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Interacting particle systems

Our frame :

Particle system = system of point processes (ZN,i )1≤i≤N

Interactions : the intensity of each ZN,i (1 ≤ i ≤ N) is
solution to a SDE directed by the ZN,j (1 ≤ j ≤ N)

Modelization : consider a N−particle system

each particle triggers events

ZN,i
t = number of events triggered by particule i before time t

⇒ the particles excite or inhibite each others
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Neuroscience

Neural network :

Network of N neurons (neuron = particle)

Each neurons emits spikes (spike = event triggered)

Spike rate (=intensity) depends on the potential of the neuron

Each spike modifies the potential of the neurons

Theoretical model :

ZN,i counts the number of spikes of neuron i

ZN,i has an intensity of the form λN,it = f i (XN,i
t− )

XN,i is the potential of neuron i : XN,i is a càdlàg process
that jumps when neuron i receives a spike
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that jumps when neuron i receives a spike

Xavier ERNY Diffusive limits for particle systems 4 / 36



Introduction
Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Interacting particle systems and neuroscience models
Meanfield particle systems

Neuroscience

Neural network :

Network of N neurons (neuron = particle)

Each neurons emits spikes (spike = event triggered)

Spike rate (=intensity) depends on the potential of the neuron

Each spike modifies the potential of the neurons

Theoretical model :

ZN,i counts the number of spikes of neuron i

ZN,i has an intensity of the form λN,it = f i (XN,i
t− )

XN,i is the potential of neuron i : XN,i is a càdlàg process
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Particle systems with diffusive mean field interactions

For each N ∈ N∗, we consider (ZN,1, ...,ZN,N)

dXN,i
t = bi

(
XN,i
t

)
dt +

1√
N

N∑
j=1

U j(t)

dZN,j
t

U j(s) iid with mean 0 and variance σ2 <∞
Problem : s 7→ U j(s) not predictable

dXN
t = b

(
XN
t

)
dt +

1√
N

N∑
j=1

U j(t)

πj Poisson measure on R+ × R+ × R with intensity dt · dz · dν(u)
ν probability measure on R with mean 0 and variance σ2
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Model and classical results
Convergence speed

Convergence of XN

dXN
t = −αXN

t dt +
1√
N

N∑
j=1

∫
(z,u)∈R+×R

u1{z≤f (XN
t−)}dπ

j(t, z , u)

Consequence of Theorem IX.4.15 of [Jacod & Shiryaev (2003)]

XN converges in distribution to X̄ in D(R+,R)

dX̄t = −αX̄tdt + σ

√
f (X̄t)dWt

N = 10 N = 50
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Convergence speed of XN

dXN
t = −αXN

t dt +
1√
N

N∑
j=1

∫
R+×R

u1{x≤f (XN
t−)}dπj(t, x , u)

ANg(x) = −αxg ′(x) + Nf (x)E
[
g
(
x + U√

N

)
− g(x)

]
U√
N
g ′(x) + U2

2N g
′′(x) + O(1/N

√
N)

N −→ +∞ : Āg(x) = −αxg ′(x) + 1
2σ

2f (x)g ′′(x)∣∣Āg(x)− ANg(x)
∣∣ ≤ CN−1/2f (x)||g ′′′||∞(

P̄t − PN
t

)
g(x) =

∫ t

0
PN
t−s

(
Ā− AN

)
P̄sg(x)ds∣∣(P̄t − PN

t

)
g(x)

∣∣ ≤ CtN
−1/2

(
1 + x2

)
||g ||3,∞
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∣∣ ≤ CN−1/2f (x)||g ′′′||∞

(
P̄t − PN

t

)
g(x) =

∫ t

0
PN
t−s

(
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∣∣ ≤ CN−1/2f (x)||g ′′′||∞(

P̄t − PN
t

)
g(x) =

∫ t

0
PN
t−s

(
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Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Dynamic of a neural network

System of N neurons :

dXN

,i

t =− αXN

,i

t dt +
1√
N

N∑
j=1

j 6=i

∫
R+×R

u1{
z≤f (XN

,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

Dynamic of XN,i :

XN,i
t = XN,i

s e−α(t−s) if the system does not jump in ]s, t]

XN,i
t = XN,i

t− + U√
N

if a neuron j 6= i emits a spike at t

XN,i
t = 0 if neuron i emits a spike at t
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Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Limit system : heuristic (2)

MN
t := 1√

N

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

M̄ is an integral wrt a BM W

〈M̄〉t = lim
N
〈MN〉t = lim

N
σ2

∫ t

0

1

N

N∑
j=1

f (XN,j
s )ds

Then M̄ should satisfy

M̄t = σ

∫ t

0

√√√√lim
N

1

N

N∑
j=1

f (X̄ j
s )dWs = σ

∫ t

0

√
lim
N
µ̄Ns (f )dWs

with µ̄N := 1
N

∑N
j=1 δX̄ j
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Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Limit system : heuristic (3)

M̄t = σ
∫ t

0

√
µs(f )dWs where µ = lim

N
µ̄N

dX̄ i
t =− αX̄ i

t dt + σ
√
µt(f )dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

µ is the limit of empirical measures of (X̄ i )i≥1 exchangeable
by Proposition (7.20) of [Aldous (1983)] µ is the directing measure
of (X̄ i )i≥1 (conditionally on µ, X̄ i i.i.d.∼ µ)

Conditionally on W , the X̄ i (i ≥ 1) are i.i.d.
by Lemma (2.12) of [Aldous (1983)] µ = L(X̄ 1|W ) = L(X̄ i |W )
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Introduction
Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Well-posedness of the limit equation (1)

dX̄ i
t =− αX̄ i

t dt + σ
√

E
[
f (X̄ i

t )|W
]
dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

Problems :

conditional expectation in the Brownian term
(McKean-Vlasov frame)
unbounded jumps (non-Lipschitz compensator x 7→ xf (x))
jump term and Brownian term

Solution : consider a : R→ R+ increasing, bounded,
lower-bounded, C 2 such that

|a′′(x)− a′′(y)|+ |a′(x)− a′(y)|
+|xa′(x)− ya′(y)|+ |f (x)− f (y)| ≤ C |a(x)− a(y)|
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Well-posedness of the limit equation (2)

a(X̄ i
t ) =a(X̄ i

0)− α
∫ t

0
X̄ i
sa
′(X̄ i

s )ds + σ

∫ t

0
a′(X̄ i

s )
√

E[f (X̄ i
s )|W ]dWs

+
σ2

2

∫ t

0
a′′(X̄ i

s )E[f (X̄ i
s )|W ]ds

+

∫
[0,t]×R+×R

[a(0)− a(X̄ i
s−)]1{z≤f (X̄ i

s−)}dπ
i (s, z , u)

To prove trajectorial uniqueness :

u(t) = E[|a(X̂ i
s )− a(X̌ i

s )|] (problem with Brownian term)

u(t) = E[|a(X̂ i
s )− a(X̌ i

s )|2] (problem with jump term)

Idea of [Graham (1992)] : u(t) = E
[

sup
0≤s≤t

|a(X̂ i
s )− a(X̌ i

s )|
]

∀t ≥ 0, u(t) ≤ C (t +
√
t)u(t) =⇒ ∃t0 > 0, u(t0) = 0

Iteratively ∀n ∈ N, u(nt0) = 0, whence ∀t > 0, u(t) = 0
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Discussion about the function f

Any f ∈ C 1
b (R,R+) satisfying f ′(x) ≤ C (1 + |x |)−(1+ε) (ε > 0)

f (x) = c + d arctan(α + βx) satisfy the hypothesis

x0

”Neuron i active / inactive” ≈ ”XN,i > x0 / XN,i < x0”
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McKean-Vlasov model

Model
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Another version of the limit system

The strong limit system :

dX̄ i
t =− αX̄ i

t dt + σ
√

E
[
f (X̄ i

t )|W
]
dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

The weak limit system :

dȲ i
t =− αȲ i

t dt + σ
√
µt(f )dWt

− Ȳ i
t−

∫
R+×R

1{z≤f (Ȳ i
t−)}dπ

i (t, z , u)

where µt = L(Ȳ 1
t |µt) is the directing measure of (Ȳ i

t )i≥1
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Equivalence between the two systems

An auxiliary system :

dX̃N,i
t =− αX̃N,i

t dt + σ

√√√√ 1

N

N∑
j=1

f (X̃N,j
t )dWt

− X̃N,i
t−

∫
R+×R

1{
z≤f (X̃N,j

t− )
}dπi (t, z , u)

Let uN(t) = E
[
sups≤t |a(Ȳ 1

s )− a(X̃N,1
s )|

]
uN(t) ≤ C (t +

√
t)uN(t) + CN−1/2

µs(f )− N−1
∑N

j=1 f (Ȳ j
s )

For 0 ≤ t ≤ T (small enough)

uN(t) ≤ CN−1/2 −→
N→∞

0
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Convergence of (XN,i)1≤i≤N

dXN,i
t =− αXN,i

t dt +
1√
N

∑
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

dX̄ i
t =− αX̄ i

t dt + σ
√

E
[
f (X̄ i

t )|W
]
dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

Result

(XN,i )1≤i≤N converges to (X̄ i )i≥1 in D(R+,R)N
∗

NSC (Proposition (7.20) of [Aldous (1983)]) :
µN :=

∑N
j=1 δXN,j converges to µ := L(X̄ 1|W ) in P(D(R+,R))
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Model of interacting neurons
McKean-Vlasov model

Model
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Outline of the proof

Step 1. (µN)N is tight on P(D(R+,R))
Equivalent condition : (XN,1)N is tight on D(R+,R)
Proof : Aldous’ criterion

Step 2. Identifying the limit distribution of (µN)N
Proof : any limit of µN is solution of a martingale problem
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Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Martingale problem

Given Q ∈ P(P(D(R+,R))) = P(P(D)) (Q = L(µ))

Canonical space Ω := P(D)× D2 with ω = (µ, (Y 1,Y 2)) :

Meaning : (Y 1,Y 2) mixture of iid directed by µ

P(A× B) :=

∫
P(D)

1A(m)m ⊗m(B)dQ(m)

Q is solution of (M) if for all g ∈ C 2
b (R2),

g(Y 1
t ,Y

2
t )− g(Y 1

0 ,Y
2
0 )−

∫ t
0 Lg(µs ,Y

1
s ,Y

2
s )ds is a martingale

Lg(m, x1, x2) =− αx1∂1g(x)− αx2∂2g(x) +
σ2

2
m(f )

2∑
i ,j=1

∂2
i ,jg(x)

+ f (x1)(g(0, x2)− g(x)) + f (x2)(g(x1, 0)− g(x))
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P(D)

1A(m)m ⊗m(B)dQ(m)

Q is solution of (M) if for all g ∈ C 2
b (R2),

g(Y 1
t ,Y

2
t )− g(Y 1

0 ,Y
2
0 )−

∫ t
0 Lg(µs ,Y

1
s ,Y

2
s )ds is a martingale

Lg(m, x1, x2) =− αx1∂1g(x)− αx2∂2g(x) +
σ2

2
m(f )

2∑
i ,j=1

∂2
i ,jg(x)

+ f (x1)(g(0, x2)− g(x)) + f (x2)(g(x1, 0)− g(x))
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Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Uniqueness for the martingale problem

Let Q be a solution of (M). Write Q = L(µ) where µ is the
directing measure of some exchangeable system (Ȳ i )i≥1

L(µ, Ȳ 1, Ȳ 2) = P (from the martingale problem)

Representation theorems imply (admitted)

∀i ∈, dȲ i
t =− αȲ i

t dt + σ
√
µt(f )dWt

− Ȳ i
t−

∫
R+

1{z≤f (Ȳ i
t−)}dπ

i (t, z)

Then the law of µ = L(Ȳ 1|W ) is uniquely determined

Xavier ERNY Diffusive limits for particle systems 21 / 36



Introduction
Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Uniqueness for the martingale problem

Let Q be a solution of (M). Write Q = L(µ) where µ is the
directing measure of some exchangeable system (Ȳ i )i≥1
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− Ȳ i
t−

∫
R+

1{z≤f (Ȳ i
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Then the law of µ = L(Ȳ 1|W ) is uniquely determined

Xavier ERNY Diffusive limits for particle systems 21 / 36



Introduction
Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Convergence of µN to the solution of (M)

Let µ be the limit of (a subsequence of) µN

L(µ) is solution of (M) if

E [F (µ)] = 0

for any F of the form

F (m) :=

∫
D2

m ⊗m(dγ)φ1(γs1)...φk(γsk )
[
φ(γt)− φ(γs)

−
∫ t

s
Lφ(mr , γr )dr

]

−
∫ t

s
f (γ1

r )(φ(0, γ2
r )− φ(γr ))dr −

∫ t

s
f (γ2

r )(φ(γ1
r , 0)− φ(γr ))dr

−σ
2

2

∫ t

s
mr (f )

2∑
i1,i2=1

∂2
i1,i2φ(γr )dr

]
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The expression of F (µN)

F (µN) :=∫
D2
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The expression of φ(XN,i ,XN,j)

By Ito’s formula,

Eφ(XN,i
t ,XN,j

t )− φ(XN,i
s ,XN,j

s ) =

E− α
∫ t

s
XN,i
r ∂1(XN,i

r ,XN,j
r )dr − α

∫ t

s
XN,j
r r∂2(XN,i

r ,XN,j
r )dr

+

∫ t

s

∫
R
f (XN,i

r )(φ(0,XN,j
r +

u√
N

)− φ(XN,i
r ,XN,j

r ))dν(u)dr

+

∫ t

s

∫
R
f (XN,j

r )(φ(XN,i
r +

u√
N
, 0)− φ(XN,i

r ,XN,j
r ))dν(u)dr

+

∫ t

s

∫
R

N∑
k=1
k 6=i ,j

f (XN,k
r )(φ(XN,i

r +
u√
N
,XN,j

r +
u√
N

)− φ(XN,i
r ,XN,j

r ))dν(u)dr
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Vanishing of E
[
F (µN)

]
The reset jump term∣∣∣∣φ(0,XN,j

r )− φ(0,XN,j
r +

u√
N

)

∣∣∣∣

≤ C
|u|√
N

The small jump term

N

∣∣∣∣φ(XN,i
r +

u√
N
,XN,j

r +
u√
N

)− φ(XN,i
r ,XN,j

r )

− u√
N

2∑
i1=1

∂i1φ(XN,i
r ,XN,j

r )− u2

2N

2∑
i1,i2=1

∂2
i1,i2φ(XN,i

r ,XN,j
r )

∣∣∣∣∣∣
≤ CN

|u|3

N
√
N

= CN−1/2|u|3

CN−1/2 ≥ E
[
F (µN)

]
−→
N→∞

E [F (µ)] = 0
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Model of interacting neurons
McKean-Vlasov model

Model
Propagation of chaos

Convergence of (µN)N

dXN,i
t =− αXN,i

t dt +
1√
N

∑
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

dX̄ i
t =− αX̄ i

t dt + σ
√
µt(f )dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

(µN)N is tight on P(D)

let µ be the limit of a converging subsequence

L(µ) is the unique solution of (M)

µ = L(X̄ 1|W ) is the only limit of (µN)N
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Introduction
Model with synchronous potentials

Model of interacting neurons
McKean-Vlasov model

Model
Limit system

McKean-Vlasov model

dXN,i
t = b(XN,i

t , µNt )dt + σ(XN,i
t , µNt )dβit

+
1√
N

N∑
k=1

∫
R+×RN∗

Ψ(XN,k
t− ,XN,i

t− , µ
N
t−, u

k , ui )1{
z≤f (XN,k

t− ,µNt−)
}dπk(t, z , u)

with µN := 1
N

∑N
i=1 δXN,i , and πk has intensity dt · dz · ν(du)

(ν = ν⊗N
∗

1 )

Dynamic of XN,i :

while there is no jump, the dynamic is given by the drift and
Brownian terms
if there is a jump at time t, created by particle k , each
particle i creates a r.v. U i (the U i are i.i.d.),

XN,i
t = XN,i

t− +
1√
N

Ψ(XN,k
t− ,XN,i

t− , µ
N
t−,U

k ,U i )
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Model of interacting neurons
McKean-Vlasov model

Model
Limit system

Particular case
Ψ(x , y ,m, u, v) = Ψ(u, v)

〈JN,i , JN,j〉t =

∫ t

0

∫
R

∫
RN∗

Ψ(u1, ui )Ψ(u1, uj)f (x , µNs )ν(du)µNs (dx)ds

=

=κ2

∫ t

0

∫
R
f (x , µNs )µNs (dx)ds if i 6= j

with ς2 =
∫

Ψ(u1, u2)2ν(du) and κ2 =
∫

Ψ(u1, u2)Ψ(u1, u3)ν(du)

J̄ it = κ

∫ t

0

√∫
R
f (x , µs)µs(dx)dWs+

√
ς2 − κ2

∫ t

0

√∫
R
f (x , µs)µs(dx)dW i

s

with W ,W i i.i.d. Brownian motions and µ = L(X̄ i |W )
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∫ t

0

∫
R
f (x , µNs )µNs (dx)ds if i = j

=κ2

∫ t

0

∫
R
f (x , µNs )µNs (dx)ds if i 6= j

with ς2 =
∫

Ψ(u1, u2)2ν(du)

and κ2 =
∫

Ψ(u1, u2)Ψ(u1, u3)ν(du)

J̄ it = κ

∫ t

0

√∫
R
f (x , µs)µs(dx)dWs+

√
ς2 − κ2

∫ t

0

√∫
R
f (x , µs)µs(dx)dW i

s

with W ,W i i.i.d. Brownian motions and µ = L(X̄ i |W )
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General case

〈JN,i , JN,j〉t =

∫ t

0

∫
R

∫
RN∗

Ψ(x ,XN,i
s , µNs , u

1, ui )Ψ(x ,XN,j , µNs , u
1, uj)f (x , µNs )ν(du)µNs (dx)ds

Problem : the blue term is not a product, but an integral of a
product

Solution : let M(dt, dz) = Mt(dz) be a martingale measure on
R+ × E with intensity dt ·mt(dz),

〈M·(A),M·(B)〉t =

∫ t

0

∫
E

1A(z) · 1B(z)ms(dz)ds

Here : E = RN∗ × R and ms(du, dx) = ν(du) · µs(dx)
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Limit system (1)

dX̄ i
t =b(X̄ i

t , µt)dt + σ(X̄ i
t , µt)dβ

i
t

+

∫
Ψ̃(x , X̄ i

t , µt , v)
√

f (x , µt)dM(t, x , v)

+

∫
κ(x , X̄ i

t , µt)
√
f (x , µt)dM

i (t, x)

with

Ψ̃(x , y ,m, v) =

∫
RN∗

Ψ(x , y ,m, v , u1)ν(du)

κ(x , y ,m)2 =

∫
Ψ(x , y ,m, u1, u2)2ν(du)−

∫
Ψ̃(x , y ,m, u1)2ν(du)

Interpretation of Ψ̃ :∫
Ψ̃(x , y ,m, u1)2ν(du) =

∫
Ψ(x , y ,m, u1, u2)Ψ(x , y ,m, u1, u3)ν(du)
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Limit system (2)

dX̄ i
t =b(X̄ i

t , µt)dt + σ(X̄ i
t , µt)dβ

i
t

+

∫
Ψ̃(x , X̄ i

t , µt , v)
√

f (x , µt)dM(t, x , v)

+

∫
κ(x , X̄ i

t , µt)
√
f (x , µt)dM

i (t, x)

M and M i are orthogonal (not independent) :

M i
t(A) =

∫ t

0

∫ 1

0
1A(F−1

s (p))dW i (s, p)

Mt(A× B) =

∫ t

0

∫ 1

0

∫
R

1A(F−1
s (p))1B(u)dW (s, p, u)

with :
W i ,W independent WN with intensities dtdp and dtdpν1(du)

F−1
s = generalized inverse distribution function of µs
µs = L(X̄ i

s |W )
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Main technical difficulty

Lg(y ,m, x , v) = b(y1,m)∂y1g(y) + b(y2,m)∂y2g(y)

+
1

2
σ(y1,m)2∂2

y1g(y) +
1

2
σ(y2,m)2∂2

y2g(y)

+
1

2
f (x ,m)κ(x , y1,m)2∂2

y1g(y) +
1

2
f (x ,m)κ(x , y2,m)2∂2

y2g(y)

+
1

2
f (x ,m)

2∑
i ,j=1

Ψ̃(x , y i ,m, v)Ψ̃(x , y j ,m, v)∂2
y iy jg(y)

Consider

F (µ) :=

∫
D2

µ⊗µ(dγ)

[
φ(γt)− φ(γs)−

∫ t

s

∫
R

∫
R
Lφ(γr , µr , x , v)µr (dx)ν1(dv)

]

µN
L→ µ in P(D) (Prohorov topology) ⇒ E

[
F (µN)

]
→ E [F (µ)]

Problem : regularity of Lφ w.r.t. µr is given for Wasserstein topology
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Thank you for your attention !

Questions ?
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