subgaussian if

E [exp AX] < exp(A20?/2)

Proposition 5.2.2

If X is o-subgaussian then for any € > 0

2
P(X >¢) < _
xz0zon(52)

Proof.

P (X >¢€) =P (exp(AX) > exp(Ae))
E [exp(A\X)]
exp(Ae)
< exp(A\20?/2 — Xe)

—e2
< -
= &Xp 202
where the last inequality is obtained by optimizing in A.

Proposition 5.2.3

If X is o-subgaussian and Y is o’-subgaussian conditionnaly to X then
e E[X] =0 and Var [X] < o2
o ¢X is |c|o-subgaussian.

e X+Y is/o?+ (0')%-subgaussian.

Proof.
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5.3 Explore Then Commit strategy

while
)\2]60_2]9
eXp()\20‘2/2) = Z Tk“
A !

By looking at the term in front of A! and A2, we obtain

A2t 207
ME[X] <0 and TE[X7) < 20

which implies
E[X]=0 and Var[X]<o?
By definition,
E [exp(AcX)] < exp(A2c20?/2)

hence the |c|o-subgaussianity of c¢X.
Now,
E [exp(A(X +Y))] <E[E [exp(AX +Y))|X]]
< E[E [exp(AX) exp(AY))[X]]
< Bspexp(\X) exp(X2(c")2/2)

exp (Vo2 + (0')%)/2)

IN

Proposition 5.2.4

If X; — p are iid o-subgaussian variable,

1& ne2 1 & ne?
P EZXZ-EM—I—G < exp 552 and P EZXiS/‘_e < exp Sy

i=1 =1

Proof. It suffices to notice that % " Xi—pand p—1 35" | X; are 0/\/n-subgaussian.
O

5.3 Explore Then Commit strategy

Definition 5.3.1
The simple current mean estimate QQ¢(a) is defined by
1
= 14,—aRs
Q@) = 75 L AamaRe0)

=1
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5 Bandits

Proposition 5.3.2

Assume we play the arm successively during K'm steps and then play the arm which
maximize the current mean estimate QQ¢(a) then if the R(a) — E [R(a)] is 1-subgaussian

k k
r7x < min(m,T/K) Z A(a) + max(T — mK,0) Z A(a) exp(—mA(a)?/4)

Furthermore,

Proof. We have

we can thus focus on E [Tr(a)].

Now
E [Tr(a)] < min(m,n/K) 4+ max(n — mK,0)P (amr+1 = a)
< min(m,n/K) + max(n — mK,0)P (Qt(a) > 15/122( Q+(a ))
< min(m,n/K) + max(n — mK,0)P (amr+1 = a)
< min(m,n/K) + max(n — mK,0)P (Qm(a) > Qm(ax))
< min(m, n/K) + max(n — mK, 0)B (Qmic+1(a) — E [R(@)] — (Qmics1(ar) — E [R(a.)]) > A(

It suffices then to notice that Qi +1(a) —E [R(a)] — (Qmi+1(as) —E [R(as)]) is \/2/m-
subgaussian to obtain

E [Tr(a)] < min(m,n/K) + max(n — mK,0)P (Qmr+1(a) > Qmi+i(ax))
< min(m, n/K) 4+ max(n — mK,0) exp(—mA(a)?/4)

Now
P(aT:a*)zl—ZQ;ﬁa*P(aT:a)

<1- Z exp(—mA(a)?/4)
aFax

5.4 c-greedy strategy
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5.4 e-greedy strategy

Proposition 5.4.1
Let w be an €,-greedy strategy,

™M

k
T > Z Et Z A(a)

t=1 a=1

Proof. By definition of an e-greedy strategy

[

T
E[Ti(a)] > Y
t=1
hence the first result. O

Proposition 5.4.2
Let w be an €,-greedy strategy,

P (A = a.) > 1 — e — Sy exp(—Sr/(6k)) A (@1 (48)
aFax
with X7 = ST €.
Furthermore,
P (a, = argmax Qrq) > 1 — Xy exp(—X7/(6k)) A —A(a )22/ (4K)
aFax

Ifet = C/t,

as soon as c¢/(6k) > 1 and cming 4, A(a)/4k < 1.
If ¢, = clog(t)/t then

log(T)(log(T) + 1) 4
T < Ala) ¢ +C )+ ——C
e 3 (a0 (5 )+ 5@°)

Proof. By definition of m,

P(Ar=a) < -+ (1 - *P (Qr(a) > Qr(ax))

k:

and

P (Qr(a) > Qr(a.) < P(Qr(a) > ula) + Aa)/2) + B (Qr(a.) < plar) — Ala)/2).
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5 Bandits

By symmetry, it suffices to bound

T
P (Qr(a) = p(a) +A/2) SZ (Ti(a) = t,Qr(a) = p(a) + A/2)

INA
M= T
==

&
Il
—

o~
Il
—

T
g}:P<Hﬁ0:t§:Rk -+AQ>P<152RA@
t=1 k=1
giP(TT(a):tZRk +A/2> e A2
t;ol 1 t .
<Ny'P <TT(a) =t|- Y Ryla) > p(a) + A/2> + Y e AR

Let TR (a) be the number of time the arm a has been chosen at random before time T

To
2
< P < Z Ri(a )+ A/2> A2 2 AT/2
=1
T
<3P (T{?(a) < t) IS
=i a A?
Now the Bernstein inequality yields
A\2/2
P (1t <& [170)] =) <o (g
¢

with
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5.4 e-greedy strategy

. Choosing Ty =

< 12/2
SR R To/2
T2/2
exX —
=P\ T v 2

which implies

P (Qr(a) > p(a) + A/2) < Tyexp(—T,/3) + %e—AQTO/Q

and thus

P (a = argmax Qr(a)) < 2(1 — ?) (ET/(Qk) exp(—X7/(6k)) + A(i)ZeA(a)zzT/z;)

er  Xr 4 A@)?sr/ak)
k: Ly 7 exp(— ZT/(Gk)+A(a)26

with Xp = ZST:1 €s which goes to 0 as soon as X7 tends to +00 We deduce then that

X 4
P(Ar =a) < ? + ? + L exp(—Xp/(6k) + We—A(a)?ET/Mk)

which goes to 0 if furthermore er tends to 0
Finally,

E[Tr(a)] = Y P (4 = a)

T
€, Zt 4 Awes /<4k>>
< — - _ - t
< Z (k: + A exp(—%/(6k) + A(a)2e
Hence
by by 4 I
T < Z (A(a) < kT + Z t —Zt/(ﬁk)> + i@ Ze—A(a)2Zt/(4k)>
aFas t=1

Assume that ¢, = ¢/t so that ¥; < ¢(In(¢) + 1) then the previous inequality becomes

T
rra < S (A(a) <clog(Tk)+1 +Zc“5(tk)“e—c<log(t>+1)/<6k>> N Ze—ma)? (log(t)+1)/(4k)>

aFa. =1
) (a0 (PR o)+ L)
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5 Bandits

as soon as ¢/(6k) > 1 and cming,, Aa)/4k < 1.

If ¢, = clog(t)/t then

T < Z (A(a) ( .

aFax

5.5 UCB strategy

Proposition 5.5.1
Assume we use a UCB strategy with a variance term %‘zi)t then
4cint

rn(t) < C’CZA(a) + Z Aa)

with C. < 400 as soon as ¢ > 3/2

Furthermore
P(A; = a,) > 1 — 2kt~ 212

as soon as t > max, 2‘3&1“)5.
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Proof. By construction,
t
=2 la=
s=1

< Zl 1Q, () e () =max Qu(@') +es(a’)
t
STo(a) + D0 1Qu(a)+es(@)=max Qu(a!) tes (@) Ta(a)>To (a)
s=Tp+1
t

< To(a) + Z 10, (a)+cs(a)> Qs (an) s (ax),Ti(a)>To ()
s= T0+1

< Ty(a) + ;
O Z Maxy, (4)<s// <t ﬁzjzls >+ﬁ>m1n <t 37 LSy = 18R

s= T0+1

<T 1 . ns ;
o(a) + Z Z Z 7 2 d=1""R(a) ) ++/ B 25 3 i=1" Rla:) )+

s=Tp+1s'=1s"= To(

< To(a) + Z Z Z L <mayray/aE T s

s=To+1s'=1s"=Ty(a)

1 . 3 cln s
T S =1 Rl gy Siulan)— /B

S

t

<Tola)+ > Z Z L o< nar ﬁ%me*%lns

s=To+1s'=1s"= To(a)
t

E[Tt( ) <T0 —|— Z Z Z 1 S2\/@—|—28*2C

s=To+1s'=1s"=Tp(a)

choosing Ty(a) = %

< 4elnt
~ A(a)?
< 4elnt
~ Afa)?

t
+ Z 287204’2
s=Tp+1

+C.

as soon as ¢ > 3/2.
One deduce thus

4cint

t) < CCZA(a)—i—Z Aa)’

Note that we have shown

P(A; =a) <2t

5.5 UCB strategy

()t

clns
7

clns
77
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5 Bandits

4clnt
as soon as t > Aa)? Thus

P(A; =a,) > 1 — 2kt 212

1
as soon as t > max, 20(;);
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6 Stochastic Approximation

6.1 Convergence of a mean

Proposition 6.1.1

Assume X; are i.i.d. such that E[X;|F;_1] = u and Var [X;|F;—1] < o2, let

Mn = Mn—l + an(Xn - Mn—l)
with 1 > «o; > 0 then

o ifY " oy — 400 and Y, a? < +o00, My, — u in quadratic norm.

e «a; = « then limsup || M,, — p|* < ao?
Proof. By definition,

M, = M, 1 + an(Xn - Mn—l)
= (1 - an)Mnfl + apn Xy,
n n n
=[O —a)Mo+>" [ (1 — )X
=1

k=1i=k-+1
thus

n n
E (M, — ] = TT(0 = an)liMo — > + 3 TT (1= a)?afo?
i=1 k=1i=k-+1
Thus it suffices to prove that

n

H(l—ai)—>0 and 2”: ﬁ (1—a;)%ai =0

i=1 k=1i=k-+1

For the first part, we use (1 —z) < e™? for 0 < z <1 to obtain
[1(1— i) < e 2
i=1

which goes to 0 if >~ ; oy — +o0.
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6 Stochastic Approximation

For the second one,

ZH (1fai)2az§Z‘H (lfai)Qaer Z H (1fozi)2az

+1 k=m+1i=k+1

=k
m n n n n
§Z H(l—ai)Qai+ max oy Z H (1—0@)—1_[(1—04)
; k>m+1 . :
k=1i=m k=m+1 \i=k+1 1=k

m n
< o2 Zak + max ag (11— H (1— )
k=1 i=m+1
N
< —2 o O 2
<e k Zak +kgln%§1 o
k=1
Choosing m = n/2 yields
. " n/2
E “]Mn - MHQ} <e Zi:laiHMo — ul]* + e ™2 2ukmny2 % Z azo? + max oy,0°
el k>n/2

If we assume that 37_; a; — +oo and Y_j-; af < +oc then all the term in the right
hand side goes to 0.
If we assume aj, = « then

E [|[M, — pl?] < e Mo — | + ne %0 + ao®

which is yields the result. O

6.2 Generic Stochastic Approximation

Definition 6.2.1 Generic Stochastic Algorithm

Let H; be a sequence of approximation of an operator h, let a;(t) be a set of non negative
sequences, for any initial value X, we define the following iterative scheme

X1, = Xpi + oi(t) He (Xe)s

Definition 6.2.2
h and H; are compatible if

Hi(z) = h(z) + e(z) + 6 ()

with

E[e(z)|Fi] =0 and Var [e;(z)|Fi] < co(1 + ||z]|?)
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6.3 TD(\) and linear approximation

and with probability 1
2
18 ()% < en(1 + [|l2[l)
with ¢, — 0 and either
e it exists a non negative V. C' with L-Lipschitz gradient satisfying

(VV (@), h(z)) < —e|VV ()|
E [[|H:(2)?] < (1 + [VV@)]2),

e or h is a contraction for the norm considered.

Proposition 6.2.3 Generic Stochastic Approximation

Assume that for any i, we have almost surely
T T
Zai — 400 and Za? < 400
i=1 i=1
Then providing h and H; are compatible,

h(X,) — 0.

Proof. See Neuro-Dynamic programming from Bertsekas and Tsitsiklis. O

6.3 TD()\) and linear approximation

Proposition 6.3.1
Provided there is a unique stationary distribution 11 on the states, that the basis function
are linearily independent and

T T

Za — 400 and Zaz < +o0
i=1 i=1

For any A\ € (0,1), the TD(\) algorithm with linear approximation converges with
probability one. The limit w, ) is the unique solution of

HM'];.(A)X’LU*J\ = Xw*,,\.

Furthermore,

1—-A
ST

| Xw, \ — v H,vr — vrll2,u
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6 Stochastic Approximation

Proof. See Tsitsiklis and Van Roy. O

Proof. Assume A is invertible and let wrp = A~'b

E [wt+1 — 'wTD|wt] = Wt + Oz(b — Awt) — WwTDpD
= (Id — a¢A)(w; — wrp)

If we prove that A is positive definite then A will be invertible and the asymptotic
algorithm will converge provided « is small enough.
In the continuous task setting,

A=Y u(s) ) wlals) Y plr,s'ls, a)a(s)(@(s) — ya(s))'
=D u(s) Y _m(als) D pa(s'ls)a(s)(@(s) — y(s))'

= Zu(s)m(s) (m(S) - szw(slls)w(8/)>
= X'D(Id — yP,)X

where D is a diagonal matrix having u(s) on the diagonal.
As P is a stochastic matrix, the row sums of D(Id — yP;) are non negative. Recall
that p is such that u!P, = u! and thus
1tD(Id - ’7P7r) = Mt(Id - ’YPW)
=p' — yu' Py
=1 =y)u" >0
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