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Introduction
Model

Propagation of chaos

Point processes
Thinning

Point process : definitions

Point process (or counting process) Z :

• a random countable set of R+ : Z = {Ti : i ∈ N}
• a random point measure on R+ : Z =

∑
i∈N δTi

A process λ is the stochastic intensity of Z if :

∀0 ≤ a < b,E [Z ([a, b])|Fa] = E
[∫ b

a
λtdt

∣∣∣∣Fa

]

Marked point process Z = {(Ti ,Ui ) : i ∈ N} (Ui iid)

Notation abuse Ui =: U(Ti )
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Thinning

π Poisson measure on R+ × R+ with intensity dt.dz

λ predictable and positive process

Z (A) =

∫
A×R+

1{z≤λ(t)}dπ(t, z)

Then : λ is the stochastic intensity of Z

λ

π

Z
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Neural networks model
Definitions of the systems
Limit system

Modeling in neuroscience

Neural activity = Set of spike times

= Point process

Spike rate depends on the potential of the neuron

Each spike modifies the potential of the neurons

Network of N neurons :

• ZN,i
t = number of spikes of neuron i emitted in [0, t]

= point process with intensity f (XN,i
t− )

• XN,i = potential of neuron i

Here, XN,i solves an SDE directed by (ZN,j)1≤j≤N
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Neural networks model
Definitions of the systems
Limit system

Mean field limit

N−particle system :

• ZN,i
t =

∫ t

0

∫ ∞
0

1{
z≤f (XN,i

s− )
}dπi (s, z)

• dXN,i
t = b(XN,i

t )dt +
N∑
j=1

∫ ∞
0

uji (t)1{
z≤f (XN,j

t− )
}dπj(t, z)

πj iid Poisson measures with intensity dt · dz

Study the limit N →∞ =⇒ rescale the sum :

• linear scaling N−1 (LLN) :
[Delattre et al. (2016)] (Hawkes process, uji (t) = 1),
[Chevallier et al. (2019)] (uji (t) = w(j , i))

• diffusive scaling N−1/2 (CLT) :
[E. et al. (2022)] random and centered uji (s)
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Definitions of the systems
Limit system

Diffusive scaling

dXN,i
t = −αXN,i

t dt+ 1√
N

N∑
j=1
j 6=i

∫ ∞
0

∫
R
u1{

z≤f (XN,j
t− )

}dπj(t, z , u)

−
∫ ∞

0

∫
R
XN,i
t− 1

{
z≤f (XN,i

t− )
}dπi (t, z , u)

πj iid Poisson measures with intensity dt · dz · dν(u)

ν probability measure on R centered with σ2 =
∫
R u2dν(u)

Dynamic of XN,i :

• XN,i
t = XN,i

s e−α(t−s) if the system does not jump in [s, t]

• XN,i
t = XN,i

t− + U√
N

if a neuron j 6= i emits a spike at t

• XN,i
t = 0 if neuron i emits a spike at t
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Neural networks model
Definitions of the systems
Limit system

N−neurons network dynamics

dXN,i
t = −αXN,i

t dt+
1√
N

N∑
j=1
j 6=i

U j(t)dZN,j
t −X

N,i
t− dZN,i

t

Xavier ERNY Conditional propagation of chaos 8 / 33
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Neural networks model
Definitions of the systems
Limit system

Limit system : heuristic (1)

dXN,i
t =− αXN,i

t dt +
1√
N

N∑
j=1
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

MN
t := 1√

N

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

dX̄ i
t =− αX̄ i

t dt + dM̄t

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

Xavier ERNY Conditional propagation of chaos 9 / 33
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Neural networks model
Definitions of the systems
Limit system

Limit system : heuristic (2)

MN
t := 1√

N

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

M̄ is an integral wrt a BM W

〈M̄〉t = lim
N
〈MN〉t = lim

N
σ2

∫ t

0

1

N

N∑
j=1

f (XN,j
s )ds

Then M̄ should satisfy

M̄t = σ

∫ t

0

√√√√lim
N

1

N

N∑
j=1

f (X̄ j
s )dWs

Xavier ERNY Conditional propagation of chaos 10 / 33
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Limit system

Limit system : heuristic (3)

M̄t = σ
∫ t

0

√
lim
N

1
N

∑N
j=1 f (X̄ j

s )dWs

dX̄ i
t = −αX̄ i

t dt + σ

√√√√lim
N

1

N

N∑
j=1

f (X̄ j
s )dWt − X̄ i

t−dZ̄
i
t

Conditionally on W , the X̄ i are i.i.d.

lim
N

1

N

N∑
j=1

f (X̄ j
s ) =

E
[
f (X̄ i

t )|σ(W )
]

dX̄ i
t = −αX̄ i

t dt + σ
√
E
[
f (X̄ i

t )|σ(W )
]
dWt − X̄ i

t−dZ̄
i
t

Xavier ERNY Conditional propagation of chaos 11 / 33
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• for all x ∈ R, 0 < inf f ≤ f (x) ≤ ||f ||∞ <∞
• x 7→ xf (x) and x 7→ f (x) is Lipschitz

ex :
f (x) = ε+

θ

1 + e−λ(x−x0)

x0
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Introduction
Model

Propagation of chaos

Conditional propagation of chaos
First attempt of coupling
Formal proof

Convergence of (XN,i)1≤i≤N

dXN,i
t =− αXN,i

t dt +
1√
N

N∑
j=1
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

−
∫
R+×R

XN,i
t− 1

{
z≤f (XN,i

t− )
}dπi (t, z , u)

dX̄ i
t =− αX̄ i

t dt + σ
√
µ̄t(f )dWt −

∫
R+

X̄ i
t−1{z≤f (X̄ i

t−)}d π̄
i (t, z)

Result [E., Löcherbach, Loukianova (2021)]

Given N ∈ N∗, (πj)1≤j≤N , there exists a BM WN such that

E
[

sup
0≤s≤t

∣∣∣XN,1
s − X̄N,1

s

∣∣∣] ≤ Ct
(lnN)1/5

N1/10
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Model

Propagation of chaos

Conditional propagation of chaos
First attempt of coupling
Formal proof

Representation of Poisson processes

dXN,i
t = −αXN,i

t dt +
1√
N
dPN

t − XN,i
t− dZN,i

t

with

PN
t :=

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

PN
t = marked point process with compensator

AN
t :=

N∑
j=1

∫ t

0
f (XN,j

s )ds.

Proposition 16.6.III [Daley & Vere-Jones (2008)] :

PN
t = ZAN

t
,

where Z = marked point process with rate 1
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Conditional propagation of chaos
First attempt of coupling
Formal proof

KMT coupling

dXN,i
t = −αXN,i

t dt +
1√
N
dZAN

t
− XN,i

t− dZN,i
t

Corollary 7.5.5 [Ethier & Kurtz (2008)] ([Komlòs et al. (1976)]) :
there exists BM B such that

sup
t≥0

|Zt − σBt |
ln(t ∨ 2)

≤ E ,

with E r.r.v. with some exponential moments

dXN,i
t = −αXN,i

t dt + σ
1√
N
dBAN

t
−
∫
R+

XN,i
t− d π̄i (t, z) + dRN

t

|RN
t | ≤ N−1/2|ZAN

t
−σBAN

t
|

≤ N−1/2E ln
(
AN
t ∨ 2

)
≤ N−1/2E ln (Nt||f ||∞)
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Conditional propagation of chaos
First attempt of coupling
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Time-changed Brownian motion

dXN,i
t = −αXN,i

t dt + σ
1√
N
dBAN

t
− XN,i

t− dZN,i
t +

lnN√
N

Proposition V.(3.8) [Revuz & Yor (1999)] :

BAN
t

=

∫ t

0

√√√√ N∑
j=1

f (XN,j
s )dWN

s

where WN is a BM
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”Näıve coupling”

dXN,i
t = −αXN,i

t dt + σ

√√√√ 1

N

N∑
j=1

f (XN,j
t )dWN

t − XN,i
t− dZN,i

t +
lnN√
N

dX̄N,i
t = −αX̄N,i

t dt+σ

√
E
[
f (X̄N,i

t )|σ(WN)
]
dWN

t −X̄
N,i
t− dZ̄N,i

t

+
1√
N

conditional LLN :

E

∣∣∣∣∣∣ 1

N

N∑
j=1

f (X̄N,j
t )− E

[
f (X̄N,i

t )|σ(WN)
]∣∣∣∣∣∣
 ≤ Ct

1√
N

Grönwall’s lemma :

E
[

sup
s≤t

∣∣∣XN,i
s − X̄N,i

s

∣∣∣] ≤ Ct
lnN√
N
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Propagation of chaos

Conditional propagation of chaos
First attempt of coupling
Formal proof

Problems with the näıve coupling (1)

• dXN,i
t = −αXN,i

t dt + 1√
N
dZAN

t
−
∫
R+

XN,i
t− 1

{
z≤f (XN,i

t− )
}d π̄i (t, z)

• Define B by KMT coupling : |Zt − σBt | ≤ E ln(t ∨ 2)

• Define WN by : BAN
t

=
∫ t

0

√∑N
j=1 f (XN,j

s )dWN
s

Problem 1 : WN depends on B depends on Z depends on (π̄j)j≥1

Solution :

• decoupling jump times and jump heights

• (jump heights,jump times) → (B, time-change)

−→
{

(Z′n)n random walk (jump heigths)
(Nt)t counting process with compensator AN

t

Replace ZAN
t

by Z′Nt
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Conditional propagation of chaos
First attempt of coupling
Formal proof

Problems with the näıve coupling (2)

• dXN,i
t = −αXN,i

t dt+ 1√
N
dZ′Nt

−
∫
R+

XN,i
t− 1

{
z≤f (XN,i

t− )
}d π̄i (t, z)

• Define B by KMT coupling : |Z′n − σBn| ≤ E ln(n ∨ 2)

• Change of time
|BNt − BAN

t
| ≤ ...

• Define WN by : BAN
t

=
∫ t

0

√∑N
j=1 f (XN,j

s )dWN
s

Problems :

• BMs are not Lipschitz

• N still depend on jump heights through its rate
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Model

Propagation of chaos

Conditional propagation of chaos
First attempt of coupling
Formal proof

Pseudo-Euler scheme (1)
Let N ∈ N∗, δ = δ(N) > 0,

XN,1
t =XN,1

0 − α
∫ t

0
XN,1
s ds −

∫
[0,t]×R+

XN,1
s− 1{

z≤f (XN,1
s− )

}d π̄1(s, z)

+
1√
N

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

=

t/δ−1∑
k=0

N∑
j=1

∫
[kδ,(k+1)δ[×R+×R

u1{
z≤f (XN,j

kδ )
}dπj(s, z , u) + R1

t

=

t/δ−1∑
k=0

Zk
Nk
δ

+ R1
t
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Pseudo-Euler scheme (2)

XN,1
t =XN,1

0 − α
∫ t

0
XN,1
s ds −

∫
[0,t]×R+

XN,1
s− 1{

z≤f (XN,1
s− )

}d π̄1(s, z)

+
1√
N

t/δ−1∑
k=0

Zk
Nk
δ

+ R1
t

• Zk
n =

∑n
l=1 U

k
l random walk (3rd variable of πj|[kδ,(k+1)δ[×R+×R)

• Nk
s =

∑N
j=1 π̄

j([kδ, kδ + s]× [0, f (XN,j
kδ )])

Remark : Zk independent of π̄j and XN,j
kδ (so of Nk)

•

|R1
t | ≤

1√
N

∣∣∣∣∣∣
N∑
j=1

∫
[0,t]×R+×R

u

(
1{

z≤f (XN,j
τ(s−)
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Lemmas

(1) For all t ≤ T ,

E
[
|XN,1

t − XN,1
τ(t)|

]
≤ CT δ

1/2

(2) For all t ≤ T ,
E
[
|R1

t |
]
≤ CT δ

1/4

Sketch of proof of (1) :
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KMT approximation

XN,1
t =XN,1

0 − α
∫ t

0
XN,1
s ds −

∫
[0,t]×R+

XN,1
s− 1{

z≤f (XN,1
s− )

}d π̄1(s, z)

+
1√
N

t/δ−1∑
k=0

Zk
Nk
δ

+ δ1/4

+R2
t

KMT approximation : let Bk BM such that

|Zk
n − σBk

n | ≤ E k ln(n ∨ 2)

Remark : E k and Bk independent of XN,j
kδ , π̄

j ,Nk

E
[
|R2

t |
]
≤ 1√

N

t/δ−1∑
k=0

E
[
ln(Nk

δ + 2)E k
]

≤C 1√
N

t/δ−1∑
k=0

ln(E
[
Nk
δ

]
+ 2) ≤ Ct

ln(Nδ||f ||∞)

δ
√
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δ

∣∣∣] ≤ C (Nδ)−1/2N1/2δ1/2 = C

E
[
E k
δ

]
= E

[
E k
δ 1G

]
+ E

[
E k
δ 1G c

]
≤ C

E
[
|R3

t |
]
≤ 1√

N

t/δ−1∑
k=0

E
[
E k
δ

]
≤ C

1

δ
√
N

Xavier ERNY Conditional propagation of chaos 27 / 33



Introduction
Model

Propagation of chaos

Conditional propagation of chaos
First attempt of coupling
Formal proof

Control of R3
t

E k
δ :=

∣∣∣∣√Nk
δ −

√
δ
∑N

j=1 f (XN,j
kδ )

∣∣∣∣
G :=

{
Nk
δ ≥ Nδ(inf f )/2

}

P (G c) ≤P

Nk
δ − δ

N∑
j=1

f (XN,j
kδ ) < −Nδ(inf f )/2


≤P
(
|Ñk
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|Ñk

δ | > Nδ(inf f )/2
)
≤ e−CNδ

E
[
E k
δ 1G

]
≤ C (Nδ)−1/2E

[∣∣∣Ñk
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XN,1
t =XN,1

0 − α
∫ t

0
XN,1
s ds −

∫
[0,t]×R+

XN,1
s− 1{

z≤f (XN,1
s− )

}d π̄1(s, z)

+ σ

t/δ−1∑
k=0

√√√√ 1

N

N∑
j=1

f (XN,j
kδ )WN,k

δ + δ1/4 +
ln(Nδ)

δ
√
N

Let WN BM such that

WN,k
δ =: WN

(k+1)δ −WN
kδ

Construction of WN :

• let WN,k BM such that WN,k
δ = WN,k

δ

• for kδ ≤ s < (k + 1)δ,

WN
s :=

k−1∑
l=0

WN,l
δ + WN,k

s−kδ
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Summary of the coupling

Step Locale martingale Error

Euler approximation
1√
N

t/δ−1∑
k=0

Zk
Nk
δ

δ1/4

KMT approximation
1√
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Riemann sum
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√
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Stochastic integral
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• Komlòs, Major, Tusnàdy (1976). An approximation of partial sums
of independent RV’s, and the sample DF. II. Zeitschrift für
Wahrscheinlichkeitstheorie und Verwandte Gebiete.

Xavier ERNY Conditional propagation of chaos 31 / 33



Introduction
Model

Propagation of chaos

Bibliography (2)

• Daley, Vere-Jones (2008). An Introduction to the Theorey of Point
Processes : Volume II : General Theory and Structure. Springer.

• Ethier, Kurtz (2008). Markov Processes. Characterization and
Convergence. Wiley Series In Probability And Statistics.

• Revuz, Yor (1999). Continuous Martingales and Brownian Motion.
Springer-Verlag Berlin.

Xavier ERNY Conditional propagation of chaos 32 / 33



Introduction
Model

Propagation of chaos

Thank you for your attention !

Questions ?
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