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Abstract

As for Galerkin approximations, the method of moments consists in reducing the number of test
functions in a variational approach to a finite number, then performing an approximation of the solution
such that the resulting reduced problem is well-posed. It is commonly used in kinetic theory, relying on
physical considerations, but few error estimates are available in the literature. This paper provides a
functional framework adapted to study the convergence of these methods. Its use is illustrated for the
convergence study of a vector of moments toward a kinetic distribution, pointwise, on a homogeneous
time-dependent problem, and on a 1D-1V problem.

1 Introduction
Consider the transport of a population represented by its distribution function f(t, x, v) depending on time
t ∈ (0, T ), position x ∈ R and velocity variable v ∈ R, and following an equation of the form

∂tf + v∂xf = c(f). (1)

The distribution function f solving this PDE carries more information than is required for physical pur-
poses. Based on this observation, the method of moments aims at reducing (1) into a system of equations
involving only over the first few moments of f . However, extracting the moments of (1) leads to an undeter-
mined system which requires additional closure relations. Such closures are commonly constructed by solving
a problem of moments, i.e. by reconstructing a distribution function fR from its first moments and then
substituting f by fR in the definition of the terms to close (see e.g. the survey paper [36] and the references
therein for details on this construction). The solutions to such problems of moments are not unique and
needs to be chosen. This choice is generally motivated more by qualitative properties to be imposed on this
approximation rather than by quantitative estimations, which are sparse in the literature.

The estimation of the errors arising from such approximations is studied in two contexts: The hydro-
dynamic limits (see e.g. [6, 7]) correspond to such approximations based on the moments up to second
order. Relying on techniques from PDE analysis, these studies focus on specific physical regimes, typically
highly collisional, and provide error estimations with respect to the collision rate. However, the main ob-
jective of the method of moments is the numerical treatement of out-of-equilibrium regimes where such an
assumption fails. In numerical analysis, Hermite spectral methods recently received a growing interests (see
e.g. [38, 9, 10, 11]). Such methods are a linear (or linearized) version of moment-based approximations,
and provide error estimates depending on various parameters, including the number of moments used to
construct the approximation.

In this context, the present study focuses on error estimates for general nonlinear moment-based approx-
imations with respect to the number of moments. The main objective is to construct a framework adapted
to convergence studies of such approximations towards the kinetic model (1). This framework encompasses
both the kinetic and the moment systems, providing a natural notion of error. It is presented in the next
section. The following three sections focus on the convergence of moment-based approximations towards
kinetic distribution functions respectively locally, i.e. without time and space, in a homogeneous case, i.e.
with time but without space, and in a 1D-1V case.
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2 Moments sets
This section introduces the topological framework used in the next sections. Most of the results are recalled
without proofs, which can be found in the indicated literature. The space-time variables (t, x) play a different
role in this work compared to the kinetic ones v. This first section focuses on the dependence of the solution
with respect to the variable v, and a special attention is given to the notion of solution.

2.1 Dual spaces for the v-dependence
Denote E the space of entire functions with an infinite radius of convergence

E =

{
p | p(v) =

∞∑
k=0

akv
k and |p(v)| <∞ ∀v ∈ R

}
,

and denote E ′ the space of linear forms over E . In the following, the solutions f(t, x) ∈ E ′ are considered in
a weak sense, i.e. satisfying an equation for all test functions ϕ ∈ E . The notation g[ϕ] is used for a linear
form g ∈ E ′ applied on ϕ ∈ E .

Remark 1. • Such solutions f ∈ E ′ are implicitly assumed to have bounded infinite moments. This
hypothesis can be restrictive for some applications, and it can be relaxed when the number of considered
moments is fixed. But it is necessary when studyinh the convergence in number of moments. In practice,
the space E ′ encompasses the Maxwellians (Gaussians in v), Dirac distributions and most of the special
distribution functions considered in kinetic theory.

• From this definition, one can construct the distribution function in the classical functional sense. By
abusing notations, the value of a distribution function in a point v can be retrieved as the limit lim

ϵ→0
f [δϵv]

where δϵv ∈ E is a Dirac mollifier, e.g. the Gaussians are in E , when this limit exists.

In order to define a norm (and a Banach space) adapted to our problem, the space E ′ is first reduced to
a subset.

2.2 Cones of moment sequences
Further definitions are needed:

Definition 2.1. Denote b(v) = (vk)k∈N the sequence of monomials of v (which forms a basis of E).

• A form f ∈ E ′ is represented by a sequence U ∈ RN if Uk = f [bk] for all k ∈ N. This notation is also
applied componentwise to vectors, sequences, matrices or infinite matrices of polynomials, such that
U = f [b] ∈ RN.

• Conversely, the Riesz functional LU ∈ E ′ associated with a sequence U ∈ RN is the linear form:

LU :

 E → R,
∞∑
k=0

αkv
k 7→

∞∑
k=0

αkUk.

The notation f ∈ E ′, then also LU ∈ E ′, is also used componentwise to vectors, sequences, matrices or
infinite matrices of polynomials, e.g. f [b] ∈ RN.

One observes that
LU(b) = U, Lf [·] = f

are the identity operators on RN, resp. E ′, and those spaces are in bijection. In the following, the considered
solutions evolve only into a subset of E ′.
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Definition 2.2. The non-negativity in E ′ is understood in a weak sense:

• Denote E+ the set of non-negative entire functions

E+ = {p ∈ E | p(x) ≥ 0 ∀x ∈ R} .

• A form f ∈ E ′ is non-negative, denoted f ≥ 0, if it preserves the non-negativity, i.e. if it belongs to

E ′
+ = {f ∈ E ′ | f [p] ≥ 0 ∀p ∈ E+} .

• A sequence U ∈ RN is realizable if LU ∈ E ′
+ is non-negative. The realizability domain R is

R =
{
U ∈ RN | LU ∈ E ′

+

}
.

By construction, the sets E ′
+ and R are convex cones, i.e. they are stable by positive combinations. Such

non-negativity requirements were characterized, for entire functions over R, by numerical conditions through
the Hamburger-Curto-Fialkow theorem:

Theorem 2.3 ([25, 20]). A sequence U ∈ R is realizable if and only if one of these condition holds:

• The Hankel matrices (Ui+j)0≤i,j≤N are symmetric positive and definite for all N ∈ N.

• The Hankel matrices (Ui+j)0≤i,j≤N are symmetric non-negative for all N ∈ N, and there exists r ∈ N
such that

r + 1 = Rank((Ui+j)0≤i,j≤r) = Rank((Ui+j)0≤i,j≤M ) ∀M > r.

In such a case, U is said to be positively recursively generated.

2.3 Measure representation and determinacy
Another equivalent representation for E ′

+ or R is available through the Riesz-Haviland theorem:

Theorem 2.4 ([37, 26, 27]). A sequence U ∈ R is realizable if and only if there exists a positive Borel
measure µ ∈ M(R)+ realizing its moments

LU(p) =

∫
R
p(v)dµ(v) ∀p ∈ E . (2)

Then, one rewrites equivalently

R =

{(∫
R
vidµ(v)

)
i∈N

| µ ∈ M(R)+
}
.

Theorems 2.3 and 2.4 provide a numerical characterization of the existence of a solution µ ∈ M(R)+ to the
problem of moments (2). However, this solution is a priori not unique.

Definition 2.5. For a sequence U ∈ R, the problem (2) is determinate if its solution µ ∈ M(R)+ is unique.

The determinacy of problems of moments has been studied by various authors and the reader is e.g.
referred to the books [2, 41] and references therein:

• For the negative answer, one common example of undeterminate problem of moments is given by the
moment sequence of a log-normal distribution f(v) = v−1 exp(−ln(v)2) (among other distributions).
This example led to Krein’s sufficient condition of indeterminacy ([31]).

• For the positive answer, Cramér’s sufficient condition of determinacy ([18] ; see also Corollaries 4.10
and 4.11 from [39] and Carleman’s condition [17]) is recalled:
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Proposition 1 ([18, 39]). Consider a realizable sequence U ∈ R and suppose that there exists c > 0 such
that

U2n ≤ cn(2n)! ∀n ∈ N. (3a)

Then the problem (2) is determinate. Furthermore, for all α >
√
c, the unique representation µ ∈ M(R)+

satisfies ∫
R
exp

(
|v|
α

)
dµ(v) <∞. (3b)

Proof. The proof of determinacy is given in [39]. Then, there exists µ ∈ M(R)+ such that

U2n

(2n)!α2n
=

∫
R

1

(2n)!

( v
α

)2n
dµ(v) ≤

( c

α2

)n
.

Assuming α >
√
c and summing over n provides∫

R
exp

(
|v|
α

)
dµ(v) ≤

∫
R
cosh

( v
α

)
dµ(v) ≤ exp

( c

α2

)
<∞.

Denote the set of positive measures satisfying this property by

M(R)exp =

{
µ ∈ M(R)+ |

∫
R
exp(|v|)dµ(v) <∞

}
.

The two specific regimes of interest (see Remark 1), i.e. the sequence of moments of a Dirac measure and
of a Maxwellian, both satisfy the relation (3). The distribution functions with such exponential tails have
been the source of a vast literature in kinetic theory (see e.g. [13, 12, 4, 35, 22, 24, 5]).

2.4 Products, norms and spaces
For the convergence of approximate moment sequences, an appropriate norm and the completeness of the
associated normed space are required.

Notation. • Denote the spaces

ℓpexp =
{
U ∈ RN | ∥U∥exp,p <∞

}
, (4a)

for 1 ≤ p <∞, ∥U∥exp,p =

( ∞∑
i=0

|Ui|p

i!

)1/p

and ∥U∥exp,∞ = sup
i∈N

|Ui|
i!

. (4b)

• Abusing notation, denote the space and norm

Ep
exp

′ =
{
LU | U ∈ ℓpexp

}
, ∥LU∥exp,p = ∥U∥exp,p. (5a)

• Denote the set of realizable sequences of ℓpexp and forms of Ep
exp

′

Rp
exp := R ∩ ℓpexp, Rp

exp
′ = E ′

+ ∩ Ep
exp

′.

Since these are weighted ℓp spaces, one has:

Property 1. • The space ℓ2exp is of Hilbert type with the product (U,W)exp :=
∞∑
i=0

UiWi

i! ,
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• For all 1 < p <∞, the space ℓpexp is reflexive and its dual is ℓqexp with q−1 + p−1 = 1,

• For all 1 ≤ p ≤ ∞, the space ℓpexp is of Banach type with the norm defined in (4),

• For p ≤ q, the space ℓpexp ⊂ ℓqexp.

• The set Rp
exp is a closed convex cone in ℓpexp.

Remark 2. • Even though R1
exp is strictly smaller than R, it still contains all the sequences of moments

of Diracs and of Gaussians centered around a bounded u ∈ R. On the contrary, the cone ℓ1 ∩ R does
not contain these sequences, which justifies the present choice of weighted products and norms.

• Since ℓ1exp ⊂ ℓ2exp, then the Hilbertian structure of ℓ2exp can also be used for sequences in R1
exp ⊂ ℓ1exp.

• The sequences in the cone R∞
exp (and therefore all those in Rp

exp for all p ≥ 1) satisfy (3a) such that
they have a unique representing measure. Furthermore, those in R∞

exp satisfy (3b).

The next sections focus on the convergence of moment-based approximations, i.e. approximations in
R1
exp. This convex cone is a closed subset of the Banach spaces ℓ1exp and of the Hilbert space ℓ2exp, such that

the aforementioned properties can be exploited. This set also offers interpretations of the moment sequences
both in the sense of measures or in a dual sense.

3 Pointwise convergence
This section focuses on the convergence of a sequence of approximations UN ∈ Rp

exp toward a moment
sequence U ∈ Rp

exp, or equivalently of a sequence of approximations fN ∈ Rp
exp

′ towards f ∈ Rp
exp

′, when
N → ∞.

3.1 General results
First, the defintions of approximation, restriction and extension operators are fixed.

Definition 3.1. • For a moment sequence U ∈ Rp
exp, resp. a form f ∈ Rp

exp
′, an approximation operator

aN , resp. aN , of order N is an operator

aN :

{
Rp
exp → Rp

exp,
U 7→ UN = aN (U),

aN :

{
Rp

exp
′ → Rp

exp
′,

f 7→ fN = aN (f),

satisfying
UN

i = Ui, fN [vi] = f [vi], for all i ≤ N. (6)

• Define restriction operators by:

rN :

{
Rp
exp → RN+1,

U 7→ rN (U) = (Ui)i=0,...,N ,
rN :

{
Rp

exp
′ → RN+1,

f 7→ rN (f) = (f [vi])i=0,...,N ,

which provides the vector of the first N moments from a sequence U ∈ Rp
exp, resp. from a form

f ∈ Rp
exp

′.

• Define extension operators eN : RN → Rp
exp, resp. eN : RN → Rp

exp
′, associated with an approximation

aN , resp. aN , by
aN = eN ◦ rN , aN = eN ◦ rN .
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Remark that, for simplicity, these approximations aN (U) are assumed to have values in the same set
Rp
exp. Especially, all approximations at any order N are realizable, satisfy (3a) and have therefore a unique

representing measure satisfying (3b).
The following proposition provides the convergence of the approximation under an appropriate control

on the norm of the approximation.

Proposition 2. Suppose that ∥aN (U)∥p,exp →
N→∞

∥U∥p,exp. Then, aN (U) → U ∈ Rp
exp.

Proof. For p <∞, using the property (6) of the approximation, one has

∥U− aN (U)∥pp,exp =

∞∑
i=N+1

|Ui − aN (U)i|p

i!
≤

∞∑
i=N+1

|Ui|p + |aN (U)i|p

i!
.

The first term cancels out in the limit due to the convergence of the series ∥U∥p,exp. The second term also
cancels in the limit by combining the convergence ∥aN (U)∥p,exp →

N→∞
∥U∥p,exp and the convergence of the

series defined by the sequeces U and aN (U).
The case p = ∞ is obtained by similar arguments.

3.2 Convergence of approximations of entropy-based type
One of the most common types of moment-based approximations is given by the solution of a strictly convex
minimization problem.

Definition 3.2. • For U ∈ R1
exp, denote µR(U) ∈ M(R)exp the unique reconstructed measure having

U for moments. By abuse, the same notation µR(f) is used for f ∈ R1
exp

′.

• A moment entropy is a function h : Rp
exp → R, or equivalently h : Rp

exp
′ → R of the form

h(U) =


∫
R
η

(
dµR

dv
(U)(v)

)
dv if µR(U) ≪ dv,

+∞ otherwise
(7)

h(f) =


∫
R
η

(
dµR

dv
(f)(v)

)
dv if µR(f) ≪ dv,

+∞ otherwise,

where the density dµ
dv is the Radon-Nikodym derivative of µ against the Lebesgues measure dv, and the

kinetic entropy η : R+ → R is a strictly convex.

One observes that the reconstruction function µR is linear. Indeed, for two sequences U,W ∈ R1
exp and

α, β ∈ R+, then αU+βW ∈ R1
exp is realized by αµR(U)+βµR(W). Therefore, by combination, the moment

entropies are strictly convex functions.

Remark 3. Commonly, the kinetic entropy satisfies lim
g→0+

η(g) = +∞. In this case, the moment entropies

h(U) are infinite when the underlying measure µR(U) is singular. This allows to reduce the solution set
L1
exp(R)+ to positive functions

L1
exp(R)+ =

{
g ∈ L1(R) | g ≥ 0 and

∫
R
exp(|v|)g(v)dv

}
.

when appropriate. The moment sequences are commonly studied in this functional sense, i.e.

U ∈
{(∫

R
vig(v)dv

)
i∈N

| g ∈ L1
exp(R)+

}
⊊ R1

exp,

which excludes the moment sequences of singular measures.
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The classical construction of the entropy-based approximation (see e.g. [32, 23, 34]) consists in fixing

aNBS(U) = argmin
Ui=Wi

i=0,...,N

hBS(W), with η(g) = ηBS(g) = g(log g − 1), (8)

using Boltzmann-Shannon entropy ηBS ([28]) as kinetic entropy in (7). The optimization problem involving
such constraints and such an objective function has been widely studied in the literature (see e.g. [14, 15,
16, 33, 19]). However, it was shown that this problem is ill-posed for some U ∈ R1

exp in the neighborhood of
the Maxwellians moments ([30, 29, 40]). For this purpose, consider approximations of the form

aN (U) = argmin
Ui=Wi

i=0,...,N

hN (W), (9)

for some sequences (hN )N∈N of moment entropies such that:

• The entropies hN have an infinite limit in infinity, i.e.

lim
∥U∥p,exp→∞

hN (U) = +∞. (10)

• There exists K ≥ 0, such that for all N ≥ K, the problem (9) is well-posed.

• The sequence of kinetic entropies ηN converges uniformly to η on a neighborhood of U.

Proposition 3. For all p > 1 and U ∈ Rp
exp such that h(U) <∞, the sequence aN (U) →

N→∞
U ∈ ℓpexp.

Proof. Since hN converges uniformly toward h, then for all η > 0, there exists M ∈ N such that for all
K > M , then

|hK(U)− h(U)| ≤ η, |hK(UK)− h(UK)| ≤ η.

By construction, hK(UK) ≤ hK(U). Then,

h(UK) ≤ hK(UK) + η ≤ hK(U) + η ≤ h(U) + 2η.

Since (10) holds, then UK is uniformly bounded when K → ∞. Then applying Proposition 2 provides the
result.

Two such sequences of entropies are considered:

• The φ-divergence technique proposed in [1] consists in choosing ηN of the form

hNφ (U) =

∫
R
ηNφ (g(v))dv, ηNφ (g) = g

(
N2

1 +N

(
g

g0

)1/N

−N

)
+ g0

N

1 +N
, (11a)

where the Maxwellian g0 = µR
(
A2(U)

)
minimizes the Boltzmann-Shannon entropy under the con-

straints of having the same moments as g up to order 2.

• Since the entropy hBS defined in (8) does not satisfy (10) in Rp
exp, this property can be enforced by

adding a Tikhonov regularization ([42]) vanishing when N → ∞, e.g. by choosing

hNreg(U) = hNBS(U) + ϵN∥U∥pp,exp, (11b)

with a sequence (ϵN )N∈N ∈ (R+
∗ )

N such that lim
N→∞

ϵN = 0. This entropy is ϵN -convex and therefore

the problem (9) is well-posed. The Tikhonov regularization of the entropy minimization problem was
studied in [3] in a different space.
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4 Convergence in the homogeneous case
In this part, the following equation is studied using both sequence and form notations:

∂tU = c(U), ∂tf = c(f). (12)

4.1 Collision operator
The collision operator is denoted:

c :

{
Rp
exp → RN,

U 7→ c(U),
c :

{
Rp

exp
′ → E ′,

f 7→ c(f).

The collision operator is assumed to be locally Lipschitz continuous in Rp
exp such that (12) has a unique

strong solution in C1([0, T [;Rp
exp). This operator needs to satisfy additional properties:

• Collision invariants: Define

I =
⋂

U∈Rp
exp

Ker(Lc(U)), I =
⋂

g∈Rp
exp

′

Ker(c(g)) = c(Rp
exp

′)⊥,

using either the notation Ker for the linear form interpretation or the orthogonality notation for the
duality interpretation. The collision invariants are a subspace of E , commonly fixed by modelling
hypotheses. For 1V problems, I = P2 typically represent mass, momentum and energy conservation.

• Entropy dissipation: A strictly convex entropy h, resp. h, as defined in (7), is dissipated by the
collision operator c, resp. c, if

dh(U)(c(U)) ≤ 0 ∀U ∈ Rp
exp, dh(f)(c(f)) ≤ 0 ∀f ∈ Rp

exp
′.

• Local equilibrium: Following Boltzmann’s H-theorem, the equality case describes the equilibria:
Using the sequence notation, assume that 1 ≤ p <∞ such that the dual of ℓpexp is identified with ℓqexp
with q−1 + p−1 = 1. Denote

(Ipexp)
⊥ =

{
W ∈ ℓqexp |

∞∑
i=0

Wibi ∈ I

}
.

Then, the collision operator is assumed to satisfy

dh(U)(c(U)) = 0 ⇔ dh(U) ∈ (Ipexp)
⊥.

Using the dual notation, the dual of Ep
exp

′ is also identified with Eq
exp

′. Denote

(Ipexp)
⊥ =

{
g ∈ Eq

exp
′ | g[ϕ] = 0 ∀ϕ ∈ E\I

}
.

The collision operator is assumed to satisfy

dh(f)(c(f)) = 0 ⇔ dh(f) ∈ (Iqexp)
⊥.

The strict convexity of h and h provides equilibrium distribution of the form

M = (dh)−1(W) or M = (dh)−1(g), (13)

for some W ∈ (Ipexp)
⊥ and ϕ ∈ (Ipexp)

⊥.

Remark 4. One identifies (Ipexp)⊥ ≡ I ≡ (Ipexp)
⊥ such that the definitions (13) match the classical definition

of a Maxwellian on the density dµR

dv (M), resp. dµR

dv (M), in the classical L1
exp(R)+ functional sense when

I = P2 and η = ηBS .

Eventually, the solution to the Cauchy problem (12) with an initial condition f(t = 0) = f0 ∈ Rp
exp

′, resp.
U(t = 0) = U0 ∈ Rp

exp, is a function f ∈ C1([0, T );Rp
exp

′), resp. U ∈ C1([0, T );Rp
exp), satisfying (12) at all

times t ∈ [0, T ).
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4.2 Relating vectorial and sequencial homogeneous equations
Consider an approximation fN ∈ C1([0, T ); Rp

exp
′) of the solution f , or UN ∈ C1([0, T ); Rp

exp), of (12),
that is given by the equation{

∂tU
N = cN (UN ),

UN (t = 0) = U0,N ,

{
∂tf

N = cN (fN ),
fN (t = 0) = f0,N ,

(14)

where cN , resp. cN , approximates c, resp. c.
To match the approximation framework introduced with (6), these operators are assumed to satisfy the

following compatibility conditions associated with an approximation operator aN , resp. aN :

Property 2. The operator cN , resp. cN , only depends on the first N + 1 components of U, resp. f [vi] for
i ≤ N , i.e.

∂Ui
cN (U) = 0 ∀i > N, dcN (f)(g) = 0 if g[vi] = 0 ∀i > N.

Consider the vectorial equation over V ∈ C1([0, T ); rN (R)){
∂tV = c(V),
V(t = 0) = V0.

(15)

Proposition 4. • Suppose that V(t = 0) = rN (UN (t = 0)) and

c(V) = rN (cN (eN (V))). (16)

Then the solutions V(t) ∈ rN (R) of (15) and UN (t) ∈ Rp
exp of (14) satisfy

V(t) = rN (UN (t)) for all t ∈ [0, T ).

• Suppose furthermore that UN (t = 0) = eN (V(t = 0)) and

cN (U) = daN (U)(cN (U)) for all U ∈ Rp
exp. (17)

Then the solutions V(t) ∈ rN (R) of (15) and UN (t) ∈ Rp
exp of (14) satisfy additionally

UN (t) = eN (V(t)) for all t ∈ [0, T ).

Proof. Under the first conditions (16), one verifies that the equations satisfied by V and by rNUN are
identical.

Under the second conditions (17), one verifies that

∂te
N (V) = deN (V)(∂tV) = deN (V)(rN (cN (eN (V))) = daN (eN (V))(cN (eN (V)) = cN (eN (V)).

Then, one has
∂t(e

N (V)−UN ) = cN (eN (V))− cN (UN ),

which remains zero at all times.

The second conditions (17) aim to ensure that the solution of (14) evolves within the manifold defined by
the range of the approximation operator aN (Rp

exp
′). It provides a unique definition of the terms cN (U)i for

i > N . However, these conditions are too strong to derive the estimates in the next section, and alternative
weaker conditions are imposed on cN (U).
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4.3 Convergence result in 0D
By analogy with numerical analysis, the present convergence results are obtained by combining error esti-
mation and stability. The same terminology is used:

Definition 4.1. • The consistency error εN (U) is defined, locally in time, by applying the operator (14)
to the exact solution U of (12). This rewrites under the form

εN (W) = c(W)− cN (W).

• A sequence of operators (cN )N∈N from Rp
exp to RN is ℓpexp-consistent with the operator c on a set

S ⊂ Rp
exp if it converges uniformly on S, i.e. if

lim
N→∞

sup
W∈S

∥εN (W)∥p,exp = 0. (18)

• A sequence of operators (cN )N∈N from Rp
exp to RN is ℓpexp-stable on a set S ⊂ Rp

exp if it is Lipschitz
continuous over S uniformly with respect to N ∈ N, i.e. if there exists a constant 0 ≤ L <∞ such that
for all N ∈ N and for all (W,X) ∈ S2, one has

∥cN (W)− cN (X)∥p,exp ≤ L∥W −X∥p,exp. (19)

Under these hypotheses, one obtains the following convergence result:

Proposition 5. Suppose that the collision operator c and the initial condition U0 are such that (12) is
well-posed. Consider a sequence of operators (cN )N∈N that is ℓpexp-consistent with c and ℓpexp-stable on a
neighborhood N of the solution values U([0, T )). Then, the sequence of solutions (UN )N∈N to (14) converge
toward the solution U of (12) uniformly over t ∈ [0, T ], i.e.

lim
N→∞

sup
t∈[0,T )

∥UN (t)−U(t)∥p,exp = 0.

Proof. One computes the error

(U−UN )(t) =

∫ t

0

εN (U(τ)) +
(
cN (U(τ))− cN (UN (τ))

)
dτ +

(
U(t = 0)−UN (t = 0)

)
.

Then, taking the norm provides

∥U−UN∥p,exp(t) ≤
∫ t

0

∥εN (U(τ))∥p,exp + ∥cN (U(τ))− cN (UN (τ))∥p,expdτ + ∥U(t = 0)−UN (t = 0)∥p,exp.

By stability, one has

∥U−UN∥p,exp(t) ≤
∫ t

0

∥εN (U(τ))∥p,exp + L∥U−UN∥p,exp(τ)dτ + ∥U(t = 0)−UN (t = 0)∥p,exp.

Then, applying Gronwal’s lemma provides

∥U−UN∥p,exp(t) ≤
(∫ t

0

∥εN (U(τ))∥p,expdτ + ∥U(t = 0)−UN (t = 0)∥p,exp
)
exp(Lt).

Convergence follows by consistency and by convergence of the initialization UN (t = 0) = aN (U(t = 0))
toward U.

10



4.4 Sequence of relaxation equations
Consider the relaxation equation (12) with

c(U) =
M(U)−U

τ
(20a)

for some relaxation rate τ > 0. The equilibrium point M(U) is given by the solution of the following problem

M(U) = argmin
W ∈ Rp

exp

W −U ∈ (Ipexp)
⊥

h(W). (20b)

When (20b) is well-posed, the first-order optimality condition yields a solution of the form (13), which
justifies the notation M. One observes:

• For all W ∈ RN such that
∑
i

Wiv
i ∈ I, the components

∑
i

Ui(t)Wi =
∑
i

U0
iWi are constant.

Therefore, M(U(t)) = M(U0), and c(U) reduces to an affine function.

• The function U 7→ h(U)− h(M(U0)) is a Lyapunov function for (12). Therefore, M(U0) is asymptot-
ically stable.

Consider the sequence of relaxation equations of the form (12) with a sequence of relaxation operators given
by:

cN (U) =
MN (U)−U

τ
, where MN (U) = argmin

W ∈ Rp
exp

W −U ∈ (Ipexp)
⊥

hN (W) (21)

where the approximated functions hN are strictly convex entropies having infinite limits at infinity (10),
converging uniformly to h on a neighborhood of the solution values U([0, T ]).

Proposition 6. Suppose that there exists a neighborhood N of all solution values U([0, T )) on which the
sequence of operators MN defined as the solution of (21) converges uniformly toward the operator M defined
as the solution of (20a), i.e.

lim
N→∞

sup
W∈N

∥MN (W)−M(W)∥p,exp = 0.

Then, the sequence of relaxation operators (cN )N∈N defined in (21) is ℓpexp-consistent on N.

Proof. One simply observes that

∥cN (W)− c(W)∥p,exp =
1

τ
∥MN (U)−M(W)∥p,exp.

Stability can be characterized for relaxation operators:

Proposition 7. Suppose that the operator MN defined as the solution of (21) and its derivative in ℓpexp
converge uniformly toward the operator M defined as the solution of (20a) and its derivative on a neighbor-
hood N of all solution values U([0, T )). Then, the sequence of relaxation operators (cN )N∈N defined in (21)
is ℓpexp-stable on N.

Proof. By construction, one has

∥cN (U)− cN (W)∥p,exp ≤ 1

τ

(
∥U−W∥p,exp + ∥MN (U)−MN (W)∥p,exp

)
.

Under the hypothesis, the sequence of operators MN are uniformly Lipschitz continuous.
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Remark 5. In practice, the operator M is defined as the sequence of moments of a Maxwellian distribution
with η = ηBS depending on the first three moments, i.e. I = P2. Consider the operator MN defined as the
sequences of moments of the solutions to (21) using the entropy (11a) or (11b):

• Reproducing the computations from [1] and [3], one verifies that the sequences of operators MN defined
with such choices of entropies converge uniformly on all bounded subsets of Rp

exp toward the operator
M. Therefore, the corresponding cN are ℓpexp-consistent on N.

• Similarly, the operator M is Lipschitz continuous in ℓpexp-norm and one also verifies that the operators
MN with the entropy (11a) or (11b) are also uniformly Lipschitz-continuous on bounded subsets
N ⊂ Rp

exp, and therefore satisfy the hypothesis of Proposition 7.

In more general cases, sensitivity analysis techniques can be used to demonstrate such results. Typically,
extensions of the Danskin theorem (see [21, 8]) can be useful for this aim. Such an analysis requires technical
hypotheses and computations, and the examples given by (11) are sufficient for the present purpose.

Corollary 1. Suppose that I = P2 and hN is given by (11a) or (11b). Then the solution UN of (14)
converges uniformly toward the solution U of (12) on [0, T ).

5 Convergence in the 1D-1V case
Lastly, the full 1D-1V kinetic equation (1) is considered.

5.1 Transport operator
The kinetic variable v plays a special role in the considered models, so they are treated separately from the
other variables (t, x). Define first the "product by v" operators as

Pv :

{
E → E
ϕ 7→ {v 7→ vϕ(v)}, P ∗

v :

{
E ′ → E ′

f 7→ {ϕ 7→ f [Pv(ϕ)]},

Pv :

{
RN → RN

U 7→ (Ui+1)i∈N,
P∗
v :

{
RN → RN

U 7→ (Ui−1)i∈N,

where the adjoint notation is used by abuse. While the solution to the ODE (12) can be understood in a
strong sense, solutions to transport equations commonly generate discontinuities and must be understood
in a weak sense. For the sake of simplicity, the following definition is chosen as it is adapted to the moment
framework and to the convergence study of the next part.

Definition 5.1. A moment solution of (1) is a function f : R+×R → Rp
exp

′ satisfying, for all ψ ∈ C1
c (R+×R)

and all ϕ ∈ E ∫
R+×R

f(t, x)[ϕ]∂tψ(t, x) + P ∗
v (f(t, x))[ϕ]∂xψ(t, x) + c(f(t, x))[ϕ]ψ(t, x)dtdx

+

∫
R
f0(x)[ϕ]ψ(0, x)dx = 0, (22a)

for some initial condition f0. It is equivalently represented as a function U : R+ × R → Rp
exp satisfying, for

all ψ ∈ C1
c (R+ × R) and all sequences W ∈ RN such that the series |

∑
i∈N

Wiv
i| has an infinite convergence

radius∫
R+×R

∞∑
i=0

Wi [U(t, x)i∂tψ(t, x) + Pv(U(t, x))i∂xψ(t, x) +c(U(t, x))iψ(t, x)] dtdx

+

∫
R

∞∑
i=0

Wi

[
U0(x)iψ(0, x)

]
dx = 0, (22b)

12



for some initial condition U0.

5.2 Relating vectorial and sequencial 1D equations
Formulation (22) naturally extends the definition of weak solutions of hyperbolic systems of (finite number
of) balance laws with a flux F and a source c, i.e. functions V : R+ × R → RN such that∫

R+×R
V(t, x)i∂tψ(t, x) + F(V(t, x))i∂xψ(t, x) + ψ(t, x)c(V(t, x))idxdt +

∫
R
V0(x)ψ(0, x)dx = 0 (23)

for all i = 1, . . . , N and ψ ∈ C1
c (R+ × R). As in the homogeneous case, consider an approximation fN , or

UN , of the solution f of (22), satisfying for all ϕ(v) =
∞∑
i=0

Wiv
i ∈ E and all ψ ∈ C1

c (R+ × R)

∫
R+×R

fN (t, x)[ϕ]∂tψ + P ∗
v (a

N (fN (t, x)))[ϕ]∂xψ(t, x) + cN (fN (t, x))[ϕ]ψ(t, x)dtdx (24a)

+

∫
R
f0,N (x)[ϕ]ψ(0, x)dx = 0,∫

R+×R

∞∑
i=0

Wi

[
UN

i (t, x)∂tψ(t, x) + (Pv(a
N (UN (t, x))))i∂xψ(t, x) +cN (UN (t, x))i

]
dtdx (24b)

+

∫
R

∞∑
i=0

Wi

[
U0,N (x)iψ(0, x)

]
dx = 0,

for some approximations cN and cN of the collision operator c and c and for some approximation operators
aN and aN .

Proposition 8. • Suppose that V(t = 0, x) = rN (UN (t = 0, x)) a.e. in x and that

c(V) = rN
(
cN
(
eN (V)

))
, F(V) = rN

(
P∗
v

(
eN (V)

))
.

Then, the weak solutions UN (t, x) ∈ Rp
exp of (24b) and V(t, x) ∈ RN of (23) satisfy

V(t, x) = rN (UN (t, x)), for almost all (t, x).

• Suppose furthermore that UN (t = 0, x) = eN (V(t = 0, x)) a.e. in x and that

cN (U)− ∂x
(
P∗
v

(
aN (U)

))
= daN (U)

(
cN (U)− ∂x

(
P∗
v

(
aN (U)

)))
.

Then, the weak solutions UN (t, x) ∈ Rp
exp of (24b) and V(t, x) ∈ RN of (23) satisfy

UN (t, x) = eN (V(t, x)) for almost all (t, x).

The proof of Proposition 4 extends to a weak sense and to generic sequence-valued equations of the
form d

dtU
N = gN (UN ) and vector-valued equations d

dtV
N = g(V) with operators g and gN satisfying the

aforementioned conditions.
This proposition provides a unique definition of the terms cN (U)i for i > N , depending on both the first

moments V = rN (UN ) and their space derivative. These conditions are not used in the next subsection, and
alternative conditions are imposed on cN (U).
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5.3 Convergence result in 1D
In this paragraph, we compare the solution of (24) with given approximation operators aN and cN to the
solution of (22) when N → ∞.

Proposition 9. Suppose that:

• The operator c is such that (22) has a unique solution U.

• The sequence of approximations (aN )N∈N converges toward Id uniformly on a neighborhood N ⊃
{U(t, x), t ∈ R+, x ∈ R} of all solution values in norm ℓ1exp, i.e.

lim
N→∞

sup
U∈N

∥U− aN (U)∥exp,1 = 0.

• The sequence of approximations (cN )N∈N is consistent and stable in norm ℓ1exp over N, and such
that (24b) has a unique solution UN for all N ∈ N.

Then, the sequence (UN )N∈N converges weakly towards U in norm ℓ1exp, i.e. ∀ψ ∈ Cc(R+ × R)∫
R+×R

∥U−UN∥exp,1(t, x)ψ(t, x)dtdx→ 0.

The proof starts with a lemma:

Lemma 5.2. If U ∈ R1
exp, then ∥Pv(U)∥exp,1 <∞.

Proof. Having U ∈ R1
exp, then there exists 0 < c < 1 such that (3a) holds. One verifies that

∥U∥exp,1 =

∞∑
i=0

|Ui|
i!

≤
∫
R
exp(|v|)dµ(v) ≤

∫
R
exp

(
|v|
α

)
dµ(v) <∞,

where µ is the unique representing measure for U. Following Proposition 1, the last inequality holds for all
1 ≥ α >

√
c > 0. Since |v| ≤ δ exp(δ−1|v|)− 1 for all δ > 0, then

∥Pv(U)∥exp,1 =

∞∑
i=0

|Ui+1|
i!

≤
∫
R
|v| exp(|v|)dµ(v) ≤

∫
R

(
δ exp

(
|v|
δ

)
− 1

)
exp (|v|) dµ(v),

which is bounded for all δ satisfying 1 ≥ δ(1 + δ)−1 ≥
√
c > 0.

Proof. of Proposition 9 Subtracting the two equations yields

I1 + I2 + I3 = J1 + J2 + J3,

with

I1 =

∫
R+×R

∞∑
i=0

Wi(U−UN )i∂tψdtdx, J1 =

∫
R+×R

∞∑
i=0

Wi(U− aN (U))i+1∂xψdtdx,

I2 =

∫
R+×R

∞∑
i=0

Wi(a
N (U)− aN (UN ))i+1∂xψdtdx, J2 =

∫
R+×R

∞∑
i=0

Wi(c(U)− cN (U))iψdtdx,

I3 =

∫
R+×R

∞∑
i=0

Wi(c
N (U)− cN (UN ))iψdtdx, J3 =

∫
R

∞∑
i=0

Wi(U
0 −U0,N )(x)iψ(0, x)dx,

One verifies that Ji −→
N→∞

0 for i = 1, 2, 3:
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• Defining U0,N (x) = aN (U0(x)), then
∞∑
i=0

Wi(U
0 −U0,N )i(x) ≤

∞∑
i=0

|Wi||U0 −U0,N |i(x) then for all

sequences W such that
∑
i

|Wi||Ui| ≤ K∥U∥exp,1 then J3 −→
N→∞

0. Especially, this holds for Wi = δi,j

for any j ∈ N and for Wi = (i!)−1.

• Similarly,
∞∑
i=0

Wi(U − aN (U))i+1 ≤
∞∑
i=0

|Wi||U − aN (U)|i+1 and, using Lemma 5.2, then J1 → 0 for

all sequences W such that
∑
i

|Wi||Ui| ≤ K∥U∥exp,1.

• Againg
∞∑
i=0

Wi(c(U)− cN (U))i ≤
∞∑
i=0

|Wi||c(U)− cN (U)|i and the assumptions provide J2 → 0 for all

such sequences W.

Then, for all sequences W such that
∑
i

|Wi||Ui| ≤ K∥U∥exp,1 and all ψ ∈ C1
c , one finds

0 = lim
N→∞

∫
R+×R

∞∑
i=0

Wi

(
(U−UN )i∂tψ + (aN (U)− aN (UN ))i+1∂xψ + (c(U)− cN (U))iψ

)
dtdx.

For all i ∈ N, define a smooth vector field Xi that changes sign where (aN (U)− aN (UN ))i+1 × (U−UN )i
changes sign. Define also a function ϕi ∈ C1

c (R) and a constant Ki such that the function ψi = Ki+exp(ϕi ◦
Xi) ∈ C1

c (R+ × R) changes sign where (c(U) − cN (U))i does. Substituting such functions ψi in the last
equation yields

0 = lim
N→∞

∫
R+×R

∞∑
i=0

Wi

((
|U−UN |i + |aN (U)− aN (UN )|i+1

)
|ϕi′ × exp(ϕi ◦Xi)(t, x)|

+|c(U)− cN (U)|i|Ki + exp(ϕi ◦Xi)(t, x)|
)
dtdx = 0.

Up to a normalization, and with the variety of such functions ϕi and Xi, this provides

0 = lim
N→∞

∫
R+×R

(
∥U−UN∥+ ∥Pv(a

N (U)− aN (UN ))∥+ ∥c(U)− cN (U)∥
)
|ψ(t, x)|dtdx.

Using the assumptions and Lemma 5.2 reduces this limit into the desired result.
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